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ABSTRACT. The aim of this paper is to study Sobolev-type embeddings and
their optimality. We work in the frame of rearrangement-invariant norms and
unbounded domains. We establish the equivalence of a Sobolev embedding
to the boundedness of a certain Hardy operator on some cone of positive
functions. This Hardy operator is then used to provide optimal domain and
range rearrangement-invariant norm in the embedding inequality.
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1. INTRODUCTION

The embeddings of spaces of smooth functions into spaces of integrable functions
form a classical part of theory of function spaces. For example the classical Sobolev
inequality deals with differentiable functions on bounded domains 2 in R™, n > 2,
and asserts that, given 1 < p < n and setting ¢ = np/(n — p), there exists C' > 0
such that

(1.1) (/ |u(x)|qu)1/q < c(/ |Vu(x)|pdx)1/p, u e CLS).

We may combine (1.1) with classical Poincaré inequality for 1 < p < oo,

(1.2) /|u Pdz) SO(/Q|VU(3:)|pdm) e

Using the standard notation from the theory of function spaces (see Section 2), we
may conclude from (1.1) and (1.2)

np
n—p
The case p = n, called also the limiting case, is of crucial importance. Standard
examples show that although np/(n — p) tends to infinity as p tends to n, one may
not replace the L9-norm on the left—hand side of (1.1) by the L*-norm.

A comprehensive study of inequalities of Sobolev-type in the frame of the so-called
rearrangement-invariant function spaces on bounded domains was carried out in [4].
In this paper we would like to study (1.3) when the bounded domain £ is replaced
by the entire R™.

Let us briefly outline our approach. Let or and gop be rearrangement-invariant
Banach function norms on (0, c0) (see again Section 2 for a precise definition). Then
one may define the following function spaces

(1.4) Ler(R™) = {u € Ljge(R") « [[ul L% (R")[| = er(u”(t)) < oo}

(1.5)
W, (R") = {u € Lioo(R") : [|ulW,, (R™)|| = ep(u* (1)) + en(|Vul*(t)) < oo},

where u* is the non-increasing rearrangement of w.
1

(1.3) WHQ) — L9Q) for 1<p<n, q=

p
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Then the embedding
(1.6) W, (R™) — L (R™)
is equivalent to
(1.7) or(u*) < clop(w) + op(IVul*)], u € W,,(R").

Using the density arguments we may restrict to u € C}(R™) in (1.7). The inequality
(1.7) is the main subject of our study. In Section 3 we reduce this inequality to the
boundedness of certain Hardy operator. We are interested in two main questions:

1. Suppose, that the ‘range’ norm gpg is given. Then we would like to find the norm
op such that (1.7) holds and, at the same time, it cannot be essentially decreased.
Namely, if (1.7) holds with gp replaced by some norm o then there exists a constant
C > 0 such that gp(u*) < Co(u*) for all functions u € C§(R™).

2. When the ‘domain’ norm gp is given, we would like to construct the corre-
sponding optimal ‘range’ norm g¢g. This means that the pr will have to satisfy two
conditions: first, (1.7), and second, that gr cannot be essentially increased.

In [9] we studied the inequality

or(w) < cop(IVul’), ueW,, (R"),

which corresponds to one part of (1.6). It turns out that the study of (1.7) requires
several new techniques to be developed.

2. REARRANGEMENT-INVARIANT NORMS

We denote by Mt(R™) the set of real-valued Lebesgue-measurable functions on R”
finite almost everywhere and by 24 (R™) the class of non-negative functions in
M(R™). Given f € M(R™) we define its non-increasing rearrangement by

(2.1) @) =inf{A>0:|{|f(x)| > A} <t}, 0<t<oo.

For a set A C R™ we denote by |A| its Lebesgue measure. A detailed treatment of
rearrangements may be found in [1]. Furthermore we set

(2.2) P = %/Ot F(s)ds, 0<t< oo

We point out two subadditivity properties,

ey Graw=r(5)+o(3) o<i<oo fgemE,

and
(2.4) (f+9)7™ @) < f™t)+g™(t), 0<t<oo, f,geMR").

We briefly recall some basic aspects of the theory of Banach function norms. For
details, see [1].

Definition 2.1. A functional g : 9, (0,00) — [0, 00] is called a Banach function
norm on (0,00) if, for all f,g, fn,(n = 1,2,...), in M4 (0,00), for all constants
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a > 0 and for all measurable subsets E of (0,00), it satisfies the following axioms
(A1) o(f)=0 ifandonlyif f=0a.e;

o(af) = ao(f);
o(f +g) < o(f)+ o9);

(A2) if 0<g<fae then o(g) <eo(f);

(AB) if 0<f,1fae. then Q(fn) T Q(f);

(A4) if |E|<oo then p(xg) < oo;

(As) if |E| <oo then / f<Cgol(f)
E

for some constant 0 < Cg < 0o, depending on g and F but independent of f.

If, in addition, o(f) = o(f*), we say o is rearrangement-invariant (r.i.) Banach
function norm. We often use the notions norm and r.i. norm to shorten the nota-
tion.

Definition 2.2. The dilation operator Es, 0 < s < 0o, is defined by
(2.5) (Esf)(t) = f(st), 0<t<oo, feMO0,o0).

The dual of a norm p is the functional

1
(2.6) dg)= sup / g(OR(D)AL, g, h € M4 (0, 00).
h:o(h)=1J0

Theorem 2.3. (G. H. Hardy, J. E. Littlewood). If f,g € 9M(R"™) then
(2.7 [ @it < [0 s

Theorem 2.4. (G. G. Lorentz, W. A. J. Luxemburg). Let ¢ be a Banach function
norm. Then

(2.8) " =o

Theorem 2.5. (Hardy-Littlewood-Pdlya). Let ¢ be an r.i. norm on (0,00) and let
f1, f2 € Mo(R™) with

t t
/ f1(s)ds S/ f3(s)ds, s>0.
0 0

Then
o(fT) < o(f3).

Lemma 2.6. (Hardy’s Lemma). Let f1 and fo be non-negative measurable func-
tions on (0,00) and suppose

/Ot fi(s)ds < /Ot fa(s)ds

for allt > 0. Let h be any non-negative non-increasing function on (0,00). Then

/000 f1(s)h(s)ds < /000 fa(s)h(s)ds.
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3. REDUCTION TO HARDY OPERATORS

In this section we present the main step in the study of (1.7), namely a reduction
of (1.7) to the boundedness of certain Hardy operators.

Theorem 3.1. Let op, or be two r.i. Banach function norms on (0,00). Then
the inequality

(3.1) or(w) < clop(u”) + op(IVul")], u € Cy(R™),
holds if and only if there is a constant K > 0 such that
(3.2)

on ([ s tas) < wop (0 + [ resinias) . g em0.00)

Proof. Step 1.
Let us suppose that (3.1) holds and that a function f € 9, (0,00) is given. We
define a new function v in the following way

1dm):l/‘ O, T e RY,

nlz|™

where w,, is the volume of unit ball in R™. Considering level sets of u we obtain
u*(t) = / F(s)sYm s, |(Va)(@)] = nwy/™ fwnlz[™), [(Va)[*(8) = nwy™ f*(2).
t

Using (3.1) we get finally

on < | f(s)s””‘lds> = on(w* (1) < ¢ [gpm Ton ( I f(s)s””—lds)] |

which is equivalent to (3.2).

Step 2.

Let us now assume that (3.2) is true and u € C§(R"™) is given. Then we use two
following observations. The first one is the trivial identity

(3.3) wwz—[mﬁ%ﬂw

The second one is the following generalisation of the Pélya—Szeg6 principle, proved
in [3]:

ds
Using Theorem of Hardy, Littlewood and Pdlya (Theorem 2.5) on (3.4) we obtain

t ** t
(3.4) / {—51_1/”%} (s)ds < c/ |Vul*(s)ds, ue Cj(R™), t>0.
0 0

35 o (=) < op(V0r ). wecE)

We combine our assumption with these observations.

on(u* (1)) = on (— / N d”d—“d)

o[ 500 (50

< clep(u™(t)) + en([Vul*(1))].

We used (3.3), (3.2) with f = &'~ 1/72%) ang (3.5). O
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4. ANOTHER EQUIVALENT VERSION OF (1.7)

The inequality (3.2) obtained in Theorem 3.1 is still not suitable for further inves-
tigation.

Therefore we derive another equivalent version of (3.1). Namely, we substitute in
(3.2)

(4.1) g(t) = f(t) + /too f(s)st/" s,  feMy(0,00), t>0.
We shall need also an inverse substitution. Namely, if ¢ is defined by (4.1), then
(4.2) fit)=g(t) — ent’” /OO g(s)sl/"_le_”sl/nds, for a.e. t >0,
t
and

(4.3) / f(s)st/mtds = entl/n/ g(u)ul/"*le*"“undu, for a.e. t > 0.
t t

The proof of the first equality is an ordinary differential equation, to prove (4.3)
just sum up (4.1) and (4.2). This substitution can now be used to reformulate (3.1).
We obtain the following

Theorem 4.1. Let op, or be two r.i. Banach function norms on (0,00). Then
(3.1) is equivalent to

(4.4) OR (entl/n/ g(u)ul/"lem‘l/"du> <coplg), ¢g€G,
t

where G is the new class of functions, defined by

(4.5)

G = {g € M4 (0,00) :  there is a function f € M4 (0,00) such that
g(t) = f(t) +/ f(s)s*/""1ds for all t > 0}
t

= {g € M4 (0,00) : g(t) — ent'” / g(s)sl/”*le*ml/nds >0 forallt > 0} .
¢

The proof of this Theorem follows immediately from Theorem 3.1, (4.1), (4.2) and
(4.3).

Hence the inequality (3.1) is equivalent to the boundedness of the Hardy-type
operator

(4.6) (Gg)(u) = ™" / g(s)s /" lem s, >0

on the set G. Using this notation, we may rewrite (4.3). If g is defined by (4.1), we
have Gg(t) = [, f(s)s*/"~1ds. Furthermore, the set G is the image of the positive
cone M4 (0, c0) under the operator

(4.7) f—f@ —|—/ f(s)s'/"1ds.
t
Before we proceed any further we shall derive some basic properties of the class G.

Remark 4.2. 1. G contains all non-negative non-increasing functions. To prove
this write
(4.8)

g(t)—e”tl/n/ g(s)sl/”*le*ml/nds > g(t) {1 - e”tl/n/ sl/”leml/"ds} = 0.
¢ ¢
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2. Let g be a function from G and f be defined by (4.2). Then

!/

(49)  (Gg)(1) = {em”" / gyt te | = et <o,

To see this, just differentiate (4.3).

Hence the expression on the left-hand side of (4.9) is non-increasing for every
function g € G.

3. The set G is a convez cone. It means that for every two real numbers «, 5 > 0
and every two functions g1,g2 € G we have ag; + fas € G. The proof of this
statement is trivial.

Remark 4.3. 1. To show some applications we prove that WP (R") < L5 (R™)
for 1 < p < n. In this case, we have or(f) = ||f*#)t=*/"||, and op(f) = ||f]lp-
Using (4.9) and the boundedness of classical Hardy operators on LP we get for every
function g € G

or(Gg) = [lt7"(Gg)* ()]l

= Ht‘l/”eml/n /OO g(u)ul/"_le_"“l/ndu

t

p
< Ht—l/n/ g(u)ul/n—ldu

t P
< c[|t= " g(t) |, = cllgllp = con(g)-

2. Another application of the obtained results is the embedding W*(L™1)(R") —
L>°(R™). In this case

en(G) =G ) = (G)0) = [ gtu e

S/ g(u)ul/"_ldug/ g*(u)ul/”_ldu:gD(g)
0 0

for every function g € G. Now we used the property (4.9) and Theorem 2.3.

3. Both these applications recall well-known results. They demonstrate some
important aspects of this method. First, the second basic property of the class G,
(4.9), lies in the roots of every Sobolev embedding. Second, the boundedness of
Hardy operators plays a crucial role in this theory.

4. We haven’t used the property (4.8) yet. It will play a crucial role in the study
of optimality of obtained results.

5. OPTIMAL DOMAIN SPACE

In this section we are going to solve one of our main problems stated in Intro-
duction. We shall construct the optimal domain norm g¢p to a given range norm

OR-
We start with a crucial lemma describing one important property of the class G
which shall be useful later on.

Lemma 5.1. The inequality
(5.1) / g(u)ul/"_le_"“l/ndu < c/ g**(u)ul/"_le_""l/ndu, t>0.
t t

holds for every g € G with ¢ independent of g.

Proof. We fix g € G and t > 0. Then, according to (4.5), there is a function f >0
such that (4.1) holds.
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Then the left-hand side of (5.1) can be rewritten as

/oo< / f 1/n 1d$) 1/n— 1 —nu' du
/ f l/n 1 7nu du+/ f l/n 1/ 1/n7167HU1/ndudS

= nt" / f(s)sl/”flds.
t

Using (2.4) and Fubini’s theorem we get for ¢**(u)

53 orwmrrw ([ e ) )
= f*(u /f )st/nlds = /f )st/mds.

The right-hand side of (5.1) is more complicated. We insert the formula (5.3) in
(5.1) and use Fubini’s theorem. The result looks as follows.

> 1 1 1/m RN 1 1 t/n
/ g (w)u/" ey %/ £ (w)ut/ " e dy
t t

I
" / / f(S)Sl/nildsul/nflefnul/ndU +/ / f(S)sl/"*1d$u1/"726*nu1/"du.

II II1

Each of these three integrals can be further estimated. We start with the second

one.
II = e—ntl/n / f(S)Sl/n_ldS _ / f(S)Sl/n_le_nsl/ndS'
t t

To deal with integrals I and III we use the notation A(s f ul/m=2e=nul’" gy

Then
12/ l/ f(s)dsul/”*le*"“”"duz/ f(s)h(s)ds
t U Jg t

HIZ/ / f(s)sl/"dsul/”*%*"“l/ndu:/ f(s)sY/™h(s)ds
t t t

The last three estimates give us

and

I+ 11+ 111 >
/ f(S)h(s)(Sl/n + 1)ds—|—e‘"t1/"/ f(S)Sl/n_ldS _/ f(s)sl/n—le_nsl/nds
t t .

and together with (5.2) we see that it is enough to prove that

/Oo f(S)h(S)(Sl/n + l)dS Z /OO f(s)sl/"—le—nsl/"ds.

But this inequality is a trivial consequence of the pointwise inequality
h(s)(s'/™ +1) > sl/"_le_"sl/n, s> 0,
which may be proved by direct calculation. O

Now we may solve the problem of the optimal domain space.
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Theorem 5.2. Let the norm or satisfy

(5.4) or (G(9™)) < cer(G(g%)), g€ My (0,00).

Then the optimal domain norm op corresponding to or in the sense described in
Introduction is defined by

(5:5) en(9) == er(G(¢™)), ¢=0.

Proof. First, we point out that the functional gp defined by (5.5) is a norm. To
verify the axioms A; — Aj is trivial. To prove Ay for gp we fix a set E C (0, 00)
with |E| < co. Then we get Gx%(t) < X(0,5))(t) for every ¢ > 0 and using A4 for
OR, We get

op(xe) = or(GXE) < cor(GxE) < cor(X(o,B))) < oo

To verify As for pop we fix also a set E C (0,00) with |E| = a < oo and use A5 for
OR

op(9) = or(Gg™) C/ (Gg™)(t)dt
0

ZC/ ntl/"/ g 1/n 1 —ns det
a/2
tl/" 1/n 1 —ns
>cg™(a) dt ™ ds
0 a/2

ZCE/ g*(s)dszcE/g.
0 E

Now we have to verify that (4.4) really holds. Let us fix a g € G. Then

o0 o0
OR <e’nt1/n / g(u)ul/nlenul/ndu> S cor (entl/n / g**(u)ul/nlenul/ndu)
¢ t

= cop(9)-

(We have used (5.1).)

Finally, we have to show that gp is optimal. Let us suppose that (4.4) holds with
the norm ¢ instead of pp. We want to show that op(g) < co(g) for every function
g € M(0,00). Using (5.4) and the first property of the class G from Remark 4.2,
namely that g* € G for every function g > 0, we get

ntl/m * *k n— —nu
op(9) = or (e ‘ / g (uyut/" dU>
t

o0
< cor (entl/n/ 9*(U)u1/"1enU1/ndu>
t

< co(g*) = co(g).

6. OPTIMAL RANGE SPACE

In this section we solve the converse problem. Namely, the norm g¢p is now con-
sidered to be fixed and we are searching for the optimal or. First of all we shall
introduce some notation.
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We define
(6.1) Gg(t):e"t”"/ g(s)st/mtems " as
¢
t
(6.2) Hh(t) = t'/nte™ /n/ h(s)e™ ™ ds
0
(6.3) E(s) = e_”sl/n/ e du.
0

The operators G and H are dual in the following sense.

(6.4) /0 T )Gy (t)dt = /O " ) Hh(u)du,  g.h € M, (0, 50).

Using similar ideas as in [4] we would like to use duality for definition of pg. Using
this notation, we obtain another equivalent form of (4.4)

or(Gg)

(6.5) 9eG 0D(9)

< 0

We may involve the duality in the following way.

or(Gg) J(Gg)h " J(Hh)g
(66) vee 00(9)  gean 00(@)0a(h)  gean~. 00(9)dR(R)’

The supremum is taken over all g € G and all non-negative, non-increasing func-
tions h. We have used that Gg is a non-increasing function for every g € G
(see Remark 4.2) and (6.4). Let us now suppose that taking a supremum over all
g € My (0,00) will give us an equivalent expression. Then we can continue our
calculation

or(Gg) _ “ JUhyg _ op(HR)

6.7 geG 0D(9)  gem, (0ioo)n~ @D(9)0R(M) W 0R(R)

and the inequality (4.4) is equivalent to o, (Hh) < coz(h) for all non-negative,
non-increasing functions h. This inequality is already well suited for our needs.
Before we state the main theorem we need to discuss the only weak point in the
preceding calculation, namely that place where we came over from a supremum
over g € G to the supremum over all functions g € 9t (0, 00).

The answer is given by the following lemma.

Lemma 6.1. Let us suppose that the norm op satisfies the condition

(6.8) oD </ f(u ut/m= 1du> < cop(f), f€ML(0,00).
Then
(6.9) sup J(Hh)g sup (Hh)g

geG 0p(9)  gemy(0,00) 0D(9)

where the constants of equivalence do not depend on the choice of non-negative,
non-increasing function h.

Proof. As G C M (0, 00), one inequality in (6.9) follows immediately. To prove

the second one, fix a non-negative, non-increasing function h. For every function

f € E)JT+(0 oo) we define a new function f € 9, (0,00) and a function g(t) =
)+ ft 1/ "=lds such that these two conditions are satisfied:

I QD( )chn(f),
Il [(Hh)g > c [(Hh)f
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The first condition tells us that the new function g is not too large, the second
condition shows that it is not too small either. The way of construction of g ensures
that g € G.

We choose f(s) = f(s)@, where E is defined by (6.3). Now we prove that by
this choice we satisfy both conditions I and II.
In the proof of the first one we use the fact that s’lE(s) < 1forall s > 0. We get

QD(Q):QD( Eis / f(u w1 du )
< op (f(S)ES ) (/ f(u wt/"dy )

< op(f) +cen(f) = con(f

where we used (6.8).
The second condition is more complicated. The left-hand side of the condition II
can be simplified by

o= [Gon=[ & T 1/”1d)d
[ = [Gan= [ no (/ Fls)st/nds ) de
and the right-hand side by
Hh)f = - 1/n—1,—nu'/" uh " did
Jams = [ it [Chge
:/ h(t) (e"t”"/ f(u)ul/"—le—""”"du> dt.
0 t

We finish the proof by showing that the functions

/ f(S)Sl/n_ldS, entl/n / f(u)ul/n_le_nul/ndu
t t

satisfy the assumptions of Hardy’s Lemma 2.6 (h is non-increasing). Namely, we
want to show that, for every £ > 0 and every f € 9 (0, 00),

§ . § 1/n > 1/n
(6.10) / / f(s)s' /" tdsdt > / et / fw)u/""te™™ " dudt.
o Ji 0 t

Using Fubini’s Theorem on the right-hand side of (6.10) we get
(6.11)

3 s 0o ¢
RHS:/ f(s)st/ntemsY / et dtds+/ f(s)st/m1e=ns" ds/ et dt,
0 0 3 0

and using the same Theorem on the left-hand side we obtain
€ o _
©12)  LHS= [ fstdsee [ fo)s s
0 13

3 oo
:/ f(s)sl/”*lE(s)ds—l—ﬁ/ f(s)s*/"2E(s)ds.
0 3

The first integral in the last sum in (6.12) is equal to the first integral in (6.11).
So, we shall deal with the second integrals. We shall use the following observation

[ n 1 [ n
—/ eru'’ du > E/ e’ du, s>¢,
s Jo 0



OPTIMAL SOBOLEV EMBEDDINGS ON R" 11

and finish the proof by

€/ f(8)81/71_2E(8)dS:€/ f(s)sl/n—Qe_nsl/n/ enul/nduds
£ 0
>§/ f(s)st/n1 7nsl/n1/ u" Quds
3
/ f 1/77, 1 —ns dS/ nut du

Equipped with this tool we can now easily solve our problem.

Theorem 6.2. Let us suppose that the norm pp satisfies the condition (6.8) and
that its dual norm satisfies the condition
(6.13) dp(H(h™)) < cop(H(h™)), h € M4 (0,00).

Then the optimal range norm in (4.4) for this op is given as a dual norm to
o (H(f**)). Or, equivalently, the dual of the optimal range norm can be described

by oR(f) == op(H(f™)).

Proof. According to Lemma 6.1 and the calculation above, the inequality (4.4) is
equivalent to

(6.14) oo (HR) < cdg(h), h\0.

But for our choice of ¢, this inequality is trivially true.

To prove the optimality, suppose again, that we have another norm o, such that
(6.14) is true when we substitute its dual norm ¢’ for the norm o%. Then we can
estimate

o'(f) =o' (f*) = cop(H(f)) = cop(H(f™)) = cor(f), f€ML(0,00).

Hence o(f) < cor(f) and pg is really optimal.

Finally, we have to prove that the functional o(f) = o/, (H(f**)) is a norm. Again,
the axioms Ay — Az are trivially satisfied. Using (6.13), Hardy’s Lemma 2.6 and
axiom Ay for o, we get also A4 for g. As follows from the same axiom for ¢5. O

7. THE STUDY OF (5.4) AND (6.13)

In this section we derive conditions sufficient for (6.8) and (6.13) to hold. In
general we follow the idea of [4], Theorem 4.4. First of all, we define the dilation
operator E. For every function f € 9t (0, 00), we define

(Ef)(t) = f(st), t>0, s>0.

It is very well known, that for every r.i. norm g on M, (0,00) and every s > 0 the
operator E satisfies the inequality

Q(Esf) < Cg(f)a f € Eer(O, OO)

The smallest possible constant ¢ in this inequality (which depends of course on s)
is denoted by h,(s). Hence

sup o(Esf)
rz0 o(f)
Now we are ready to prove our first result.

ho(s) =

Theorem 7.1. If a rearrangement—invariant norm gr satisfies fol s_l/"th (s)ds <
00, then it also satisfies the condition (5.4).
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Proof. Step 1.
Let us suppose that the positive real numbers s, t,y satisfy st <y and 0 < s < 1.
Then /" < (y/s)'/™ and, consequently,

1/n
entl/"fn(y/s)l/" < [entl/"fn(y/s)l/"}s _ en(st)l/ninyl/n'

So, for every function f € M, (0, 00), we obtain

ntt/n > * n—1_—n(y/s)*/" n(st)/™ * * n—1_—ny/™
et / [yt /mle W dy < et / )yt dy.
st st
Step 2.
We may now come to the proof of the Theorem. Fix a function g € 9t (0, 00), with

0r(g) = 1. Then we use several times Fubini’s Theorem, the change of variables,
and inequality from Step 1, and obtain

[ owarma= [ gwe” [ s s
0 0 t
0 s 1
:/ sl/"’le’”sl/"/ g*(u)e”ul/ndu/ f*(st)dtds
0 0 0
1 e} s
:/ f*(st)sl/"_le_"sl/n/ g*(u)e""l/ndudsdt
o Jo 0

1 o) o)
:// 9*(U)€"ul/n/ Fr(st)s /e " dsdudt

o Jo
1 [e%s) [e%s)
:/ til/n/ 9*(U)e"”1/n/ £ )yt le @0 dydudt
0 0 t

u

1 00 e}
:/ 8—1/71/ g*(t)entl/"/ f*(y)yl/n—le—n(y/s)l/"dydtds
0 0 st
1 oo
< / s / g (et / F )y e " dydeds
0 0 st

1 [e%s)
— [ sm / 7 (G (st)dtds.
0 0

Taking a supremum over g, we obtain that the left-hand side of (5.4) can be esti-
mated from above by

su 18_1/" g V(s s
p [ [T

9>0:0% (9)=1

1
S/o 57U or((GF*)(5))ds
< /0 sUnhy, (5)or(GF)ds

- </01 sl/nhQR(S)dS) or(G ).

Very similar theorem can be derived also for inequality (6.13).

Theorem 7.2. If rearrangement—invariant norm o satisfies fol s~V hy(s)ds < oo
then it satisfies also (6.13).
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Proof. We follow the same idea as in the previous proof.
Step 1. Let us suppose that positive real numbers u, s, ¢ satisfy 0 < s < 1, u < st.
Then (u/s)'/™ — /™ < 0 and

1/n

/
1/n_ ,1/n 1/n_ ,1/n]S 1/n_ 1/n
en(u/s) nt < |:en(u/s) nt :| — U n(st) ]

Finally, we obtain for these u, s, ¢ and every function h € M, (0, c0)

st st
e_"tl/n/ h*(u)e"(“/s)l/ndu < e_"(St)l/n/ h*(u)e"“l/ndu.
0 0

Step 2.
Let us again fix g € M, (0, 00) with o’(g) = 1. We can do similar estimates as
above.

| st wa

- t
/ tl/n/ (u) 1/n—1 —nu d ?/ h*(s)dsdt
A 0
. 1
/ 1/"/ o(wyul/ e " dy / B (to)dvdt
| 0
1 poo °
o Jo ¢
/ / g l/n 1 7nu1/ / h*(tv)entl/ndtdudv
o Jo 0
1 0o
/ 5 1/ g(t)tL/n—1 —ntl/n/ B (w)e™ /)" dudtds
0 0
1 oo
/ s 1/ g(t)tt/n=1 —n(sﬂl/n/ B (w)e™ " dudtds
0 0 0
/ “1/n / “)(st)dtds.

Now we take again supremum over g with ¢/(g) = 1 and obtain

o(H(h™)) < / (B (H(h))ds < ( / 1 s—l/"ho(sms) o(H(h")).

I | |
>

IN

8. THE LIMITING EMBEDDING

In this section we consider the case of limiting Sobolev embedding, where gp is

set to be op(f) = on(f) = ([ |f|™)*/™. In that case, o), (f) = on (f), where n' is
the conjugated exponent to n, namely % + % = 1. Direct calculation shows that

hy, (s) = s~/ and fol s’l/"hgb(s)ds = 00. It means that we may not use Theo-
rem 7.2 to verify the condition (6.13). Standard examples (h(s) = mX(Oyl/g) (s))
show that (6.13) is not satisfied, hence even some improved version of Theorem 7.2
could not help.

To include this important case into the frame of our work, we develop a finer
theory of optimal range space. This is described in the following

Theorem 8.1. Let op be a given r.i. norm such that (6.8) holds and
(8.1) op(Hx(0,1)) < oo
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Then we set
o(h) = dp(HR*), h € M(0,00),
and claim that
or =0
is a norm, which satisfies (4.4) and, with a domain norm op fized, is optimal for
(4.4) to hold.

Proof. Step 1.
We prove that gg is a norm. The axioms A, and As are easy to verify. Let us

assume that or(f) = 0 for some f € M(0,00). Then

sup / fg=0.
o(g)=1
But, according to (8.1), o(xg) is finite for every measurable set E C (0, 00) with
finite measure. Hence |, g [ = 0 for every such set and f = 0 almost everywhere.
This proves Aj.
To verify As for pr we fix a set E C (0,00) with |E| < co and write for every
function f € M4 (0, c0)

— ffh ffXE _
or(f) = o(h)l;)é() U(h) / f

The axiom A4 is an easy consequence of the estimate
|E|
(8.2) o(g) > cE/ g (w)du, g€ M;i(0,00).
0
To prove (8.2), we write
t
a(g) = dp(Hg") = o (t” ottt / g*(U)e"“I/ndU)
0

IQ‘E‘tl/n 1e—nt1/"f ) /ndudt

> *(u
o0 (X(0,2|E]))

2|E| uyn [2IE 1/m
> C/ g*(u)enu / tl/n—le—nt dtdu
0 u

|E]
> CE/ g (u)du.
0

Step 2.
We show that gr and gop satisfy (4.4). We proceed similarly as in Section 6 and

write
G "(G Gg)h Hh
83)  sup 22C9 _ o, 7G9) JGoh o JHPg
9eG 0p(9)  gea op(9)  gean~ op(9)o(h)  gean~ opn(g)o(h)
We have used the definition of gr in the first equality, (4.9) in the second one, and
(6.4) in the last one.
According to Lemma 6.1 we may continue in (8.3) and get

or(Gg) _ 1 [(Hh)g
= sup su
geG op(9)  a~ o(h) gec on(9)
/ *
R sup —— sup f(Hh)g = sup op(Hh") =1.
N\ o(h) geEM 4 (0,00) op(9) h\, a(h)

Step 3.
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Finally, we prove the optimality of or. Let the Banach function norms v and ¢op
satisfy (4.4) with v instead of ggr, namely let

v(Gyg)
sup
geG 00(9)

< 00.

Then we get

v(Gyg) J(Gg)h op(Hh")
00 > sup = sup ———— X ~sup——">—>
gcG 0D(9)  gea.r~ oD(g)V'(R) n V'(h)

We used again Lemma 6.1. Hence, for every h € M4 (0, 00), we get
o(h) = dp(HA") < v/ (h)
and, consequently, we get for every f € 94 (0, 00)

v(f) =v"(f) < ca'(f) = cor(f).

So the norm v is (up to some constant) smaller than the norm gg. (]

Let us apply Theorem 8.1 to the limiting Sobolev embeddings with

QD(f) = gn(f) — (/ |f|n)1/n

o) = eualF) = | T,

0

respectively. Direct calculation shows that (8.1) is satisfied in both these cases.
To verify (6.8), we point out that

(8.4) B(s) ~ {s, for se(0,1),

st=1n o for s € (1,00).

Hence, by Fubini’s theorem, (8.4) and Lemma 2.6,

0n.1 (/too f(u)@ul/”—ldu) . n/o“’ f(u)yuun_lul/ndu

< c/oo 1 r()dE < /ootl/"*lf*(t)dt = con1(f)-
0

0

In the first case op = gn, (6.8) is a consequence of Hardy’s inequality. We refer
to [7] for details. So, in both the cases, Theorem 8.1 is applicable and gives the
optimal range norm.

Let us give now a precise characterisation of this norm.

Theorem 8.2. Let op = 0,,. Then, the optimal range norm, or, satisfies

(8.5) or(f) = on(f) + M X0.1),

where
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Proof. We first recall that for pp = g,,, both (6.8) and (8.1) are satisfied. Thus, by
Theorem 8.1,

t
Q/R(h) ~ on (Hh*) = On/ <t1/n_1€_ntl/n/ h*(S)ensl/n d8>
0
t
~on <X(0,1)(t)tl/"_le_”tl/”/ B (s)ems" ds)
0

t
+ O (X(l,oo)(t)tl/n_le_ntl/n/ h*(s)ensl/" ds)
0
= 1+11I.

Since, for 0 < s <t <1, we have

_ 1/n_41/n
e < en(s )

we obtain

= oo (xou @07 [ 1) as) = ( [ ([ ) ' %) "

As for I, we have

Conversely, by the weighted Hardy inequality (cf. [7]),

1
00 1 n’ n’
n r1/n dt
I~ / (/ h*(s)e”sl/ ds) et 2
1 0 3
/ <
o< /ot a o\ samdt "
+ / </ h*(s)ensl/ ds) e~ nn tt/ _
1 1 3
1 [e%e} %
/ h*(s)ds + < / h*(t)”’dt) 1
0 1

(L (o) ) (e
onl9) ~ (/ (/ h*(s)ds)n/ i [T dt) ’

n

vy = ([ arorewar)

<c

-

Altogether,

Now, set
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where

t~1(log€)™", te(0,1),

1, t € (1,00).

Then, by [8, Theorem 4], v is an r.i. norm. More precisely, it is a special case of

a classical Lorentz norm whose Kéthe dual has been characterised in [8, Theorem 1].
Thus,

u(t) =

1
7

, n

n

V() ~ /Ow(/otfws)ds) ﬁdt ~ dulf),

as an easy calculation shows.
Finally, since both v and gg are r.i. norms, it follows from the Principle of Dual-
ity (2.8) that
OrR =V,
as desired. O

Remark 8.3. We note that A from Theorem 8.2 is the well-known norm discovered
in various contexts independently by Maz’ya [6], Hanson [5] and Brézis—Wainger [2].

Finally, we apply Theorem 5.2 to find the optimal domain norm gp to a given
range norm

or(f) = €oo(f) = ess sup|f(z)].
rER”™

According to Theorem 7.1, (5.4) is satisfied and the optimal domain norm is given
by

on(f) ~ sup(GF*)(t) = / T s e s s, f € MR,

t>0

and is essentially smaller than the norm g, 1 (f) = fooo t1/n=1 f*(t)dt. This improves
the second example from Remark 4.3. We have used (4.9). Easy calculation shows
a direct analogy to (8.5)

1
op(f) mf*(1)+/0 FAO A~ 00 (f* X (1,00) + 0n1 (F X (0,1), [ € MR™).
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