Function spaces

with dominating mixed smoothness

Jan Vybiral^1

December 11, 2004

Abstract

We study several techniques which are well known in the case of Besov and Triebel– Lizorkin spaces and extend them to spaces with dominating mixed smoothness. We use the ideas of Triebel to prove three important decomposition theorems. We deal with so–called atomic, subatomic and wavelet decompositions. All these theorems have much in common. Roughly speaking, they say that a function f belongs to some function space (say S^r_{p,q}A) if, and only if, it can be decomposed as f(x) = ∑ ν ∑ m λ_{ν m}a_{ν m}(x), convergence in S^′,

with coefficients λ = {λ_{ν m}} in a corresponding sequence space (say s^r_{p,q}a).

These decomposition theorems estabilish a very useful connection between function and sequence spaces. We use them in the study of the decay of entropy numbers of compact embeddings between two function spaces of dominating mixed smoothness reducing this problem to the same question on the sequence space level.

The considered scales cover many important specific spaces (Sobolev, Zygmund, Besov) and we get generalisations of respective assertions of Belinsky, Dinh Dung and Temlyakov.

AMS Classification: 41A46, 42B35, 42C15, 42C40, 46E35 Keywords and phrases: function spaces, dominating mixed smoothness, local means, decompositions (atomic, wavelet), compact embeddings, entropy numbers

1Friedrich-Schiller-Universität Jena, Mathematisches Institut, Ernst Abbe Platz 1-4, D-07737 Jena, Germany, vybiral@minet.uni-jena.de

Contents

1 Function spaces on R^d 5 1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 Definitions and basic properties . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.2.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2.2 Basic inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2.3 Lifting property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.2.4 Maximal operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.2.5 Fourier multipliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.2.6 Littlewood-Paley Theory . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.3 Local means . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.3.1 The Peetre maximal operator . . . . . . . . . . . . . . . . . . . . . . 11 1.3.2 Helpful lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.3.3 Comparison of different Peetre maximal operators . . . . . . . . . . . 15 1.3.4 Boundedness of the Peetre maximal operator . . . . . . . . . . . . . . 18 1.3.5 Local means characterisation . . . . . . . . . . . . . . . . . . . . . . . 21

2 Decomposition theorems 24 2.1 Sequence spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.2 Atomic decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.3 Subatomic decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 2.4 Wavelet decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2.4.1 Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3 Entropy numbers - direct results 45 3.1 Notation and definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.2 Basic lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 3.3 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Complex interpolation 57 4.1 Abstract background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 4.2 Interpolation of s^{r,Ω}_{p,q} a . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.3 Interpolation properties of entropy numbers. . . . . . . . . . . . . . . . . . . 63 4.4 Filling the gaps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 4.5 Entropy numbers - conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 67 4.6 Comparison with known results . . . . . . . . . . . . . . . . . . . . . . . . . 70

Preface We study the function spaces with dominating mixed smoothness. First spaces of this type were defined by S. M. Nikol’skij in [21] and [22]. He introduced the spaces of Sobolev type

S^r_pW (R^2 ) = { f|f ∈ L_p(R^2 ), ||f|S^r_pW (R^2 )|| = ||f|L_p|| + | | | | | | ∂^{r1} f ∂x^{r1}_1 | L_p | | | | | |+ + | | | | | | ∂^{r2} f ∂x^{r2}_2 | L_p | | | | | | + | | | | | | ∂^{r1+r2} f ∂x^{r1}_1 ∂x^{r2}_2 | L_p | | | | | | < ∞ } , where 1 < p < ∞, r_i = 0, 1, 2, . . . ; (i = 1, 2). The mixed derivative^{∂r1+r2 f}_{∂x}r_{11 ∂x}r_{22} plays the dominant part here and gave the name to this class of spaces. The detailed study of spaces of such type was performed by many authors, for example T. I. Amanov, O. V. Besov, K. K. Golovkin, P. I. Lizorkin, S. M. Nikol’skij, M. K. Potapov and H.–J. Schmeisser. We refer to [1] for a systematic treatment of this topic. As in the theory of classical Sobolev spaces an alternative definition in terms of Fourier transform may be given (see (1.8) and (1.9)). This definition is based on a decomposition f = ∑ k∈N^d_0 (φ_{k1} ⊗ · · · ⊗ φ_{kd}f̂)^∨, convergence in S^′(R^d ),

where {φ_k}_{k∈N0} is a decomposition of unity on R known from the theory of classical Besov spaces and φ_k = φ_{k1} ⊗ · · · ⊗ φ_{kd} , k = (k_1, . . . , k_d), is a tensor product. We refer mainly to [26], as far as the Fourier-analytic approach to these spaces is considered. In Chapter 2 of this book the classical theory of spaces with dominating mixed smoothness properties is developed. Several types of equivalent quasinorms, embedding and trace theorems and characterisation of these spaces by differences are proved there. One studies also basic properties of crucial operators on these spaces, namely of lifting and maximal operators and Fourier multipliers. We recall some facts from this book, which shall be useful later on, in Chapter 1. In contrary to [26], we do not restrict the dimension of the underlying Euclidean space to d = 2, hence we state these results formulated for general dimension d ≥ 2. As mentioned in [26], this generalisation is obvious.

The second Chapter is devoted to local means, atomic, subatomic and wavelet decompositions of spaces with dominating mixed smoothness. We state the result for both Besov and Triebel-Lizorkin spaces but in some cases we give the proofs only for the Triebel-Lizorkin scale. The proofs for Besov-type spaces are omitted as they are very similar to the proofs presented here. First of all, we characterise this class of spaces by so-called local means. See Theorem 1.25 for details. This fundamental characterisation serves us as a basis for all three decomposition techniques.

By atomic decomposition of a function f one usually means a decomposition of a type f(x) = ∑ ν ∑ m λ_{ν m}a_{ν m}(x), convergence in S^′(R^d ),

where a_{ν m} are some simple building blocks, called atoms, and λ_{ν m} are complex numbers. A function f then belongs to some function space if and only if the sequence of coefficients {λ_{ν m}}_{ν,m} belongs to some sequence space. For the exact formulation see Theorem 2.4. Let us mention that the atoms are specified only implicitly - a function a is an atom if and only if it satisfies some qualitative properties (see Definition 2.3).

By a subatomic decomposition we mean a decomposition of a type f(x) = ∑ β ∑ ν ∑ m λ^β_{ν m}(βqu)_{ν m}(x), convergence in S^′(R^d ),

where (βqu)_{ν m}(x) are so-called quarks and λ^β_{ν m} are complex numbers. A quark is a special type of atom defined explicitly by (2.36). Hence the basic building blocks, quarks, are much more specific in this kind of decomposition. The price one has to pay for that is a more complicated connection between f and {λ^β_{ν m}}. It is described in detail in Theorem 2.6. In this sense each of these decompositions has its advantages and disadvantages. But all of them have something in common : they establish a connection between function spaces and sequence spaces. As the sequence spaces are simpler to deal with, it turns out that this connection is very useful in many situations (embeddings, traces, entropy numbers, . . . ). On this place we have to mention another important way how to switch from function spaces to sequence spaces — namely the so-called φ-transform of M. Frazier and B. Jawerth. We refer to [15] and references given there for details.

The classical theory of atomic decompositions of Besov and Triebel-Lizorkin spaces was developed mainly in the works M. Frazier and B. Jawerth ([12], [13]) and H. Triebel ([33], [34]). The subatomic decomposition of these spaces is due to H. Triebel ([35], [37]). We follow their ideas and prove similar decomposition theorems for spaces with dominating mixed derivatives. This is done in Chapter 2 and is one of the main results of this work. The last decomposition technique developed here is the wavelet decomposition. In that case a class of compactly supported wavelets is used as the building blocks, see Theorems 2.10 and 2.11 for precise formulation. The main advantage of the wavelet decomposition is the uniqueness of the series obtained. The price paid for that is the limited smoothness of the compactly supported wavelets.

In the third chapter we study the entropy numbers of embeddings of sequence spaces associated with the function spaces with dominating mixed smoothness. The notion of entropy numbers has its roots in the study of metric entropy done in 1930’s by Kolmogorov. Given a bounded linear operator T between two quasi-Banach spaces A and B (T ∈ L(A, B)), the quantity e_k(T ), k ∈ N, denotes, roughly speaking, the smallest radius ϵ > 0 such that the image of the unit ball of A under the operator T may be covered by 2^{k−1} balls in B of radius ϵ. The sequence {e_k(T )}^∞_{k=1} tends to zero if, and only if, the operator T is compact. The decay of this sequence is then understood as a measure of compactness of T . The crucial property of entropy numbers was observed by Carl [6], who proved that the entropy numbers of a compact operator T ∈ L(A, A) dominate in some sense its eigenvalues. In general, we use the method of [10] in this part.

We use the decomposition techniques to reduce this question to the sequence space level. Namely, it turns out that

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A(Ω)) ≈ e_k(id : s^{r1}_{p1,q1} a(Ω) → s^{r2}_{p2,q2} a(Ω)), (1)

where the constants of equivalence do not depend on k ∈ N. So, in the third chapter we study mainly the entropy numbers of embeddings of sequence spaces. We restrict ourselves to the case r_1 = (r_1, . . . , r_1) ∈ R^d and r_2 = (r_2, . . . , r_2) ∈ R^d . Unlike in the case of the classical Besov and Triebel-Lizorkin spaces, it turns out that the estimates of entropy numbers depend on the second, fine, summability parameter q. Unfortunately, the method used here gives the optimal answer only under some restriction on the parameters involved. We prove that the embeddings appearing in (1) is compact if, and only if,

α = r_1 − r_2 − max ( 1 p_1 − 1 p_2 , 0 ) > 0. (2)

But the direct method gives the estimates for (1) only for α > 1 min(p_1, p_2, q_1) − 1 p_1 + 1 p_2 − 1 max(p_2, q_2) . We overcome this obstacle in Chapter 4 by the use of a complex interpolation method as developed by O. Mendez and M. Mitrea in [20]. Our final result may be summarised in the following way.

Under condition (2),

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A(Ω)) ≥ c k^{r2−r1} (log k)^{(d−1)(r1 −r2+ 1q}2^{− 1q}1^{)+} .

If r_1 − r_2 −^1_{q1} +^1_{q2} > 0 then

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A(Ω)) ≤ c k^{r2−r1} (log k)^{(d−1)(r1 −r2+ 1q}2^{− 1q}1^).

If r_1 − r_2 −^1_{q1} +^1_{q2} ≤ 0 then for every ε > 0 there is a constant c_ε > 0 such that

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A(Ω)) ≤ c_ε k^{r2−r1} (log k)^ε.

(See Theorem 4.11 for exact formulation). Finally, we compare results obtained by this method with estimates on entropy numbers of embeddings of function spaces with dominating mixed smoothness obtained by Belinsky [4], Dinh Dung [8] and Temlyakov [30]. I would like to thank to Prof. Schmeisser and Prof. Sickel for supervising my research and for many valuable discussions.

1 Function spaces on R^d

Our aim in this Chapter is to recall the known aspects of the theory of function spaces with dominating mixed smoothness S^r_{p,q}B(R^d ) and S^r_{p,q}F (R^d ). First of all, we introduce some basic notation which we shall need later on. Then we quote some definitions and theorems stated in [26] which are crucial in the sequel. In the last part we develop the so-called local mean characterisation of the spaces S^r_{p,q}B(R^d ) and S^r_{p,q}F (R^d ).

1.1 Notation

As usual, R^d denotes the d−dimensional real Euclidean space, N the collection of all natural numbers and N_0 = N ∪ {0}. The letter Z stands for the set of all integer numbers and C denotes the plain of complex numbers.

We denote the points of the underlying Euclidean space by x, y, z, . . . . Their components are numbered from 1 to d, hence x = (x_1, . . . , x_d). If x, y ∈ R^d , we write x > y if, and only if, x_i > y_i for every i = 1, . . . , d. Similarly, we define the relations x ≥ y, x < y, x ≤ y. Finally, in slight abuse of notation, we write x > λ for x ∈ R^d , λ ∈ R if x_i > λ, i = 1, . . . , d. The d−dimensional vector indices will be denoted by k, l, m, . . . and their components are also numbered, hence k = (k_1, . . . , k_d). When α = (α_1, . . . , α_d) ∈ N^d_0 is a multi-index, we denote its length by |α| = ∑_d j=1 α_j . The derivatives D^α = ∂^{|α|}/∂x^{α1}_1 · · · ∂x^{αd}_d have the usual distributive meaning as well as the symbol x^α = x^{α1}_1 · · · x^{αd}_d .

Let S(R^d ) be the Schwartz space of all complex–valued rapidly decreasing infinitely differentiable functions on R^d . We denote the d−dimensional Fourier transform of a function φ ∈ S(R^d ) by Fφ, F(φ) or by φ̂. Its inverse is denoted by F^{−1}φ, F^{−1}(φ) or φ^∨. Both F and F^{−1} are extended to the dual Schwartz space S^′(R^d ) in the usual way. Sometimes, we need to distinguish between the d−dimensional and one-dimensional Fourier transform. In that case we denote the later by F_1 or^{∧1} and its inverse by F^{−1}_1 or^{∨1} . We point out that for functions φ(x) = φ_1(x_1) · · · φ_d(x_d) = (φ_1 ⊗ · · · ⊗ φ_d)(x) the following formula connects F with F_1

(Fφ)(ξ) = (F_1φ_1)(ξ_1) · · · (F_1φ_d)(ξ_d) = ((F_1φ_1) ⊗ · · · ⊗ (F_1φ_d))(ξ), ξ ∈ R^d . (1.1)

Let 0 < p, q ≤ ∞. Having a sequence of complex-valued functions {f_k}_{k∈N}d_0 on R^d , we put ||f_k|ℓ_q(L_p)|| = ( ∑ k∈N^d_0 ||f_k|L_p(R^d )||^q )_{1/q} = ( ∑ k∈N^d_0 (∫ R^d |f_k(x)dx|^p )_{q/p})_{1/q} (1.2)

and ||f_k|L_p(ℓ_q)|| = | | | | | | ( ∑ k∈N^d_0 |f_k(x)|^q )_{1/q} |L_p(R^d ) | | | | | | = (∫ R^d ( ∑ k∈N^d_0 |f_k(x)|^q )_{p/q} dx )_{1/p} , (1.3)

appropriately modified when p and/or q = ∞.

We denote a_+ = max(a, 0) for a real number a ∈ R. Furthermore, let σ_{pq} = ( 1 min(p, q) − 1 ) + and σ_p = (1 p − 1 ) + (1.4)

for every 0 < p ≤ ∞ and 0 < q ≤ ∞.

All unimportant constants are denoted by c. So, the meaning of the letter c may change from one occurrence to another. By a_k ≈ b_k we mean that there are two constants c_1, c_2 > 0 such that c_1a_k ≤ b_k ≤ c_2 for every admissible k.

1.2 Definitions and basic properties

In this section we define the function spaces with dominating mixed smoothness on R^d and recall their basic properties as they are described in [26]. We quote the results for general dimension d of the underlying space R^d , although they were stated and proved only for d = 2 in [26]. But, as mentioned there, this generalisation is rather obvious.

1.2.1 Definitions

Definition 1.1. Let Φ(R) be the collection of all systems {φ_j(t)}^∞_{j=0} ⊂ S(R) such that { supp φ_0 ⊂ {t ∈ R : |t| ≤ 2} supp φ_j ⊂ {t ∈ R : 2^{j−1} ≤ |t| ≤ 2^{j+1}} if j = 1, 2, . . . ;

(1.5)

for every α ∈ N_0 there exists a positive constant c_α such that

2^{jα}|D^αφ_j(t)| ≤ c_α for all j = 0, 1, 2, . . . and all t ∈ R, (1.6)

and_∞ ∑ j=0 φ_j (t) = 1 for every t ∈ R. (1.7)

For k = (k_1, . . . , k_d) ∈ N^d_0 and x = (x_1, . . . , x_d) ∈ R^d we define φ_k(x) = φ_{k1} (x_1) · · · φ_{kd} (x_d). Using this kind of notation, we can give a definition of spaces S^r_{p,q}B(R^d ) and S^r_{p,q}F (R^d ). Definition 1.2. Let r = (r_1, . . . , r_d) ∈ R^d , 0 < q ≤ ∞ and φ = {φ_j}^∞_{j=0} ∈ Φ(R). (i) Let 0 < p ≤ ∞. Then S^r_{p,q}B(R^d ) is the collection of all f ∈ S^′(R^d ) such that ||f|S^r_{p,q}B(R^d )||_φ = ( ∑ k∈N^d_0 2^{qk·r}||(φ_kf̂)^∨|L_p(R^d )||^q )_{1/q} = ||2^{k·r}(φ_kf̂)^∨|ℓ_q(L_p)|| (1.8)

is finite.

(ii) Let 0 < p < ∞. Then S^r_{p,q}F (R^d ) is the collection of all f ∈ S^′(R^d ) such that ||f|S^r_{p,q}F (R^d )||_φ = | | | | ( ∑ k∈N^d_0 |2^{k·r}(φ_kf̂)^∨(·)|^q )_{1/q} |L_p(R^d ) | | | | = ||2^{k·r}(φ_kf̂)^∨|Lp(ℓq)|| (1.9)

is finite.

Remark 1.3. According to (1.7), we have ∑ k∈N^d_0 φ_k(x) = (^∞∑ k_1=0

φ_{k1} (x_1) ) · · · (^∞∑ k_d=0

φ_{kd} (x_d) ) = 1 for all x = (x_1, . . . , x_d) ∈ R^d .

In this sense, {φ_k}_{k∈N}d_0 is also a decomposition of unity, in this case on R^d . Remark 1.4. The symbol S^r_{p,q}A(R^d ) stays, as usual, for S^r_{p,q}B(R^d ) and S^r_{p,q}F (R^d ) respectively.

1.2.2 Basic inequalities

One of the most important questions in the theory of spaces S^r_{p,q}A(R^d ) is the independence of Definition 1.2 on the system φ = {φ_k}_{k∈N}d_0 . The answer is given by

Theorem 1.5. Let {φ_j}^∞_{j=0}, {ψ_j }^∞_{j=0} ∈ Φ(R). Let r = (r_1, . . . , r_d) ∈ R^d and 0 < q ≤ ∞. (i) Let 0 < p ≤ ∞. Then ||f|S^r_{p,q}B(R^d )||_φ and ||f|S^r_{p,q}B(R^d )||_ψ are equivalent quasinorms. Furthermore, S^r_{p,q}B(R^d ) is a quasi-Banach space (Banach space if min(p, q) ≥ 1) and S(R^d ) ⊂ S^r_{p,q}B(R^d ) ⊂ S^′(R^d ). (ii) Let 0 < p < ∞. Then ||f|S^r_{p,q}F (R^d )||_φ and ||f|S^r_{p,q}F (R^d )||_ψ are equivalent quasinorms. Furthermore, S^r_{p,q}F (R^d ) is a quasi-Banach space (Banach space if min(p, q) ≥ 1) and S(R^d ) ⊂ S^r_{p,q}F (R^d ) ⊂ S^′(R^d ). For the proof in the case d = 2, see [26, pages 87, 93]. So, we may write ||f|S^r_{p,q}B(R^d )|| and ||f|S^r_{p,q}F (R^d )|| without any index φ or ψ meaning one of these equivalent quasinorms. Remark 1.6. The reader noticed that we did not define the spaces S^r_{p,q}F (R^d ) for p = ∞. The reason is very similar to the case of classical Triebel–Lizorkin spaces. If one extends Definition 1.2 to the case p = ∞, which is actually possible, than there is no counterpart of Theorem 1.5. In particular, these spaces do depend on the choice of the system {φ_j} ∈ Φ(R). We recall also the following version of the famous Nikol’skij inequality which is due to B. Stöckert [29] and A. P. Uninskij [39].

Theorem 1.7. (Nikol’skij inequality) Let 0 < p ≤ u ≤ ∞ and α = (α_1, . . . , α_d) ∈ N^d_0 . Let b = (b_1, . . . , b_d) > 0 and Q_b = [−b_1, b_1] × · · · × [−b_d, b_d] ⊂ R^d . Then there exists a positive constant c, which is independent of b, such that ||D^αf|L_u(R^d )|| ≤ c b^{α1+ 1p − 1u}_1 · · · b^{αd+ 1p − 1u}_d ||f|L_p(R^d )|| holds for every f ∈ S^′(R^d ) ∩ L_p(R^d ) with supp f̂ ⊂ Q_b.

1.2.3 Lifting property

As in the case of classical Besov and Triebel-Lizorkin spaces, we can define a lifting operator. Definition 1.8. Let ρ = (ρ_1, . . . , ρ_d) ∈ R^d . Then we define the so-called lifting operator I_ρ by I_ρf = F^{−1}(1 + ξ^2_1 )^{ρ1/2} · · · (1 + ξ^2_d )^{ρd/2}Ff, f ∈ S^′(R^d ). (1.10) Theorem 1.9. Let 0 < q ≤ ∞, ρ, r ∈ R^d .

(i) Let 0 < p ≤ ∞. Then I_ρ maps S^r_{p,q}B(R^d ) isomorphically onto S^{r−ρ}_{p,q} B(R^d ) and ||I_ρf|S^{r−ρ}_{p,q} B(R^d )|| is an equivalent quasinorm in S^r_{p,q}B(R^d ).

(ii) Let 0 < p < ∞. Then I_ρ maps S^r_{p,q}F (R^d ) isomorphically onto S^{r−ρ}_{p,q} F (R^d ) and ||I_ρf|S^{r−ρ}_{p,q} F (R^d )|| is an equivalent quasinorm in S^r_{p,q}F (R^d ).

The proof may be again found in [26, page 98].

1.2.4 Maximal operators It has been observed throughout many decades that maximal operators (and their boundedness on appropriate function spaces) play a crucial role in harmonic analysis and function spaces theory. Our constructions given later are based on the Hardy–Littlewood maximal operator and the maximal operator of Peetre. Now we give the definition of the first one. For the definition of the latter one, see Section 1.3.1.

For every locally integrable function f(x) ∈ L^{loc}_1 (R^d ) we define the classical Hardy-Littlewood maximal operator (Mf)(x) = sup_Q 1 |Q| ∫ Q |f(y)|dy, x ∈ R^d , (1.11) where the supremum is taken over all cubes Q centred at x with sides parallel with coordinate axes. The symbol |Q| denotes the Lebesgue mass of the cube Q. The famous Hardy- Littlewood inequality tells that for every p with 1 < p ≤ ∞ there is a c such that ||Mf|L_p(R^d )|| ≤ c ||f|L_p(R^d )||, f ∈ L_p(R^d ). (1.12) The following theorem is a vector-valued generalisation of (1.12) and is due to C. Fefferman and E. M. Stein [11].

Theorem 1.10. Let 1 < p < ∞ and 1 < q ≤ ∞. There exists a constant c such that ||Mf_k|L_p(ℓ_q)|| ≤ c ||f_k|L_p(ℓ_q)|| (1.13) holds for all sequences {f_k}_{k∈N}d_0 of locally Lebesgue-integrable functions on R^d . To reflect the tensor structure of the decomposition of unity φ = {φ_k} used in Definition 1.2, we consider following ”directional” maximal operators. We define

(M_1f)(x) = sup_{s>0} 1 2s ∫_{x1+s} x_1−s |f(t, x_2, . . . , x_d)|dt (1.14) and in a similar way for other variables. We denote the composition of these operators by M = M_d ∘ · · · ∘ M_1. The following maximal theorem is due to R. J. Bagby [2] (actually, it is a special case of more general theorem given there).

Theorem 1.11. Let 1 < p < ∞ and 1 < q ≤ ∞. There exists a constant c such that ||M_if_k|L_p(ℓ_q)|| ≤ c ||f_k|L_p(ℓ_q)||, i = 1, . . . , d (1.15) holds for all sequences {f_k}_{k∈N}d_0 ⊂ L_p(ℓ_q) of functions on R^d .

Iteration of this theorem shows that the estimate (1.15) holds also for the operator M.

1.2.5 Fourier multipliers Let Ω = {Ω_k}_{k∈N}d_0 be the sequence of compact subsets of R^d with following properties Ω_k = {x ∈ R^d : |x_1| ≤ a_{1,k1} , . . . , |x_d| ≤ a_{d,kd} } with a_{1,k1} , . . . , a_{d,kd} > 0.

Theorem 1.12. Let 0 < p < ∞, 0 < q ≤ ∞ and r = (r_1, . . . , r_d) >^1_{min(p,q)} +^1_2 . Let Ω = {Ω_k}_{k∈N}d_0 , a_{1,k1} , . . . , a_{d,kd} > 0 be the same sequences as above. Then there is a positive constant c such that ||(ϱ_kf̂_k)^∨|L_p(ℓ_q)|| ≤ c ( sup_{k∈Nd} 0 ||ϱ_k(a_{1,k1} ·, . . . , a_{d,kd} ·)|S^r_{2,2}F (R^d )|| ) · ||f_k|L_p(ℓ_q)||

holds for all systems {f_k} ∈ L_p(ℓ_q) with supp f̂_k ⊂ Ω_k and all systems {ϱ_k} ⊂ S^r_{2,2}F (R^d ). Remark 1.13. The proof may be found in [26, page 77].

1.2.6 Littlewood-Paley Theory

We state also a theorem of Littlewood-Paley type for spaces with dominating mixed smoothness. But first we define the Sobolev spaces with dominating mixed smoothness. This is the very direct generalisation of the definition of Nikol’skij given in the Preface. Definition 1.14. Let 1 < p < ∞ and r = (r_1, . . . , r_d) ∈ N^d_0 . We put S^r_p W (R^d ) = {f|f ∈ L_p(R^d ), ||f|S^r_pW (R^d )|| = ∑ 0≤α≤r ||D^αf|L_p(R^d )|| < ∞}.

Clearly, we have S^0_p W (R^d ) = L_p(R^d ). The connection between S^r_p W (R^d ) and S^r_{p,q}F (R^d ) is then given by Theorem 1.15. Let 1 < p < ∞ and r = (r_1, . . . , r_d) ∈ N^d_0 . Then

S^r_p W (R^d ) = S^r_{p,2}F (R^d ) where the corresponding norms are equivalent to each other. Remark 1.16. See [26, page 104] for details.

1.3 Local means

In this part we present the main technical tool, namely, we characterise the spaces S^r_{p,q}A(R^d ) by the so–called local means. In general, we follow the method presented by Rychkov [25]. Recall, that the spaces S^r_{p,q}A(R^d ) were introduced by Definition 1.2 and, according to Theorem 1.5, we know that this definition does not depend on the choice of the decomposition of unity {φ_j}^∞_{j=0} ⊂ Φ(R). Hence we may fix some specific system {φ_j }^∞_{j=0} for the rest of our work.

We fix φ(x) ∈ S(R) with φ(x) = 1 if |x| ≤ 4 3 and φ(x) = 0 if |x| ≥ 3 2 . We put φ_0 = φ, φ_1(x) = φ(^x_2 ) − φ(x) and φ_j(x) = φ_1(2^{−j+1}x), x ∈ R, j ∈ N. One verifies easily that (1.5)–(1.7) holds.

1.3.1 The Peetre maximal operator

Next we discuss the analogy of the Peetre maximal operator introduced in [23]. The construction of Peetre adapted to the case of function spaces with dominating mixed smoothness assigns to every system {ψ_k}_{k∈N}d_0 ⊂ S(R^d ), to every distribution f ∈ S^′(R^d ) and to every vector a > 0 the following quantities sup_{y∈Rd} |(ψ_kf̂)^∨(y)| ∏_d i=1(1 + |2^{ki} (y_i − x_i)|^{ai} )

, x ∈ R^d , k ∈ N^d_0 . (1.16)

As ψ_k ∈ S(R^d ) for every k ∈ N^d_0 then ψ_kf̂ is well defined for every f ∈ S^′(R^d ) and, according to the Theorem of Paley–Wiener–Schwartz (see [32] and references given there for details), (ψ_kf̂)^∨ is an analytic function. In particular, (ψ_kf̂)^∨(y) makes sense pointwise. Unfortunately, as we are interested also in non–smooth kernels (for details, see Section 2.4), we need to consider also kernels ψ_k ∉ S(R^d ). We weaken in a natural way the definition of the Schwartz space S(R^d ) and obtain the class of spaces X^S(R^d ) defined for every S ∈ N^d_0 by X^S(R^d ) = {φ ∈ S^S_2 W (R^d ) : ||φ|X^S(R^d )|| < ∞}, ||φ|X^S(R^d )|| = ( ∑ 0≤α,β≤S ||x^βD^αφ(x)|L_2(R^d )||^2 )_{1/2} .

We denote ω(x) = ∏_d i=1(1 + x^2_i )^{Si}2 and observe that φ ∈ X^S (R^d ) if, and only if, ω · D^αφ ∈ L_2(R^d ) for every 0 ≤ α ≤ S. This is obviously equivalent to D^α(ω · φ) ∈ L_2(R^d ) for every 0 ≤ α ≤ S, which may be written as ω · φ ∈ S^S_2 W (R^d ). Hence φ ∈ X^S(R^d ) if, and only if, ω · φ ∈ S^S_2 W (R^d ).

This allows us to characterise the dual of X^S (R^d ). We get

ψ ∈ (X^S(R^d ))^′ if, and only if, ω^{−1} · ψ ∈ (S^S_2 W (R^d ))^′ = S^{−S}_{2,2} F (R^d ).

As a trivial consequence of the embedding (S ∈ N^d_0 )

X^S (R^d ) → S^S_2 W (R^d ) → S^{S− 12}∞,∞B(R^d ) we get for every K ∈ N^d_0 and every S ≥ K + 1 X^S (R^d ) → C^K (R^d ).

Having now a function Ψ_k ∈ X^S(R^d ) and some distribution f ∈ (X^S (R^d ))^′, we write

(f ∗ Ψ_k)(y) = ∫ R^d f(x)Ψ_k(y − x)dx = f(Ψ_k(y − ·)), y ∈ R^d . So, given a system {ψ_k}_{k∈N}d_0 ⊂ X^S(R^d ) for some S ∈ N^d_0 , we denote Ψ_k = ψ̂_k ∈ X^S(R^d ) and define in analogy with (1.16) for every f ∈ (X^S (R^d ))^′

(Ψ^∗_kf)_a(x) = sup_{y∈Rd} |(Ψ_k ∗ f)(y)| ∏_d i=1(1 + |2^{ki} (y_i − x_i)|^{ai} )

, x ∈ R^d , k ∈ N^d_0 . (1.17)

Furthermore, for S = ∞, we put X^S (R^d ) = S(R^d ).

1.3.2 Helpful lemmas We split the proof of the local–mean characteristics of Besov and Triebel–Lizorkin spaces and give in this subsection the technical lemmas. This will allow us a straightforward proof later on. The lemmas originate in [25] and we quote them only with some minor modifications, mainly forced by the tensor structure of function spaces with dominated mixed smoothness. We start with lemma describing the use of the so–called moment conditions. Lemma 1.17. Let K ∈ N_0 and g, h ∈ X^{K+2}(R). Furthermore, let M ≥ −1, M ≤ K be an integer and (D^αĝ)(0) = 0, 0 ≤ α ≤ M.

Then for every N ∈ N_0 with 0 ≤ N ≤ K there is a constant C_N such that sup_{z∈R} |(g_b ∗ h)(z)|(1 + |z|^N ) ≤ C_N b^{M+1}, 0 < b < 1, (1.18)

where g_b(t) = b^{−1}g(t/b).

Proof. Using the elementary properties of the Fourier transform we get LHS(1.18) ≤ c max_{0≤α≤N} ||D^α[(g_b ∗ h)^∧]|L_1(R)||.

By Leibnitz formula, |D^α[ĝ(b·)ĥ(·)](ξ)| ≤ c ∑ 0≤β≤α b^β|(D^βĝ)(bξ)(D^{α−β}ĥ)(ξ)|, ξ ∈ R. (1.19) As ĝ ∈ C^{M+1}(R), we may use the Taylor formula and get |(D^βĝ)(bξ)| ≤ c|bξ|^{M−β+1}, 0 ≤ β ≤ M (1.20) for |bξ| ≤ 1. But, as D^βĝ ∈ C(R), (1.20) holds for all b, ξ ∈ R. Hence, for 0 ≤ β ≤ M, we get b^β |(D^βĝ)(bξ)(D^{α−β}ĥ)(ξ)| ≤ c b^{M+1}|(D^{α−β}ĥ)(ξ)| · |ξ|^{(M−β+1)+} , ξ ∈ R. (1.21) If M < β ≤ K and 0 < b < 1, we have b^β ≤ b^{M+1} which, together with D^βĝ ∈ C(R), gives (1.21) for all 0 ≤ β ≤ K.

We put (1.21) into (1.19) and obtain (1.18).

Furthermore, we shall need the following convolution inequality.

Lemma 1.18. Let 0 < p, q ≤ ∞, δ > 0. Let {g_k}_{k∈N}d_0 be a sequence of nonnegative measurable functions on R^d and let G_ν (x) = ∑ k∈N^d_0 2^{−|ν−k|δ}g_k(x), x ∈ R^d , ν ∈ N^d_0 . (1.22)

Then there is some constant C = C(p, q, δ) such that ||G_k|ℓ_q(L_p)|| ≤ C||g_k|ℓ_q(L_p)|| (1.23) ||G_k|L_p(ℓ_q)|| ≤ C||g_k|L_p(ℓ_q)||. (1.24)

Proof. Step 1.

We start with the proof of (1.23). If p ≥ 1, we get by triangle inequality ||G_ν |L_p(R^d )|| ≤ ∑ k∈N^d_0 2^{−|ν−k|δ}||g_k|L_p(R^d )||, ν ∈ N^d_0 .

When q ≤ 1, we use the embedding ℓ_q → ℓ_1 and get ||G_ν |ℓ_q(L_p)|| ≤ ( ∑ ν∈N^d_0 ∑ k∈N^d_0 2^{−|ν−k|δq}||g_k|L_p(R^d )||^q )_{1/q} .

Interchanging the order of summation, we get (1.23) with C = C_1 = ( ∑ k∈Z^d 2 −|k|δq)1/q. If q > 1, we apply Young’s inequality. We denote λ_k = 2^{−|k|δ}, k ∈ Z^d, (1.25) γ_k = ||g_k|L_p(R^d )||, k ∈ N^d_0 and γ_k = 0 for k ∈ Z^d \ N^d_0 .

Then we get ||G_ν|L_p(R^d )|| ≤ (λ ∗ γ)(ν), ν ∈ N^d_0 and Young’s convolution inequality gives ||λ ∗ γ|ℓ_q|| ≤ ||λ|ℓ_1|| · ||γ|ℓ_q||. This proves (1.23) with C = C_2 = ||λ|ℓ_1||. If p < 1, we use the ℓ_p → ℓ_1 embedding and get ∫ R^d G^p_ν (x)dx ≤ ∑ k∈N^d_0 2^{−|ν−k|δp} ∫ R^d g^p_k(x)dx

For q/p ≤ 1 this implies ∑ ν∈N^d_0 ||G_ν |L_p(R^d )||^q ≤ ∑ ν∈N^d_0 ∑ k∈N^d_0 2^{−|ν−k|δq}||g_k|L_p(R^d )||^q.

Now we interchange again the order of summation and take the 1/q power. This proves (1.23) with C = C_1.

Finally, if q/p > 1, we use again Young’s inequality, with λ^p and γ^p instead of λ and γ. This gives ||G_ν |ℓ_q(L_p)||^p ≤ ||λ^p|ℓ_1|| · ||γ^p|ℓ_{q/p}||, which proves (1.23) with C = ||λ|ℓ_p||. Step 2.

Next we turn to (1.24). This is a trivial consequence of the pointwise inequality ||G_ν(x)|ℓ_q|| ≤ C||g_ν (x)|ℓ_q||, x ∈ R^d , (1.26) with C independent of x ∈ R^d .

To prove (1.26), just use the ℓ_q → ℓ_1 embedding for q ≤ 1 and Young’s inequality for q > 1. We do not give details, which are very similar to the calculation in Step 1.

As we do not want to exclude the case of arbitrary smooth functions, we use the following notation. We say that the vector N = ∞ if and only if N_i = ∞ for all i = 1, . . . , d. The symbol N ∈ N^d_0 ∪ {∞} then admits N = ∞ or N to be a vector of nonnegative integers. Lemma 1.19. Let 0 < r ≤ 1, and let {γ_ν}_{ν∈N}d_0 , {β_ν }_{ν∈N}d_0 be two sequences taking values in (0, ∞). Assume that, for some N^0 ∈ N^d_0 , γ_ν = O(2^{ν·N 0} ), |ν| → ∞. (1.27) Furthermore, we assume that there is N^1 ∈ N^d_0 ∪ {∞} with N^1 ≥ N^0 such that γ_ν ≤ C_N ∑ k∈N^d_0 2^{−k·N} β_{k+ν} γ^{1−r}_{k+ν} , ν ∈ N^d_0 , C_N < ∞, (1.28)

holds for every 0 ≤ N ≤ N^1 if N^1 is finite or for every N ∈ N^d_0 if N^1 = ∞. Then, for the same set of N, γ^r_ν ≤ C_N ∑ k∈N^d_0 2^{−k·Nr}β_{k+ν} , ν ∈ N^d_0 , (1.29)

with the same constants C_N . Proof. Put Γ_{ν,N} = sup_{k∈Nd} 0 2^{−k·N} γ_{k+ν} , ν, N ∈ N^d_0 . By (1.28), Γ_{ν,N} ≤ C_N sup_{k∈Nd} 0 ∑ l∈N^d_0 2^{−(k+l)·N} β_{l+k+ν} γ^{1−r}_{l+k+ν} = C_N sup_{k∈Nd} 0 ∑ l∈N^d_0 +k 2^{−l·N} β_{l+ν} γ^{1−r}_{l+ν} = C_N ∑ l∈N^d_0 2^{−l·N} β_{l+ν} γ^{1−r}_{l+ν} (1.30) ≤ C_N Γ^{1−r}_{ν,N} ∑ l∈N^d_0 2^{−l·Nr}β_{l+ν}

When Γ_{ν,N} < ∞, we finish the proof by γ^r_ν ≤ Γ^r_{ν,N} ≤ C_N ∑ l∈N^d_0 2^{−l·Nr}β_{l+ν} . (1.31)

From (1.27), Γ_{ν,N} is finite for all N^0 ≤ N ≤ N^1 (or for all N^0 ≤ N if N^1 = ∞). As the right–hand side of (1.29) decreases when N increases in any coordinate, this proves (1.29) also for all N ≱ N^0 with the constant C_N ∗ , where N^∗_i = max(N^0_i , N_i). Take now any N ≱ N^0 and apply (1.29) with C_N ∗ instead of C_N to get Γ_{ν,N} = sup_{k∈Nd} 0 2^{−k·N} γ_{k+ν} ≤ sup_{k∈Nd} 0 ( C_N ∗ ∑ l∈N^d_0 2^{−(k+l)·Nr}β_{l+k+ν} )_{1/r}

= C^{1/r}_N ∗ (∑ l∈N^d_0 2^{−l·Nr}β_{l+ν} )_{1/r} ,

which is finite whenever the right–hand side of (1.29) is finite (otherwise there is nothing to prove). So, even in this case, we may apply (1.30) and (1.31) and finish the proof of the lemma.

1.3.3 Comparison of different Peetre maximal operators In this subsection we present one inequality between different Peetre maximal operators. This inequality (together with the boundedness of Peetre maximal operator) forms the basis for our characterisation of S^r_{p,q}A(R^d ) through local means.

Because of the limited smoothness of our kernel functions (discussed in detail in section 2.4), we cannot expect to get such an inequality for all f ∈ S^′(R^d ). We start with (given) functions ψ^i_0, ψ^i_1, i = 1, . . . , d defined on R and denote ψ^i_j (t) = ψ^i_1(2^{−j+1}t), t ∈ R, j = 2, 3, . . . , ψ_k(x) = d∏ i=1 ψ^i_{ki} (x_i), x ∈ R^d , k ∈ N^d_0 , (1.32)

Ψ_k = ψ̂_k, k ∈ N^d_0 .

To (also given) functions ϕ^i_0, ϕ^i_1, i = 1, . . . , d we associate ϕ_k and Φ_k in the same way. Furthermore, we suppose that ψ_k, ϕ_k ∈ X^S(R^d ) for some S ∈ N^d_0 . Using this notation we may state the main result of this section.

Theorem 1.20. Let a, r ∈ R^d , R ∈ N^d_0 , 0 < p, q ≤ ∞ with a > 0 and r < R + 1. If S > R is large enough, D^lψ^i(0) = 0, i = 1, . . . , d, l = 0, 1, . . . , R_i, (1.33) and, for every i = 1, . . . , d and some ε > 0, |ϕ^i_0(t)| > 0 on {t ∈ R : |t| < ε} (1.34) |ϕ^i_1(t)| > 0 on {t ∈ R : ε/2 < |t| < 2ε} (1.35) then ||2^{k·r}(Ψ^∗_kf)_a|ℓ_q(L_p)|| ≤ c||2^{k·r}(Φ^∗_kf)_a|ℓ_q(L_p)|| (1.36) ||2^{k·r}(Ψ^∗_kf)_a|L_p(ℓ_q)|| ≤ c||2^{k·r}(Φ^∗_kf)_a|L_p(ℓ_q)|| (1.37) for all f ∈ (X^S (R^d ))^′.

Proof. Step 1. — formal calculations.

It follows from (1.34) and (1.35) that there exist functions {λ^i_j}^∞_{j=0}, i = 1, . . . , d with ∞∑ j=0 λ^i_j(t)ϕ^i_j (t) = 1, t ∈ R, (1.38) λ^i_j(t) = λ^i_1(2^{−j+1}t), t ∈ R, j ∈ N, (1.39) supp λ^i_0 ⊂ {t ∈ R : |t| ≤ ε} and supp λ^i_j ⊂ {t ∈ R : 2^{j−2}ε ≤ |t| ≤ 2^jε}, j ∈ N. (1.40) Now we define, as usually, λ_k(x) = λ^1_{k1} (x_1) · · · λ^d_{kd} (x_d) for every k ∈ N^d_0 . From (1.38) we obtain ∑ k∈N^d_0 λ_k(x)ϕ_k(x) = 1, x ∈ R^d . Finally, we denote Λ_k = λ̂_k, k ∈ N^d_0 . This gives us the following identities f = ∑ k∈N^d_0 Λ_k ∗ Φ_k ∗ f, Ψ_ν ∗ f = ∑ k∈N^d_0 Ψ_ν ∗ Λ_k ∗ Φ_k ∗ f, ν ∈ N^d_0 . (1.41)

We have

|(Ψ_ν ∗ Λ_k ∗ Φ_k ∗ f)(y)| ≤ ∫ R^d |(Ψ_ν ∗ Λ_k)(z)| · |(Φ_k ∗ f)(y − z)|dz ≤ (Φ^∗_kf)_a(y) ∫ R^d |(Ψ_ν ∗ Λ_k)(z)| d∏ i=1 (1 + |2^{ki} z_i|^{ai} )dz (1.42)

≡ (Φ^∗_kf)_a(y)I_{νk} = (Φ^∗_kf)_a(y) d∏ i=1 I_{νiki} , where I_{νiki} = ∫ R |(Ψ^i_{νi} ∗ Λ^i_{ki} )(z_i)|(1 + |2^{ki} z_i|^{ai} )dz_i.

We claim that by Lemma 1.17, I_{νiki} ≤ C { 2^{(ki−νi)(Ri+1)}, if k_i ≤ ν_i 2^{(νi−ki)(ai +|ri|+1)}, if k_i ≥ ν_i. (1.43)

We namely have (for 1 ≤ k_i < ν_i) with the change of variables 2^{ki} z_i → z_i I_{νiki} = 1 2 ∫ R |(Ψ^i_{νi−ki} ∗ Λ^i_1(·/2))(z_i)|(1 + |z_i|^{ai} )dz_i ≤ c sup_{z∈R} |(Ψ^i_{νi−ki} ∗ Λ^i_1(·/2))(z_i)|(1 + |z_i|^{ai+2}) ≤ c 2^{(ki−νi)(Ri +1)}, when S_i are chosen sufficiently large.

Analogously, for 1 ≤ ν_i < k_i with the change of variables 2^{νi} z_i → z_i I_{νiki} ≤ 2^{(ki−νi)ai} ∫ R |(Ψ^i_1 ∗ Λ^i_{ki−νi} )(z_i)|(1 + |z_i|^{ai} )dz_i ≤ c 2^{(νi−ki)(−ai +M+1)}, where M may be taken as large as S_i allows. Taking M > 2a_i + |r_i| (which is possible for S_i large enough), we get (1.43). This covers the cases where ν_i, k_i ≥ 1, ν_i ≠ k_i. The cases k_i = ν_i ≥ 1, k_i > ν_i = 0 and ν_i > k_i = 0 can be treated separately in the similar way. The needed moment conditions are always satisfied by (1.33) or (1.40), respectively. The case k_i = ν_i = 0 is covered by the constant C in (1.43). Next, we point out that

(Φ^∗_kf)_a(y) ≤ (Φ^∗_kf)_a(x) d∏ i=1 (1 + |2^{ki} (x_i − y_i)|^{ai} )

≤ c (Φ^∗_kf)_a(x) d∏ i=1 (1 + |2^{νi} (x_i − y_i)|^{ai} ) max(1, 2^{(ki−νi)ai} ).

We put this into (1.42) and use (1.43) sup_{y∈Rd} |(Ψ_ν ∗ Λ_k ∗ Φ_k ∗ f)(y)| ∏_d i=1(1 + |2^{νi} (x_i − y_i)|^{ai} )

≤ (Φ^∗_kf)_a(x) d∏ i=1 I_{νiki} max(1, 2^{(ki−νi)ai} )

≤ c (Φ^∗_kf)_a(x) d∏ i=1 { 2^{(ki−νi)(Ri+1)}, if k_i ≤ ν_i 2^{(νi−ki)(|ri|+1)}, if k_i ≥ ν_i. This inequality, together with (1.41) and (1.42), gives for

δ = min{1, R_i + 1 − r_i; i = 1, . . . , d} > 0

the estimate

2^{ν·r}(Ψ^∗_ν f)_a(x) ≤ c ∑ k∈N^d_0 2^{−|k−ν|δ}2^{k·r}(Φ^∗_kf)_a(x), ν ∈ N^d_0 , x ∈ R^d .

Lemma 1.18 now gives immediately the desired result. Step 2. — theoretical background.

In the Step 1 we did not took care about problems caused by limited smoothness of functions ψ^i_j , ϕ^i_j not to disturb the elegant calculation done there. Nevertheless, to complete the proof, we have to fill some gaps. We go through the proof of the Step 1 once more and discuss the theoretical aspects of the calculation.

• Functions λ^i_j By the choice λ^i_j(t) = φ_j(^{3t}_{2ε} )/ϕ^i_j(t) we ensure (1.38)–(1.40). The functions φ_j, j ∈ N_0 , were fixed in the beginning of Section 1.3. And by conditions (1.34) and (1.35) we get λ_k ∈ X^S(R^d ).

• Identities (1.41) First, we point out that the expression Λ_k ∗ Φ_k ∗ f is well defined for every k ∈ N^d_0 . As the function λ_k = Λ^∨_k has compact support, we have Λ_k ∗ Φ_k = (λ_kϕ_k)^∧ ∈ X^S (R^d ). The same holds for Ψ_ν ∗ Λ_k ∗ Φ_k.

Next we prove the convergence of both sums in (1.41) for every f ∈ (X^S (R^d ))^′ and every ν ∈ N^d_0 in (X^S(R^d ))^′. By the duality arguments, it is enough to prove that ∑ k∈N^d_0 ψ_ν λ_kϕ_kμ → ψ_ν μ, ν ∈ N^d_0 ,

converges in X^S(R^d ) for every μ ∈ X^S (R^d ). This follows from (1.38) and (1.40). Finally, to come over from (1.41) to (1.42), we have to ensure that (1.41) converges also pointwise. Better said, we need to prove |(Ψ_ν ∗ f)(y)| ≤ ∑ k∈N^d_0 |(Ψ_ν ∗ Λ_k ∗ Φ_k ∗ f)(y)| (1.44)

for all ν ∈ N^d_0 and almost all y ∈ R^d .

Fix ν ∈ N^d_0 and let f_k(y) = (Ψ_ν ∗ Λ_k ∗ Φ_k ∗ f)(y). Then we know from (1.42) that |f_k(y)| ≤ (Φ^∗_kf)_a(y)I_{νk}, y ∈ R^d . By (1.43) (and by Hölder’s inequality for q > 1) ∑ k∈N^d_0 ||f_k|L_p(R^d )|| ≤ c||2^{k·r}(Φ^∗_kf)_a|ℓ_q(L_p)||.

So, whenever the right–hand side of (1.36) is finite, we obtain the L_p−convergence of the series ∑ k∈N^d_0 |fk|. Hence, this series converges in the Lebesgue measure as well and

therefore also pointwise almost everywhere. We recommend [19] as far as several types of convergence of sequences of functions are concerned. So, whenever the right hand side of (1.36) is finite, we get (1.44).

When the right–hand side in (1.37) is finite, we use ||2^{k·r}(Φ^∗_kf)_a|ℓ_{max(p,q)}(L_p)|| ≤ c||2^{k·r}(Φ^∗_kf)_a|L_p(ℓ_q)|| and apply the same arguments as above.

Remark 1.21. The conditions (1.33) are usually called moment conditions while (1.34) and (1.35) are the so-called Tauberian conditions.

1.3.4 Boundedness of the Peetre maximal operator

In this subsection we present a theorem describing the boundedness of Peetre maximal operator in the framework of weighted L_p(ℓ_q) and ℓ_q(L_p) spaces. We use the notation explained in the beginning of section 1.3.3. Especially, we still suppose that the functions ψ_k, k ∈ N^d_0 , belong to the space X^S (R^d ), where the vector S will be specified later on. Our main result now reads as

Theorem 1.22. Let a, r ∈ R^d , 0 < p, q ≤ ∞. Let for every i = 1, . . . , d |ψ^i_0(t)| > 0 on {t ∈ R : |t| < ε} (1.45) |ψ^i_1(t)| > 0 on {t ∈ R : ε/2 < |t| < 2ε}. (1.46) (i) If a >^1_p and S > 0 is large enough then ||2^{k·r}(Ψ^∗_kf)_a|ℓ_q(L_p)|| ≤ c||2^{k·r}(Ψ_k ∗ f)|ℓ_q(L_p)|| (1.47) holds for all f ∈ (X^{S−a−1}(R^d ))^′.

(ii) If a >^1_{min(p,q)} and S > 0 is large enough then ||2^{k·r}(Ψ^∗_kf)_a|L_p(ℓ_q)|| ≤ c||2^{k·r}(Ψ_k ∗ f)|L_p(ℓ_q)|| (1.48) holds for all f ∈ (X^{S−a−1}(R^d ))^′.

Proof. In analogy to (1.38)–(1.40) we find functions {λ^i_j }^∞_{j=0}, i = 1, . . . , d with (1.39), (1.40) and_∞ ∑ j=0 λ^i_j(t)ψ^i_j (t) = 1, t ∈ R. (1.49) Instead of (1.41) we now get the identity f = ∑ k∈N^d_0 Λ_k ∗ Ψ_k ∗ f.

A dilation t → 2^{−νi} t in (1.49) leads to Ψ_ν ∗ f = ∑ k∈N^d_0 Λ_{k,ν} ∗ Ψ_{k,ν} ∗ Ψ_ν ∗ f, ν ∈ N^d_0 , (1.50)

where Λ_{k,ν} (ξ) = [λ_k(2^{−ν} ·)]^∧(ξ) = 2^{|ν|}Λ_k(2^ν ξ), k, ν ∈ N^d_0 .

Ψ_{k,ν} is defined similarly. We recall that 2^ν ξ = (2^{ν1} ξ_1, . . . , 2^{νd} ξ_d). Hence, for k ≥ 1, ν ∈ N^d_0 , we obtain Ψ_{k,ν} = Ψ_{k+ν} . To simplify the notation, we point out that ψ_k(2^{−ν}x)ψ_ν (x) = σ_{k,ν} (x)ψ_{k+ν} (x), k, ν ∈ N^d_0 , where σ_{k,ν}(x) = d∏ i=1 σ^i_{ki,νi} (x_i),

σ^i_{ki,νi} (x_i) = { ψ^i_{νi} (x_i) if k_i > 0 ψ^i_0(2^{−νi} x_i) if k_i = 0.

Hence we may rewrite (1.50) as Ψ_ν ∗ f = ∑ k∈N^d_0 Λ_{k,ν} ∗ σ̂_{k,ν} ∗ Ψ_{k+ν} ∗ f, ν ∈ N^d_0 . (1.51)

By Lemma 1.17, the estimate |(Λ_{k,ν} ∗ σ̂_{k,ν} )(z)| ≤ C_N 2^{|ν|} 2^{−k·N} ∏_d i=1(1 + |2^{νi} z_i|^{ai} )

holds for k, ν ∈ N^d_0 with any N ≤ S − 2. The last estimate, together with (1.51), gives |(Ψ_ν ∗ f)(y)| ≤ C_N 2^{|ν|} ∑ k∈N^d_0 ∫ R^d 2^{−k·N} ∏_d i=1(1 + |2^{νi} (y_i − z_i)|^{ai} )

|(Ψ_{k+ν} ∗ f)(z)|dz (1.52)

Fix now any s ∈ (0, 1]. Divide both sides of (1.52) by ∏_d i=1(1 + |2^{νi} (x_i − y_i)|^{ai} ), take the supremum over y ∈ R^d and apply following inequalities

(1 + |2^{νi} (y_i − z_i)|^{ai} )(1 + |2^{νi} (x_i − y_i)|^{ai} ) ≥ c(1 + |2^{νi} (x_i − z_i)|^{ai} ),

|(Ψ_{k+ν} ∗ f)(z)| ≤ |(Ψ_{k+ν} ∗ f)(z)|^s(Ψ^∗_{k+ν} f)_a(x)^{1−s} d∏ i=1 (1 + |2^{ki+νi} (x_i − z_i)|^{ai} )^{1−s},

(1 + |2^{ki+νi} (x_i − z_i)|^{ai} )^{1−s} (1 + |2^{νi} (x_i − z_i)|^{ai} ) ≤ 2^{kiai} (1 + |2^{ki+νi} (x_i − z_i)|^{ai} )^s . Finally, we get

(Ψ^∗_ν f)_a(x) ≤ c_N ∑ k∈N^d_0 2^{k·(a−N−1)}(Ψ^∗_{k+ν} f)_a(x)^{1−s} ∫ R^d 2^{|k+ν|}|(Ψ_{k+ν} ∗ f)(z)|^s ∏_d i=1(1 + |2^{ki+νi} (x_i − z_i)|^{ai} )^s dz, and apply Lemma 1.19 with

γ_ν = (Ψ^∗_ν f)_a(x), β_ν = ∫ R^d 2^{|ν|}|(Ψ_ν ∗ f)(z)|^s ∏_d i=1(1 + |2^{νi} (x_i − z_i)|^{ai} )^s dz, ν ∈ N^d_0 , N^1 = S − a − 1 and N^0 giving the order of the distribution f, which is finite for S = ∞ and smaller than S if S is finite.

By Lemma 1.19, we obtain for every N ≤ S − a − 1, x ∈ R^d and ν ∈ N^d_0

(Ψ^∗_ν f)_a(x)^s ≤ C_N ∑ k∈N^d_0 2^{−k·Ns} ∫ R^d 2^{|k+ν|}|(Ψ_{k+ν} ∗ f)(z)|^s ∏_d i=1(1 + |2^{ki+νi} (x_i − z_i)|^{ai} )^s dz. (1.53)

We point out that (1.53) holds for s > 1 as well with much simpler proof. In that case, we take (1.52) with a + 1 instead of a, divide by ∏_d i=1(1 + |2^{νi} (x_i − y_i)|^{ai} ) and apply Hölder’s inequality for series and integrals.

We now choose s > 0 with^1_{ai} < s < p (or^1_{ai} < s < min(p, q), respectively) for every i = 1, . . . , d. Then the function 1 ∏_d i=1(1 + |z_i|)^{ais} ∈ L_1(R^d ),

and by the majorant property of the Hardy–Littlewood maximal operator M (see [28, Chapter 2]) it follows (Ψ^∗_ν f)_a(x)^s ≤ C^′_N ∑ k∈N^d_0 2^{−k·Ns}M(|Ψ_{k+ν} ∗ f|^s)(x). (1.54)

We choose N > 0 such that N > −r and denote g_k(x) = 2^{k·rs}M(|Ψ_k ∗ f|^s)(x). Then we get from (1.54) G_ν (x) = 2^{ν·rs}(Ψ^∗_ν f)_a(x)^s ≤ C^′_N ∑ k≥ν 2^{s(k−ν)(−N −r)}g_k(x)

Hence, for 0 < δ < min{N_i + r_i, i = 1, . . . , d}, we may apply Lemma (1.18) with L_{p/s}(ℓ_{q/s}) and ℓ_{q/s}(L_{p/s}) norm respectively. This results into ||2^{k·rs}(Ψ^∗_kf)_a(x)|ℓ_{q/s}(L_{p/s})|| ≤ c||2^{k·rs}M(|Ψ_k ∗ f|^s)(x)|ℓ_{q/s}(L_{p/s})|| (1.55) and ||2^{k·rs}(Ψ^∗_kf)_a(x)|L_{p/s}(ℓ_{q/s})|| ≤ c||2^{k·rs}M(|Ψ_k ∗ f|^s)(x)|L_{p/s}(ℓ_{q/s})||. (1.56) In the first case, we rewrite the left–hand side of (1.55) and use the classical Hardy– Littlewood Theorem (see (1.12) for details, we recall that s < p), ||2^{k·r}(Ψ^∗_kf)_a(x)|ℓ_q(L_p)|| ≤ c||2^{k·r}(Ψ_k ∗ f)(x)|ℓ_q(L_p)||. In the second case, we rewrite the left–hand side of (1.56) and use Theorem 1.11 (now we recall that s < min(p, q)), ||2^{k·r}(Ψ^∗_kf)_a(x)|L_p(ℓ_q)|| ≤ c||2^{k·r}(Ψ_k ∗ f)(x)|L_p(ℓ_q)||, which concludes the proof.

1.3.5 Local means characterisation We summarise sections 1.3.3 and 1.3.4 and give the usual formulation of the local means characterisation. We still use the tensor construction of functions ψ_k described in the beginning of section 1.3.3. The spaces X^S (R^d ) and the Peetre maximal function (Ψ^∗_kf)_a were defined in section 1.3.1. We still suppose that ψ^i_0, ψ^i_1 ∈ X^S(R^d ), where the vector S will be specified later on.

Theorem 1.23. (i) Let 0 < p, q ≤ ∞, r, a ∈ R^d , R, S ∈ Z^d with r ≤ R + 1 and a >^1_p . If S > R is large enough, D^αψ^i_1(0) = 0, i = 1, . . . , d, α = 0, 1, . . . , R_i, (1.57) and |ψ^i_0(t)| > 0 on {t ∈ R : |t| < ε} (1.58) |ψ^i_1(t)| > 0 on {t ∈ R : ε/2 < |t| < 2ε} (1.59) for some ε > 0, then ||f|S^r_{p,q}B(R^d )|| ≈ ||2^{k·r}(Ψ_k ∗ f)|ℓ_q(L_p)|| ≈ ||2^{k·r}(Ψ^∗_kf)_a|ℓ_q(L_p)|| for all f ∈ (X^{S−a−1}(R^d ))^′.

(ii) Let 0 < p < ∞, 0 < q ≤ ∞, r, a ∈ R^d , R, S ∈ Z^d with r ≤ R + 1 and a >^1_{min(p,q)} . If S > R is large enough, and (1.57) – (1.59) are satisfied then ||f|S^r_{p,q}F (R^d )|| ≈ ||2^{k·r}(Ψ_k ∗ f)|L_p(ℓ_q)|| ≈ ||2^{k·r}(Ψ^∗_kf)_a|L_p(ℓ_q)|| for all f ∈ (X^{S−a−1}(R^d ))^′.

Remark 1.24. 1. Theorem 1.23 is just reformulation of Theorem 1.20 and Theorem 1.22. 2. In the proof of Theorems 1.20 and 1.22 we followed essentially the approach described in [25]. We point out that recently very similar results were obtained in [3]. 3. We may set S = ∞ in Theorem 1.23. Then one obtains equivalent quasinorms on S^′(R^d ). By choosing S large, but finite, we may always ensure, that the new quasinorms are equivalent at least on S^r_{p,q}A(R^d ) ⊂ (X^{S−a−1}(R^d ))^′.

Next we reformulate Theorem 1.23 using the local means in the sense of [33]. Theorem 1.25. Let 0 < p, q ≤ ∞ (with p < ∞ in the F–case), r ∈ R^d , S^1, S^2 ∈ N^d_0 with S^1 − S^2 >^1_p + 1 in the B–case and S^1 − S^2 >^1_{min(p,q)} + 1 in the F–case. Let R ∈ N^d_0 be a vector of d nonnegative integers with R > r. Further let k_0, k^1, . . . , k^d be d+1 complex-valued functions from X^{S1} (R) whose supports lie in the set {t ∈ R : |t| < 1} and F_1(k_0)(0) ≠ 0, F_1(k^i)(0) ≠ 0, i = 1, . . . , d. (1.60) Let us denote

k^i_0(t) = k_0(t) and k^i_n(t) = 2^n ( d^{Ri} dt^{Ri} k^i ) (2^nt), i = 1, . . . , d, n ∈ N, t ∈ R. As usually, we denote by k_ν (x) = k^1_{ν1} (x_1) · · · k^d_{νd} (x_d), ν = (ν_1, . . . , ν_d) ∈ N^d_0 , the tensor product of these functions.

The corresponding local means are defined by

k_ν (f)(x) = ∫ R^d k_ν (y)f(x + y)dy, ν ∈ N^d_0 , x ∈ R^d , (1.61)

appropriately interpreted for any f ∈ (X^{S1} (R^d ))^′. Then, if S^2 is large enough, ||2^{ν·r}k_ν (f)|L_p(ℓ_q)|| ≈ ||f|S^r_{p,q}F (R^d )||, f ∈ (X^{S2} (R^d ))^′, (1.62) and ||2^{ν·r}k_ν (f)|ℓ_q(L_p)|| ≈ ||f|S^r_{p,q}B(R^d )||, f ∈ (X^{S2} (R^d ))^′. (1.63) Proof. Put ψ^i_0 = F^{−1}_1 k_0 and ψ^i_1 = F^{−1}_1 (^{dRi}_{dtRi} k^i). Then the Tauberian conditions (1.58) and (1.59) are satisfied and (1.57) is also true. If we define ψ_ν , ν ∈ N^d_0 , as in (1.32), we get

(ψ_νf̂)^∨(x) = c ∫ R^d (ψ_ν )^∨(y)f(x − y)dy = c ∫ R^d (F ψ_ν )(y)f(x + y)dy (1.64) = c ∫ R^d (_d∏ i=1 (F_1ψ^i_{νi} )(y_i) ) f(x + y)dy.

Finally, if ν_i = 0, we get (F_1ψ^i_0)(y_i) = k^i_0(y_i) and if ν_i ≥ 1 we obtain in a similar way

(F_1ψ^i_{νi} )(y_i) = (F_1(ψ^i(2^{−νi} ·)))(y_i) = 2^{νi} (F_1ψ^i)(2^{νi} y_i) = 2^{νi} ( d^{Ri} dt^{Ri} k^i ) (2^{νi} y_i) = k^i_{νi} (y_i).

Using this calculation and (1.64) we get

(ψ_νf̂)^∨(x) = ∫ R^d k_ν (y)f(x + y)dy, ν ∈ N^d_0 , x ∈ R^d and the theorem follows.

Remark 1.26. We point out that S^1 = S^2 = ∞ is allowed in Theorem 1.25.

We shall need some other modifications of Theorem 1.23. But first we give some necessary notation. For ν ∈ N^d_0 , m ∈ Z^d we denote by Q_{ν m} the cube with the centre at the point 2^{−ν} m = (2^{−ν1} m_1, . . . , 2^{−νd} m_d) with sides parallel to coordinate axes and of lengths 2^{−ν1} , . . . , 2^{−νd} . Hence Q_{ν m} = {x ∈ R^d : |x_i − 2^{−νi} m_i| ≤ 2^{−νi−1}, i = 1, . . . , d}, ν ∈ N^d_0 , m ∈ Z^d. (1.65) If γ > 0 then γQ_{ν m} denotes a cube concentric with Q_{ν m} with sides also parallel to coordinate axes and of lengths γ2^{−ν1} , . . . , γ2^{−νd} .

Defining the Peetre maximal function by (1.17), we get (Ψ^∗_ν f)_a(x) ≥ c sup_{x−y∈γQν,0} |(Ψ_ν ∗ f)(y)|, ν ∈ N^d_0 , x ∈ R^d , where the constant c depends on a > 0, γ > 0 but does not depend neither on x nor on ν. This very simple observation gives together with Theorem 1.23 following

Theorem 1.27. Let r ∈ R^d , 0 < p, q ≤ ∞ (p < ∞ in the F–case). Let R ∈ N^d_0 with R > r, S^1, S^2 ∈ N^d_0 and k_ν be as in Theorem 1.25. Then, for any γ > 0, | | | | | | | | ( ∑ ν∈N^d_0 2^{qν·r} sup x−y∈γQ_{ν ,0} |k_ν (f)(y)|^q )_{1/q} |L_p(R^d ) | | | | | | | | ≈ ||f|S^rp,qF (R^d )||, f ∈ (X^S 2 (R^d ))^′ (1.66) and ( ∑ ν∈N^d_0 2^{qν·r}|| sup x−y∈γQ_{ν ,0} |k_ν(f)(y)||L_p(R^d )||^q )_{1/q} ≈ ||f|S^r_{p,q}B(R^d )||, f ∈ (X^{S2} (R^d ))^′. (1.67)

Another modification of Theorem 1.23 is rather technical and deals with ’directional’ local means, namely with local means of the form (d = 2): ∫ R k^1_{ν1} (y_1)f(x_1 + y_1, x_2)dy_1.

To introduce these local means in the general dimension, we define for every A ⊂ {1, . . . , d} k_{ν,A}(f)(x) = ∫ R^{|A|} (∏ i∈A k^i_{νi} (y_i) ) f(x_1 + y_1χ_A(1), . . . , x_d + y_dχ_A(d)) (∏ i∈A dy_i ) . (1.68)

It means, we restrict the integration in (1.61) to those variables y_i for which i ∈ A. The others are left untouched.

Using this notation, we may state our next Lemma.

Lemma 1.28. Let 0 < p < ∞, 0 < q ≤ ∞, A ⊂ {1, . . . , d} and γ > 0. Let r ∈ R^d be such that r_i >^1_{min(p,q)} for i ∉ A. Let R_i ∈ N_0 and k^i_ν be as in Theorem 1.25 for every i ∈ A. Further let k_{ν,A}(f) be defined by (1.68). Then | | | | | | ( ∑ ν∈N^d_0 ν_i=0,i∉A 2^{qν·r} sup x−y∈γQ_{ν,0} |k_{ν,A}(f)(y)|^q )_{1/q} |L_p(R^d ) | | | | | | ≤ c||f|S^rp,qF (R^d )|| (1.69)

holds for every f ∈ S^r_{p,q}F (R^d ). The sum is taken over all ν = (ν_1, . . . , ν_d) ∈ N^d_0 with ν_i = 0 whenever i ∉ A. The L_p-quasinorm is then taken with respect to x.

Remark 1.29. There is again a direct analogy of this Lemma for the B-scale and for nonsmooth kernels. The proof of this Lemma follows the proof of Theorem 1.23.

2 Decomposition theorems

In this chapter we present three decomposition theorems. We give atomic, subatomic and wavelet decomposition characteristics of spaces with dominating mixed smoothness. But first of all we explain some notation used in connection with sequence spaces.

2.1 Sequence spaces

We recall that for ν ∈ N^d_0 , m ∈ Z^d we denote by Q_{ν m} the cube with the centre at the point 2^{−ν} m = (2^{−ν1} m_1, . . . , 2^{−νd} m_d) with sides parallel to coordinate axes and of lengths 2^{−ν1} , . . . , 2^{−νd} . By χ^{(p)}_{ν m} we denote a p-normalised characteristic function of Q_{ν m}, it means that χ^{(p)}_{ν m}(x) = 2^{|ν|p} χ_{Qν m} (x). Furthermore, we write χ_{ν m}(x) = χ_{Qν m} (x).

Definition 2.1. If 0 < p, q ≤ ∞, r ∈ R^d and

λ = {λ_{ν m} ∈ C : ν ∈ N^d_0 , m ∈ Z^d} (2.1)

then we define s^r_{p,q}b = { λ : ||λ|s^r_{p,q}b|| = ( ∑ ν∈N^d_0 2^{ν·(r− 1p )q} ( ∑ m∈Z^d |λ_{ν m}|^p )_{q/p})1/q < ∞ } (2.2) and s^r_{p,q}f = { λ : ||λ|s^r_{p,q}f|| = | | | | | | | | ( ∑ ν∈N^d_0 ∑ m∈Z^d |2^{ν·r}λ_{ν m}χ_{ν m}(·)|^q )_{1/q} |L_p(R^d ) | | | | | | | | < ∞ } (2.3)

with the usual modification for p and/or q equal to ∞.

Remark 2.2. We point out that with λ given by (2.1) and g_ν(x) = ∑ m∈Z^d λ_{ν m}χ_{ν m}(x), we

obtain that ||λ|s^r_{p,q}b|| = ||2^{ν·r}g_ν |ℓ_q(L_p)||, ||λ|s^r_{p,q}f|| = ||2^{ν·r}g_ν|L_p(ℓ_q)||. Sequence spaces of this kind were denoted by E_{dis} in [14] and may be understood as a discrete version of S^r_{p,q}F (R^d ) and S^r_{p,q}B(R^d ).

2.2 Atomic decomposition

Definition 2.3. Let K ∈ N^d_0 , L + 1 ∈ N^d_0 , and γ > 1. A K-times differentiable complexvalued function a(x) is called [K, L]-atom centred at Q_{ν m} if supp a ⊂ γQ_{ν m}, (2.4) |D^αa(x)| ≤ 2^{α·ν} for 0 ≤ α ≤ K (2.5) and ∫ R x^j_i a(x)dx_i = 0 if i = 1, . . . , d; j = 0, . . . , L_i and ν_i ≥ 1. (2.6)

Using this notation we may state the atomic decomposition theorem. Theorem 2.4. Let 0 < p, q ≤ ∞, (p < ∞ in the F −case) and r ∈ R^d . Fix K ∈ N^d_0 and L + 1 ∈ N^d_0 with K_i ≥ (1 + [r_i])_+ and L_i ≥ max(−1, [σ_{pq} − r_i]), i = 1, . . . , d. (2.7) (L_i ≥ max(−1, [σ_p − r_i]) in the B-case).

(i) If λ ∈ s^r_{p,q}a and {a_{ν m}(x)}_{ν∈N}d_{0 ,m∈Z}d are [K, L]-atoms centred at Q_{ν m}, then the sum ∑ ν∈N^d_0 ∑ m∈Z^d λ_{ν m}a_{ν m}(x) (2.8)

converges in S^′(R^d ), its limit f belongs to the space S^r_{p,q}A(R^d ) and ||f|S^r_{p,q}A(R^d )|| ≤ c ||λ|s^r_{p,q}a||, (2.9) where the constant c is universal for all admissible λ and a_{ν m}.

(ii) For every f ∈ S^r_{p,q}A(R^d ) there is a λ ∈ s^r_{p,q}a and [K, L]-atoms centred at Q_{ν m} (denoted again by {a_{ν m}(x)}_{ν∈N}d_{0 ,m∈Z}d) such that the sum (2.8) converges in S^′(R^d ) to f and ||λ|s^r_{p,q}a|| ≤ c ||f|S^r_{p,q}A(R^d )||. (2.10) The constant c is again universal for every f ∈ S^r_{p,q}A(R^d ).

Proof. We give the proof only for the F-case. The proof for the B-scale is very similar. Step 1.

First of all we prove the convergence of (2.8) in S^′(R^d ). Let φ ∈ S(R^d ). We use the Taylor expansion of φ with respect to the first variable φ(y) = ∑ α_1≤L_1 D^{(α1,0,...,0)}φ(2^{−ν1} m_1, y_2, . . . , y_d) α_1!

(y_1 − 2^{ν1} m_1)^{α1} (2.11) + 1 L_1! ∫_{y1} 2^{−ν}1 m_1

(t_1 − 2^{−ν1} m_1)^{L1} D^{(L1+1,0,...,0)}φ(t_1, y_2, . . . , y_d)dt_1 and (2.6) to obtain ∫ R^d a_{ν m}(y)φ(y)dy = ∫ R^d a_{ν m}(y) L_1! ∫_{y1} 2^{−ν}1 m_1

(t_1 − 2^{−ν1} m_1)^{L1} D^{(L1+1,0,...,0)}φ(t_1, y_2, . . . , y_d)dt_1dy.

(2.12) Using an analogy of (2.11) iteratively for the remaining d − 1 variables we see that the left hand side of (2.12) is equal to ∫ R^d a_{ν m}(y) L! ∫_{y1} 2^{−ν}1 m_1 . . . ∫_{yd} 2^{−ν}d m_d d∏ i=1 (t_i − 2^{−νi} m_i)^{Li} D^{L+1}φ(t_1, . . . , t_d)dtdy. Using the support property (2.4) of a_{ν m} we may estimate the absolute value of the inner d−dimensional integration from above by (y ∈ γQ_{ν m}) c 2^{−ν·(L+1)} sup_{x∈γQν m} |(D^{L+1}φ)(x)| ≤ c_M 2^{−ν·(L+1)}⟨y⟩^{−M} sup_{x∈γQν m}⟨x⟩^M |(D^{L+1}φ)(x)|, where M is at our disposal. Here we denote ⟨x⟩ = (1 + |x|^2)^12 for x ∈ R^d . Let us now suppose that p ≥ 1 and use (2.5) and Hölder’s inequality to get for M large enough | | | ∫ R^d ∑ m∈Z^d λ_{ν m}a_{ν m}(y)φ(y)dy | | | ≤ c 2^{−ν·(L+1)}2^{−ν· 1p} sup_{x∈Rd}⟨x⟩^M |(D^{L+1}φ)(x)| ∫ R^d ( ∑ m∈Z^d 2^{ν· 1p} |λ_{ν m}|χ_{γQν m} (y) ) ⟨y⟩^{−M} dy

≤ c 2^{−ν·(r+L+1)} · 2^{ν·(r− 1p )} ( ∑ m∈Z^d |λ_{ν m}|^p )_{1/p} · sup_{x∈Rd}⟨x⟩^M |(D^{L+1}φ)(x)|.

As λ ∈ s^r_{pq}f ⊂ s^r_{p,∞}b and r + L + 1 > 0, the convergence of (2.8) in S^′(R^d ) now follows. If p < 1, we get a similar estimate | | | ∫ R^d ∑ m∈Z^d λ_{ν m}a_{ν m}(y)φ(y)dy | | | p

≤ c 2^{−ν·(L+1)p} sup_{x∈Rd} |(D^{L+1}φ)(x)|^p ∑ m∈Z^d |λ_{ν m}|^p | | | ∫ R^d χ_{γQν m} (y)dy | | | p

≤ c 2^{−ν·(r+L+1−1/p+1)p} sup_{x∈Rd} |(D^{L+1}φ)(x)|^p ∑ m∈Z^d 2^{ν·(r− 1p )p}|λ_{ν m}|^p.

In this case we use the fact that r + L + 1 − 1/p + 1 > 0 and the embedding s^r_{p,q}f ⊂ s^r_{p,∞}b. Step 2.

Next we prove (2.9). We use the equivalent quasinorms in S^r_{p,q}F (R^d ) given by (1.62). Let us choose R > K and define the functions k_l for l ∈ N^d_0 as in Theorem 1.25. Then we have for all l, ν ∈ N^d_0 and all m ∈ Z^d 2^{l·r}k_l(a_{ν m})(x) = 2^{l·r} ∫ R^d k^1_{l1} (y_1) · · · k^d_{ld} (y_d)a_{ν m}(x + y)dy. (2.13)

Further calculation depends on the size of the supports of k_l and a_{ν m}. Hence we have to distinguish between l_i ≥ ν_i and l_i < ν_i. This leads to 2^d cases. We describe the first one (l ≥ ν) and the last one (l < ν) in the full detail and then we discuss the ’mixed’ cases. I. l ≥ ν. We suppose that l > 0. This only simplifies the notation, the terms with l_i = ν_i = 0 may be incorporated afterwards. We use the definition of k^i_{li} and make partial integration (K_i-times in the i^{th} variable) to obtain

2^{l·r}k_l(a_{ν m})(x) = 2^{l·(r+1)} ∫ R^d d∏ i=1 ( d^{Ri} dt^{Ri} k^i ) (2^{li} y_i)a_{ν m}(x + y)dy

= 2^{l·r} ∫ R^d d∏ i=1 ( d^{Ri} dt^{Ri} k^i ) (y_i)a_{ν m}(x_1 + 2^{−l1} y_1, . . . , x_d + 2^{−ld} y_d)dy

= 2^{l·(r−K)} ∫ R^d d∏ i=1 ( d^{Ri−Ki} dt^{Ri−Ki} k^i ) (y_i)(D^K a_{ν m})(x_1 + 2^{−l1} y_1, . . . , x_d + 2^{−ld} y_d)dy.

Next we use the smoothness of k^i, the boundedness of their supports and the properties (2.4) and (2.5) to estimate the absolute value of this expression. 2^{l·r}|k_l(a_{ν m})(x)| ≤ c 2^{l·(r−K)}2^{ν·K} · · ∫ R^d (_d∏ i=1 χ_{supp k}i (y_i) ) χ_{γQν m} (x_1 + 2^{−l1} y_1, . . . , x_d + 2^{−ld} y_d)dy.

As supp k^i ⊂ {t ∈ R : |t| ≤ 1}, i = 1, . . . , d, it follows that 2^{l·r}|k_l(a_{ν m})(x)| ≤ c 2^{−(K−r)(l−ν)}2^{ν·(r− 1p )}χ^{(p)}_{γQν m} (x). (2.14) II. l < ν.

The integration in (2.13) may be restricted to {y : |y_i| ≤ 2^{−li} }. We use the Taylor expansion of functions k^i_{li} (y_i) with respect to the off-points 2^{−νi} m_i − x_i up to order L_i

2^{−li} k^i_{li} (y_i) = ∑ 0≤β_i≤L_i c^i_{βi} (x_i)(y_i − 2^{−νi} m_i + x_i)^{βi} + 2^{li(Li+1)}O(|x_i + y_i − 2^{−νi} m_i|^{Li+1}) (2.15)

and (2.6) to get

2^{l·r}k_l(a_{ν m})(x) = 2^{l·(r+1)} ∫ {y:|y_i|≤2^{−l}i } a_{ν m}(x + y) d∏ i=1 2^{li(Li+1)}O(|x_i + y_i − 2^{−νi} m_i|^{Li+1})dy. Since |a_{ν m}(x + y)| ≤ χ_{γQν m} (x + y) we obtain 2^{l·r}|k_l(a_{ν m})(x)| ≤ c 2^{l·(r+1)}2^{(l−ν)·(L+1)} ∫ {y:|y_i|≤2^{−l}i } χ_{γQν m} (x + y)dy. (2.16)

The last integral is always smaller then c 2^{−|ν|} and is zero if {y : x + y ∈ γQ_{ν m}} ∩ {y : |y_i| ≤ 2^{−li} } = ∅. Hence ∫ {y:|y_i|≤2^{−l}i } χ_{γQν m} (x + y)dy ≤ c 2^{−|ν|}χ_{c2ν−lQν m} (x). (2.17) But the last expression may be estimated from above with the use of maximal operators M_i defined by (1.14). 2^{|l−ν|}χ_{c2ν−lQν m} (x) ≤ c (Mχ_{ν m})(x). (2.18) Let 0 < ω < min(1, p, q). Taking the 1/ω-power of (2.18) and inserting it in (2.17) we obtain ∫ {y:|y_i|≤2^{−li} } χ_{γQν m} (x + y)dy ≤ c 2^{−|ν|}2^{|ν−l| 1ω} (Mχ_{ν m})^{1ω} (x). (2.19) Next we replace χ_{ν m} by χ^{(p)}_{ν m} in (2.19) and insert it in (2.16). 2^{l·r}|k_l(a_{ν m})(x)| ≤ c 2^{(l−ν)·(r+1+L+1− 1ω )}2^{ν·(r− 1p )}(Mχ^{(p)ω}_{ν m} )^{1ω} (x). By (2.7) and (1.4) we may choose the number ω such that κ = (r + 1 + L + 1 −^1_ω ) > 0. III. Mixed terms.

We estimate for example the term with l_1 ≥ ν_1, l_i < ν_i, i = 2, . . . , d.

First we apply (2.15) for i = 2, . . . , d and use (2.6) to leave out the terms with β ≤ L. Then we use K_1 partial integration in the first variable. In the expression we get we use again the support properties of the functions involved and (2.5) to obtain 2^{l·r}|k_l(a_{ν m})(x)| ≤ 2^{ν·r}2^{(l1−ν1)(r1 −K1)}2^{∑di=2 li(ri+1)+(li−νi)(Li+1)−νiri} ∫ A_l χ_{γQν m} (x_1 + 2^{−l1} y_1, x_2 + y_2, . . . , x_d + y_d)dy,

where A_l = {y ∈ R^d : |y_1| ≤ 1, |y_i| ≤ 2^{−li} , i = 2, . . . , d}. Due to the product structure of the integrated function we may split the last integral into a one-dimensional integral with respect to dy_1 and d − 1 dimensional integral with respect to the remaining variables. The first integral then may be estimated from above by cχ_{{t:|t−2}−ν_{1 m1|≤2}−ν_{i }}(x_1). Finally we use the maximal operators M_i, i = 2, . . . , d to estimate the second integral. And, exactly as in the second step, it turns out, that there is some vector ϱ > 0 such that 2^{l·r}|k_l(a_{ν m})(x)| ≤ c 2^{− ∑di=1 |li−νi|ϱi} 2^{ν·(r− 1p )}(Mχ^{(p)ω}_{ν m} )^{1ω} (x). (2.20) Let us observe that also (2.14) may be estimated from above by the right-hand side of(2.20). Hence the estimate (2.20) is valid for all l, ν ∈ N^d_0 . Using this estimate, we get for q ≤ 1, | | | |2^{l·r}kl (∑ ν,m λ_{ν m}a_{ν m} ) (x) | | | | q ≤ c ∑ ν,m |λ_{ν m}|^q2^{ν·(r− 1p )q}2^{−q ∑di=1 |li−νi|ϱi} (Mχ^{(p)ω}_{ν m} )^{qω} (x). For q > 1, the same estimate is justified by Hölder’s inequality.

We sum over l, take the^1_q −power and then we apply the L_p−quasinorm with respect to x.

Denoting g_{ν m} = 2^{ν·(r− 1p )}λ_{ν m}χ^{(p)}_{ν m} we arrive at | | | | | | | | (∑ l∈N^d_0 | | |2^{l·r}kl (∑ ν,m λ_{ν m}a_{ν m} ) (x) | | | q) 1_q |L_p(R^d ) | | | | | | | | ≤ c | | | | | | | | (∑ ν,m 2^{ν·(r− 1p )q}|λ_{ν m}|^q(Mχ^{(p)ω}_{ν m} )^{qω} (x) ) 1_q |L_p(R^d ) | | | | | | | |

= c | | | | | | | | (∑ ν,m (Mg^ω_{ν m})^{qω} (x) ) ω_q |L^p_ω (R^d ) | | | | | | | | 1 ω .

Using Theorem 1.11 and the definition of ω, we see that this expression may be estimated from above by c ||λ|s^r_{p,q}f||. On the other hand, from Theorem 1.23, we see that this already ensures that f belongs to S^r_{p,q}F (R^d ) and proves (2.9). Step 3.

It remains to prove (ii). Let us assume first that L = −1, K > r, r > σ_{pq}, 0 < p < ∞, 0 < q ≤ ∞. (2.21) Furthermore, let N ∈ N^d_0 be vector of integers with N > r. According to the construction given at [34, page 68], we may find functions k_0, k^1, . . . , k^d such that

k_0, k^1, . . . , k^d ∈ S(R); (2.22) supp k_0, supp k^i ⊂ {t ∈ R : |t| ≤ 1}, i = 1, . . . , d; (2.23)

1 = F_1(k_0)(ξ) + ∞∑ ν_i=1

F_1(d^{Ni} k^i)(2^{−νi} ξ), ξ ∈ R, i = 1, . . . , d; (2.24)

F_1k_0(0) = 1; (2.25) F_1(d^{Ni} k^i)(ξ) = (F_1k_0)(ξ) − (F_1k_0)(2ξ), ξ ∈ R, i = 1, . . . , d. (2.26)

We define k_l(x) and k_l(f)(x) as in Theorem 1.25. We claim that then f = ∑ l∈N^d_0 k_l(f)(x) = lim_{P →∞} ∑ l≤P k_l(f), convergence in S^′(R^d ). (2.27)

To prove this, fix φ ∈ S(R^d ). Since the Fourier transform is isomorphic mapping from S^′(R^d ) onto itself and

(k_l(f))^∧(ξ) = (^d∏ i=1 F_1(k^i_{li} )(−ξ_i) ) f̂(ξ), it is enough to show that φ(ξ) ∑ l≤P (^d∏ i=1 F_1(k^i_{li} )(−ξ_i) ) → φ(ξ) in S(R^d ). (2.28)

The last sum may be rewritten using (2.26) as ∑ l≤P (^d∏ i=1 F_1(k^i_{li} )(−ξ_i) ) = d∏ i=1 ( (F_1k_0)(−ξ_i) + P∑ l_i=1

(F_1(d^{Ni} k^i))(−2^{−li} ξ_i) ) = d∏ i=1 (F_1k_0)(−2^{−P} ξ_i).

We denote the last expression by 1 − Φ(2^{−P} ξ) and fix M ∈ N. Using the fact that φ ∈ S(R^d ) we obtain p_M (φ(ξ)Φ(2^{−P} ξ)) ≤ c sup_{0≤α,β≤M} ξ∈R^d 2^{−P ·β}(D^αφ)(ξ)(D^βΦ)(2^{−P} ξ) d∏ i=1 ⟨ξ_i⟩^M

≤ c sup_{0≤β≤M} ξ∈R^d 2^{−P ·β}(D^βΦ)(2^{−P} ξ) d∏ i=1 ⟨ξ_i⟩^{−1}

where the constant c doesn’t depend on P (but depends on M). p_M are the functionals defining the topology on S(R^d ), namely p_M (φ) = sup_{0≤α≤M,x∈Rd} |D^αφ(x)|⟨x⟩^M .

If at least one of β_i > 0, then this expression tends to zero if P → ∞. If β = 0, then we split the supremum into sup_{|ξ|≥2}P and sup_{|ξ|<2}P . The first supremum may be estimated from above by c2^{−P} . To estimate the second one, we notice that |Φ(ξ)| ≤ c|ξ| in {ξ : |ξ| ≤ 1}. Hence

c sup_{|ξ|≤2P} Φ(2^{−P} ξ) d∏ i=1 ⟨ξ_i⟩^{−1} ≤ c sup_{ξ∈Rd} 2^{−P} |ξ| ⟨ξ⟩ and p_M (φ(ξ)Φ(2^{−P} ξ)) → 0 as P → ∞. This proves (2.28) and, consequently, also (2.27). Next we find nonnegative function ψ which satisfies

ψ ∈ S(R), supp ψ is compact and ∑ m∈Z^d ψ(x − m) = 1 for x ∈ R^d , (2.29)

and we define for ν ∈ N^d_0 and m ∈ Z^d the function ψ_{ν m}(x) = ψ(2^ν x − m). Then there is a γ such that supp ψ_{ν m} ⊂ γQ_{ν m}, ν ∈ N^d_0 , m ∈ Z^d. (2.30) We multiply (2.27) by these decompositions of unity and obtain f = ∑ ν∈N^d_0 ∑ m∈Z^d ψ_{ν m}(x)k_ν (f)(x) = ∑ ν∈N^d_0 ∑ m∈Z^d λ_{ν m}a_{ν m}(x), (2.31)

where λ_{ν m} = ∑ 0≤α≤K sup y∈γQ_{ν m} |D^α[k_ν (f)](y)| and a_{ν m}(x) = λ^{−1}_{ν m}ψ_{ν m}(x)k_ν (f)(x). (If some λ_{ν m} = 0, then we take a_{ν m}(x) = 0 as well). It follows that a_{ν m} are [K, L]−atoms centred at Q_{ν m}. The properties (2.4) and (2.6) are satisfied trivially (recall that L = −1), and the property (2.5) is fulfilled up to some constant c independent of ν, m and x. To prove that this decomposition satisfies (2.10), write ||λ|s^r_{p,q}f|| ≤ c ∑ 0≤α≤K | | | | | | ( ∑ ν∈N^d_0 ∑ m∈Z^d 2^{ν·rq}2^{ν· qp} sup x−y∈γQ_{ν m} |D^α[k_ν (f)(y)]|^q )_{1/q} |L_p | | | | | | (2.32)

and use Theorem 1.27 with D^{αi} k_0 and D^{αi} k^i in the place of k_0 and k^i. We lose the Tauberian conditions (1.60) for these new kernels but according to Theorem 1.20, they are not necessary in the proof of (2.32). Step 4.

Now we prove the existence of the optimal decomposition for all r ∈ R^d and L restricted by (2.7). To simplify the notation, we restrict ourselves in this step to d = 2. So, let us take f ∈ S^r_{p,q}F (R^2 ). In Definition 1.8 we may substitute (1 + x^2)^ρ by (1 + x^{2ρ1}_1 )(1 + x^{2ρ2}_2 ) for ρ ∈ N^2_0 and (using twice Theorem 1.12) we obtain the respective counterpart of Theorem 1.9. Hence f can be decomposed as

f = g +

∂^{2M1} g ∂x^{2M1}_1 + ∂^{2M2} g ∂x^{2M2}_2 + ∂^{2M1 +2M2} g ∂x^{2M1}_1 x^{2M2}_2

, (2.33)

where M = (M_1, M_2) ∈ 2N^2_0 is at our disposal and may be chosen arbitrary large, g ∈ S^{r+2M}_{p,q} F (R^2 ) and ||g|S^{r+2M}_{p,q} F (R^2 )|| ≈ ||f|S^r_{p,q}F (R^2 )||. The optimal decomposition of f will be obtained as a sum of decompositions of these four terms.

To decompose the first term, choose M such that ||g|S^KC(R^2 )|| ≤ c ||g|S^{r+2M}_{p,q} F (R^2 )||. This is possible according to [26, Theorem 2.4.1.]. Then we decompose g(x) = ∑ m∈Z^d ψ(x − m)g(x) = ∑ m∈Z^d λ^1_{0 m}a^1_{0 m},

where λ^1_{0 m} = c_1 ∑ 0≤α≤K sup |y−m|≤c_2 |(D^αg)(y)| and a^1_{0 m} = 1 λ^1_{0 m} ψ(x − m)g(x) for c_1, c_2 sufficiently large and for ψ with (2.29) and (2.30). Then a^1_{0 m} are [K, L]-atoms centred at Q_{0 m}. Furthermore, according to Lemma 1.28, we have ||λ^1|s^r_{p,q}f|| = ( ∑ m∈Z^d |λ^1_{0 m}|^p )_{1/p} ≤ c_1 ∑ α≤K | | | | | | sup ·−y∈γQ_{0 0} |(D^αg)(y)| |L_p(R^d ) | | | | | | ≤ c||g|S^{r+2M}_{p,q} F (R^2 )|| ≤ c||f|S^r_{p,q}F (R^2 )||. We have used Lemma 1.28 with d = 2 and A = ∅.

As for the last term in the decomposition (2.33), we may assume that M is large enough to apply Step 3. So we may assume that we have a decomposition (2.31) for g with, let’s say, λ^4_{ν m} and a^4_{ν m}(x) instead of λ_{ν m} and a_{ν m}(x) and ||λ^4_{ν m}|s^{r+2M}_{p,q} f|| ≤ c ||g|S^{r+2M}_{p,q} F (R^2 )||. As a^4_{ν m}(x) are [K + 2M, −1]-atoms, the functions 2^{2ν·M} D^{2(M1,M2)}a^4_{ν m}(x) are [K, 2M − 1]-atoms. In the case of the second term we use the decomposition g(x) = ∑ ν∈N^2_0 ν_2=0 ∑ m∈Z^d ψ_{ν m}(x)k_{ν,A}(g)(x) = ∑ ν∈N^2_0 ν_2=0 ∑ m∈Z^d λ^2_{ν m}a^2_{ν m}(x),

where A = {1}, k_{ν,A}(g)(x) are defined by (1.68),

λ^2_{ν m} = c_12^{2ν1M1} ∑ β≤K+(2M_1,0) sup y∈c_2Q_{ν m} |D^β(k_{ν,A}(g))(y)| and a^2_{ν m}(x) = 1 λ^2_{ν m} ψ_{ν m}(x)k_{ν,A}(g)(x). If c_1 and c_2 are large enough, then D^{(2M1,0)}a^2_{ν m}(x) are [K, L]-atoms for L_1 ≤ 2M_1 −1. Finally, we use Lemma 1.28 to estimate ||λ^2|s^r_{p,q}f||. ||λ^2|s^r_{p,q}f|| ≤ c_1 ∑ β≤K+(2M_1,0) | | | | | | | | ( ∑ ν∈N^2_0 ν_2=0 2^{qν1(2M1+r1)} sup_{·−y∈c2Qν 0} |D^β(k_{ν,A}(g))(y)|^q )_{1/q} |L_p | | | | | | | | ≤ c ||g|S^{r+2M}_{p,q} F (R^d )|| ≤ c ||f|S^r_{p,q}F (R^d )||, if M is chosen sufficiently large. We have used Lemma 1.28 with D^{β1} k_1 and D^{β2} g instead of k_1 and f. The third term can be estimated in a similar way. The sum of these four decompositions then gives the decomposition for f.

In general dimension d one has to use the full generality of Lemma 1.28 but the idea of the proof is still the same.

2.3 Subatomic decomposition

In this section we describe the subatomic decomposition for spaces S^r_{p,q}A(R^d ). We follow closely [35] and [37].

First of all, we shall introduce some special building blocks called quarks.

Definition 2.5. Let ψ ∈ S(R) be a non-negative function with

supp ψ ⊂ {t ∈ R : |t| < 2^ϕ} (2.34)

for some ϕ ≥ 0 and ∑ n∈Z ψ(t − n) = 1, t ∈ R. (2.35) We define Ψ(x) = ψ(x_1) · · · ψ(x_d) and Ψ^β(x) = x^βΨ(x) for x = (x_1, . . . , x_d) and β ∈ N^d_0 . Further let r ∈ R^d and 0 < p ≤ ∞. Then

(βqu)_{ν m}(x) = Ψ^β(2^ν x − m), ν ∈ N^d_0 , m ∈ Z^d (2.36)

is called an β-quark related to Q_{ν m}.

Recall that the spaces s^r_{p,q}a were defined by (2.2) and (2.3).

Theorem 2.6. Let 0 < p, q ≤ ∞ (with p < ∞ in the F-case) and r ∈ R^d be such that r > σ_p in the B-case and r > σ_{pq} in the F-case.

(i) Let λ = {λ^β : β ∈ N^d_0 } with λ^β = {λ^β_{ν m} ∈ C : ν ∈ N^d_0 , m ∈ Z^d} and let ϱ > ϕ, where ϕ is the number from (2.34). If sup_{β∈Nd} 0 2^{ϱ|β|}||λ^β|s^r_{p,q}a|| < ∞ then the series ∑ β∈N^d_0 ∑ ν∈N^d_0 ∑ m∈Z^d λ^β_{ν m}(βqu)_{ν m}(x) (2.37)

converges in S^′(R^d ), its limit f belongs to S^r_{p,q}A(R^d ) and ||f|S^r_{p,q}A(R^d )|| ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^β|s^r_{p,q}a||. (2.38) (βqu)_{ν m} has the same meaning as in (2.36).

(ii) Every f ∈ S^r_{p,q}A(R^d ) can be represented by (2.37) with convergence in S^′(R^d ) and sup_{β∈Nd} 0 2^{ϱ|β|}||λ^β|s^r_{p,q}a|| ≤ c||f|S^r_{p,q}A(R^d )||. (2.39) Proof. We give the proof again only for the F-scale. The proof for the B-scale is very similar. Step 1.

First of all, we shall discuss convergence of (2.37). It turns out that this series converges not only in S^′(R^d ) but also in some L_u(R^d ), u ≥ 1. Let 1 ≤ p < ∞. Then r > 0 and we get |f(x)| ≤ c ∑ β∈N^d_0 ∑ ν∈N^d_0 ∑ m∈Z^d 2^{ϕ|β|}|λ^β_{ν m}|χ̃_{ν m}(x), (2.40)

where χ̃_{ν m} is a characteristic function of 2^{ϕ+1}Q_{ν m}. Using two times the Hölder’s inequality we get for every ϵ > 0 |f(x)| ≤ c sup_{β∈Nd} 0 2^{(ϕ+ϵ)|β|} sup_{ν∈Nd} 0 2^{|ν|ϵ} sup_{m∈Zd} |λ^β_{ν m}|χ̃_{ν m}(x). Taking the p-power and replacing the suprema with sums we get |f(x)|^p ≤ c ∑ β∈N^d_0 ∑ ν∈N^d_0 ∑ m∈Z^d 2^{(ϕ+ϵ)|β|p}2^{|ν|ϵp}|λ^β_{ν m}|^pχ̃_{ν m}(x). (2.41)

Let us denote q̃ = max(p, q) and choose ϵ such that 0 < 2ϵ < ϱ − ϕ and ϵ < r. Integration of (2.41) and the Hölder’s inequality result in ||f|L_p(R^d )|| ≤ c sup_{β∈Nd} 0 2^{(ϕ+2ϵ)|β|} ( ∑ ν∈N^d_0 ∑ m∈Z^d 2^{−ν·( 1p −ϵ)p}|λ^β_{ν m}|^p )_{1/p}

≤ c sup_{β∈Nd} 0 2^{(ϕ+2ϵ)|β|} ( ∑ ν∈N^d_0 2^{ν·(r− 1p )q̃} ( ∑ m∈Z^d |λ^β_{ν m}|^p )_{q̃/p})_{1/q̃} (2.42) ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^β|s^r_{p,q̃}b|| ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^β|s^r_{p,q}f||. Therefore, for 1 ≤ p < ∞, (2.37) converges in L_p(R^d ).

If p = ∞, we get the uniform pointwise convergence of (2.37) by similar arguments. Let 0 < p < 1. Then r >^1_p − 1 and we get again (2.40). Integrating this estimate and using Hölder’s inequality, we get for every ϵ > 0 ||f|L_1(R^d )|| ≤ c ∑ β∈N^d_0 ∑ ν∈N^d_0 ∑ m∈Z^d 2^{ϕ|β|}2^{−|ν|}|λ^β_{ν m}| ≤ c sup_{β∈Nd} 0 2^{(ϕ+ϵ)|β|} ∑ ν∈N^d_0 ∑ m∈Z^d 2^{−|ν|}|λ^β_{ν m}|.

By similar arguments as in (2.42) we get ||f|L_1(R^d )|| ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^β|s^r_{p,q}f|| and (2.37) converges in L_1(R^d ). Step 2.

We now prove that the function f defined as a limit of (2.37) belongs to S^r_{p,q}F (R^d ) and the estimate (2.38).

We decompose (2.37) into f = ∑ β∈N^d_0 f^β (2.43)

with f^β = ∑ ν∈N^d_0 ∑ m∈Z^d λ^β_{ν m}(βqu)_{ν m}(x). (2.44)

We show that (βqu)_{ν m} are (up to some normalising constants) [K, −1]-atoms centred at Q_{ν m} for every K ∈ N^d_0 . The conditions (2.4) and (2.6) are satisfied trivially. To prove (2.5) we chose 0 ≤ α ≤ K and estimate D^α(βqu)_{ν m}(x) = d∏ i=1 2^{νiαi} D^{αi} (ψ^{βi} )(2^{νi} x_i − m_i)

where ψ^{βi} (t) = t^{βi} ψ(t). But for 0 ≤ α_i ≤ K_i and any t ∈ supp ψ we get by Leibnitz rule |D^{αi} (ψ^{βi} )(t)| ≤ c_{Ki} sup_{γ1≤Ki} sup_{γ2≤Ki} |D^{γ1} t^{βi} | · |(D^{γ2} ψ)(t)| ≤ c_{Ki,ψ} sup_{γ1≤Ki} |D^{γ1} t^{βi} |.

The last absolute value may be estimated from above by (1 + β_i)^{Ki} 2^{ϕβi} . Hence we obtain |D^{αi} (ψ^{βi} )(t)| ≤ c_{Ki,ψ}(1 + β_i)^{Ki} 2^{ϕβi} and |D^α(βqu)_{ν m}(x)| ≤ c_1 2^{α·ν} (1 + β)^K2^{ϕ|β|} ≤ c_2 2^{α·ν} 2^{(ϕ+ϵ)|β|} for every ϵ > 0. The constant c_2 is independent of β but may depend on K, ψ and ϵ. It follows that the functions c^{−1}_2 2^{−(ϕ+ϵ)|β|}(βqu)_{ν m}(x) are [K, −1]-atoms and (2.44) may be understood as an atomic decomposition of f^β. By Theorem 2.4 it follows that ||f^β|S^r_{p,q}F (R^d )|| ≤ c2^{(ϕ+ϵ)|β|}||λ^β|s^r_{p,q}f|| and for η = min(1, p, q) get by the triangle inequality for S^r_{p,q}F (R^d )-quasinorms ||f|S^r_{p,q}F (R^d )||^η ≤ ∑ β∈N^d_0 ||f^β|S^r_{p,q}F (R^d )||^η ≤ c ∑ β∈N^d_0 2^{(ϕ+ϵ)η|β|}||λ^β|s^r_{p,q}f||^η ≤ c sup_{β∈Nd} 0 2^{(ϕ+2ϵ)η|β|}||λ^β|s^r_{p,q}f||^η. If we choose ϵ > 0 so small that ϕ + 2ϵ < ϱ we obtain (2.38). This finishes the proof of part (i).

Step 3.

By Remark 1.3 we have f̂(ξ) = ∑ ν∈N^d_0 φ_ν (ξ)f̂(ξ) with convergence in S^′(R^d ). Let Q_ν be a cube in R^d centred at the origin with side lengths 2π2^{ν1} , . . . , 2π2^{νd} . Hence supp φ_ν ⊂ Q_ν and we may interpret φ_νf̂ as a periodic distribution. Using its expansion into a Fourier series we get (φ_νf̂)(ξ) = ∑ m∈Z^d b_{ν m}e^{−i(2−ν m)·ξ}, ξ ∈ Q_ν , (2.45) with b_{ν m} = c2^{−|ν|} ∫ Q_ν e^{−i(2−ν m)·ξ}(φ_νf̂)(ξ)dξ = c^′2^{−|ν|}(φ_νf̂)^∨(2^{−ν} m). Here we used again the notation 2^{−ν} m = (2^{−ν1} m_1, . . . , 2^{−νd} m_d) for ν ∈ N^d_0 and m ∈ Z^d. Let now ω ∈ S(R^d ) with supp ω ⊂ Q_0 and ω(ξ) = 1 if |ξ_i| ≤ 2 for all i = 1, . . . , d. Then the functions ω_ν (ξ) = ω(2^{−ν} ξ) satisfy supp ω_ν ⊂ Q_ν , ω_ν (ξ) = 1 if ξ ∈ supp φ_ν for all ν ∈ N^d_0 . We multiply (2.45) with ω_ν , extend it by zero outside Q_ν , and take the inverse Fourier transform

(φ_νf̂)^∨(x) = ∑ m∈Z^d b_{ν m}ω^∨_ν (x − 2^{−ν} m) = ∑ m∈Z^d 2^{|ν|}b_{ν m}ω^∨(2^ν x − m), x ∈ R^d .

Using (2.35) and the definition of Ψ, we get

(φ_νf̂)^∨(x) = ∑ m∈Z^d 2^{|ν|}b_{ν m} ∑ l∈Z^d Ψ(2^ν x − l)ω^∨(2^νx − m).

Expanding the entire analytic function ω^∨(2^ν · −m) with respect to the off-point 2^{−ν} l we arrive at

(φ_νf̂)^∨(x) = ∑ m∈Z^d 2^{|ν|}b_{ν m} ∑ l∈Z^d Ψ(2^ν x − l) ∑ β∈N^d_0 2^{ν·β} (D^βω^∨)(l − m) β! (x − 2^{−ν} l)^β

= ∑ m∈Z^d 2^{|ν|}b_{ν m} ∑ l∈Z^d ∑ β∈N^d_0 Ψ^β(2^ν x − l) (D^βω^∨)(l − m) β! .

Hence f = ∑ ν∈N^d_0 ∑ β∈N^d_0 ∑ l∈Z^d λ^β_{ν l}Ψ^β(2^ν x − l) = ∑ ν∈N^d_0 ∑ β∈N^d_0 ∑ l∈Z^d λ^β_{ν l}(βqu)_{ν l}(x), where λ^β_{ν l} = 2^{|ν|} ∑ m∈Z^d b_{ν m} (D^βω^∨)(l − m) β! = c ∑ m∈Z^d (φ_νf̂)^∨(2^{−ν} m) (D^βω^∨)(l − m) β! . It remains to prove (2.39). For this reason we define

Λ_{ν m} = (φ_νf̂)^∨(2^{−ν} m)

and prove that sup_{β∈Nd} 0 2^{ϱ|β|}||λ^β|s^r_{p,q}f|| ≤ c||Λ|s^r_{p,q}f|| ≤ c^′||f|S^r_{p,q}F (R^d )||. (2.46) We start with the second inequality in (2.46). Let x ∈ Q_{ν m} be fixed. Then

|(φ_νf̂)^∨(2^{−ν} m)| ≤ sup_{x−y∈Qν,0} |(φ_νf̂)^∨(y)| ≤ c(φ^∗_ν f)_a(x) (2.47)

for every a ∈ R^d_+ . We multiply (2.47) by 2^{ν·r}, take the q-power and sum over m ∈ Z^d to get 2^{ν·rq} ∑ m∈Z^d |Λ_{ν m}|^q|χ_{ν m}(x)|^q ≤ c 2^{ν·rq}(φ^∗_ν f)^q_a(x), x ∈ R^d , ν ∈ N^d_0 . Taking a >^n_{min(p,q)} , we get finally with the help of Theorem 1.22

||Λ|s^r_{p,q}f|| = | | | | | | ( ∑ ν∈N^d_0 ∑ m∈Z^d 2^{ν·rq}|Λ_{ν m}χ_{ν m}(x)|^q )_{1/q} |L_p(R^d ) | | | | | |

≤ c | | | | | | ( ∑ ν∈N^d_0 2^{ν·rq}(φ^∗_ν f)^q_a(x) )_{1/q} |L_p(R^d ) | | | | | | ≤ c||f|S^r_{p,q}F (R^d )||.

To prove the first inequality in (2.46), we mention that

λ^β_{ν l} = 1 β! ∑ m∈Z^d Λ_{ν m}(D^βω^∨)(l − m) (2.48)

and recall a result proven in [36], namely that for any given a > 0 there are constants c_a > 0 and C > 0 such that |D^βω^∨(x)| ≤ c_a2^{C|β|}(1 + |x|^2)^{−a}, x ∈ R^d , β ∈ N^d_0 . (2.49) Furthermore, we define

h^β_ν (x) = 2^{ν·r} ∑ l∈Z^d λ^β_{ν l}χ_{ν l}(x), (2.50)

H_ν (x) = 2^{ν·r} ∑ l∈Z^d Λ_{ν l}χ_{ν l}(x) (2.51)

and let 0 < κ < min(1, p, q). We prove (2.46) by the following chain of inequalities 2^{ϱ|β|}||λ^β|s^r_{p,q}f|| = 2^{ϱ|β|}||h^β_ν |L_p(ℓ_q)|| = 2^{ϱ|β|}|| |h^β_ν |^κ |L^p_κ (ℓ^q_κ )||^{1κ} ≤ c2^{ϱ|β|} ( 2^{C|β|} β! )_κ ||M(|H_ν|^κ)|L^p_κ (ℓ^q_κ )||^{1κ} (2.52) ≤ c^′|| |H_ν |^κ |L^p_κ (ℓ^q_κ )||^{1κ} = ||Λ|s^r_{p,q}f||. The equalities in (2.52) involve only definitions of corresponding spaces. The second inequality follows from Theorem 1.10, choice of κ and the growth of β! for |β| → ∞. Hence only the first inequality in (2.52) needs to be proven. To prove it, put (2.49) into (2.48) to obtain for every a > 0 |λ^β_{ν l}| ≤ c_a2^{C|β|} β! ∑ m∈Z^d |Λ_{ν m}| (1 + |l − m|^2)^a

. (2.53)

Let us take x ∈ Q_{ν l}. Using the definition of h^β_ν from (2.50), (2.53) and the property κ < 1 we get |h^β_ν (x)|^κ = 2^{ν·rκ}|λ^β_{ν l}|^κ ≤ c^κ_a2^{C|β|κ} (β!)^κ 2^{ν·rκ} ∑ m∈Z^d |Λ_{ν m}|^κ (1 + |l − m|^2)^{aκ}

. (2.54)

We split the summation over m ∈ Z^d into two sums according to the size of |l − m| ∑ m∈Z^d |Λ_{ν m}|^κ (1 + |l − m|^2)^{aκ} = ∞∑ k=0 1 (1 + k^2)^{aκ} ∑ m:|l−m|=k |Λ_{ν m}|^κ. (2.55)

Finally, we estimate the last sum using the iterated maximal operator M ∑ m:|l−m|=k |Λ_{ν m}|^κ ≤ 2^{−ν·rκ}2^{|ν|} ∫ y:y−x∈(k+2)Q_{ν,0} |H_ν (y)|^κdy ≤ 2^{−ν·rκ}(k + 2)^dM(|H_ν |^κ)(x). (2.56)

We combine (2.54), (2.55) and (2.56) and arrive at |h^β_ν (x)|^κ ≤ c^′_a 2^{C|β|κ} (β!)^κ M(|H_ν |^κ)(x) for every a >^{d+1}_{2κ} . This finishes the proof of (2.52) and, consequently, also the proof of (2.46) and hence also of the part (ii) of Theorem 2.6.

Next we shall deal with subatomic decompositions in the general case. Namely, we would like to prove an analogy of Theorem 2.6 without the restriction r > σ_{pq}. Remark 2.7. For the need of this section we introduce temporarily following notation. Let A ⊂ {1, . . . , d} and N = (N_1, . . . , N_d) ∈ R^d . Then we define the vector N^A = (N^A_1 , . . . , N^A_d ) by N^A_i = { N_i if i ∈ A, 0 if i ∉ A. Furthermore, we denote by D^γ_i the operator

D^γ_i = ∂^γ ∂x_i , i = 1, . . . , n, γ ∈ N_0 and by D^L_A the operator D^L_A = ∏ i∈A D^{Li}_i = D^{LA} , A ⊂ {1, . . . , n}, L ∈ N^d_0 .

Theorem 2.8. Let 0 < p, q ≤ ∞ (p < ∞ in the F-case) and r ∈ R^d . Further let L + 1 ∈ N^d_0 and σ ∈ R^d satisfy L_i ≥ max(−1, [σ_p − r_i]), σ_i > max(σ_p, r_i), i = 1, . . . , d, in the B-case and L_i ≥ max(−1, [σ_{pq} − r_i]), σ_i > max(σ_{pq}, r_i), i = 1, . . . , d, in the F-case.

(i) Let for every set A ⊂ {1, . . . , d} λ^A = {λ^{A,β} : β ∈ N^d_0 } with λ^{A,β} = {λ^{A,β}_{ν m} ∈ C : ν ∈ N^d_0 , m ∈ Z^d} and let ϱ > ϕ, where ϕ is the number from (2.34). If sup A⊂{1,...,d} sup_{β∈Nd} 0 2^{ϱ|β|}||λ^{A,β}|s^r_{p,q}a|| < ∞ then the series ∑ A⊂{1,...,d} ∑ β∈N^d_0 ∑ ν∈N^d_0 ∑ m∈Z^d ( ∏ i∉A 2^{νi(ri−σi)} ) λ^{A,β}_{ν m} [ D^{L+1}_A Ψ^β ] (2^ν x − m) (2.57) converges in S^′(R^d ), its limit f belongs to S^r_{p,q}A(R^d ) and ||f|S^r_{p,q}A(R^d )|| ≤ c sup_{A⊂{1,...,d}} sup_{β∈Nd} 0 2^{ϱ|β|}||λ^{A,β}|s^r_{p,q}a||. (2.58) (ii) Every f ∈ S^r_{p,q}A(R^d ) can be represented by (2.57) with convergence in S^′(R^d ) and sup A⊂{1,...,d} sup_{β∈Nd} 0 2^{ϱ|β|}||λ^{A,β}|s^r_{p,q}a|| ≤ c||f|S^r_{p,q}A(R^d )||. (2.59) Remark 2.9. Because of the difficulties with notation we shall give the proof only for d = 2. Furthermore, we deal only with the F-scale. The proof for the B-scale is again similar and technically simpler.

Proof of Theorem 2.8 for d = 2. Step 1.

First we discuss the convergence of (2.57). As the first sum is only finite, we may discuss the convergence of the triple sum over β, ν and m separately for each A ⊂ {1, 2}. Let us do this for example for A = {1}. Then we may rewrite the terms in (2.57) as 2^{ν2(r2−σ2)}[D^{(L1+1,0)}Ψ^β](2^ν x − m) = 2^{ν2(r2−σ2)}2^{−ν1(L1+1)}[D^{(L1+1,0)}(βqu)_{ν m}](x) (2.60) where (βqu)_{ν m}(x) are β-quarks according to Definition 2.5. As L_1 + 1 > 0 and σ_2 − r_2 > 0, we may use the same arguments as in the proof of Theorem 2.6 and obtain the same kind of convergence. Especially, the convergence of (2.57) in S^′(R^d ) is ensured. Step 2.

Let us assume that the function f is given by (2.57). Then we may understand this decomposition as f = ∑ A⊂{1,2} f^A. (2.61)

We shall prove that, for every admissible set A, ||f^A|S^r_{p,q}F (R^d )|| ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^{A,β}|s^r_{p,q}f||. (2.62) If A = ∅ then the decomposition of f^∅ in the triple sum according to (2.57) can be understood as a subatomic decomposition of f^∅ in the space S^σ_{p,q}F (R^d ) and from Theorem 2.6 it follows that f ∈ S^σ_{p,q}F (R^d ) ⊂ S^r_{p,q}F (R^d ) and ||f^∅|S^r_{p,q}F (R^d )|| ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||2^{ν·(r−σ)}λ^{∅,β}|s^σ_{p,q}f|| = c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^{∅,β}|s^r_{p,q}f||. If A = {1} then we use (2.60) and obtain that f^{{1}} = D^{(L1+1,0)}g, where g ∈ S^{(r1+L1+1,σ2)} p,q F (R^d ) and ||g|S^{(r1+L1+1,σ2)} p,q F (R^d )|| ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^{{1},β}|s^r_{p,q}f||. Hence ||f^{{1}}|S^{(r1,r2)}_{p,q} F (R^d )|| ≤ ||f^{{1}}|S^{(r1,σ2)}_{p,q} F (R^d )|| = ||D^{(L1+1,0)}g|S^{(r1,σ2)}_{p,q} F (R^d )|| ≤ ||g|S^{(r1+L1+1,σ2)} p,q F (R^d )|| ≤ c sup_{β∈Nd} 0 2^{ϱ|β|}||λ^{{1},β}|s^r_{p,q}f||. (2.63)

Using similar technique we prove (2.62) also for A = {2} and A = {1, 2}. Now (2.61) together with (2.62) shows that (2.58) holds. Step 3.

We prove the part (ii) of the theorem. By similar arguments as in the Step 4. of the proof of Theorem 2.4 we prove in analogy with (2.33) that for every M ∈ N^d_0 such that

r + M + 1 ≥ σ, M ≥ L, and M + 1 ∈ 4N^2

there is a function g ∈ S^{r+M+1}_{p,q} F (R^d ) with

f = g +

∂^{M1+1}g ∂x^{M1 +1}_1 + ∂^{M2+1}g ∂x^{M2 +1}_2 + ∂^{M1 +1+M2+1}g ∂x^{M1 +1}_1 x^{M2+1}_2

. (2.64)

Furthermore ||g|S^{r+M+1} p,q F (R^d )|| ≈ ||f|S^r_{p,q}F (R^d )||. (2.65) Let us define

g_1 = g, g_2 = D^{(M1−L1,0)}g, g_3 = D^{(0,M2−L2)}g and g_4 = D^{(M1−L1,M2−L2)}g.

Then we can rewrite (2.64) and (2.65) as

f = g_1 +

∂^{L1 +1}g_2 ∂x^{L1 +1}_1 + ∂^{L2+1}g_3 ∂x^{L2 +1}_2 + ∂^{L1+1+L2+1}g_4 ∂x^{L1 +1}_1 x^{L2+1}_2

(2.66)

with

g_1 ∈ S^{r+M+1} p,q F (R^d ) ⊂ S^σ_{p,q}F (R^d ), g_2 ∈ S^{(r1+L1+1,r2+M2+1)} p,q F (R^d ) ⊂ S^{(r1+L1+1,σ2)} p,q F (R^d ), g_3 ∈ S^{(r1+M1+1,r2+L2+1)} p,q F (R^d ) ⊂ S^{(σ1,r2+L2+1)} p,q F (R^d ), g_4 ∈ S^{r+L+1}_{p,q} F (R^d ).

(2.67)

Furthermore, the norm of g_i in the corresponding space may be estimated from above by ||f|S^r_{p,q}F (R^d )|| for all i = 1, . . . , 4. We may use Theorem 2.6 for each function g_i to get four optimal decompositions and corresponding analogy of (2.39). Putting these estimates into (2.67) and using (2.60) we get (2.59).

2.4 Wavelet decomposition

In this subsection we describe the wavelet decomposition for spaces S^r_{p,q}A(R^d ). In general, we follow the ideas expressed in [38]. First of all, we recall following crucial theorem from the wavelet theory.

Theorem 2.10. For any s ∈ N there are real–valued compactly supported functions

ψ_0(t) ∈ C^s(R) and ψ_1(t) ∈ C^s(R) (2.68)

with ∫ R t^αψ_1(t)dt = 0, α = 0, 1, . . . , s (2.69) such that { 2^{j/2}ψ_{jm}(t) : j ∈ N_0 , m ∈ Z } (2.70) with ψ_{jm}(t) = { ψ_0(t − m) if j = 0, m ∈ Z √ 2^{−1}ψ_1(2^{j−1}t − m) if j ∈ N, m ∈ Z

(2.71)

is an orthonormal basis in L_2(R).

We have already observed in previous sections the importance of tensor product constructions in the theory of function spaces with dominating mixed derivative. Following this idea, we consider a tensor product version of Theorem 2.10. Let ψ_0 and ψ_1 be the functions from Theorem 2.10 satisfying (2.68) and (2.69). Let ψ_{jm} be defined by (2.71). Then we define their tensor product counterparts by

Ψ_{k m}(x) = ψ_{k1m1} (x_1) · . . . · ψ_{kdmd} (x_d), (2.72)

where

x = (x_1, . . . , x_d) ∈ R^d , k = (k_1, . . . , k_d) ∈ N^d_0 and m = (m_1, . . . , m_d) ∈ Z^d. (2.73)

The tensor version of Theorem 2.10 then reads Theorem 2.11. For any s ∈ N there are real compactly supported functions

ψ_0(t) ∈ C^s(R) and ψ_1(t) ∈ C^s(R)

with (2.69) such that { 2^{|k|/2}Ψ_{km}(x) : k ∈ N^d_0 , m ∈ Z^d } , (2.74) with Ψ_{km} defined by (2.72) and (2.71), is an orthonormal basis in L_2(R^d ).

Now we have all the necessary definitions at hand and we may state our wavelet decomposition theorem. As usual S^r_{p,q}A(R^d ) stands for S^r_{p,q}B(R^d ) or S^r_{p,q}F (R^d ), and s^r_{p,q}a for s^r_{p,q}b or s^r_{p,q}f respectively. Theorem 2.12. Let r = (r_1, . . . , r_d) ∈ R^d , 0 < p ≤ ∞, 0 < q ≤ ∞ with p < ∞ in the F-case. Then there is a natural number s(r, p, q) such that the following statements hold.

(i) Let λ ∈ s^r_{p,q}a. Then 1. The sum ∑ k∈N^d_0 ,m∈Z^d λ_{km}Ψ_{km} (2.75)

converges in S^′(R^d ) to some distribution f. 2. f ∈ S^r_{p,q}A(R^d ) and ||f|S^r_{p,q}A(R^d )|| ≤ c||λ|s^r_{p,q}a||, (2.76) where the constant c does not depend on λ.

3. The sum (2.75) converges unconditionally in S^{r−ϵ}_{p,q} A(R^d ) for any ϵ > 0. 4. If max(p, q) < ∞ then the sum (2.75) converges unconditionally in S^r_{p,q}A(R^d ). (ii) Let f ∈ S^r_{p,q}A(R^d ). Then we may define the sequence λ by

λ_{km} = 2^{|k|}(f, Ψ_{km}), k ∈ N^d_0 , m ∈ Z^d, (2.77) and it holds 1. λ ∈ s^r_{p,q}a and ||λ|s^r_{p,q}a|| ≤ c||f|S^r_{p,q}A(R^d )||, (2.78) where the constant c does not depend on f. 2. The sum (2.75) converges in S^′(R^d ) to f. 3. If γ ∈ s^r_{p,q}a and the sum ∑ k∈N^d_0 ,m∈Z^d γ_{km}Ψ_{km} converges in S^′(R^d ) to f then γ = λ.

Before we come to the proof of Theorem 2.12 we clarify the technical problems caused by the limited smoothness of the functions Ψ_{km}.

2.4.1 Duality

As the functions Ψ_{km} are of bounded smoothness, they do not belong to S(R^d ). According to (2.68), (2.71) and (2.72), we have only Ψ_{km} ∈ C^{(s,...,s)}(R^d ). Hence it is impossible to understand the expression (f, Ψ_{km}) in the distributional sense for every f ∈ S^′(R^d ). To give a meaning to the symbol (f, Ψ_{km}), one has to study the dual spaces of S^r_{p,q}A(R^d ) first. As far as the Fourier–analytic version of classical Besov and Triebel–Lizorkin spaces is considered, the corresponding theory was presented in [32], Chapter 2.11. It is not difficult to see that one may adopt these results to the spaces with dominating mixed smoothness. We do not intend to give some exhaustive theory. The only fact we need is [S^r_{p,p}B(R^d )]^′ = S^{−r+σp}_p′_p′ B(R^d ), r ∈ R^d , 0 < p < ∞, where 1 p + 1 p^′ = 1 for 1 < p < ∞ and p^′ = ∞ for p ≤ 1.

The functions D^αΨ_{km}, 0 ≤ α ≤ (s, . . . , s), are bounded functions with compact support. Using Hölder’s inequality, we see that ||D^αΨ_{km}|L_{p̃}(R^d )|| < ∞ for every 0 ≤ α ≤ (s, . . . , s), 0 < p̃ ≤ ∞. Using the Littlewood–Paley theory, we get Ψ_{km} ∈ S^s_{p̃,2}F (R^d ), 1 < p̃ < ∞ for s = (s, . . . , s). And, by the Sobolev embedding, S^s_{p̃,2}F (R^d ) → [S^{r−ϵ}_{p,p} B(R^d )]^′ = S^{−r+ϵ+σp}_p′_{,p}′ B(R^d ) for s large enough and every ϵ > 0. So, for f ∈ S^r_{p,q}A(R^d ) → S^{r−ϵ}_{p,p} B(R^d ) we may interpret Ψ_{km} as a bounded linear functional on a space f belongs to. And (f, Ψ_{km}) is then the value of this functional at f.

We may also reverse these arguments. The functions Ψ_{km} belong to S^s_{p̃,2}F (R^d ), 1 < p̃ < ∞ and S^s_{p̃,2}F (R^d ) → S^{s−ϵ}_{p̃,p̃} B(R^d ). Hence, for s large, we get f ∈ [S^{s−ϵ}_{p̃,p̃} B(R^d )]^′. In this case we may interpret f as a linear bounded functional on a space Ψ_{km} belongs to. (f, Ψ_{km}) is then the value of this functional at Ψ_{km}.

Proof of Theorem 2.12, Part (i). Let λ ∈ s^r_{p,q}f. If s > max{(1 + [r_i])_+, [σ_{pq} − r_i], i = 1, . . . , d} and s = (s, . . . , s) ∈ R^d then Ψ_{km} are [s, s]−atoms cantered at Q_{km}. So, for s large, all the assumptions of Theorem 2.4 are satisfied and, according to this theorem, (2.75) converges in S^′(R^d ). We denote its limit by f. The same theorem tells us that f ∈ S^r_{p,q}F (R^d ) and implies even the estimate (2.76). Hence the points 1. and 2. are proven. Very similar arguments apply also to the B-case.

For λ ∈ s^r_{p,q}a and natural number μ we define λ^μ = {λ^μ_{km} : k ∈ N^d_0 , m ∈ Z^d} by λ^μ_{km} = { λ_{km} if |k| > μ 0 otherwise.

If max(p, q) < ∞ then lim_{μ→∞} ||λ^μ|s^r_{p,q}a|| = 0. (2.79) This is clear in the b−case and one has to use Lebesgue’s dominated convergence theorem in the f−case. Using (2.76), already proven, we finish the proof of 4. In the proof of the third point, we replace (2.79) by lim_{μ→∞} ||λ^μ|s^{r−ϵ}_{p,q} a|| = 0. (2.80) To see that (2.80) holds, one uses the same reasoning as in (2.79), and Hölder’s inequality. This finishes the proof of part (i).

Proof of Theorem 2.12, part (ii).

The meaning of the expression (f, Ψ_{km}) was already discussed in section 2.4.1. For the rest of the proof we consider only the F −case. The proof for B−spaces is very similar. Before we prove the first statement of the second part we do some calculation. We may rewrite the norm in s^r_{p,q}f as ||λ|s^r_{p,q}f|| = ||2^{k·r}g_k|L_p(ℓ_q)||, (2.81) where g_k(x) = ∑ m∈Z^d λ_{km}χ_{km}(x). (2.82) If x ∈ Q_{km} and λ is defined by (2.77) we use (2.82)

g_k(x) = λ_{km} = 2^{|k|} ∫ R^d Ψ_{km}(y)f(y)dy = 2^{|k|} ∫ R^d ψ_{k1m1} (y_1) · . . . · ψ_{kdmd} (y_d)f(y)dy. We assume that k ≥ 1, insert the Definition (2.71) and substitute z_i = y_i − 2^{−ki} m_i g_k(x) = 2^{|k|} ∫ R^d ψ_1(2^{k1} z_1) · . . . · ψ_1(2^{kd} z_d)f(2^{−k1} m_1 + z_1, . . . , 2^{−kd} m_d + z_d)dz = K_k(f)(2^{−k}m).

Here K_k(f)(2^{−k}m) denotes the local means K_k(f)(y) = ∫ R^d K_k(z)f(y + z)dz, y ∈ R^d . (2.83) for the kernel K_k(z) = 2^{|k|}ψ_1(2^{k1} z_1) · . . . · ψ_1(2^{kd} z_d) We point out that all integrals have to be interpreted in the distributional sense. If one (or more) k_i = 0, only notational changes are necessary. Hence, for every x ∈ Q_{km}, |g_k(x)| ≤ sup_{y−x∈Q} k,0 |K_k(f)(y)|. Applying Theorem 1.27 we see that ||λ|s^r_{p,q}f|| = ||2^{k·r}g_k|L_p(ℓ_q)|| ≤ c ||f|S^r_{p,q}F (R^d )||. This finishes the proof of 1.

To prove the second statement, we define a new function g by g = ∑ k∈N^d_0 ,m∈Z^d λ_{km}Ψ_{km}, (2.84)

where λ_{km} are given by (2.77). The convergence of this sum is guaranteed by λ ∈ s^r_{p,q}f (which we have just proved) and by part (i). It shows even that g ∈ S^r_{p,q}F (R^d ). We need to prove that g = f or, equivalently, that (g, φ) = (f, φ) for every φ ∈ S(R^d ).

First we consider the expressions (g, Ψ_k′_m′ ). As λ ∈ s^r_{p,q}f, (2.84) converges in any S^{r−ϵ}_{p,2} F (R^d ), where ϵ > 0 may be chosen arbitrarily. If the number s is chosen sufficiently large then, according to Section 2.4.1, Ψ_k′_m′ ∈ [S^{r−ϵ}_{p,2} F (R^d )]^′. Hence

(g, Ψ_k′_m′ ) = lim_{μ→∞} ( ∑ |k|≤μ,m∈Z^d λ_{km}Ψ_{km}, Ψ_k′_m′ ) = lim_{μ→∞} ∑ |k|≤μ,m∈Z^d 2^{|k|}(f, Ψ_{km})(Ψ_{km}, Ψ_k′_m′ ).

Using orthogonality of system (2.74) we arrive at

(g, Ψ_k′_m′ ) = (f, Ψ_k′_m′ ), k^′ ∈ N^d_0 , m^′ ∈ Z^d.

One may extend this argument to any finite linear combination of Ψ_k′_m′ . For a general function φ ∈ S(R^d ) we consider its Fourier series decomposition with respect to system (2.74): φ = ∑ k,m 2^{|k|}(φ, Ψ_{km})Ψ_{km}. (2.85)

As S(R^d ) is a subset of all Fourier-analytic Besov and Triebel-Lizorkin spaces, we see that (for s large enough) (2.85) converges also in the space [S^{r−ϵ}_{p,2} F (R^d )]^′. Hence we get (g, φ) = lim_{μ→∞} ∑ |k|≤μ,m∈Z^d 2^{|k|}(φ, Ψ_{km})(g, Ψ_{km}) = lim_{μ→∞} ∑ |k|≤μ,m∈Z^d 2^{|k|}(φ, Ψ_{km})(f, Ψ_{km}) = (f, φ). Hence the sum (2.75) converges to f.

The final step, namely the proof of the third statement, follows now very easily. Suppose that the assumptions are satisfied. We define the coefficients λ_{km} by (2.77) and g by (2.84). Then we get f = g according to point 2. And by the same duality arguments as there we obtain γ_{km} = 2^{|k|/2}(f, Ψ_{km}) = 2^{|k|/2}(g, Ψ_{km}) = λ_{km}, k ∈ N^d_0 , m ∈ Z^d.

3 Entropy numbers - direct results

3.1 Notation and definitions

We have seen in the previous section the sharp connection between function spaces S^r_{p,q}A(R^d ) and corresponding sequence spaces s^r_{p,q}a given by several decomposition techniques. We would like to use these results to study the entropy numbers of embeddings of function spaces with dominating mixed smoothness on domains.

First, we define function spaces on domains by restrictions of function spaces defined on R^d .

Definition 3.1. Let Ω be an arbitrary bounded domain in R^d . Then S^r_{p,q}A(Ω) is the restriction of S^r_{p,q}A(R^d ) to Ω:

S^r_{p,q}A(Ω) = {f ∈ D^′(Ω) : ∃g ∈ S^r_{p,q}A(R^d ) with g|Ω = f} (3.1) ||f|S^r_{p,q}A(Ω)|| = inf ||g|S^r_{p,q}A(R^d )||, (3.2) where the infimum is taken over all g ∈ S^r_{p,q}A(R^d ) such that its restriction to Ω, denoted by g|Ω, coincides in D^′(Ω) with f.

Next, we define the sequence spaces corresponding to S^r_{p,q}A(Ω). The change with respect to s^r_{p,q}a is rather simple. In Definition 2.2 the sum over m ∈ Z^d represents a discrete analogy of L_p(R^d )-norm and the sum over ν ∈ N^d_0 the sum over all coverings of plane with dyadic cubes. So, to adapt Definition 2.2 to suit well to function spaces on domains, we have to restrict the sum to those m which are in some relation with Ω. For that reason we define for every bounded domain Ω ⊂ R^d

A^Ω_ν = {m ∈ Z^d : Q_{ν m} ∩ Ω ≠ ∅}, ν ∈ N^d_0 .

The sequence spaces associated with a bounded domain Ω are then defined by

Definition 3.2. If 0 < p ≤ ∞, 0 < q ≤ ∞, r ∈ R^d and

λ = {λ_{ν m} ∈ C : ν ∈ N^d_0 , m ∈ A^Ω_ν }

then we define s^{r,Ω}_{p,q} b = { λ : ||λ|s^{r,Ω}_{p,q} b|| = ( ∑ ν∈N^d_0 2^{ν·(r− 1p )q} ( ∑ m∈A^Ω_ν |λ_{ν m}|^p )_{q/p})1/q < ∞ } (3.3)

and s^{r,Ω}_{p,q} f = { λ : ||λ|s^{r,Ω}_{p,q} f|| = | | | | | | | | ( ∑ ν∈N^d_0 ∑ m∈A^Ω_ν |2^{ν·r}λ_{ν m}χ_{ν m(·)}|^q )_{1/q} |L_p(R^d ) | | | | | | | | < ∞ } . (3.4)

Furthermore, we define corresponding building blocks.

Definition 3.3. Let 0 < p ≤ ∞, 0 < q ≤ ∞, r ∈ R^d and let μ ∈ N_0 be fixed. If λ = {λ_{ν m} ∈ C : ν ∈ N^d_0 , |ν| = μ, m ∈ A^Ω_ν } then we define (s^{r,Ω}_{p,q} b)_μ = { λ : ||λ|(s^{r,Ω}_{p,q} b)_μ|| = ( ∑ |ν|=μ 2^{ν·(r− 1p )q} ( ∑ m∈A^Ω_ν |λ_{ν m}|^p )_{q/p})1/q < ∞ } (3.5)

and (s^{r,Ω}_{p,q} f)_μ = { λ : ||λ|(s^{r,Ω}_{p,q} f)_μ|| = | | | | | | | | ( ∑ |ν|=μ ∑ m∈A^Ω_ν |2^{ν·r}λ_{ν m}χ_{ν m}(·)|^q )_{1/q} |L_p(R^d ) | | | | | | | | < ∞ } . (3.6)

Remark 3.4. 1. We point out that, that for the number of elements of A^Ω_ν we have trivially

#(A^Ω_ν ) ≈ 2^{|ν|}, ν ∈ N^d_0 (3.7)

where the constants in this equivalence depend only on Ω. The dimension of (s^{r,Ω}_{p,q} a)_μ will be denoted by D_μ := ∑ |ν|=μ #(A^Ω_ν ), μ ∈ N_0 . (3.8)

2. As usual, we write s^{r,Ω}_{p,q} a for s^{r,Ω}_{p,q} b or s^{r,Ω}_{p,q} f respectively. The same holds for (s^{r,Ω}_{p,q} a)_μ.

Next we define the notion of entropy numbers and recall its basic properties. We refer to [10] and references given there for details.

Definition 3.5. Let A, B be quasi-Banach spaces and let T be a bounded linear operator T ∈ L(A, B). Let U_A and U_B denote the unit ball in the spaces A and B, respectively. Then for every k ∈ N we define the k-th dyadic entropy number by

e_k(T ) := inf{ϵ > 0 : T (U_A) ⊂ 2^{k−1}⋃

j=1 (b_j + ϵU_B )}

for some b_1, . . . , b_2k−1 ∈ B.

Definition 3.6. Given any p ∈ (0, 1] and a quasi-Banach space B, we say that B is a p−Banach space, if ||x + y|B||^p ≤ ||x|B||^p + ||y|B||^p for all x, y ∈ B. (3.9) It can be shown that if || · |B||_1 is a quasinorm on B, then there is p ∈ (0, 1] and a quasinorm || · |B||_2 with (3.9) on B which is equivalent to || · |B||_1. We refer again to [10] and references given there for details.

Theorem 3.7. Let A, B, C be quasi-Banach spaces, S, T ∈ L(A, B), R ∈ L(B, C). Then • ||T || ≥ e_1(T ) ≥ e_2(T ) ≥ · · · ≥ 0. • e_{k+l−1}(R ∘ S) ≤ e_k(R)e_l(S), k, l ∈ N. • If B is p-Banach space, then e^p_{k+l−1}(S + T ) ≤ e^p_k(S) + e^p_l (T ) Remark 3.8. We refer to the first property of entropy numbers from Theorem 3.7 as monotonicity, the second is called submultiplicativity and the last one is quoted by subaditivity. Although we shall not need it in sequel, we quote the fundamental result of Carl (see [6], [7] and [10] for details). It illustrates the importance of estimates of entropy numbers in the study of spectral properties of compact operators.

Theorem 3.9. Let A be a quasi-Banach space and let T ∈ L(A, A) = L(A) be a compact operator on A. We denote its non-zero eigenvalues with respect to multiplicity by |λ_1(T )| ≥ |λ_2(T )| ≥ |λ_3(T )| ≥ · · · > 0. Then |λ_k(T )| ≤ √ 2e_k(T ). In what follows we restrict ourselves to r = (r_1, r_2, . . . , r_d) ∈ R^d with r_1 = r_2 = · · · = r_d.

3.2 Basic lemmas

Now we collect some basic properties of the building blocks defined by (3.5) and (3.6). We start with the following Lemma 3.10. 1. Let 0 < p_1, p_2 ≤ ∞ and N ∈ N. Then ||id : ℓ^N_{p1} → ℓ^N_{p2} || = { 1, p_1 ≤ p_2, N^{1p}2^{− 1p}1 , p_1 ≥ p_2.

(3.10)

2. Let 0 < p ≤ ∞ and r = (r, . . . , r) ∈ R^d . Then

(s^{r,Ω}_{p,p} b)_μ = (s^{r,Ω}_{p,p} f)_μ = 2^{μ(r− 1p )}ℓ^{Dμ}_p , μ ∈ N_0 (3.11) and s^{r,Ω}_{p,p} b = s^{r,Ω}_{p,p} f. (3.12) The number D_μ is given by (3.8).

3. Let 0 < p_2 ≤ p_1 ≤ ∞, 0 < q ≤ ∞ and r = (r, . . . , r) ∈ R^d . Then ||id : (s^{r,Ω}_{p1,q}a)_μ → (s^{r,Ω}_{p2,q}a)_μ|| ≈ 1, μ ∈ N_0 . (3.13) 4. Let 0 < q_2 ≤ q_1 ≤ ∞, 0 < p ≤ ∞ and r = (r, . . . , r) ∈ R^d . Then

||id : (s^{r,Ω}_{p,q1} a)_μ → (s^{r,Ω}_{p,q2} a)_μ|| ≈ μ^{(d−1)( 1q}2^{− 1q}1^), μ ∈ N. (3.14)

All constants of equivalence involved in (3.13) and (3.14) do not depend μ ∈ N_0 .

Proof. The proof of 1. and 2. involves only (3.5) and (3.6). For the proof of 3. in the case a = b we write ||λ|s^{r,Ω}_{p2,q}b|| = ( ∑ |ν|=μ 2^{ν·(r− 1p}2^{)q} ( ∑ m∈A^Ω_ν |λ_{ν m}|^{p2} )_{q/p2} )1/q

= 2^{μ(r− 1p}2^) ( ∑ |ν|=μ ( ∑ m∈A^Ω_ν |λ_{ν m}|^{p2} )_{q/p2} )1/q

≤ c 2^{μ(r− 1p}2^)2^{μ( 1p}2^{− 1p}1^) ( ∑ |ν|=μ ( ∑ m∈A^Ω_ν |λ_{ν m}|^{p1} )_{q/p1} )1/q

= c ||λ|s^{r,Ω}_{p1,q}b||, where we have used (3.10).

In the case a = f, we get by Hölder’s inequality and boundedness of Ω ||λ|s^{r,Ω}_{p2,q}f|| = | | | | | | ( ∑ ν∈N^d_0 ∑ m∈A^Ω_ν |2^{ν·r}λ_{ν m}χ_{ν m(·)}|^q )_{1/q} |L_{p2} (R^d ) | | | | | |

≤ c | | | | | | ( ∑ ν∈N^d_0 ∑ m∈A^Ω_ν |2^{ν·r}λ_{ν m}χ_{ν m(·)}|^q )_{1/q} |L_{p1} (R^d ) | | | | | | = c ||λ|s^{r,Ω}_{p1,q}f||.

The proof of 4. involves only 1. and #{ν ∈ N^d_0 : |ν| = μ} ≈ μ^{d−1}, μ ∈ N.

Next, we recall a fundamental result which is essentially due to Schütt [27] and Kühn [17]. Lemma 3.11. (i) If 0 < p_1 ≤ p_2 ≤ ∞ and k and N are natural numbers, then

e_k(id : ℓ^N_{p1} → ℓ^N_{p2} ) ≈

1 if 1 ≤ k ≤ log 2N, ( k^{−1} log(1 +^N_k )

) 1_{p2 −} 1_{p1} if log 2N ≤ k ≤ 2N, 2^{− k}2N N^{1p}2^{− 1p}1 if 2N ≤ k,

(3.15)

where the constants of equivalence do not depend on k and N. (ii) If 0 < p_2 < p_1 ≤ ∞ and k and N are natural numbers, then e_k(id : ℓ^N_{p1} → ℓ^N_{p2} ) ≈ 2^{− k2N} N^{1p}2^{− 1p}1 (3.16) where the corresponding constants again do not depend on k and N.

Remark 3.12. We refer to [27], [17], [10] and references given there for the proofs of this fundamental result. Lemma 3.13. Let

r_1 = (r_1, . . . , r_1) ∈ R^d , r_2 = (r_2, . . . , r_2) ∈ R^d , 0 < p_1, p_2, q_1, q_2 ≤ ∞. Let k ≥ 2D_μ. Then e_k(id : (s^{r1,Ω}_{p1,q1} a)_μ → (s^{r2,Ω}_{p2,q2} a^†)_μ) ≈ 2^{− k2Dμ} μ^{(d−1)}

(_1

q2 −^1_{q1} ) 2^{μ(r2 −r1)} (3.17) with constants of equivalence independent of k and μ.

Remark 3.14. The symbols a and a^† stand for b or f, not necessary for the same letter. Hence the formula (3.17) represents actually four different equivalences and, consequently, eight inequalities are to be proven. Proof. Let us denote γ_1 = min(p_1, q_1), γ_2 = min(p_2, q_2) (3.18) δ_1 = max(p_1, q_1), δ_2 = max(p_2, q_2). (3.19) Step 1.

In the first Step we use the following diagram to estimate e_k(id) from above. (s^{r1,Ω}_{p1,q1} a)_μ^{id}−−−→ (s^{r2,Ω}_{p2,q2} a^†)_μ id_1 id3 (s^{r1,Ω}_{γ1,γ1} a)_μ^{id2}−−−→ (s^{r2,Ω}_{δ2,δ2} a^†)_μ. (3.20)

Using the submultiplicativity of entropy numbers (see Theorem 3.7) we get e_k(id) ≤ ||id_1|| · ||id_3|| · e_k(id_2) (3.21) To estimate ||id_1|| and ||id_3|| we use (3.13), resp. (3.14) and get ||id_1|| ≤ c μ^{(d−1)} (_1

γ1 −^1_{q1} ) + , ||id_3|| ≤ c μ^{(d−1)} (_1

q2 −^1_{δ2} ) + . (3.22) To estimate e_k(id_2) we use Lemma 3.11 and (3.11) (s^{r1,Ω}_{γ1,γ1} a)_μ ≈ 2^{μ(r1− 1γ}1^)ℓ^{Dμ}_{γ1} and its counterpart for (s^{r2,Ω}_{δ2,δ2} a^†)_μ. This gives

e_k(id_2) ≤ c 2^{μ(−r1+ 1γ}1^{+r2− 1δ}2^)2^{− k2Dμ} D 1 δ2 −^1_{γ1}

μ . (3.23) Putting (3.22) and (3.23) into (3.21) and using D_μ ≈ μ^{d−1}2^μ we get the desired result and finish the Step 1. Step 2.

We prove now the estimates from below. Let γ_1, γ_2, δ_1, δ_2 be still defined by (3.18) and (3.19), respectively. We use following diagram. (s^{r1,Ω}_{p1,q1} a)_μ^{id}−−−→ (s^{r2,Ω}_{p2,q2} a^†)_μ id_1 id3 (s^{r1,Ω}_{δ1,δ1} a)_μ^{id2}−−−→ (s^{r2,Ω}_{γ2,γ2} a^†)_μ. (3.24)

As id_2 = id_1 ∘ id ∘ id_3 we may use again the submultiplicativity of entropy numbers. The estimate for the entropy numbers of id_2 is given by Lemma 3.11 e_k(id_2) ≥ c 2^{μ(−r1+r2+ 1δ}1^{− 1γ}2^)2^{− k2Dμ} D 1 γ2 −^1_{δ1} μ and for ||id_1|| and ||id_3|| we use similar estimates as in the Step 1. ||id_1|| ≤ c μ^{(d−1)} (_1

q1 −^1_{δ1} ) + , ||id_3|| ≤ c μ^{(d−1)} (_1

γ2 −^1_{q2} ) + . (3.25) From this the result immediately follows.

Lemma 3.13 is a generalisation of Lemma 3.11 as far as the third line of (3.15) and (3.16) is concerned. So, for k ≥ 2D_μ, the estimate (3.17) provides four equivalences with constants independent of k and μ. In the case k ≤ 2D_μ the situation is not so simple any more; we give two different estimates from above. Lemma 3.15. Let r_1 = (r_1, . . . , r_1) ∈ R^d , r_2 = (r_2, . . . , r_2) ∈ R^d , 0 < p_1, p_2, q_1, q_2 ≤ ∞ with p_1 ≤ p_2. Let k ≤ 2D_μ. Then

e_k(id : (s^{r1,Ω}_{p1,q1} a)_μ → (s^{r2,Ω}_{p2,q2} a^†)_μ) ≤ c μ^{(d−1)}

(_1

γ1 −^1_{q1} +^1_{q2} −^1_{δ2} ) 2^{μ(−r1+ 1γ}1^{+r2− 1δ}2^)· (3.26) · [ k^{−1} log (μ^{d−1}2^μ k + 1 )] 1_{γ1 −} 1_{δ2} , where γ_1, γ_2, δ_1, δ_2 are given by (3.18) and (3.19). The constant c is independent of k and μ.

The proof of Lemma 3.15 copies exactly the first step of the proof of Lemma 3.13. The second estimate from above follows closely the idea of Kühn, Leopold, Sickel and Skrzypczak expressed in [18].

Lemma 3.16. Let

r_1 = (r_1, . . . , r_1) ∈ R^d , r_2 = (r_2, . . . , r_2) ∈ R^d , 0 < p_1, p_2, q_1, q_2 ≤ ∞

with p_1 ≤ p_2, 1 p_1 − 1 p_2 > 1 q_1 − 1 q_2 . Let (d − 1)μ^{d−1} log μ ≤ k ≤ 2D_μ = 2 ∑ |ν|=μ #A Ω ν . Then

e_k(id : (s^{r1,Ω}_{p1,q1} b)_μ → (s^{r2,Ω}_{p2,q2} b)_μ) ≤c 2^{μ(−r1+r2+ 1p}1^{− 1p}2^)μ^{1p}1^{− 1p}2^{+ 1q}2^{− 1q}1 · (3.27)

·k^{1p}2^{− 1p}1 [ log (μ^{d−1}2^μ k + 1 )] 1_{p1 −} 1_{p2}

Proof. We denote X_i = (s^{ri,Ω}_{pi,qi} b)_μ, i = 1, 2. We shall construct an ϵ−net of X_2−balls covering a unit ball B_{X1} of X_1. For that reason we fix some ordering of the set {ν ∈ N^d_0 : |ν| = μ} = {ν^1, . . . , ν^{S(μ,d)}}, where S_{μ,d} = #{ν ∈ N^d_0 : |ν| = μ} = ( μ + d − 1 μ ) , μ ∈ N_0 . (3.28)

First we consider the subset of B_{X1} B = {λ ∈ B_{X1} : ||λ_ν1 |X_1|| ≥ ||λ_ν2 |X_1|| ≥ · · · ≥ ||λ_νS(μ,d) |X_1||} and construct an ϵ−net N in X_2 for B. Then, if Π is any permutation of the index set {1, . . . , S_{μ,d}} and B_Π = {λ ∈ B_{X1} : ||λ_νΠ(1) |X_1|| ≥ ||λ_νΠ(2) |X_1|| ≥ · · · ≥ ||λ_νΠ(S(μ,d)) |X_1||} we get, by permutation of the coordinates, ϵ−nets N_Π for B_Π, all having the same cardinality as N , say 2^k.

Clearly, B_{X1} = ∪_ΠB_Π, where the union is taken over all permutations Π of the set {1, . . . , S(μ, d)}. Hence ∪_ΠN_Π is an ϵ− net in X_2 for B_{X1} of cardinality

S(μ, d)!2^k ≤ μ^{(d−1)μd−1} 2^k = 2^{(d−1)μd−1 log μ+k}.

It remains to construct an ϵ−net for B_X in X_2. For λ ∈ B we have ||λ_νj |X_1|| ≤ j^{−1/q1} . If k_1, . . . , k_{S(μ,d)} are arbitrary natural numbers, we set

ϵ_j := cj^{−1/q1} 2^μ (_{−r1+ 1} p1 +r_2−^1_{p2} )[ k^{−1}_j log (2^μ k_j + 1 )] 1_{p1 −} 1_{p2}

and, according to Lemma 3.11, we find ϵ_j − net N_j in 2^μ (_{r2− 1} p2 ) ℓ^{Aj}p_2 for j^{1/q1} B_Y , where Y = 2^μ (_{r1− 1} p1 ) ℓ^{Aj}p_1 and A_j = #(A^Ω_{νj} ).

Thus N_1 × . . . × N_{S(μ,d)} is an ϵ−net in X_2 for B of cardinality 2^{k1+...+kS(μ,d)} , where

ϵ = (^{S(μ,d)}∑ j=1 ϵ^{q2}_j ) 1_{q2} .

Finally, we choose k_j , j = 1, . . . , S(μ, d). Fix m ∈ N and set

k_j = 2^mj^{−α},

where 0 < α < 1 is chosen such that α ( 1 p_1 − 1 p_2 ) > 1 q_1 − 1 q_2 Then k = S(μ,d)∑

j=1 k_j ≈ 2^mμ^{(d−1)(−α+1)} (3.29) and (^{S(μ,d)}∑ j=1 ϵ^{q2}_j ) 1_{q2} ≈ 2^μ (_{−r1+ 1} p1 +r_2−^1_{p2} ) 2^m

(_1

p2 −^1_{p1} ) S(μ, d)^α (_1

p1 −^1_{p2} )_{− 1} q1 +^1_{q2} [log(2μ−mμα + 1)]^1_{p1} −^1_{p2} .

Substituting for 2^m from (3.29) we get (^{S(μ,d)}∑ j=1 ϵ^{q2}_j ) 1_{q2} ≈ 2^μ (_{−r1+ 1} p1 +r_2−^1_{p2} ) k^{1p}2^{− 1p}1 μ^{(d−1)}

(_1

p1 −^1_{p2} +^1_{q2} −^1_{q1} )[ log (μ^{d−1}2^μ k + 1 )] 1_{p1 −} 1_{p2} , which finishes the proof.

3.3 Main result

In this subsection we present our main results concerning sequence spaces. Our aim is to estimate the entropy numbers of id : s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a^†. (3.30) First we split the identity (3.30) into a sum of identities between building blocks id = ∞∑ μ=0 id_μ, id_μ : s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a^†, (3.31) where (id_μλ)_{ν m} = { λ_{ν m}, if |ν| = μ 0, otherwise

(3.32)

for all ν ∈ N^d_0 , m ∈ A^Ω_ν .

Next we observe that e_k(id_μ) = e_k(id^′_μ), k ∈ N, μ ∈ N_0 , (3.33) where id^′_μ : (s^{r1,Ω}_{p1,q1} a)_μ → (s^{r2,Ω}_{p2,q2} a^†)_μ, μ ∈ N_0 (3.34) are the natural identities between our building blocks. First, we characterise when the embedding (3.30) is compact. Theorem 3.17. Let

r_1 = (r_1, . . . , r_1) ∈ R^d , r_2 = (r_2, . . . , r_2) ∈ R^d , 0 < p_1, p_2, q_1, q_2 ≤ ∞. (3.35)

Then the embedding (3.30) is compact if and only if

α = r_1 − r_2 − ( 1 p_1 − 1 p_2 ) + > 0. (3.36)

Proof. Part 1.

In the first part we prove that (3.36) is sufficient for compactness of (3.30). First we restrict to the case • 0 < p_1 ≤ p_2 ≤ ∞ and a = a^† = b. It is an easy exercise to show that ||id_μ|s^{r1,Ω}_{p1,q1} b → s^{r2,Ω}_{p2,q2} b|| = ||id^′_μ|(s^{r1,Ω}_{p1,q1} b)_μ → (s^{r2,Ω}_{p2,q2} b)_μ|| ≤ 2^{−μ(r1−r2+ 1p}2^{− 1p}1^)S(μ, d) (_1

q2 −^1_{q1} ) + , where the number S(μ, d) was defined by (3.28). So, if (3.36) is satisfied, then we may approximate the operator id by finite ranks operators P_j = ∑_j μ=0 id_μ. • 0 < p_1 ≤ p_2 ≤ ∞ In this case we choose ϵ > 0 such that

r_1 − r_2 − ( 1 p_1 − 1 p_2 ) > 2ϵ and use following trivial embeddings s^{r1,Ω}_{p1,q1} a → s^{r1−ϵ,Ω}_{p1,q1} b → s^{r2+ϵ,Ω}_{p2,q2} b → s^{r2,Ω}_{p2,q2} a^†. All these embeddings are continuous, the middle one is even compact. • 0 < p_2 ≤ p_1 ≤ ∞.

Now we use the following line of embeddings s^{r1,Ω}_{p1,q1} a → s^{r1,Ω}_{p2,q1} a → s^{r2,Ω}_{p2,q2} a^†. We have already proven, that the second embedding is compact. As the first embedding is continuous, it finishes the proof of part 1.

Part 2. If (3.36) is not satisfied, we construct a sequence {e_μ}^∞_{μ=0} from the unit ball of s^{r1,Ω}_{p1,q1} a such that ||e_μ − e_μ′ |s^{r2,Ω}_{p2,q2} a^†|| ≥ c > 0 for μ ≠ μ^′.

Let us start with the case p_1 ≤ p_2. For μ ∈ N_0 fixed, we choose one ν_μ ∈ N^d_0 with |ν_μ| = μ and one m_μ ∈ A^Ω_{νμ} . Then we set

(e_μ)_{ν m} = { 2^{−μ(r1−1/p1)} for ν = ν_μ, m = m_μ, 0 otherwise.

When p_1 > p_2 we fix again one ν_μ ∈ N^d_0 with |ν_μ| = μ and define (e_μ)_{ν m} = 2^{−μr1} for ν = ν_μ and m ∈ A^Ω_{νμ} and (e_μ)_{ν m} = 0 otherwise.

It is our main task to estimate the decay of e_k(id) for id given by (3.30) when this sequence tends to zero, it means when (3.36) is satisfied. First we get the estimates from below. Theorem 3.18. Let r_1, r_2, p_1, p_2, q_1, q_2 be given by (3.35) with (3.36). Then e_k(id : s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a^†) ≥ c k^{r2−r1} (log k)^{(d−1)} (_{r1−r2+ 1} q2 −^1_{q1} ) + , k ≥ 2, (3.37) where the constant c does not depend on k. Proof. Step 1.

For every μ ∈ N we consider the following diagram: (s^{r1,Ω}_{p1,q1} a)_μ^{id′μ}−−−→ (s^{r2,Ω}_{p2,q2} a^†)_μ id_1 id2 s^{r1,Ω}_{p1,q1} a^{id}−−−→ s^{r2,Ω}_{p2,q2} a^† (3.38)

The meaning of id and id^′_μ was explained by (3.30) – (3.34). id_1 extends a given finite sequence by zeros while id_2 is the identity restricted to the μ−th building block. Hence id_1({λ_{ν m}} :|ν| = μ, m ∈ A^Ω_ν ) = ({γ_{ν m}} : γ_{ν m} = λ_{ν m} for |ν| = μ and γ_{ν m} = 0 otherwise) and id_2({λ_{ν m}} :ν ∈ N^d_0 , m ∈ A^Ω_ν ) = ({λ_{ν m}} : |ν| = μ). For k = 2D_μ (3.39) we get by Lemma 3.13 c μ (_1

q2 −^1_{q1} ) 2^{μ(r2−r1)} ≤ e_k(id^′_μ) ≤ ||id_1|| · ||id_2|| · e_k(id) = e_k(id). If k is given by (3.39) we get μ ≈ log k and 2^μ ≈^k_{logd−1 k} . Hence

e_k(id) ≥ c k^{r2−r1} (log k)^{(d−1)} (_{r1−r2+ 1} q2 −^1_{q1} ) . By monotonicity, we extend this results to all k ≥ 2.

Step 2. We repeat the same arguments with different building blocks. The diagram (3.38) is replaced by 2^μ (_{r1− 1} p1 ) ℓ^{Aμ}p_1^{id′μ}−−−→ 2^μ (_{r2− 1} p2 ) ℓ^{Aμ}p_2 id_1 id2 s^{r1,Ω}_{p1,q1} a^{id}−−−→ s^{r2,Ω}_{p2,q2} a^† , (3.40)

where A_μ = #(A^Ω_ν ) for some ν with |ν| = μ. Instead of Lemma 3.13 we use Lemma 3.11 to get for k = 2A_μ c 2^{μ(r2−r1)} ≤ e_k(id^′_μ) ≤ ||id_1|| · ||id_2|| · e_k(id) = e_k(id). Finally, we substitute 2^μ ≈ k, get e_k(id) ≥ c k^{r2−r1} and use monotonicity arguments to extend the result to all k ≥ 2. Theorem 3.19. Let r_1, r_2, p_1, p_2, q_1, q_2 be given by (3.35) with (3.36). If

α > V_1(p_1, q_1, p_2, q_2) := 1 min(p_1, q_1) − 1 p_1 + 1 p_2 − 1 max(p_2, q_2)

(3.41)

for p_1 ≤ p_2 and α > V_1(p_2, q_1, p_2, q_2) := 1 min(p_2, q_1) − 1 max(p_2, q_2)

(3.42)

for p_1 > p_2 then e_k(id : s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a^†) ≤ c k^{r2−r1} (log k)^{(d−1)} (_{r1−r2+ 1} q2 −^1_{q1} ) , k ≥ 2, (3.43)

where the constant c does not depend on k.

Proof. Step 1.

We restrict ourselves first to the case p_1 ≤ p_2. We split id as indicated in (3.31) id = J∑ μ=0 id_μ + L∑ μ=J+1 id_μ + ∞∑ μ=L+1 id_μ, where the numbers J ≤ L shall be specified later on. Furthermore, we shall later define natural numbers k_μ, μ = 0, . . . , L and k = ∑_L μ=0 k_μ. This will supply the fundamental estimate e^ϱ_k(id) ≤ J∑ μ=0 e^ϱ_{kμ} (id_μ) + L∑ μ=J+1 e^ϱ_{kμ} (id_μ) + ∞∑ μ=L+1 ||id_μ||^ϱ, ϱ = min(1, p_2, q_2). (3.44)

We recall that by (3.33) one may substitute e_{kμ} (id_μ) by e_{kμ} (id^′_μ).

Step 2. Fix now J ∈ N. We show how to choose the numbers L and k_μ (in dependence of J) and we estimate the three sums in (3.44).

We start with the last one. First we remark that ||id_μ|| ≤ c 2^{−μα}μ^{(d−1)} (_1

q2 −^1_{q1} ) + , μ ∈ N and_∞ ∑ μ=L+1 ||id_μ||^ϱ ≤ c ∞∑ μ=L+1 2^{−ϱμα}μ^{ϱ(d−1)} (_1

q2 −^1_{q1} ) + ≤ c 2^{−ϱαL}L^{ϱ(d−1)} (_1

q2 −^1_{q1} ) + , Finally, we choose L ≥ J large such that the last expression may be estimated from above by_∞ ∑ μ=L+1 ||id_μ||^ϱ ≤ c 2^{J(r2−r1)}J^{(d−1)} (_1

q2 −^1_{q1} ) . Step 3. We estimate the first sum in (3.44). We define k_μ = 2D_μ2^{(J−μ)ϵ} ≥ 2D_μ, μ = 0, . . . , J, where ϵ is an arbitrary fixed number with 0 < ϵ < 1. Then we get J∑ μ=0 k_μ ≈ J^{d−1}2^J . (3.45)

By Lemma 3.13 e_{kμ} (id_μ) ≈ 2^{−2(J−μ)ϵ} μ^{(d−1)} (_1

q2 −^1_{q1} ) 2^{μ(r2−r1)}, J∑ μ=0 e^ϱ_{kμ} (id_μ) ≈ J^{ϱ(d−1)} (_1

q2 −^1_{q1} ) 2^{ϱJ(r2−r1)}. (3.46)

Step 4. We estimate the second sum in (3.44). We set

k_μ = 2D_μ2^{(J−μ)κ} ≤ 2D_μ, J + 1 ≤ μ ≤ L

where κ is chosen such that

κ > 1, r_1 − r_2 > κ ( 1 γ_1 − 1 δ_2 ) . (3.47)

γ_1 and δ_2 was defined by (3.18) and (3.19), respectively. Then we get L∑ μ=J+1 k_μ ≈ J^{d−1}2^J . (3.48)

By Lemma 3.15 we get for e_{kμ} (id_μ) e_{kμ} (id_μ) ≤ c μ^{(d−1)} (_1

q2 −^1_{q1} ) 2^{μ(r2−r1)}2^{(J−μ)κ} (_1

δ2 −^1_{γ1} )[ log ( c2^{−(J−μ)κ} + 1 )] 1_{γ1 −} 1_{δ2} . By (3.47) we get_L ∑ μ=J+1 e^ϱ_{kμ} (id_μ) ≈ J^{ϱ(d−1)} (_1

q2 −^1_{q1} ) 2^{ϱJ(r2−r1)}. (3.49)

Finally, we put (3.45), (3.48) together with (3.46) and (3.49) into (3.44) and obtain

e_{c1J} d−1_2J (id) ≤ c_2 J^{(d−1)}

(_1

q2 −^1_{q1} ) 2^{J(r2−r1)}. Substituting k = c_1J^{d−1}2^J and using monotonicity arguments, we finish the proof of the theorem for p_1 ≤ p_2.

Step 5. In the case p_1 > p_2 we use the chain of embeddings s^{r1,Ω}_{p1,q1} a → s^{r1,Ω}_{p2,q1} a → s^{r2,Ω}_{p2,q2} a^†. The first embedding is then continuous (as p_1 > p_2 and Ω is bounded), the second is covered by previous steps. Altogether, it finishes the proof.

Remark 3.20. 1. One notices immediately a gap between (3.36) and (3.41). To eliminate this gap we use a complex interpolation method in the next chapter. 2. Lemma 3.16 allows us to reduce the gap a bit in a special case, where a = a^† = b. If we use Lemma 3.16 instead of Lemma 3.15 in the Step 4. in the previous proof, we get the same result, namely (3.43), for

p_1 ≤ p_2, r_1 − r_2 + 1 p_2 − 1 p_1 > 0, 1 p_1 − 1 p_2 > 1 q_1 − 1 q_2 . 4 Complex interpolation

In Theorem 3.18 we obtained an estimate from below for entropy numbers of the embedding id : s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a^†. (4.1) The corresponding estimate from above was obtained in Theorem 3.19 for

α = r_1 − r_2 − ( 1 p_1 − 1 p_2 ) + > 1 min(p_1, p_2, q_1) − 1 p_1 + 1 p_2 − 1 max(p_2, q_2)

. (4.2)

So for any p_1, p_2, q_1, q_2 we have one natural boundary for r_1 − r_2 which ensures compactness of (4.1), see Theorem 3.17, and a second one, in general larger and given by (4.2), where the estimates from above and from below for entropy numbers of (4.1) coincide. The main purpose of this chapter is to eliminate this gap using a complex interpolation method. We follow closely [20].

4.1 Abstract background

In this subsection we briefly describe the complex interpolation method of [20]. We quote only the minimum needed for our purpose.

We say that two quasi-Banach spaces X_0, X_1 form an interpolation couple (X_0, X_1) if there is a Hausdorff topological vector space X such that X_0 and X_1 are continuously embedded in X. Given an interpolation couple (X_0, X_1), we define the space X_0 ∩ X_1 by X_0 ∩ X_1 = {x ∈ X : ||x|X_0 ∩ X_1|| < ∞}, where ||x|X_0 ∩ X_1|| = max{||x|X_0||, ||x|X_1||}. Similarly, we define the space X_0 + X_1 by X_0 + X_1 = {x ∈ X : ||x|X_0 + X_1|| < ∞}, where

||x|X_0 + X_1|| = inf{||x_0|X_0|| + ||x_1|X_1|| : x = x_0 + x_1, x_j ∈ X_j, j = 0, 1}. It is easy to verify that X_0 ∩ X_1 and X_0 + X_1 are quasi-Banach spaces, see for example [5] for details.

If X is a quasi-Banach space and Ω ⊂ C is an open subset then f : Ω → X is called analytic if for each z_0 ∈ Ω there exists r > 0 such that there is a power expansion f(z) = ∑_∞ n=0 x_nz^n, x_n ∈ X, converging uniformly for |z − z_0| < r.

Given an interpolation couple (X_0, X_1) of quasi-Banach spaces, we consider the class F of all functions f with values in X_0 + X_1, which are bounded and continuous on the strip S = {z ∈ C : 0 ≤ Re z ≤ 1}, and analytic in the open strip S_0 = {z ∈ C : 0 < Re z < 1}, and moreover, the functions t → f(j + it)(j = 0, 1) are bounded continuous functions into X_j .

We endow F with the quasinorm ||f|F|| = max { sup_{t∈R} ||f(it)|X_0||, sup_{t∈R} ||f(1 + it)|X_1|| } . (4.3)

Finally, we set

[X_0, X_1]_θ := { x ∈ X_0 + X_1 : x = f(θ) for some f ∈ F } , 0 < θ < 1. This space is equipped with the quasinorm ||x|[X_0, X_1]_θ|| := inf{||f|F|| : f ∈ F, f(θ) = x}, x ∈ [X_0, X_1]_θ. As far as the classical complex interpolation theory of Peetre is considered, we refer again to [5] and references given there. However, it is well known, that the extension of this complex interpolation method to the quasi-Banach spaces is not possible due to the possible failure of the Maximum Modulus Principle in the quasi-Banach context. However, there is a significant class of quasi-Banach spaces, called A–convex, in which the Maximum Modulus Principle is valid. As far as the study of this class is concerned, see [20] and references given there for details. We quote only the minimum from this theory needed in the sequel. Definition 4.1. A quasi-Banach space (X, || · |X||) is called A–convex if there is a constant C such that for every polynomial P : C → X we have ||P (0)|X|| ≤ C max_{|z|=1} ||P (z)|X||.

Next theorem shows that in the frame of A-convex quasi-Banach spaces the Maximum Modulus Principle holds.

Theorem 4.2. For a quasi-Banach space (X, ||·|X||) the following conditions are equivalent: (i) X is A–convex (ii) there exists C such that max{||f(z)|X|| : z ∈ S_0} ≤ C max{||f(z)|X|| : z ∈ S \ S_0} for any function f : S → X analytic on S_0 and continuous and bounded on S.

In the special case when X_0 and X_1 are quasi-Banach lattices, it was observed by Calderón that the interpolation space [X_0, X_1]_θ coincides with the so-called Calderón product of spaces X_0 and X_1, usually denoted by X^{1−θ}_0 X^θ_1 . We quote again necessary definitions and corresponding theorems from [20].

First, let (X, S, μ) be a σ−finite measure space and let M be the class of all complex–valued, μ−measurable functions on X. Then a quasi-Banach space X ⊂ M is called a quasi-Banach lattice of functions if for every f ∈ X and g ∈ M with |g(x)| ≤ |f(x)| for μ−a.e. x ∈ X one has g ∈ X with ||g|X|| ≤ ||f|X||. Furthermore, a quasi-Banach lattice of functions (X, || · |X||) is called lattice r-convex if | | | |(^m∑ j=1 |f_j|^r )_{1/r} |X | | | | ≤ (^m∑ j=1 ||f_j|X||^r )_{1/r}

for any finite family {f_j}_{1≤j≤m} of functions from X.

The following theorem gives a very simple condition for lattice of functions to be A−convex. Theorem 4.3. Let X be a complex quasi-Banach lattice of functions. Then the following assertions are equivalent (i) X is A–convex (ii) X is lattice r-convex for some r > 0.

Finally, if (X_j , || · |X_j||), j = 0, 1 are quasi-Banach lattices of functions and 0 < θ < 1 then the Calderón product X^{1−θ}_0 X^θ_1 is the function spaces defined by the quasinorm

||f|X^{1−θ}_0 X^θ_1 || := inf { ||f_0|X_0||^{1−θ}||f_1|X_1||^θ : |f| ≤ |f_0|^{1−θ}|f_1|^θ, f_j ∈ X_j, j = 0, 1 } . The connection between complex interpolation and Calderón products is given by Theorem 4.4. Let (X, S, μ) be a complete separable metric space, let μ be a σ−finite Borel measure on X, and let X_0, X_1 be a pair of quasi-Banach lattices of functions on (X, μ). Then if both X_0 and X_1 are A–convex and separable, it follows that X_0 + X_1 is A-convex and [X_0, X_1]_θ = X^{1−θ}_0 X^θ_1 , 0 < θ < 1.

As pointed out in [20] in the case of quasi-Banach sequence lattices, only one of the spaces in 4.4 must be separable.

4.2 Interpolation of s^{r,Ω}_{p,q} a

Now we apply Theorem 4.4 to interpolate the sequence spaces s^{r,Ω}_{p,q} a. First, we have to prove, that these spaces are A–convex. According to Theorem 4.3 it is enough to prove that they are lattice s–convex for some s > 0. Trivially, s = min(1, p, q) works fine in both b and f case.

Hence, it is enough to compute the Calderón products (s^{r1,Ω}_{p1,q1} a)^{1−θ}(s^{r2,Ω}_{p2,q2} a)^θ, 0 < θ < 1. The answer is given by Theorem 4.5. Let

r_1, r_2 ∈ R^d , 0 < p_1, p_2, q_1, q_2 ≤ ∞, 0 < θ < 1. (4.4)

If r, p and q are given by 1 p = 1 − θ p_1 + θ p_2 , 1 q = 1 − θ q_1 + θ q_2

, r = (1 − θ)r_1 + θr_2, (4.5)

we get (s^{r1,Ω}_{p1,q1} a)^{1−θ}(s^{r2,Ω}_{p2,q2} a)^θ = s^{r,Ω}_{p,q} a. Proof. Step 1. First, let λ ∈ s^{r,Ω}_{p,q} a and λ^j ∈ s^{rj ,Ω}p_j ,q_j a, j = 1, 2 with

|λ_{ν m}| ≤ |λ^1_{ν m}|^{1−θ} · |λ^2_{ν m}|^θ, ν ∈ N^d_0 , m ∈ A^Ω_ν . (4.6)

We have to show that ||λ|s^{r,Ω}_{p,q} a|| ≤ ||λ^1|s^{r1,Ω}_{p1,q1} a||^{1−θ} · ||λ^2|s^{r2,Ω}_{p2,q2} a||^θ. But this is a simple exercise on Hölder’s inequality in both b and f case. Step 2. Now we prove the reverse inequality for a = b. To λ ∈ s^{r,Ω}_{p,q} b given, we will find λ^j ∈ s^{rj ,Ω}p_j ,q_j b, j = 1, 2 with (4.6) such that ||λ|s^{r,Ω}_{p,q} b|| = ||λ^1|s^{r1,Ω}_{p1,q1} b||^{1−θ} · ||λ^2|s^{r2,Ω}_{p2,q2} b||^θ. (4.7) First we deal with the case p_j , q_j < ∞, j = 1, 2. We choose λ^j_{ν m} = c^j_ν |λ_{ν m}|^{p/pj} , j = 1, 2, ν ∈ N^d_0 , m ∈ A^Ω_ν , (4.8) where c^j_ν = 2^{(ν·r) qqj} 2^{−ν·rj} Λ q qj −^p_{pj} ν , j = 1, 2, ν ∈ N^d_0 , (4.9) and Λ_ν = ( ∑ m∈A^Ω_ν |λ_{ν m}|^p )_{1/p} , ν ∈ N^d_0 . (4.10)

(If Λ_ν = 0 for some ν ∈ N^d_0 we set c_ν = 0.)

By this choice we see that |λ^1_{ν m}|^{1−θ} · |λ^2_{ν m}|^θ = 2^{ν·rq[ 1−θq}1^{+ θq}2^]2^{−ν·r1(1−θ)−ν·r2θ}Λ^{q[} 1−θ q1 +^θ_{q2} ]−p[^{1−θ}_{p1} +^θ_{p2} ] ν |λ_{ν m}|^{p[ 1−θp}1^{+ θp}2^] = |λ_{ν m}|. This proves (4.6).

To prove (4.7) we use (4.8), (4.9) and (4.10) to get ||λ^j|s^{rj ,Ω}_{pj ,qj} b|| = [ ∑ ν∈N^d_0 2^{ν·rj qj} (c^j_ν )^{qj} ( ∑ m∈A^Ω_ν |λ_{ν m}|^{ppj pj} )_{qj /pj} ]_{1/qj} = [ ∑ ν∈N^d_0 2^{ν·rq}Λ^q_ν ]_{1/qj} .

From this (4.7) follows immediately.

If max(p_1, q_1, p_2, q_2) = ∞ only notational changes are necessary.

Step 3. As far as the f–case is considered, one may modify slightly the proof for sequence spaces f^s_{p,q} given in [13], Theorem 8.2.

We start again with given λ ∈ s^{r,Ω}_{p,q} f and we need to find λ^j ∈ s^{rj ,Ω}p_j ,q_j f, j = 1, 2 with (4.6) such that ||λ^1|s^{r1,Ω}_{p1,q1} f||^{1−θ}||λ^2|s^{r2,Ω}_{p2,q2} f||^θ ≤ c||λ|s^{r,Ω}_{p,q} f||. (4.11) First we deal with the case q_j < ∞, j = 1, 2. For every k ∈ Z, let

A_k = { x ∈ R^d : ( ∑ ν∈N^d_0 ,m∈A^Ω_ν 2^{ν·rq}|λ_{ν m}|^qχ_{ν m}(x) )_{1/q} > 2^k }

and C_k = {(ν, m) : |Q_{ν,m} ∩ A_k| ≥ |Q_{ν m}| 2 and |Q_{ν,m} ∩ A_{k+1}| < |Q_{ν m}| 2 }. We note that if (ν, m) ∉ ∪_{k∈Z}C_k, then λ_{ν m} = 0. We define the sequences λ^j, j = 1, 2 by λ^1_{ν m} = 2^{kγ} 2^{ν·u}|λ_{ν m}|^{q/q1} and λ^1_{ν m} = 2^{kδ}2^{ν·v}|λ_{ν m}|^{q/q2} , where γ = p p_1 − q q_1 , δ = p p_2 − q q_2 u = qθ[ r_2 q_1 − r_1 q_2

], v = q(1 − θ)[ r_1 q_2 − r_2 q_1 ] if (ν, m) ∈ C_k, and λ^1_{ν m} = λ^2_{ν m} = 0 if (ν, m) ∉ ∪_{k∈Z}C_k. We point out that (1 − θ)γ + δθ = (1 − θ)u + θv = 0.

An easy calculation shows that |λ^1_{ν m}|^{1−θ} · |λ^2_{ν m}|^θ = 2^{k[(1−θ)γ+θδ]+ν·[(1−θ)u+θv]}|λ_{ν m}|^q (_{1−θ} q1 +^θ_{q2} ) = |λ_{ν m}|. In the sequel we assume that γ ≥ 0, since the contrary case follows from interchanging s^{r1,Ω}_{p1q1} f with s^{r2,Ω}_{p2q2} f and θ with 1 − θ.

We prove that ||λ^j|s^{rj ,Ω}_{pj qj} f|| ≤ c||λ|s^{r,Ω}_{pq} f||^{p/pj} , j = 1, 2. (4.12) From this, (4.11) clearly follows.

To prove (4.12) for j = 1 we write ||λ^1|s^{r1,Ω}_{p1q1} f|| = | | | | | | (_∞∑ k=−∞ ∑ (ν,m)∈C_k |2^{ν·r1} λ^1_{ν m}|^{q1} χ_{ν m}(x) )_{1/q1} |L_{p1} | | | | | |

≤ c | | | | | | (_∞∑ k=−∞ ∑ (ν,m)∈C_k |2^{ν·r1} λ^1_{ν m}|^{q1} χ_{Qν m∩Ak} (x) )_{1/q1} |L_{p1} | | | | | |,

where on the second line we use the definition of the set C_k and the boundedness of the

maximal operator M as described by Theorem 1.11.

We denote

D_k = k⋃ l=−∞ C_l and continue ||λ^1|s^{r1,Ω}_{p1q1} f|| ≤ c | | | | | | | | ∞∑ k=−∞ χ_{Ak\Ak+1} (x) ( ∑ (ν,m)∈D_k |2^{ν·r1} λ^1_{ν m}|^{q1} χ_{ν m}(x) )_{1/q1} |L_{p1} | | | | | | | | ≤ c | | | | | | | | ∞∑ k=−∞ χ_{Ak\Ak+1} (x)2^{kγ} ( ∑ (ν,m)∈D_k 2^{ν·r1q1} 2^{ν·uq1} |λ_{ν m}|^qχ_{ν m}(x) )_{1/q1} |L_{p1} | | | | | | | | ≤ c | | | | | | | | ∞∑ k=−∞ χ_{Ak\Ak+1} (x)2^{kγ} ( ∑ ν∈N^d_0 ,m∈A^Ω_ν 2^{ν·rq}|λ_{ν m}|^qχ_{ν m}(x) )_{1/q1} |L_{p1} | | | | | | | |

≤ c | | | | | | | | ( ∑ ν∈N^d_0 ,m∈A^Ω_ν 2^{ν·rq}|λ_{ν m}|^qχ_{ν m}(x) ) p_{qp1} |L_{p1} | | | | | | | | = c||λ|s^{r,Ω}_{pq} f||^{p/p1} . The second estimate in (4.12) is similar.

After these preparations we are ready to present the main result of this section. Recall, that

the spaces S^r_{p,q}A(Ω) were defined by (3.1) and (3.2).

Theorem 4.6. Let r_j, p_j , q_j for j = 1, 2 be given by (4.4). Let 0 < θ < 1 and define r, p and

q by (4.5). Also suppose that min(q_1, q_2) < ∞.

(i) Then [s^{r1,Ω}_{p1,q1} b, s^{r2,Ω}_{p2,q2} b]_θ = s^{r,Ω}_{p,q} b. (4.13) (ii) Furthermore, if p_j < ∞, j = 1, 2, [s^{r1,Ω}_{p1,q1} f, s^{r2,Ω}_{p2,q2} f]_θ = s^{r,Ω}_{p,q} f. (4.14) Proof. The proof of (4.13) and (4.14) follows immediately from Theorem 4.4 and 4.5.

4.3 Interpolation properties of entropy numbers.

Now we shall discuss the connection between the complex interpolation method developed above with entropy numbers. We use Theorem 1.3.2 from [10]. We recall that for t > 0, an interpolation couple (B_0, B_1) and b ∈ B_0 + B_1, the Peetre’s K−functional is given by K(t, b, B_0, B_1) = inf{||b_0|B_0|| + t||b_1|B_1|| : b = b_0 + b_1, b_0 ∈ B_0, b_1 ∈ B_1}.

Theorem 4.7. (i) Let A be a quasi-Banach space and let (B_0, B_1) be an interpolation couple of p−Banach spaces. Let 0 < θ < 1 and let B_θ be a quasi-Banach space such that B_0 ∩ B_1 ⊂ B_θ ⊂ B_0 + B_1 and ||b|B_θ|| ≤ ||b|B_0||^{1−θ} · ||b|B_1||^θ for all b ∈ B_0 ∩ B_1. Let T ∈ L(A, B_0 ∩ B_1). Then for all k_0, k_1 ∈ N, e_{k0+k1−1}(T : A → B_θ) ≤ 2^{1/p}e^{1−θ}_{k0} (T : A → B_0)e^θ_{k1} (T : A → B_1).

(ii) Let (A_0, A_1) be an interpolation couple of quasi-Banach spaces and let B be a p−Banach space. Let 0 < θ < 1 and let A be a quasi-Banach space such that A ⊂ A_0 + A_1 and t^{−θ}K(t, a, A_0, A_1) ≤ ||a|A|| for all a ∈ A and all t > 0. Let T : A_0 + A_1 → B be linear and such that its restriction to A_0 and A_1 are continuous. Then its restriction to A is also continuous and for all k_0, k_1 ∈ N, e_{k0+k1−1}(T : A → B) ≤ 2^{1/p}e^{1−θ}_{k0} (T : A_0 → B)e^θ_{k1} (T : A_1 → B).

So, we only have to verify that the complex interpolation satisfies the assumptions of this theorem.

Theorem 4.8. Let B_0, B_1 be an interpolation couple of A-convex quasi-Banach spaces and let 0 < θ < 1. Then (i) ||b|[B_0, B_1]_θ|| ≤ ||b|B_0||^{1−θ} · ||b|B_1||^θ for all b ∈ B_0 ∩ B_1. (ii) Let the functionals in B^′_i separate the points of B_i, i = 0, 1. Then

t^{−θ}K(t, b, B_0, B_1) ≤ ||b|[B_0, B_1]_θ|| for all b ∈ [B_0, B_1]_θ and all t > 0. Proof. Step 1. Fix b ∈ B_0 ∩ B_1, set M_j = ||b|B_j||, j = 0, 1 and define g(z) = M^{z−1}_0 M^{−z}_1 b. Then ||g|F|| = 1 and ||M^{θ−1}_0 M^{−θ}_1 b|[B_0, B_1]_θ|| ≤ ||g(θ)|[B_0, B_1]_θ|| ≤ 1. This proves (i).

Step 2. One may follow [31], 1.10.3. There one may find a proof dealing with classical complex–interpolation method and Banach spaces. Nevertheless, the proof works also for the generalised method, as described above, and quasi-Banach sequence spaces. Especially, the Hahn–Banach Theorem needed there still holds for all sequence spaces which come to play.

4.4 Filling the gaps

Now we use the complex interpolation and its relation to entropy numbers to close the gap mentioned in the beginning of Section 4. Namely, we are interested in those combination of ”input” parameters which satisfy

V_1(p_1, q_1, p_2, q_2) := 1 min(p_1, p_2, q_1) − 1 p_1 + 1 p_2 − 1 max(p_2, q_2)

≥ r_1 −r_2 − ( 1 p_1 − 1 p_2 ) + > 0. (4.15)

Our main result on the sequence space level states Theorem 4.9. Let r_j = (r_j, . . . , r_j) ∈ R^d , 0 < p_j , q_j ≤ ∞, j = 1, 2 with

r_1 − r_2 − ( 1 p_1 − 1 p_2 ) + > 0. (4.16)

Furthermore, let p_j < ∞ in the f−case. (i) If r_1 − r_2 −^1_{q1} +^1_{q2} > 0 then

e_k(id : s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a) ≈ k^{r2−r1} (log k)^{(d−1)(r1 −r2− 1q}1^{+ 1q}2^), k ≥ 2.

(ii) If r_1 − r_2 −^1_{q1} +^1_{q2} ≤ 0 and ε > 0 then there are constants c and C_ε such that ck^{r2−r1} ≤ e_k(id : s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a) ≤ C_εk^{r2−r1} (log k)^ε, k ≥ 2. Remark 4.10. Unlike Theorems 3.18 and 3.19, this theorem deals only with embeddings which stay either in the b–scale or in the f–scale. We see also that this theorem closes the gap mentioned above up to the (log k)^ε term. Furthermore, the estimate from below is covered by Theorem 3.18. Hence we will concentrate on the estimates from above in the proof.

Proof. In the proof we shall distinguish several cases. First of all, we suppose that p_1 ≤ p_2. I. p_1 ≤ q_1, q_2 ≤ p_2. In this case the condition (4.15) is empty and the result is covered by Theorem 3.19.

II. q_1 ≤ p_1 ≤ p_2 ≤ q_2. We start with the sub-case IIa. r_1 − r_2 −^1_{q1} +^1_{q2} > 0. In this case we have

r_1 − r_2 − 1 p_1 + 1 p_2 > 1 q_1 − 1 p_1 + 1 p_2 − 1 q_2

= V_1(p_1, q_1, p_2, q_2)

and the result is again provided by Theorem 3.19. IIb. r_1 − r_2 −^1_{q1} +^1_{q2} ≤ 0 The second subcase IIb. introduces the log^ε–gap. So we fix ε > 0 and use the following embedding s^{r1,Ω}_{p1,q1} a → s^{r1,Ω}_{p1,q} a → s^{r2,Ω}_{p2,q}′ a → s^{r2,Ω}_{p2,q2} a. (4.17) The newly introduced indices q, q^′ are supposed to satisfy following conditions

0 < q_1 ≤ q ≤ p_1 ≤ p_2 ≤ q^′ ≤ q_2 ≤ ∞, 1 p_1 − 1 p_2 < 1 q − 1 q^′ < r_1 − r_2 < 1 q − 1 q^′ + ε. (4.18)

The existence of these indices follows from (4.16) and the condition IIb. Hence we may apply the step IIa. to the middle embedding in (4.17). All the other embeddings are bounded which gives finally e_k(id) ≤ ck^{r2−r1} (log k)^ε III. q_1 < p_1, q_2 < p_2.

We make the same splitting as in the case II. to the subcases IIIa. and IIIb. IIIa. r_1 − r_2 −^1_{q1} +^1_{q2} > 0. We choose 0 < θ < 1 such that

r_1 − r_2 − 1 q_1 + 1 q_2 > (1 − θ) ( 1 q_2 − 1 p_2 ) > 0. (4.19)

and use the interpolation scheme s^{r,Ω}_{p,q} a ↘ s^{r1,Ω}_{p1,q1} a → s^{r2,Ω}_{p2,q2} a (4.20) s^{r2,Ω}_{p2,q2} a ↗ with corresponding equations for r, p and q.

r_1 = (1 − θ)r + θr_2, (4.21) 1 p_1 = 1 − θ p + θ p_2

, (4.22) 1 q_1 = 1 − θ q + θ q_2

. (4.23)

We have to verify that r − r_2 − 1 p + 1 p_2

> V_1(p, q, p_2, q_2). (4.24)

If q ≥ p, then V_1(p, q, p_2, q_2) = 0 and (4.24) is equivalent to (4.16). (One makes use of trivial calculation (1 − θ) (1 p − 1 p_2 ) = 1 p_1 − 1 p_2

(4.25)

which follows directly from (4.22).)

If q ≤ p, then V_1(p, q, p_2, q_2) =^1_q −^1_p and (4.24) is equivalent to (4.19). In both cases q ≤ p, q ≥ p we may apply Theorem 3.19 to the upper embedding in (4.20). This leads to e_k(id) ≤ c ( k^{r2−r}(log k)^{r−r2− 1q + 1q}2 )_{1−θ} = ck^{r2−r1} (log k)^{r1−r2− 1q}1^{+ 1q}2 .

We have used the analogy of (4.25) for q’s and r^′s.

Let us also mention that the condition min(q, q_2) < ∞ needed to apply Theorem 4.6 is in the case III. always satisfied.

In the case IIIb, r_1 −^1_{q1} +^1_{q2} ≤ 0 ( =⇒ q_1 ≤ q_2), we use the chain of embeddings (4.17) with (4.18) and q_1 ≤ q ≤ p_1, q^′ = q_2.

Applying now the step IIIa. to the middle embedding we get the same result as in the case IIb.

IV. p_1 < q_1, p_2 < q_2, p_1 ≤ p_2.

As this case is dual to the the third case, we proceed in the same way. IVa. r_1 −^1_{q1} +^1_{q2} > 0.

We choose 0 < θ < 1 such that

r_1 − r_2 − 1 p_1 + 1 p_2 > (1 − θ) ( 1 p_2 − 1 q_2 ) > 0. (4.26)

Now we apply the interpolation scheme (4.20) with corresponding equations (4.21)–(4.23). We have to verify that r − 1 p + 1 p_2

> V_1(p, q, p_2, q_2). (4.27)

If q ≥ p, then V_1(p, q, p_2, q_2) =^1_{p2} −^1_{q2} and (4.27) is equivalent to (4.26). If q ≤ p, then V_1(p, q, p_2, q_2) =^1_q −^1_p +^1_{p2} −^1_{q2} and (4.27) is equivalent to the condition IVa.. In both cases q ≤ p, q ≥ p we may apply Theorem 3.19 to the upper embedding in (4.20). This leads again to e_k ≤ c ( k^{−r}(log k)^{r− 1q + 1q}2 )_{1−θ} = ck^{−r1} (log k)^{r1− 1q}1^{+ 1q}2 .

This finishes the discussion of the case IVa. as far as min(q, q_2) < ∞ which is equivalent to min(q_1, q_2) < ∞. If q_1 = q_2 = ∞ then we have to modify the arguments given above. In this case there is in general no hope to identify the interpolation space [s^{r1,Ω}_{p1,∞}a, s^{r2,Ω}_{p2,∞}a]_θ with the corresponding Calderón product s^{r,Ω}_{p,∞}a. But, according to [16], IV.1.11, one embedding still holds, namely [s^{r1,Ω}_{p1,∞}a, s^{r2,Ω}_{p2,∞}a]_θ → s^{r,Ω}_{p,∞}a. So we may use following interpolation schema ↗ s^{r,Ω}_{p,∞}a s^{r1,Ω}_{p1,∞}a → [s^{r,Ω}_{p,∞}a, s^{r1,Ω}_{p1,∞}a]_θ → s^{r2,Ω}_{p2,∞}a ↘ s^{r1,Ω}_{p1,∞}a, where p and r is given by (4.22) and (4.21). Then the choice of 0 < θ < 1 with

r_1 − r_2 > (1 − θ) 1 p_1 ensures that we may proceed as in the Step IIIa and get the same result. In the case IVb, r_1 −^1_{q1} +^1_{q2} ≤ 0 ( =⇒ q_1 ≤ q_2), we use the chain of embeddings (4.17) with (4.18) and q_1 = q, p_2 ≤ q^′ ≤ q_2.

Applying now the step IVa. to the middle embedding we get the same result as in the case IIb.

4.5 Entropy numbers - conclusion

In the second section we have developed a strong tool connecting the function spaces S^r_{p,q}A(R^d ) with sequence spaces s^r_{p,q}a. In the third and fourth section we have studied the entropy numbers of embeddings of these sequence spaces. Finally, we combine these two concepts and obtain estimates for entropy numbers of embeddings of function spaces. We recall that the function spaces on domains were defined by (3.1) and (3.2). Our main result reads Theorem 4.11. Let Ω be a bounded domain in R^d with d ≥ 2. Let 0 < p_1, q_1, p_2, q_2 ≤ ∞ with p_1, p_2 < ∞ in the F −case. Let r_i = (r_i, . . . , r_i) ∈ R^d , i = 1, 2. (i) The embedding id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω) (4.28) is compact if and only if r_1 − r_2 − ( 1 p_1 − 1 p_2 ) + > 0. (4.29)

(ii) In that case

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω)) ≥ c k^{r2−r1} (log k)^{(d−1)(r1 −r2+ 1q}2^{− 1q}1^{)+} , k ≥ 2. (4.30) with c independent of k.

(iii) If A = A^† = B or A = A^† = F and r_1 − r_2 −^1_{q1} +^1_{q2} > 0 then

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω)) ≤ c k^{r2−r1} (log k)^{(d−1)(r1 −r2+ 1q}2^{− 1q}1^), k ≥ 2. (4.31) with c independent of k.

(iv) If A = A^† = B or A = A^† = F and r_1 − r_2 −^1_{q1} +^1_{q2} ≤ 0 then for every ε > 0 there is a constant c_ε > 0 such that e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω)) ≤ c_ε k^{r2−r1} (log k)^ε, k ≥ 2. (4.32)

(v) For general A, A^† and

r_1 − r_2 − ( 1 p_1 − 1 p_2 ) + > V_1(min(p_1, p_2), q_1, p_2, q_2)

we get finally

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω)) ≤ c k^{r2−r1} (log k)^{(d−1)(r1 −r2+ 1q}2^{− 1q}1^), k ≥ 2. Proof. Step 1. First we give some notation. If f ∈ S^{r1}_{p1,q1} A(Ω) then according to Definition 3.1 there is a function g ∈ S^{r1}_{p1,q1} A(R^d ) such that ||g|S^{r1}_{p1,q1} A(R^d )|| ≤ 2||f|S^{r1}_{p1,q1} A(Ω)|| with g|Ω = f. We denote this function g = extf. Hence ext represents a (non-linear) bounded operator ext : S^{r1}_{p1,q1} A(Ω) → S^{r1}_{p1,q1} A(R^d ).

On the other hand, the natural restriction of g ∈ S^{r1}_{p1,q1} A(R^d ) to D^′(Ω) represents a linear bounded operator denoted by tr_Ω

tr_Ω : S^{r1}_{p1,q1} A(R^d ) → S^{r1}_{p1,q1} A(Ω).

Step 2. To prove the first statement we introduce two diagrams which shall be of use even later on. In the first one, we start with f ∈ S^{r1}_{p1,q1} A(Ω) and extend it to g = extf ∈ S^{r1}_{p1,q1} A(R^d ). Then we apply the wavelet decomposition to g as described in 2.12. This allows us to represent g in the form g = ∑ ν∈N^d_0 ,m∈Z^d λ_{ν m}Ψ_{ν m}. (4.33)

In this way, we obtain a sequence λ = {λ_{ν m} : ν ∈ N^d_0 , m ∈ Z^d} ∈ s^{r1}_{p1,q1} a. According to Theorem 2.12, the mapping which orders to a given function g its wavelet coefficients λ (and which shall be denoted by W) is bounded W : S^{r1}_{p1,q1} A(R^d ) → s^{r1}_{p1,q1} a. As the distribution g doesn’t need to have a bounded support, we restrict the sum in (4.33) to those m ∈ Z^d such that supp Ψ_{ν m} ∩ Ω ≠ ∅. Furthermore, we may always find a domain Ω^′ such that {m ∈ Z^d : supp Ψ_{ν m} ∩ Ω ≠ ∅} ⊂ A^{Ω′}_ν , ν ∈ N^d_0 .

This natural restriction will be formally realised by the the operator id^′ : s^{r1}_{p1,q1} a → s^{r1,Ω′}_{p1,q1} a. Finally, given a sequence λ ∈ s^{r2,Ω′}_{p2,q2} a^†, we denote by S(λ) the distribution which arise as a wavelet sum with coefficients λ_{ν m}. S(λ) = ∑ ν∈N^d_0 ,m∈A^{Ω′}_ν λ_{ν m}Ψ_{ν m}.

Using all this information we obtain the commutative diagram S^{r1}_{p1,q1} A(Ω)^{ext}−−−→ S^{r1}_{p1,q1} A(R^d )^W−−−→ s^{r1}_{p1,q1} a^{id′}−−−→ s^{r1,Ω′}_{p1,q1} a id_1 id_2 (4.34) S^{r2}_{p2,q2} A^†(Ω)^{trΩ}←−−−−−−− S^{r2}_{p2,q2} A^†(R^d )^S←−−−−−−− s^{r2,Ω′}_{p2,q2} a^† All the operators involved are bounded, under hypothesis (4.29) the embedding id_2 is even compact. This proves that the condition (4.29) is sufficient for compactness of (4.28). To prove that this condition is also necessary, we follow the reasoning given in the proof of Theorem 3.17. Suppose, that (4.29) is not satisfied. We shall construct a sequence {f_μ} bounded in S^{r1}_{p1,q1} A(Ω) such that each its two different members have mutual distance measured in S^{r2}_{p2,q2} A^†(Ω) greater than some constant c > 0.

If p_1 ≤ p_2, we proceed in this way: for every μ ≥ μ^′ there is ν_μ and m_μ with |ν_μ| = μ and CQ_{νμ,mμ} ⊂ Ω. We set f_μ = Ψ_{νμ mμ} , μ ≥ μ^′.

If p_1 > p_2, we choose for every μ ≥ μ^{′′} some ν_μ with |ν_μ| = μ and such that #{m ∈ Z^d : CQ_{νμ m} ⊂ Ω} ≈ 2^μ. Then we set

f_μ = ∑ m:CQ_{νμ m}⊂Ω Ψ_{νμ m}, μ ≥ μ^{′′}.

Step 3. Till now we have used (4.34) only to prove the compactness of (4.28). But one may use it also for the estimates of entropy numbers of (4.28). This gives e_k(id_1) ≤ ce_k(id_2), k ∈ N, where the constant c covers all the bounded operators ext, W, id^′, S and tr_Ω. This allows us to overtake the estimate from above obtained on the sequence space level to the function space level.

Step 4. Now we prove the estimate from below, namely (4.30). To this effect we consider sets B^Ω_ν = {m ∈ Z^d : CQ_{ν m} ⊂ Ω}, ν ∈ N^d_0 .

These sets form a certain counterpart to A^Ω_ν . There are, nevertheless, some important differences. One notices that we cannot hope for a straightforward equivalence of (3.7). Instead of that, we see that there are constants μ_0, c_1 and c_2 such that for every μ > μ_0 the cardinality of the set {ν : |ν| = μ, c_1 2^μ ≤ #(B^Ω_ν ) ≤ c_2 2^μ}

is equivalent to μ^{d−1}. It means that (3.7) doesn’t hold in general for all ν ∈ N^d_0 but only for almost all ν with |ν| large enough.

Following the proof of Theorem 3.18 we have to choose two kinds of building blocks. In the first case, we use the sequence spaces given by the quasinorm ||λ|(s^{r,Ω}_{p,q} b)^′_μ|| = ( ∑ |ν|=μ 2^{ν·(r− 1p )q} ( ∑ m∈B^Ω_ν |λ_{ν m}|^p )_{q/p})1/q

and ||λ|(s^{r,Ω}_{p,q} f)^′_μ|| = | | | | | | ( ∑ |ν|=μ ∑ m∈B^Ω_ν |2^{ν·r}λ_{ν m}χ_{ν m}(·)|^q )_{1/q} |L_p(R^d ) | | | | | |. To estimate the entropy numbers of

e_k(id : (s^{r1,Ω}_{p1,q1} a)^′_μ → (s^{r2,Ω}_{p2,q2} a^†)^′_μ)

for μ ≥ μ_0 large enough one may use the same arguments (and get the same results) as presented in Lemma 3.13.

Hence for μ ≥ μ_0 we use the diagram (with k = μ^{d−1}2^μ) (s^{r1,Ω}_{p1,q1} a)^′_μ^S−−−→ S^{r1}_{p1,q1} A(Ω) id_1 id_2 (s^{r2,Ω}_{p2,q2} a^†)^′_μ^W←−−− S^{r2}_{p2,q2} A^†(Ω) (4.35) to get

e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω)) ≥ c k^{r2−r1} (log k)^{(d−1)(r1 −r2+ 1q}2^{− 1q}1^), k ≥ 2.

On the other hand, the diagram (and the choice k = 2^μ)

2^μ (_{r1− 1} p1 ) ℓ^{Bμ}p_1^S−−−→ S^{r1}_{p1,q1} A(Ω) id_1 id_2 2^μ (_{r2− 1} p2 ) ℓ^{Bμ}p_2^W←−−− S^{r2}_{p2,q2} A^†(Ω) (4.36)

gives e_k(id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω)) ≥ c k^{r2−r1} , k ≥ 2. Here B_μ = #(B^Ω_ν ) for some ν with |ν| = μ is chosen such that B_μ ≈ μ^{d−1}2^μ, μ ≥ μ_0. Step 5. The proof of (v) involves the same arguments as given in previous Steps and Theorem 3.19.

Remark 4.12. Theorem 4.11 describes in detail the entropy numbers of

id : S^{r1}_{p1,q1} A(Ω) → S^{r2}_{p2,q2} A^†(Ω)

if A = A^†. In this case it gives (up to the (log k)^ϵ-gap) the final answer. Let us look a bit closer on the situation where A = B and A^† = F . The estimate from below is covered by (4.30). If q_1 ≤ p_1 we may use the embeddings

S^{r1}_{p1,q1} B(Ω) → S^{r1}_{p1,q1} F (Ω) → S^{r2}_{p2,q2} F (Ω) (4.37)

to overtake the results obtained for F → F embedding also to B → F . If q_2 ≤ p_2, we replace (4.37) by S^{r1}_{p1,q1} B(Ω) → S^{r2}_{p2,q2} B(Ω) → S^{r2}_{p2,q2} F (Ω). (4.38) But if p_1 < q_1 and p_2 < q_2 (and, for simplicity, p_1 ≤ p_2), no trivial embedding would help. In that case we get (4.31) only for

r_1 − r_2 − ( 1 p_1 − 1 p_2 ) > 1 p_2 − 1 q_2 . In the case of A = F and A^† = B the situation is similar. We may get (4.31) whenever (4.37) is compact and p_1 ≤ q_1 or p_2 ≤ q_2. If q_1 < p_1, q_2 < p_2 and p_1 ≤ p_2, we get the same result only for r_1 − r_2 − ( 1 p_1 − 1 p_2 ) > 1 q_1 − 1 p_1 . 4.6 Comparison with known results

As the function spaces with dominating mixed smoothness have been studied systematically by many authors, there are also many important results on the estimates of the decay of entropy numbers available in the literature. Here, we compare our results supplied by decomposition techniques with those ones obtained by Belinsky [4], Temlyakov [30] and Dinh Dung [8].

Unfortunately, the classes of functions studied by them differ slightly from the scales S^r_{p,q}B(Ω) and S^r_{p,q}F (Ω). Let us sketch briefly their setting. They consider 1-periodic functions of d real variables. Hence, their domain Ω is fixed Ω = [0, 1)^d. Belinsky considered four main scales of spaces with dominating mixed smoothness, W^r_p , H^r_p on the one hand and L_p, B^0_{∞,1} on the other hand.

As far as 1 < p < ∞, the space L_p of periodic functions is a direct counterpart of S^0_{p,2}F (Ω). Similarly, B^0_{∞,1} is called S^0_{∞,1}B(Ω) in our terminology. The spaces W^r_p defined by Belinsky by the means of Weyl derivatives represent for 1 < p < ∞ the Sobolev spaces of dominating mixed smoothness S^r_{p,2}F (Ω) and, finally, the spaces H^r_p are sometimes called Nikol’skij spaces and have their counterpart in S^r_{p,∞}B(Ω). To simplify the comparison of our results with those one of Belinsky, we denote the spaces W^r_p , H^r_p , L_p and B^0_{∞,1} by ~S^r_{p,2}F, ~S^r_{p,∞}B, ~S^0_{p,2}F and ~S^0_{∞,1}B. We now quote four results of Belinsky and compare them with corresponding analogy obtained by our method earlier. We set the smoothness involved to be (as in our case) r = (r, . . . , r) ∈ R^d although the results are presented in a bit greater generality in [4].

Theorem 4.13. (i) Let r > 1/p − 1/q, and 1 < p ≤ q < ∞. Then e_k(id : ~S^r_{p,2}F → ~S^0_{q,2}F ) ≈ (logd−1 k k )_r . (4.39)

(ii) Let r > 1/p − 1/q, and 1 < p ≤ q < ∞. Then e_k(id : ~S^r_{p,∞}B → ~S^0_{q,2}F ) ≈ (logd−1 k k )_r log^{d−12} k. (4.40)

(iii) Let r > 1/2. Then e_k(id : ~S^r_{2,2}F → ~S^0_{∞,1}B) ≈ (logd−1 k k )_r log^{d−12} k. (4.41)

(iv) Let r > 1/2. Then e_k(id : ~S^r_{2,∞}B → ~S^0_{∞,1}B) ≈ (logd−1 k k )_r log^{d−1} k. (4.42)

Remark 4.14. We point out that according to Theorem 3.17, all the bounds for r in Theorem 4.13 are optimal. Due to Theorem 4.11, we achieved the same results as in (i), (iii) and (iv). The embedding appearing in (4.40) corresponds to id : S^r_{p,∞}B(Ω) → S^0_{q,2}F (Ω) in our setting. In this case, we get for r − (1 p − 1 q ) > V_1(p, ∞, q, 2) = 1 q − 1 max(q, 2) by Theorem 4.11 e_k(id) ≤ c k^{−r}(log k)^{(d−1)(r+ 12 )}, k ≥ 2.

So, for q ≥ 2, our result is optimal for all possible r, but for q < 2 we get the optimal result only for r >^1_p −^1_2 >^1_p −^1_q .

In [30], Temlyakov obtained other important results on entropy numbers of embeddings of spaces with dominating mixed smoothness. Using our notation, they maybe summarised as follows.

Theorem 4.15. (i) Let r > 1. Then

e_k(id : S^r_{1,∞}B → S^0_{∞,2}B) ≤ c k^{−r}(log k)^{(d−1)(r+ 12 )}. (4.43) (ii) Let r > 0. Then

e_k(id : S^r_{∞,∞}B → L_1) ≥ c k^{−r}(log k)^{(d−1)(r+ 12 )}. (4.44) (iii) Let r > 1 and 1 < p, q < ∞. Then e_k(id : S^r_{q,2}F → S^0_{p,2}F ) ≤ c k^{−r}(log k)^{(d−1)r} . (4.45) (iv) Let r > 0 and 1 < q < ∞. Then e_k(id : S^r_{q,2}F → L_1) ≥ c k^{−r}(log k)^{(d−1)r}. (4.46) Remark 4.16. We discuss briefly these results. We point out, that the bound for r is always optimal up to the case (iii). Namely, the embedding in (4.45) is compact if and only if r > (^1_q −^1_p )_+. The inequalities (4.43) and (4.45) are completely covered by Theorem 4.11. But as for (4.44) and (4.46), these results are of a different nature. Namely, they deal with the space L_1(Ω). This space does not fit into our scales S^r_{p,q}A(Ω). All the known decomposition techniques fail to give some decomposition of this space and, therefore, no reduction to the sequence space level is possible. The same holds for embeddings to other spaces of this kind, especially L_∞(Ω).

Finally, we discuss the results obtained by Dinh Dung in [8]. Theorem 4.17. Let 1 < p_1, p_2 < ∞, 0 < q ≤ ∞ and r > 0. Then we have (i) for either r >^1_{p1} and q ≥ p_1 or r > (^1_{p1} −^1_{p2} )_+ and q ≥ min(p_2, 2)

e_k(id : S^r_{p1,q}B → S^0_{p2,2}F ) ≈ k^{−r}(log k)^{(d−1)(r+ 12 − 1q )}, (4.47) (ii) and for r > (^1_{p1} −^1_{p2} )_+

e_k(id : S^r_{p1,2}F → S^0_{p2,2}F ) ≈ k^{−r}(log k)^{(d−1)r}. (4.48)

The embedding (4.48) is (for p_1 ≤ p_2) covered by (4.39) and for general p_1 and p_2 by (4.30) and (4.31). We therefore concentrate on (4.47). In [9], Dinh Dung comments that the conditions on r and q in Theorem 4.17 ensure the positivity of the power of logarithm in (4.47). In view of our general estimate (4.30), this should really be so. But unfortunately, the conditions given in Theorem 4.17 do not ensure that r +^1_2 −^1_q > 0. To see that, set p_1 = p_2 < q < 2 and 0 < r <^1_q −^1_2 . A closer inspection of the proof of Theorem 2 in [8] shows that in the case r > (^1_{p1} −^1_{p2} )_+ and q ≥ min(p_2, 2) Dinh Dung proves actually a bit weaker result, namely

e_k(id : S^r_{p1,q}B → S^0_{p2,2}F ) ≤ c k^{−r}(log k)^{(d−1)(r+ 1min(p}2^{,2) − 1q )}, k ≥ 2. (4.49)

In this result, the power of logarithm is always positive and, therefore, no contradiction with (4.30) occurs. We point out, that our results covers and improves (4.49) as far as the set of parameters is concerned.

We start with p_1 ≤ p_2. By Remark 4.12, we get (4.47) for all r >^1_{p1} −^1_{p2} with r >^1_q −^1_2 if q ≤ p_1 or 2 ≤ p_2. Moreover, for r ≤^1_q −^1_2 we get (4.30) and analogy of (4.32). Finally, if r >^1_{p1} −^1_2 we get (4.47) even if q > p_1 and 2 > p_2. Similar discussion may be done for p_1 > p_2.

Next we present some special cases of Theorem 4.11 which were not discussed separately yet, but which may be of some interest on its own. Theorem 4.18. Let r = (r, . . . , r) ∈ R^d . (i) The embedding id : S^r_{1,1}B(Ω) → S^0_{∞,∞}B(Ω) is compact if and only if r > 1 and in that case e_k(id) ≈ k^{−r}(log k)^{(d−1)(r−1)}, k ≥ 2. (ii) The embedding id : S^r_{∞,1}B(Ω) → S^0_{∞,∞}B(Ω) is compact if and only if r > 0. If r > 1 e_k(id) ≈ k^{−r}(log k)^{(d−1)(r−1)}, k ≥ 2, and for 0 < r ≤ 1 and every ϵ > 0 there are constants c and c_ϵ such that c k^{−r} ≤ e_k(id) ≤ c_ϵk^{−r}(log k)^ϵ, k ≥ 2. (iii) Let 0 < p ≤ q < ∞. The embedding id : S^r_{p,2}F (Ω) → S^0_{q,∞}B(Ω) is compact if and only if r >^1_p −^1_q . If in this case r >^1_2 then

e_k(id) ≈ k^{−r}(log k)^{(d−1)(r− 12 )}, k ≥ 2, and for^1_p −^1_q < r ≤^1_2 and every ϵ > 0 there are constants c and c_ϵ such that c k^{−r} ≤ e_k(id) ≤ c_ϵk^{−r}(log k)^ϵ, k ≥ 2. Proof. The proof follows from Theorem 4.11 and Remark 4.12.

References

[1] Amanov, T. I., Spaces of Differentiable Functions with Dominating Mixed Derivatives. (Russian), Alma-Ata, Nauka Kaz. SSR 1976.

[2] Bagby, R. J., An extended inequality for the maximal function, Proc. Amer. Math.

Soc. 48 (1975), 419-422.

[3] Bazarkhanov, D. B., Characterizations of the Nikol’skii-Besov and Lizorkin-Triebel Function Spaces of Mixed Smoothness, Proceedings of Steklov Institute of Mathematics 243 (2003), 53-65.

[4] Belinsky, E. S., Estimates of entropy numbers and Gaussian measures for classes of functions with bounded mixed derivative, J. Approx. Theory 93 (1998), 114-127.

[5] Bergh, J. and Löfström, J., Interpolation spaces. An Introduction, Springer Verlag, 1976.

[6] Carl, B., Entropy numbers, s-numbers, and eigenvalue problems, J. Funct. Anal. 41 (1981), 290-306.

[7] Carl, B. and Triebel, H., Inequalities between eigenvalues, entropy numbers and related quantities of compact operators in Banach spaces, Math. Ann. 251 (1980), 129-133.

[8] Dinh Dung, Non-linear approximations using sets of finite cardinality or finite pseudodimension, J. Complexity 17 (2001), 467-492.

[9] Dinh Dung, Asymptotic orders of optimal non-linear approximations, East J. Approx.

7 (2001), 55-76.

[10] Edmunds, D. and Triebel, H., Function Spaces, Entropy Numbers, Differential Operators, Cambridge University Press, 1996.

[11] Fefferman, C. and Stein, E. M., Some maximal inequalities, Amer. J. Math. 93 (1971), 107-115.

[12] Frazier, M. and Jawerth, B., Decomposition of Besov spaces, Indiana Univ. Math. J.

34 (1985), 777-799.

[13] Frazier, M. and Jawerth, B., A discrete transform and decomposition of distribution spaces, J. Funct. Anal. 93 (1990), 34-170.

[14] Hedberg, L. I. and Netrusov, Y. V., An axiomatic approach to function spaces and spectral synthesis, Proceedings of the Spring School Function Spaces and Applications, Paseky nad Jizerou, 2003

[15] Hochmuth, R., A φ-Transform Result for Spaces with Dominating Mixed Smoothness Properties, Result. Math. 33 (1998), 106-119.

[16] Kreĭn, S. G., Petunin, Ju. I. and Semenov, E. M., Interpolation of Linear Operators, American Mathematical Society, Translation of Mathematical Monographs, Volume 54. [17] Kühn, T., A lower estimate for entropy numbers, J. Appr. Th. 110 (2001), 120-124.

[18] Kühn, T., Leopold, H.-G., Sickel, W. and Skrzypczak, L., Entropy numbers of embeddings of weighted Besov spaces, sent to Constr. Approx.

[19] Lukeš, J and Malý, J., Measure and Integral, MatFyzPress, Praha, 1994.

[20] Mendez, O. and Mitrea, M., The Banach envelopes of Besov and Triebel–Lizorkin spaces and applications to partial differential equations, J. Four. Anal. and Appl., 6(5), 2000, 503-531.

[21] Nikol’skij, S. M., On boundary properties of differentiable functions of several variables, (Russian) Dokl. Akad. Nauk SSSR 146 (1962), 542-545.

[22] Nikol’skij, S. M., On stable boundary values of differentiable functions of several variables, (Russian) Mat. Sb. 61 (1963), 224-252.

[23] Peetre, J., On spaces of Triebel-Lizorkin type, Ark. Mat. 13 (1975), 123-130. [24] Rodríguez Fernández, M. C., Über die Spur von Funktionen mit dominierenden gemischten Glattheitseigenschaften auf der Diagonale, PhD-thesis, Jena, 1997.

[25] Rychkov, V. S., On a Theorem of Bui, Paluszyński, and Taibleson, Proceedings of Steklov Institute of Mathematics 227 (1999), 280-292.

[26] Schmeisser, H.-J. and Triebel, H., Topics in Fourier analysis and function spaces, Chister, Wiley, 1987.

[27] Schütt, C., Entropy numbers of diagonal operators between symmetric Banach spaces, J. Approx. Theory 40(1984), 121-128.

[28] Stein, E. M., Weiss, G., Introduciton to Fourier Analysis on Euclidean Spaces, Princeton Univ. Press, Princeton, 1971.

[29] Stöckert, B., Ungleichungen vom Plancherel-Polya-Nikol’skij-Typ in gewichteten L^Ω_p - Räumen mit gemischten Normen, Math. Nachr. 86 (1978), 19-32.

[30] Temlyakov, V., The estimates of asymptotic characteristics on functional classes with bounded mixed derivative or difference, Trudy Math. Inst. Steklov, 189 (1989), 138-167 (Russian); English translation in Proc. Steklov Inst. Math., 12 (1992).

[31] Triebel, H., Interpolation Theory, Function Spaces, Differential Operators, North- Holland, Amsterdam, 1978 [32] Triebel, H., Theory of function spaces, Basel, Birkhäuser, 1983. [33] Triebel, H., Theory of function spaces II, Basel, Birkhäuser, 1992. [34] Triebel, H., Fractals and Spectra, Basel, Birkhäuser, 1997. [35] Triebel, H., The Structure of Functions, Basel, Birkhäuser, 2001. [36] Triebel, H., Towards a Gausslet Analysis: Gaussian representations of functions, in:

Function Spaces. Interpolation Theory and Related Topics (Lund, 2002) de Gruyter, Berlin, 2002, 425-449 [37] Triebel, H., Wavelet frames for distributions; local and pointwise regularity, Stud.

Math. 154 (2003), 59-88.

[38] Triebel, H., A note on wavelet bases in function spaces, Orlicz Centenary Vol., Banach Center Publ. 64 (2004), 193-206.

[39] Uninskij, A. P., Embedding theorems for a class of functions with mixed norm.

(Russian) Dokl. Akad. Nauk SSSR 166 (1966), 806-808.