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Abstract

We introduce the concept of average best m-term approximation widths
with respect to a probability measure on the unit ball of /. We estimate
these quantities for the embedding id : £;; — £ with 0 < p < ¢ < oo for the
normalized cone and surface measure. Furthermore, we consider certain tensor
product weights and show that a typical vector with respect to such a measure
exhibits a strong compressible (i.e. nearly sparse) structure. This measure may
be therefore used as a random model for sparse signals.
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1 Introduction

1.1 Best m-term approximation

Let m € No and let X, be the set of all sequences x = {z;}72, with

lz|lo ;== #supp = #{n € N: z, # 0} < m.

Here stands #A for the number of elements of a set A. The elements of X, are
said to be m-sparse. Observe, that ¥, is a non-linear subset of every ¢, := {z =
{25372, ¢ [[zllg < oo}, where

1/q
(Z;";l ]xj]q> , 0<q< oo,

supjey |/, q = o0.

[2lq =

For every x € {,, we define its best m-term approzimation error by

on(e)y = inf o=yl
m
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Moreover for 0 < p < g < 0o, we introduce the best m-term approximation widths

o= sup op(x)g.
x|z, <1

The use of this concept goes back to Schmidt [31] and after the work of Oskolkov
[27], it was widely used in the approximation theory, cf. [12, 14, 32]. In fact, it is
the main prototype of nonlinear approximation [13]. It is well known, that

2P (m 4+ DYVITYP < gDt < (m 4 1)V =0,1,2, ... (1)

The proof of (1) is based on the simple fact, that (roughly speaking) the best m-term
approximation error of x € ¢, is realized by subtracting the m largest coefficients
taken in absolute value. Hence,

1/q
<Z?Om+1(x;f)q> , 0<gq < oo,

om()g =
L1 = SUDj>pp1 T5, q = 00,
where z* = (z7,3,...) denotes the so-called non-increasing rearrangement [4] of
the vector (|z1], |z2|, |x3],...).

Let us recall the proof of (1) in the simplest case, namely ¢ = co. The estimate
from above then follows by

m+1 1/p
Om(T)oo = SUD &5 =l < (<m +1)7 Z(w}f)p> < (m+ 1) all, (2)
j=zm+1 j=1
The lower estimate is supplied by taking
m+1
x=(m+1)"1/P Z e, (3)
j=1

where {e;}72, are the canonical unit vectors.

For general ¢, the estimate from above in (1) may be obtained from (2) and
Hoélder’s inequality
1—0 1 6

s, Where —=-—. 4
. (4)

0
lzllq < llllp - [l| .

The estimate from below follows for all ¢’s by simple modification of (3).
The discussion above exhibits two effects.

(i) Best m-term approximation works particularly well, when 1/p — 1/q is large,
ie. if p<1and ¢ = .

(ii) The elements used in the estimate from below (and hence the elements, where
the best m-term approximation performs at worse) enjoy a very special struc-
ture.

Therefore, there is a reasonable hope, that the best m-term approximation could
behave better, when considered in a certain average case. But first we point out two
different interesting points of view on the subject.



1.2 Connection to compressed sensing

The interest in £, spaces (and especially in their finite-dimensional counterparts £;)
with 0 < p < 1 was recently stimulated by the impressive success of the novel and
vastly growing area of compressed sensing as introduced by [6, 8, 9, 15]. Without
going much into the details, we only note, that the techniques of compressed sensing
allow to reconstruct a vector from an incomplete set of measurements utilizing the
prior knowledge, that it is sparse, i.e. ||x|o is small. Furthermore, this approach
may be applied [11] also to vectors, which are compressible, i.e. ||z||, is small for
(preferably small) 0 < p < 1. Indeed, (1) tells us, that such a vector x may be very
well approximated by sparse vectors. We point to [7, 17, 18, 29] for the current state
of the art of this field and for further references.

This leads in a very natural way to a question, which stands in the background
of this paper, namely:

How does a typical vector of the £, unit ball look like?
or, posed in an exact way:

Let v be a probability measure on the unit ball of £j;. What is the mean value of
om(x)q with respect to this measure?

Of course, the choice of p plays a crucial role. There are several standard proba-
bility measures, which are connected to the unit ball of £ in a natural way, namely
(cf. Definitions 2 and 10)

(i) the normalized Lebesgue measure,

(ii) the n —1 dimensional Hausdorff measure restricted to the surface of the unit
ball of £} and correspondingly normalized,

(iii) the so-called normalized cone measure.

Unfortunately, it turns out, that all these three measures are “bad” — a typical
vector with respect to any of them does not involve much structure and corresponds
rather to noise then signal (in the sense described in the next section). Therefore,
we are looking for a new type of measures (cf. Definition 14), which would behave
better from this point of view.

1.3 Random models of noise and signals

Random vectors play an important role in the area of signal processing. For example,
if n € N is a natural number, w = (w1, ...,wy,) is a vector of independent Gaussian
variables and € > 0 is a real number, then cw is a classical model of noise, namely
the white noise. This model is used in the theory but also in the real life applications
of signal processing.

The random generation of a structured signal seems to be a more complicated
task. Probably the most common random model to generate sparse vectors, cf.
[5, 10, 20, 28], is the so-called Bernoulli-Gaussian model. Let again n € N be a



natural number and € > 0 be a real number. Also w = (wy,...,wy) stands for a
vector of independent Gaussian variables. Furthermore, let 0 < p < 1 be a real
number and let ¢ = (01,...,0,) be a vector of independent Bernoulli variables
defined as

~_J 1, with probability p,
%= 0, with probability 1 —p

The random Bernoulli-Gaussian vector x is then defined through
T =¢c0; wi, 1=1,...,n. (5)

Obviously, the average number of non-zero components of x is k := pn. Unfortu-
nately, if k is much smaller than n, then the concentration of the number of non-zero
components of x around k is not very strong. This becomes better, if k£ gets larger.
But in that case, the model (5) resembles more and more the model of white noise.
In some sense, (5) represents rather a randomly filtered white noise then a structured
signal. It is one of the main aims of this paper to find a new measure, such that a
random vector with respect to this measure would show a nearly sparse structure
without the need of random filtering.

1.4 Unit sphere

Let us describe the situation in the most prominent case, when p =2, m =0 and u
is the normalized surface measure on the unit sphere S*~! of /%. Furthermore, we
denote by v, the standard Gaussian measure on R™ with the density

1
(ZW)H/ze—nzn%ﬂ, 2 € R"

We use polar coordinates to calculate

1 2
|d - ~llz13/24

= n/2/ r’T 1/Sn 1]maX |ra;le” Irl13 22du(x) dr

:( )n/2/0 e 2y /S max |z;|du(r) (6)

n—1j=1,...,n

Qn > n,—r2/2
= (271)"/2/0 r"e /dr-/gn1 00(T)oodp (),

where €2, denotes the area of S®!. This formula connects the expected value of
00(%) 0o with the expected value of maximum of n independent Gaussian variables.
Using that this quantity is known to be equivalent to y/log(n + 1), cf. [23, (3.14)],

/oo Tnefr2/2dr _ 2(n71)/2r((n + 1)/2) and Q. — an
0 " T(n/2)
one obtains
log(n +1
/S » 00(%)sodu(x) ~ log(n + 1) - ), n € N. (7)

Several comments on (6) and (7) are necessary.



(i) There is a direct connection between the estimated value of a maximum of
independent Gaussian variables and the estimated value of the largest coordi-
nate of a random vector on S"~!. Due to the result of [30], this holds true also
for other values of p, even for p < 1. We hope, that this comment justifies the
extensive use of (modified) Gaussian variables throughout the paper.

(ii) Obviously, the average size of the coordinate of any z € S"~! is 1/\/n. The
formula (7) says, that the average size of the largest coordinate is only slightly
larger, namely in the logarithmic order. Intuitively, this means that many
of the coordinates are typically of the same order, namely 1//n. This (and
other similar aspects of the geometry of S*~!) is well known under the name
concentration of measure phenomena [22].

(iii) The calculation (6) is based on the use of polar coordinates. For p # 2, the
normalized cone measure is exactly that measure, for which a similar formula
holds, cf. (12). The estimates for n — 1 dimensional surface measure are later
obtained using its density with respect to the cone measure, cf. Lemma 11.

(iv) As we want to keep the paper self-contained as much as possible and to make
it readable also for readers without (almost) any stochastic background, we
prefer to use simple and direct techniques. For example we use rather the
simple estimates in Lemma 5, than any of their sophisticated improvements
available in literature.

(v) The connection to random Gaussian variables explains, why a random point
of S"~1 is sometimes referred to as white (or Gaussian) noise. It is usually not
associated with any reasonable (i.e. structured) signal, rather it represents a
good model for random noise.

Surprisingly enough, (7) has its direct counterpart for all 0 < p < oo if u is the
normalized cone measure in £, cf. Theorem 7. This means (as described above),
that the coordinates of a “typical” element of the surface of the £ unit ball are well

concentrated around the value n~'/?. So, roughly speaking, it is only {p-normalized
noise.

Therefore, we are looking for a new measure, which would “promote sparsity” in
the sense, that the mean value of o,,,(x), decays rapidly with m. Intuitively, a good
candidate for this could be the normalized n — 1 dimensional Hausdorff measure on
the sphere of the unit ball of £). It gives namely a bigger weight to those areas,
where one (or more) of the components of x are approaching zero. This effect is
mathematically described in Lemma 11. Unfortunately, it turns out (as shown in
Theorem 13), that this does not effect essentially the results.

The search for a measure promoting sparsity is then finished in Definition 14 by
introducing a new class of measures ¢, 3. We show, that for an appropriate choice of
B, namely 3 = p/n—1, the estimated value of the m-th largest coefficient of elements
of the £;-unit sphere decays exponentially with m. Furthermore, these results are
in a certain way independent of n. This gives a hope, that one could apply this
approach also to the infinite-dimensional spaces ¢, or, using a suitable discretization



technique (like wavelet decomposition), also to some function spaces. This remains
a subject of our further research.

The paper is structured as follows. The rest of Section 1 contains the definition
of the concept of average best m-term width. Sections 2 and 3 provide estimates of
this quantity with respect to the cone and surface measure, respectively. In Section
4, we study a new type of measures on the unit ball of £;. We show, that the
typical element with respect to those measures behaves in a completely different
way compared to the situations discussed before. Those results are illustrated by
the numerical experiments described in Section 5.

1.5 Notation

We denote by R the set of real numbers, by Ry := [0,00) the set of nonnegative
real numbers and by R"™ and R’} their n-fold tensor products. The components of
x € R™ are denoted by x1,...,x,. The symbol A stands for the Lebesgue measure
on R™ and H for the n — 1 dimensional Hausdorff measure in R”. If A C R™ and
I C R is an interval, we write [ - A:={tx : t € I,x € A}.

We shall use very often the Gamma function, defined by

I'(s) :_/ tte7tdt, s> 0. (8)
0

In one case, we shall use also the Beta function

! r
B(p,q) = / P 1 — 1)1 dt =
0

and the digamma function

U(s) := %logf(s) = %, 5> 0.

We recommend [1, Chapter 6] as a standard reference for both basic and more
advanced properties of these functions. We shall need the Stirling’s approximation
formula (which was implicitly used already in (7)) in its most simple form

r(x):\/g(f)x <1+0<%>), z >0, (10)

If a = {a;}52, and b = {b;}32, are real sequences, then a; < b; means, that
there is a constant ¢ > 0, such that a; < cb; for all j =1,2,.... Similar convention
is used for a; 2 b; and a; ~ b;.

We may easily observe, that

om(Z1,.. . 2n))g = om((e121, ..., enyn))qg = om((|21], .-, |Zn]))q

holds for every x € R™ and ¢ € {—1,+1}". Also all the measures, which we shall
consider, are invariant under any of the mappings

(X1, oymp) = (€121, ..., EnTy), €€ {—1,+1}"

This explains, why we restrict our attention only to R’} in the following definition.



Definition 1. Let 0 < p < g <ocoand let n > 2 and 0 < m < n — 1 be natural
numbers.

(i) We set

Ap =

{{(tl,...,tn)eR"-Z] 2= 1}, p < o0,

{(t1,...,ty) € R} :maxj—;  ,t; =1}, p = o0.

(ii) Let u be a Borel probability measure on Ap. Then
(0) = [ om(@)ydu(o)
P

is called average surface best m-term width of id : £ — £y with respect to fu.

(iii) Let v be a Borel probability measure on [0, 1] - A7. Then

o7 (1) = / O (1))
[0,1]-A7

is called average volume best m-term width of id : £;; — £y with respect to v.
Remark 1. (i) Let us observe, that the estimates

obd(p) <ob? and ob(v) < ob?

follow trivially by Definition 1.

(ii) The mapping z — o0,,(z), is continuous and, therefore, measurable with re-
spect to the Borel measure p.

2 Normalized cone measure

In this section, we shall give estimates of average best m-term widths with respect
to the so-called cone measure, which is well studied in the literature within the
geometry of £ spaces, cf. [26, 2, 25, 3].

Definition 2. Let 0 < p < oo and n > 2. Then

A([0,1] - A) n
pp(A) = N0,1]- A7) ACA)

is the normalized cone measure on Aj.
If v, denotes the p-normalized Lebesgue measure, i.e.

A(4)

ACRY,



then the connection between v, and p, is given by

vo(A) = n/ooo rn—lﬂp<{x €A ol = T})dr, (11)

r

The proof of (11) follows directly for sets of the type [a,b]-.A with 0 < a < b < oo and
A C A} and is then finished by standard approximation arguments. The formula
(11) may be generalized to the so-called polar decomposition identity, cf. [2],

f(x)dA(z)
RY

_t+t ____  —n Oo,rnfl ra 2)dr
A0, 1] - Ay /0 A;?f( )dpip(z)dr, (12)

which holds for every f € Ly(R").

The formula (12) allows to transfer immediately the results for the average sur-
face best m-term approximation with respect to i, to the average volume approxi-
mation with respect to v,.

Proposition 3. The identity

n
n—+1

ot (vp) = o (pp) -
holds for all0 <p<g<oo,alln>2and all0<m<n-—1.

Proof. We plug the function

flz) = Um(x)q ) X[O,l}-A"(x)

P

into (12) and obtain

/[0 1y )
A([0,1] - Am) = /[071].% Om (@)qdvp ()

1 1
= n/ rnt / om (1) gdpy(x)dr = n/ rdr - ob(pp),
0 n 0

which gives the result. O

Remark 2. Proposition 3 shows, that the difference between approximation with
respect to p, and v, is immaterial - i.e. of the order 1/n. This justifies our interest
in measures on AJ.

Let p = 2 and let wy,...,w, be independent normally distributed Gaussian
random variables. Then

op(A) = pp(A) = P(% € A), AcC A
j=1%;



As noted in [30], this relation may be generalized to all values of p with 0 < p < co.
Let wiq,...,w, be independent random variables on R each with density

with respect to the Lebesgue measure, where ¢, =
Then, cf. [30, Lemma 1],

P _ 1
r(/p) — I'(1/p+1)”

pip(A) = P(W € A) AcC AR (13)
J J

We shall fix wy, .. .,w, to the end of this paper. Also the symbols E and P are always
taken with respect to these variables.

2.1 The case ¢ = ¢

In this section we deal with uniform approximation, i.e. with the case ¢ = oo

Lemma 4. Let 0 < p < oo and let n > 2 and 1 < m < n be natural numbers. Then

. I'(n/p) « . Eaj
d = Rt
/A xm ,up(x) F(n/p 4 1/p) xm nl/P )

P
with constants of equivalence independent of m and n.

Proof. We put f(z) = xfne_xf_"'_xﬁ and use the polar decomposition identity (12)

* x —T
/ Z,,€ "d)\
n
+

N0,1]- A ‘”/ - 1/ rm ) e ) () dr

:n/ e rpdr/ zy, dpy ()
0 AR

P

or, equivalently,

/ :cine_wf_"'_mﬁd)\(x)

Rn

d = B .
/An Tmdity () A[0,1] - AR) - [F rme T dr

P

The identity

9

/ TTle—Tpd,r — M
0 p

follows by a simple substitution. Furthermore, we shall need the classical formula
of Dirichlet for the volume of the unit ball By of £}, cf. [16, p. 157],

ABe)  T(/p+1)"
2" T(n/p+1)°

A([0,1] - AD) =



This allows us to reformulate (14) as

I'(n/p+1)Ex, _ I'(n/p)Ea,
cp-n/p-T(n/p+1/p)L(1/p+1)"  T(n/p+1/p)

ICCCE
An

P

Finally, we use Stirling’s formula (10) to estimate

~ 1,

nl/p. F(n/p) nl/p(n/p)n/p—1/2 n n/p+1/p—1/2
T(n/p+1/p)  (n/p+ 1/p)n/p+1/p=1/2 " (n + 1)

where the used constants of equivalence do not depend on n, but may depend on
D O

Lemma 5. Let « € R and § > 0. Then

o 1, if a<0,
/ u®e Udu < §% 0 - 1——104/6’ if a>0 and § <1,
J
(%)a- lf‘é?a, if a>0 and §>1.

Proof. If a < 0, we may estimate

/ u®e du < 50‘/ e Udu = §%°,
4 4

If 0 < a < 1, we use partial integration and obtain

o0 o0
/ ute Mdu = 6% 0 + a/ u e du < 6% (1 + ad ).
é é

This is smaller than

2
A _soed. 1
e (1—|—5+52+...)—5e T
if /6 < 1 and smaller than
ag-6@q, 8 & 5o 1
0%e 5(1+a+a2+...)—56 5 1= 0/a

if /6 > 1.
If k—1 < a<kfor some k € N, we iterate the partial integration and arrive at

/ ue Udu < 6% °(14+ad t+ala—1)82+ - +afa—1)...(a—k+1)07%)
6

o — a o ok
< 5% 6(1+g+5—2+"'+5—k)
— . if a/d<1,
<g§%? { 1;%(11 1 .
(3) 175/01’ lf Oé/5> 1.

10



Lemma 6. Let 0 < p < oo and let 1 <m <n. Then
N en
Ez;, S logl/p(g).
Proof. We estimate

Bzt — / Pl > t)dt — 5+/ Pk, > t)dt
0 1

S(S—F(Z)/ Plw > t,we > t, ... wy > t)dt (15)
4

. <7Z) /5 TP > Mt

The parameter § > max(1,3(1/p — 1))'/? is to be chosen later on. We substitute
v = u? and obtain

[e.e] p c [e.e]
Plw > t) = cp/ e du= —p/ v /P le T .
t D Jw

Using the first two estimates of Lemma 5 (recall that t? > ¢6? > max(1,3(1/p—1))),
we arrive at
P(w; > t) < Cpt' P

where C}, depends only on p. We plug this estimate into (15) and obtain

Exf, <6+ <”>c;n/ m=p)e=mt” gy (16)
m 1
If p > 1, then
/00 gm1=p) g=mt? gy < gm(1-p) /00 e~ qp < gm-p) /00 e U Py < o797,
é é moP

Altogether, we obtain
* n —moP
Ez;, <0+ <m>0;”e mow,
Using (") < (£2)™ and choosing 0 = ¢ ln(%)l/p finishes the proof.
If p < 1, we use again the second estimate of Lemma 5
o 1 o
/ ym(lp) gmmt? gy _ L (/o) (met) / (/=D (1) - gy,
é

mp moP

< 1 . 5(1=p)(m+1) ;—méP 1 o s(1=p)(m+1) ,—méP

) Ep <4
Using (16) and (') < (£2)™ again, we get
Ez] < 6 + exp(—md? + m1In(en/m) 4+ (1 — p)(m +1)Iné + mIn Cp, + Inc},)
< 0 + exp[—m(6P 4+ cln(en/m) + 2(1 — p)In )]
The choice § = ¢ In(£2)'/P with ¢/ large enough ensures, that

P 9P
5 > cln(en/m) and 5 >2(1—p)lné

and finishes the proof. O

11



Lemma 4 and Lemma 6 imply immediately the following theorem if p < co. If
p = 00, the proof is trivial.

Theorem 7. Let 0 < p < oo and letn > 2 and 0 < m < n — 1 be natural numbers.

Then
log (7)1
o (ip) S [7

n

Remark 3. (i) Theorem 7 may be interpreted in the sense of the discussion after
(7). Namely, the average coordinate of z € A7 is n~Y/P. Theorem 7 shows,
that the average value of the largest coordinate is only slightly larger (namely
c[In(en)]'/? times larger). In this sense, the average point of A} is only slightly
modified (and properly normalized) white noise.

(ii) Using the interpolation formula (4), one may immediately extend this result
to all 0 < p < g < oo. But we shall see later on, that in the case ¢ < oo, one
may prove slightly better estimates.

(iii) It is easy to see, that

p,00 : * _ - —1/p
g 1% > ll'lf r1 =n .
0 ( p) = 2;1 1

We shall show (at least in the case m = 0), that the logarithmic factor is
indispensable in Theorem 7. As far as we can tell, the exact behavior for
m > 0 is left open even for p = 2.

Proposition 8. Let 0 < p < oo andn > 2. Then

log(n + 1)} L/p

Jp,OO >
o (kp) 2 o
where the constant may depend on p but not on n.

Proof. 1f p = oo, then x] = 1 for all z € A} and the proof is trivial. Let us therefore
assume, that p < co. According to Lemma 4, we have to estimate E =] from below.
This was done in [30, Lemma 2]. We include a slightly different proof for readers
convenience. For every ¢y > 0, it holds

Ex*{ >ty ]P’(xf > tO) =1y ]P’(lrélaé( xj > to) > to[nIP’(xl > to) — (Z) P(.%’l > to)Q].
SJsn

We define ¢y by P(z1 > to) = L and obtain Ea} > t,/2.
From the simple estimate

(o ¢]
c_p/ ut/P ey > Cpeszp, T>1,
b Jrr

it follows, that there is an constant v, > 0, such that
P(z; > v,(log(n + 1)) > 1/n.

This gives to > 7, (log(n + 1))/? and Ea% > (log(n + 1))'/7. O

12



2.2 The case ¢ < 0

We discuss briefly also the case when ¢ < oco. It turns out, that in this case the
logarithmic term disappears.

Proposition 9. Letn > 2 and 0 < p < g < co. Then
(i) Ellz]lq = n'/9,
(ii)
E ||z
p,q — ~ q
) = [ lelladig(o) =0

P
(iii) 0§ (u) ~ nt/a=1/p
and all three statements hold with constants of equivalence independent of n.

Proof. (i) The following two inequalities may be easily proved by Hélder’s and
Minkowski inequality.

n 1/q n n
(Z(Ew) <E(Y 2" < (DB gz,
j=1 j=1 j=1
n n n 1/q
(ma) <B( < (SEey) L ast
j=1 j=1 j=1

This gives for g > 1
Ellall, < n'/*(E2?)/? and El|l, > n'/Ex,

and for ¢ <1
El|z|ly < n'/9Ex; and E|z|, > n'/9(Eaz?)"/.

Let us note, that the value of Ex; and (Ex?)l/ 7 does not depend on n, only on p
and q.
(ii) The proof of the second part resembles very much the proof of Lemma 4 and

is left to the reader.
(iii) The last point follows immediately from (i) and (ii). O

Remark 4. A similar statement to Proposition 9 is included in [30, Lemma 2, point

4].

3 Normalized surface measure

Definition 10. Let n > 2 be a natural number. We denote by

H(A)
H(Ag)’

op(A) = ACA)

the normalized n — 1 dimensional Hausdorfl measure on Ag.

13



Let us mention, that for p € {1,2,00} the measure g, coincides with s,,.

Lemma 11. Let 0 < p < oo andn > 2. Then g, is an absolutely continuous measure
with respect to p, and for p, almost every x € Ay it holds

V(- ) @), = ot (Z x)/

i=1

()

nA([0,1] - A7)
dpp )

H(AL

where

1s the normalizing constant.

Proof. The proof imitates the proof of [26, Lemma 1 and Lemma 2], where the
statement was proven for 1 < p < co. Hence, we may assume, that 0 < p < 1. First,
we introduce some notation.

We fix = (21,...,2,) € A}, such that

e the mapping y — ||y||, is differentiable at x,

e z is a density point of H, i.e.

. H(B(z,e) N A})
Jy, =y a7

where V,,_1 denotes the Lebesgue volume of the n — 1 dimensional Euclidean
unit ball.

e z;>0foralli=1,...,n.

Obviously, gp-almost every x € A} satisfies all the three properties (we refer for
example to [24, Theorem 16.2] for the second one).
Furthermore, we put z := V(|| - ||)(«). This means, that

|z +yllp =1+ (2,9) +r(y), (18)

where

0(9) := sup{%ﬁ < |lyll2 §5}, >0

tends to zero if § tends to zero. Using (18) for y = dz, one observes, that (z,z) = 1.
We denote by H = = + 2 the tangent hyperplane to A} at x. Let us note, that
for 0 < p < 1 the set R} \ [0,1) - A7 = [1,00) - A} is convex. Next, we show, that
(z,y) > 1 for every y € [1,00) - A} Indeed,

L<lz+ Ay —2)llp =1+ (2, Ay —2)) + r(A(y — )
=1-A+Xz,y) +r(Ay — 2))

Dividing by A > 0 and letting A — 0 gives the statement.
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The proof of the lemma is based on the following two inclusions, namely
0,1] (B(x, e(1—6(e))) N H) c[0,1]- (B(x, )N Ag) (19)
and
0.1]- (Blz.e) N A3) € [0,1+26()] - (Bl e(1 +0(e) |all2)) N H),  (20)

which hold for all € > 0 small enough.
First, we prove (19). To given 0 < s <1 and v € B(x,e(1 — 6(g)) N H we need
to find 0 <t <1 and w € B(x,e) N A}, such that sv = tw. To do this, we set

wi=—— € AP and  t = s|v|p.
llollp

We need to show, that t <1 and ||z — wl[s <e.
We choose 0 < € < min; ;. Then
i <|z; — vl +v <z vl v <etuy

for every i = 1,...,n, which implies, that v; > 0 and v € R’}. From v € H and
v € R} we deduce, that |[v||, < 1. Hence t = sl|jv||, < |lv][, < 1.
Next, we write

ol [, =tz = oo+ |l
p

<e(l=0(e) + vz

R

Tk

#< c(1-0() +1— |lvll,

(
e(1—-0@E)+1-{1+w—az,2)+r(v—2)}
e(l—-0(e) +r(v—2a) <e.

Next, we prove (20). We need to find to given 0 <t <1 and w € B(z,¢) N A}
some 0 < s <14 ¢ef(e) and v € B(z,e(1 + 6(¢e)||z||2)) N H, such that tw = sv. We
put

s:=t{w,z) and v:= de
Let us recall, that we have shown above, that w € A} implies that (w, z) > 1.

Of course, tw = sv and v € H (as (v,z) = 1). Hence, it remains to show, that
s<14eb(e) and ||Jv — z||2 < (1 + 0(e)||z]2).

The application of (18) gives

L= Jwlly = [l + (w—2)[, =14+ (w —2,2) + r(w - x),
which again forces (w, z) <14 ef(g). Then s = t{w, z) < (w,z) <1+ eb(e).

Finally, we write

|w—ﬂb—H " ” B >m+H@z>_4L
(w, z> 1
(w, 2)

w x
ﬁ__JB < e +eb(e)lz(a-

15



Equipped with (19) and (20), we may finish the proof of the lemma. We write

i op(B(z,6) N A}) o H(B(x,e) NAY) ' ey ' A([0,1] - AD)
B (B ndy) s H@Ap e W MO [B@e) A
YR W

(21)

H(AR) =20 A(0,1] - [B(z,e) N AZ])’

where we have used (17). As the perpendicular distance between zero and H is equal
to 1/||z||2, we observe, that

an—lvnil

vol(B(x,a) N H) =
n|z(2
holds for every a > 0. Using this, we get from (19) and (20)

[e(1 = 0(e)]" Vi

nlzl2

A ([0, 1] - (B(:c,e(l —8(e) N H)) _
<A ([0, 1. (B(x,e) N A;))

<A ([o, 1+ 20(e)] (B(:c, c(1+0(2)|z])2) N H))
1+ «9(6)Hxll2)]”_1Vn71.

n|zl2

— [t ebe) - EL

Combining these estimates with (21) gives the result. O

Lemma 12. Let 0 < p < oo and n > 2. Then
n 1/2 n 1/2
% 2p—2 * 2p—2
/ x] (Z z;’ ) dup(z)  Eaj (Z z;’ )
e ! ~ i=1
n CN1/2 n o\ 1/2
: [ a) e B( )
i=1 i=1

n
P 1

. n_l/p.

(22)

Proof. Only the last equivalence needs a proof. It resembles the proof of Lemma 4
and is again based on the polar decomposition formula (12).
We plug the functions

n

fl (CC) = 'TT (i x?p72> 1/26_#17_“._36?‘ and fQ(CC) = (Z x?p72) 1/26_33117_"'—3?%
i=1

=1

16



into (12) and obtain

fl(SC)d:C-/ P26 gy
R% 0

o5 (0p) = — = N
fa(x)dz / Pl gy
R” 0
n 1/2
E x} (Z x?p_2)
_ i=1 Lln/p+1-1/p)
i 1/2 I'(n/p+1 ’
sty O
i=1
By Stirling’s formula, the last expression is equivalent to n=1/p, ]

Theorem 13. Let 0 <p < oo and n > 2. Then

a0 (0p) S [W} l/p. (23)

Proof. We define a probability measure a;,, on R} by the density

n 1/2 n 1/2
~—1 2p—2 —xl = —azh ° - 2p—2 —xl = —azh
prn- ( g x; > e n, Cpp = E x; e ndx
‘ R? \ “
=1 + =1

with respect to the Lebesgue measure. Let us note, that due to the inequality

n 1/2 n
z : 2p—2 z : p—1
i=1 =1

the integral in the definition of C'pyn really converges and «, 5, is well defined.
According to Lemma 12, we need to estimate

/ xiday, ().
Ry

We calculate for § > 1, which is to be chosen later on,

J

o0

widayq(x) = /O ap(@l > )t < 5 + /5 (@] > £)dt

n
+

<o+ n/ apn(z1 > t)dt.
é

17



We write 2’ = (z2,...,2,) € R7". Then

n 1/2
o
~—1 —zb 2p—2 PPy
apn(ry >1) = Cp,n/ e /Rn_l (E x; e "2 ndx'dxy
t .

+ 1=2
= _%/ e Tigh” d:cl-/ e 2T Ty
’ —1
¢ RY
n 1/2
— — 2p—2 —ZTo— " —T
+C} e “idxy g x 2 ndx
P, — i
+ i=2
=L+ 1
The inequality
n 1/2
7Y _.n 2p—2 B
pCpn = ¢, / g x; 1 ndx
R’n
+ \i=1

n 1/2
> [ ( ) e g
RY \i=2

1/2
* 2p—2 » ~
=c, el dgy E z’ P P =cy C
0 Rn 1

oo p—1 _gP oo p—1 _P —tp
Cpft x] e 1dx1<cpft e idxy e

> = > P,
4 Cpn pChp,1 p

shows, that

Using (24) again, we get also

~ ~ 0 P 0 P C o
= C'p_’% . Cpm_l/ e idxr; < cp/ e idr = ;p / s1/P=le=5 s,
t t tp

If p>1, we get
L+L<c™ t>1

and -
/ ziday,(z) <0+ cn/ e dt <5+ cne”?.
n é
+

By choosing & ~ log(n 4 1)'/7, we get the result.
If p < 1, we use the second estimate of Lemma 5 and replace (25) with

L+DL<cPe ™ t>t

for tg > 1 large enough and the result again follows by the choice of 4.

18
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Remark 5. (i) Theorem 13 shows, that the average size of the largest coordinate
of x € A} taken with respect to the normalized Hausdorff measure is again
only slightly larger than n~'/?. Hence, also in this case, the typical element of
Aj seems to be far from being sparse and resembles rather properly normalized
white noise in the sense described in Introduction.

(ii) Using interpolation inequality (4), one may again obtain a similar estimate
also for 0 < p < g < 0o, namely

log(n + 1) 1/p=1/a
— )

oT(0y) < [

It would be probably possible to avoid the logarithmic terms and provide
improved estimates also for m > 0, but we shall not go into this direction. Our
main aim of this section was to show, that normalized Hausdorff measure does
not prefer sparse (or nearly sparse) vectors, and this was clearly demonstrated
by Theorem 13.

4 Tensor product measures

As discussed already in the Introduction and proved in Theorem 7 and Theorem
13, the average vector of A with respect to the cone measure 1, and with respect
to surface measure g, behaves “badly” meaning that (roughly speaking) many of
its coordinates are approximately of the same size. As promised before, we shall
now introduced a new class of measures, for which the random vector behaves in
a completely different way. This measures are defined through their density with
respect to the cone measure p,. This density has a strong singularity near the points
with vanishing coordinates.

Definition 14. Let 0 < p < 00, § > —1 and n > 2. Then we define the probability
measure 0, 3 on A7 by

do
—2B @y = b [[af, ey, (26)
dﬂp ’ i=1

where "
Cpo = [ TLalduy(a). 7
P =1

Remark 6. (i) If 0 > § > —1, then (26) defines the density of 6, g with respect
to p, only for points, where z; # 0 for all 7 = 1,...,n. That means, that this
density is defined p-almost everywhere. The definition is then complemented by
the statement, that 6, 3 is absolutely continuous with respect to p.

(ii) We shall see later on, that the condition 5 > —1 ensures, that (27) is finite.

Lemma 15. Let 0 <p < oo, > —1 and n > 2.
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(i) Let 1 <m <n. Then

p,00 0 — * 10 — =1 . F(n(ﬁ"_ 1)/p) ]
7m-10p5) /Ag m @ Eﬁx? P(n(B+1)/p+1/p)
=1

(i) n
EHx v+ /)|

Proof. The proof of the first part follows again by (12), this time used for the
functions

n n
fi@) = o, (H xf) e and fo(a) = (H x?) P
=1 i=1
The proof of the second part is straightforward. .

It follows directly from (8), that I'(s) tends to infinity, when s tends to zero. The
following lemma quantifies this phenomenon. Although the statement seems to be
well known, we were not able to find a reference and we therefore provide at least a
sketch of the proof.

Lemma 16. Let C ~ 0.577... denote the Euler constant. Then

i (F5) =

Proof. 1t is enough to show, that

lim n-log(I'(1+1/n)) = —C,

n—oo

which (by using the 'Hospital rule) follows from

i I st/me=5log s ds B
oo X slnesds

But the numerator of this fraction is equal to I'(1 4+ 1/n) and its denominator to
I'(1 + 1/n). The whole fraction is therefore equal to ¥(1+ 1/n) and ¥(1+4 1/n) —
U(1) = —C as n tends to infinity, cf. [1, Section 6.3.2, p. 258]. O

Next theorem shows, that if 5 = p/n—1, then the measure 6, 3 promotes sparsity
and one may even consider limiting behavior of n growing to infinity.

Theorem 17. Let 0 < p < oo and let n > 2 and 1 < m <n be integers. Then

P (0, o) Fn+1) T(n/p+n—m+ 1)’
m=17pp ~T(n—m+1) I'(n/p+n+1)

%)

(28)
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and
P2 In+1) fT/ptn-—m+1) 1 el o\
Jm—l(epvp/n—l) S F(n —m + 1) { F(n/p +n4+ 1) + % . (W) } (29)

where the constants do not depend on n and m, but may depend on p.
Furthermore, for every fized m € N,

1 o
71\ S hnnil(gf aﬁ;i"l(em/n,l) o
(3+1)
. ;00 < ! o
< limsup o7, (0, p/n—1) S 1 ™
m su (_ N 1) m!
P

where the constants do not depend on m, but may depend on p.

Proof. First observe, that n(8+1)/p =1 for = p/n — 1 and therefore
F(n(B+1)/p)  _ 1

Fn(B+1)/p+1/p) T(1+1/p)

depends only on p. Due to Lemma 15, we have to estimate

n
Eax* xp/n_1> —c”/
m(g ; [

Let t = z7,, and let us assume, that there is only one coordinate j = 1,...,n, such
that x; = t. Obviously, this assumption holds almost everywhere. Of course, we
have n possibilities for j. Furthermore, m — 1 from the remaining n — 1 components
of x are bigger than ¢ and the remaining n —m components are smaller. This allows
to rewrite (31) as

n—1 * tP ! 1o—uP o
CZn( )/ tp/nef </ up/n* eiu du) X
m—1 0 0
o m—1
X (/ up/"leupdu> “
t
_ Cg—n <n — 1> /00 wl/p+1/n_1e_w </w Sl/n—le—gds)n—mx

[ele] m—1
X (/ sl/”_le_sds> dw.
w
Let us denote

v=T(1/n) —/ sV le™3ds  and  y(w) =7 / stm=le=s(s. (32)
0 0

n
x;, Hmf/n_le_lej_"'_mgdx. (31)
i=1

d
+

Then y(w) is a monotone function of y, y(0) = 0 and lim,_,~ y(w) = 1. We denote
by w(y) its inverse function, i.e.

w(y)
y=~"1. / st/n=le=sds, 0<y<1. (33)
0
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Using this notation, we obtain

')

T p/ne " (n—1\ [ _ _
B (T 1) = Zn (70wt — )ty
<Zl_[1 ' Pt \m—=1/Jo

and

n 1
i) = o, = (@)

where w(y) is given by (33).
Step 1. Estimate from below
The estimate

w(y) w(y)
vy = / st/n—le=sqs < / st/n=lgs = nw(y)l/"
0 0

implies together with Lemma 16

wi) = (Z) = e

with ¢ independent of n. This gives finally

I'(n+1) ! _ _

P,00 S J/p. . n/p+n—me1 _ ,\ym—1

O—m—l(ep,p/n—l) ZC F(’m)F(n —m+ 1) /0' Y (1 y) dy
I'(n+1)

—cl/p. -B — 1
c TOmT(n —m + 1) (n/p+n—m+1,m)

_ . In+1) Tr/p+n—m+1)

I'n—m+1) I'(n/p+n+1)

where we used the Beta function (9) and the proof of (28) is complete.

Step 2. Estimate from above
Let us first take y, such that 1 —e™1/y <y < 1. Then —In(y(1 —y)) > 1 and

/ si/n=le=sds < / e *ds =v(1—y).
—In(y(1-y)) —In(v(1-y))

wiy) < -In(y(1-y)), 1-e'/y<y<L (35)

Finally, we observe, that

Hence,

o
f:iy— st/nle=sqs
Cyn

is a convex function on Ry, f(0) =~ and

f(l—et/y) = /00 stm=le=sds

C(l—e=t/y)m
00

S/ Sl/n_le_SdS < 6_1,
1
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if we choose C so large, that C(1 — e~ !/y)" > 1 for all n € N. This is indeed
possible, while a byproduct of Lemma 16 is also a relation lim, ., vy/n = 1. Using

the convexity of f, we obtain
fly) <v(l-y), 0<y<l-—et/y,
which further leads to
wy) <Cy", 0<y<l-—el/y.
We insert (35) and (36) into (34) and obtain

I'(n+1)
p,0 <
R N N (Y

{Cl/pfl +I2}7

where
1—e™1/y
I = / y P — )y
0

and

1
I = / | In(y(1 — y)|MPy" (1 — y)™ Ldy.
l—e~1/y

The first integral may be estimated again using the Beta function, which gives

L <B(n/p+n—m+1,m).

(36)

(37)

(38)

We denote by k the uniquely defined integer, such that 1/p < k < 1/p + 1 holds,

and estimate

,1/

1 e1/ny
I < /1 [In(y(1 =)7L = y)™ dy < Tpm = /0 | In(yy)|Fy™Ldy.

—et/y
Next, we use partial integration to estimate Ij ,,. We obtain
1 e\ k&
Ik,m = (—) +—- Ik—l,m-
% m

Together with Iy, = 1/m - (e~!/4)™, this leads finally to

7 < (E+1) (e—1>m
km X - .

m Y

This, together with (37) and (38) finishes the proof of (29).

The proof of (30) then follows directly by Stirling’s formula (10).

O

Remark 7. (i) Let us take m = 0. Then the formula (30) describes an essen-
tially different behavior compared to the normalized cone and surface mea-
sure. Namely, the expected value of the largest coordinate of x € A} with
respect to 6, ,/, 1 does not decay to zero with n growing to infinity. We shall

demonstrate this effect also numerically in next section.
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(ii) If m > 0, then (30) shows, that 07> (6,,,,/n—1) decays exponentially fast with
m, as soon as n is large enough. That means, that for n large enough, the
average vector of A} exhibits a strong sparsity-like structure. Namely, its m-th
largest component decays exponentially with m.

(iii) We have chosen in (26) a different 3 for each n, namely 5, = p/n —1 > —1.
This was of course a crucial ingredient in the proof of Theorem 17. It is not
difficult to modify the analysis of the proof of Theorem 17 to the situation,
when 3 > —1 is fixed for all n € N. In this case we obtain again, that
(up to logarithmic factors) o5>°(6,, 5) is equivalent to n~/? with constants of
equivalence depending on p > 0 and 3 > —1.

(iv) Last, but not least, we observe, that one may choose p = 1 or even p = 2 in
Theorem 17 and still obtains the exponential decay of coordinates as described
by (30). It seems, that there is no significant connection between sparsity of
an average vector of z € A} and the size of p > 0.

5 Numerical experiments

5.1 Cone measure

We would like to demonstrate the most significant effects of the theory also by
numerical experiments. We start with the case of the cone measure. The key role is
played by (13). It may be interpreted in the following way. To generate a random
point on A7 with respect to the normalized cone measure, it is enough to generate
w1, . ..,w, with respect to the density cpe_tp,t > 0 and then calculate

(Wiy.eywp) c AP
(Z?:1 W?) 1/p p

This method is very practical, as the running time of this algorithm depends only
linearly on n.

Let us note, that the values of w; may be generated very easily. For example the
package GNU Scientific Library [19] implements a random number generator with
respect to the gamma distribution using the method described in the classical work of
Knuth [21]. Using this package, we generated 10® random points = € AP for n =100
and p € {1/2,1,2} to approximate numerically the value of nl/p-fAn x} dpy(x). The
result may be found in the Figure 1. ’

5.2 Tensor measures

It was observed already in [2], that the measures 6, 3 allow a formula similar to
(13). We plug the function f(x) = X[o,00).4 [ [i; x?e"'w”g into (12), where A is any
pp-measurable subset of A7, and obtain

/ foe—llxllid)\(x) =\([0,1] - A?) - / p—14nB—r? 1. / fodup(x)-
[0,00)~A =1 0 A i=1

24



We use a similar formula also for A = A7, which leads to

/ﬁxfdup(x) /0 Hw e 2lp gy

. oo)AZ 1
| 1dby5 = =
Hxﬂdup / T[obe " da
A i=1 RY =1

A random point on A} with respect to 6,3 may therefore be generated in the
following way. We generate wf, . ..,w/, with respect to the density c, st%e~"" ¢ > 0,
where c;é = fooo tPe=t"dt is a normalizing constant and we consider the vector

(Wi,..ywh) n
n 1 P
()
Also this may be easily done with the help of [19]. We generated again 10® ran-

dom points » € A} with respect to 6, ,/,,_; for n =100 and p € {1/2,1,2}. Then we
used those points to numerically approximate the expression log;o( [ 5, d0, , /n—1)-
p

14
12r

10
o -60

-80}
-100
120

-140(

-160

; i AR ~180 i i i i i
0 20 40 60 80 100 0 20 40 60 80 100

(a) n Up. fAn T Apip () (b) 108‘10(ng 3U;‘nd‘gp,p/nfl)

Figure 1: Approximations of n'/? . ng xk,duy(z) (left) and loglo(fA; x5, d0), 1)

(right) for n = 100, p = 1/2(o), p = 1(e) and p = 2(x) based on sampling of 10°
random points.
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