Widths of embeddings in function spaces

Jan Vybíral

Mathematisches Institut, Universität Jena Ernst-Abbe-Platz 2, 07743 Jena, Germany

vybiral@minet.uni-jena.de

November 27, 2007

Abstract

We study the approximation, Gelfand and Kolmogorov numbers of embeddings in function spaces of Besov and Triebel-Lizorkin type. Our aim here is to provide sharp estimates in several cases left open in the literature and give a complete overview of the known results. We also add some historical remarks.

AMS Classification: 41A45, 41A46, 46E35 Keywords and phrases: Approximation numbers, Gelfand numbers, Kolmogorov numbers, Besov spaces, Sobolev embeddings

1 Introduction

Let Ω ⊂ R^d be a bounded domain, 1 ≤ p ≤ ∞ and let k be a natural number. We denote by W^k_p (Ω) the Sobolev spaces of functions from L_p(Ω) with all distributive derivatives of order smaller or equal to k in L_p(Ω). If

k_1 − k_2 ≥ d � 1 p_1 − 1 p_2 � + , (1.1)

and the boundary of Ω is Lipschitz then W^{k1}_{p1} (Ω) is continuously embedded into W^{k2}_{p2} (Ω). This theorem goes back to Sobolev [55].

If the inequality in (1.1) is strict, the embedding is even compact, cf. [48] and [31]. During the second half of the last century, this fact (and its numerous generalisations) found its applications in many areas of modern analysis, especially in connection with partial differential (and pseudo-differential) equations.

Later on, mathematicians started to be interested in measuring the quality of compactness of the embedding I : W^{k1}_{p1} (Ω) → W^{k2}_{p2} (Ω).

The very first question is, of course, how to measure compactness. During the years, several methods were developed. The most popular one assigns to I a non-increasing sequence of non-negative real numbers, say {s_n(I)}_{n∈N}, often based on specific approximation quantities, and measures the decay of s_n as n tends to infinity.

Let us present this approach on the following example. Let X and Y be Banach spaces and let T : X → Y be a bounded linear operator between them. Then the nth approximation number of T is defined by

a_n(T ) = inf{||T − L|| : L ∈ L(X, Y ), rank (L) < n}, n ∈ N, (1.2)

where L(X, Y ) is the space of all bounded linear operators mapping X into Y endowed with the classical operator norm and rank L denotes the dimension of L(X). Hence, we measure how well the operator T may be approximated by finite rank operators. If lim_{n→∞} a_n(T ) = 0, then T is compact. And in some sense, the faster the sequence {a_n(T )}_{n∈N} tends to zero, the more compact T is.

There are many other ways, how to define a sequence {s_n(T )}_{n∈N} for an operator T ∈ L(X, Y ) such that the decay of {s_n} describes in some sense the compactness of T ; we refer to [43, 44, 6], where the axiomatic theory of the so-called s-numbers can be found. It was observed by many authors, that even in the most simple case

id : ℓ^m_{p1} → ℓ^m_{p2} , m ∈ N

it is surprisingly difficult to calculate (or at least estimate) the approximation numbers, as well as the other s-numbers, corresponding to id. The complexity of the problem may be demonstrated by the fact, that in several cases the proofs are based on probabilistic arguments and no optimal constructive approximation procedure is known up to now. As a part of the good news is that these results may be combined with the discretization technique of Maĭorov [37] to get direct counterparts for embeddings between function spaces. Nowadays, there are many discretization techniques well known and studied in the literature.

Let us mention at least spline and wavelet decompositions and the φ-transform, cf. [8, 7, 49, 64, 23, 11, 16, 17].

The research in this area was complicated also by another regretful phenomena, namely communication problems between several groups working on the field. This effect was already pointed out by Caetano [4] and Pietsch [45, Section 6.2.6]. Also the separation of the Russian mathematical school causes some obstacles. Many breakthroughs achieved by Kashin, Gluskin and others were published in Russian. The nicely written dissertation of Lubitz [36] was written in German, never translated into English and never published. The aim of this paper is rather extensive. We wish to

• give an overview of known results in this area,

• collect some historical references,

• close several minor gaps left open until now,

• present the power of the discretization method, but also its limits,

• provide an easy reference to the results about function spaces.

Several overviews may already be found in the literature, cf. [46, 34, 35, 45]. Unfortunately, they sometimes restrict themselves to d = 1, state the results only implicitly, or deal only with integer smoothness parameters s_1, s_2 ∈ N. Here, leaded by the needs of possible applications, we shall study three types of s-numbers, namely approximation, Kolmogorov and Gelfand numbers, with respect to embeddings of function spaces defined on Lipschitz domains. This generalisation is not particularly interesting from the standpoint of functional analysis, but is of course crucial as far as the applications are concerned.

I would like to thank to my colleagues from Jena, Aicke Hinrichs, Erich Novak, Winfried Sickel and Hans Triebel, for many valuable discussions on the topic.

2 Function and sequence spaces

2.1 Notation

We use standard notation: N denotes the collection of all natural numbers, Z the collection of all integers, R^d is the Euclidean d-dimensional space, where d ∈ N, and C stands for the complex plane. Let S(R^d) be the Schwartz space of all complex-valued rapidly decreasing, infinitely differentiable functions on R^d and let S^′(R^d) be its dual, the space of all tempered distributions.

Furthermore, L_p(R^d) with 0 < p ≤ ∞, are the classical Lebesgue spaces endowed with the (quasi-)norm

||f|L_p(R^d)|| = � � � � �

� R^d

|f(x)|^pdx

�_{1/p} , 0 < p < ∞,

ess sup

x∈R^d

|f(x)|, p = ∞.

For ψ ∈ S(R^d) we denote by

^ψ(ξ) = (F ψ)(ξ) = (2π)^{−d/2} � R^d

e^{−i<x,ξ>}ψ(x)dx, x ∈ R^d, its Fourier transform and by ψ^∨ or F^{−1}ψ its inverse Fourier transform. Through duality, F and F^{−1} are extended to S^′(R^d).

If {a_n}^∞_{n=1} and {b_n}^∞_{n=1} are two sequences of non-negative real numbers, we write a_n ≲ b_n if there is a constant c > 0, such that a_n ≤ c b_n for all natural numbers n. The symbols a_n ≳ b_n and a_n ≈ b_n are defined similarly.

2.2 Function spaces

We give a Fourier-analytic definition of Besov and Triebel-Lizorkin spaces, which relies on the so-called smooth dyadic resolution of unity. Let φ ∈ S(R^d) with

φ(x) = 1 if |x| ≤ 1 and φ(x) = 0 if |x| ≥ 3 2 . (2.1)

We put φ_0 = φ and φ_j (x) = φ(2^{−j}x) − φ(2^{−j+1}x) for j ∈ N and x ∈ R^d. This leads to the identity_∞ � j=0 φ_j(x) = 1, x ∈ R^d.

Definition 2.1. (i) Let s ∈ R, 0 < p, q ≤ ∞. Then B^s_{pq}(R^d) is the collection of all f ∈ S^′(R^d) such that

||f|B^s_{pq}(R^d)|| =

�_∞� j=0 2^{jsq}||(φ_j ^f)^∨|L_p(R^d)||^q

�_{1/q} < ∞ (2.2)

(with the usual modification for q = ∞).

(ii) Let s ∈ R, 0 < p < ∞, 0 < q ≤ ∞. Then F^s_{pq}(R^d) is the collection of all f ∈ S^′(R^d) such that

||f|F^s_{pq}(R^d)|| = � � � � � � �_∞� j=0 2^{jsq}|(φ_j ^f)^∨(·)|^q

�_{1/q} |L_p(R^d) � � � � � � < ∞ (2.3)

(with the usual modification for q = ∞).

Remark 2.2. We recommend [40, 59, 60, 51, 61] as standard references with respect to these classes of distributions. Extensive historical overviews, remarks and comments may be found in [60, Chapter 1], [61, Chapter 1] and [45, Chapter 6.7]. Let us mention that the spaces B^s_{pq}(R^d) and F^s_{pq}(R^d) do not depend on the choice of φ in the sense of equivalent (quasi- )norms. Many classical function spaces are included in these two scales.

1. If 1 < p < ∞, then the Littlewood-Paley theorem states that

F^0_{p2}(R^d) = L_p(R^d).

2. Let 1 < p < ∞ and s ∈ N. Then

F^s_{p2}(R^d) = W^s_p (R^d)

are the classical Sobolev spaces.

3. Let s > 0, s ∉ N. Then B^s_{∞∞}(R^d) = C^s(R^d) are the Hölder-Zygmund spaces.

On the other hand, many important function spaces (especially L_1(R^d), L_∞(R^d), BV (R) - the space of functions with bounded variation and C^k(R^d) - the space of functions with all partial derivatives of order smaller or equal to k uniformly continuous and bounded) are not included.

If X and Y are two topological vector spaces, we write X → Y if X is continuously embedded in Y . The following embeddings describe the interplay between these function spaces and the Besov scale.

B^0_{11}(R^d) → L_1(R^d) → B^0_{1∞}(R^d), B^0_{∞1}(R^d) → C(R^d) → L_∞(R^d) → B^0_{∞∞}(R^d), (2.4) B^k_{∞1}(R^d) → C^k(R^d) → B^k_{∞∞}(R^d).

In many cases it will be possible to use the Fourier-analytical methods in the framework of Besov spaces and afterwards, simply by applying these simple continuous embeddings, to derive the same results also for the “bad” spaces L_1(R^d), L_∞(R^d) and C^k(R^d). The same procedure may be used also for the Triebel-Lizorkin scale because of B^s_{p,min(p,q)}(R^d) → F^s_{pq}(R^d) → B^s_{p,max(p,q)}(R^d). (2.5) Remark 2.3. If 0 < p_1 ≤ p_2 ≤ ∞, 0 < q_1, q_2 ≤ ∞ and s_2 ≤ s_1, then the following version of the Sobolev embedding is true, see [2], [40, Chapters 3 and 11] and [58, Section 2.8.1].

B^{s1}_{p1,q1} (R^d) → B^{s2}_{p2,q2} (R^d), if s_1 − d p_1

> s_2 − d p_2 . There are several modifications of this embedding, which result in compact mappings. The first possibility is to restrict to function spaces on smooth bounded domains, the second involves weighted spaces and another one considers the so-called radial spaces, i.e. spaces of radial symmetric functions. We concentrate on the first possibility and refer to [61, Chapter 6] and [54] for the second and third approach.

Let Ω be a bounded domain. Let D(Ω) = C^∞_0 (Ω) be the collection of all complex-valued infinitely-differentiable functions with compact support in Ω and let D^′(Ω) be its dual - the space of all complex-valued distributions on Ω. Let g ∈ S^′(R^d). Then we denote by g|Ω its restriction to Ω: (g|Ω) ∈ D^′(Ω), (g|Ω)(ψ) = g(ψ) for ψ ∈ D(Ω).

Definition 2.4. Let Ω be a bounded domain in R^d. Let s ∈ R, 0 < p, q ≤ ∞ with p < ∞ in the F -case. Let A^s_{pq} stand either for B^s_{pq} or F^s_{pq}. Then A^s_{pq}(Ω) = {f ∈ D^′(Ω) : ∃g ∈ A^s_{pq}(R^d) : g|Ω = f} and ||f|A^s_{pq}(Ω)|| = inf ||g|A^s_{pq}(R^d)||, where the infimum is taken over all g ∈ A^s_{pq}(R^d) such that g|Ω = f.

Intrinsic characterization of B^s_{p,q}(Ω), s > σ_p = d � 1 p − 1 � + = max � 1 p − 1, 0 � are known to

exist in case of Lipschitz domains, see [12, 13, 14] and [61, Section 1.11.9].

2.3 Sequence spaces

In this section we comment on the discretization techniques mentioned in the Introduction. First, we describe the situation on R^d. Therefore, we introduce the sequence spaces b^s_{pq} and give a wavelet decomposition theorem for Besov spaces on R^d. Good references in our context are [8, 11, 23, 38, 39, 63, 64].

Second, we deal with bounded domains Ω ⊂ R^d. The wavelet decomposition techniques may be adapted also to these function spaces, cf. [9, 61], but unfortunately, there are still open problems in this setting. To avoid these gaps, we use the theory on R^d and combine it with suitable extension and restriction operators.

Theorem 2.5. For any k ∈ N there are real-valued compactly supported functions ψ_0, ψ_1 ∈ C^k(R) satisfying � R t^αψ_1(t)dt = 0, α = 0, 1, . . . , k − 1,

such that {2^{ν/2}ψ_{νm} : ν ∈ N_0, m ∈ Z} with ψ_{νm}(t) = � ψ_0(t − m) if ν = 0, m ∈ Z, 2^{− 1}2 ψ_1(2^{ν−1}t − m) if ν ∈ N, m ∈ Z is an orthonormal basis in L_2(R).

Remark 2.6. This theorem was first proven by Daubechies in [10]. The functions ψ_0 and ψ_1 are therefore usually called Daubechies wavelets. We refer to [63, Theorem 19] for the proof of the next theorem.

Theorem 2.7. Let 0 < p, q ≤ ∞, s ∈ R and k ∈ N with k > max(s, σ_p −s). Let ψ_0, ψ_1 be the Daubechies wavelets of smoothness k. Let E = {0, 1}^d \ (0, . . . , 0). For e = (e_1, . . . , e_d) ∈ E let Ψ_e(x) = d� j=1 ψ_{ej} (x_j ), x = (x_1, . . . , x_d) ∈ R^d.

(i) Then � � � � Ψ(x − m) = d� j=1 ψ_0(x_j − m_j) m = (m_1, . . . , m_d) ∈ Z^d,

2^{ν−1}2^dΨ_e(2^{ν−1}x − m) e ∈ E, ν ∈ N, m ∈ Z^d is an orthonormal basis in L_2(R^d).

(ii) Let f ∈ S^′(R^d). Then f ∈ B^s_{pq}(R^d) if, and only if, it can be represented as f = � m∈Z^d

λ_mΨ(x − m) + � ν∈N � e∈E � m∈Z^d

λ^e_{νm}2^{−νd/2}Ψ_e(2^{ν−1}x − m) (2.6)

with ||λ|b^s_{pq}|| = � � m∈Z^d

|λ_m|^p

� 1_p + �_∞� ν=1 2^{ν(s− dp )q} � e∈E � � m∈Z^d

|λ^e_{νm}|^p

� q_p �^1_q < ∞ appropriately modified if p = ∞ and/or q = ∞. The representation in (2.6) is unique, the complex coefficients {λ_m}_{m∈Z}d and {λ^e_{νm}}_{e∈E,ν∈N0,m∈Z}d depend linearly on f and the mapping, which associates to f ∈ B^s_{pq}(R^d) the sequence of coefficients, is an isomorphic map of B^s_{pq}(R^d) onto b^s_{pq}.

2.4 s-numbers

Given p ∈ (0, 1], we say, that the quasi-Banach space Y is a p-Banach space if the inequality

||x + y|Y ||^p ≤ ||x|Y ||^p + ||y|Y ||^p, x, y ∈ Y.

is satisfied.

We recall a few basic facts of the theory of s-numbers. We refer to [44, 6] for further details. In this theory, one associates to every linear operator T : X → Y (X and Y quasi-Banach spaces) a sequence of scalars s_1(T ) ≥ s_2(T ) ≥ · · · ≥ 0.

Let W, X, Y, Z be (quasi-)Banach spaces and let Y be a p-Banach space, 0 < p ≤ 1. If the rule s : T → {s_n(T )}_{n∈N} satisfies

(S1) ||T || = s_1(T ) ≥ s_2(T ) ≥ · · · ≥ 0,

(S2) s^p_{m+n−1}(S + T ) ≤ s^p_m(T ) + s^p_n(S) for all S, T ∈ L(X, Y ) and m, n ∈ N,

(S3) s_n(ST U) ≤ ||S||s_n(T )||U|| for all U ∈ L(W, X), T ∈ L(X, Y ), S ∈ L(Y, Z) and n ∈ N,

(S4) If rank T < n, then s_n(T ) = 0,

(S5) s_n(I : ℓ_2(n) → ℓ_2(n)) = 1.

then the s_n(T ) are called s-numbers of the operator T .

Let us point out, that we shall not use (S4) and (S5) in what follows. Hence, our approach applies also to rules s : T → {s_n(T )}_{n∈N} which satisfy only (S1)-(S3). Such rules are called pseudo-s-numbers in [43, Chapter 12] and cover also the concept of entropy numbers. Let Id : B^{s1}_{p1q1} (Ω) → B^{s2}_{p2q2} (Ω) (2.7) be compact, i.e. s_1 − s_2 > d � 1 p_1 − 1 p_2 � + . (2.8)

We denote by ext : B^{s1}_{p1q1} (Ω) → B^{s1}_{p1q1} (R^d) (2.9) a bounded linear extension operator. A convenient reference for this is Rychkov, cf. [52], but see also the references given there. Here we use the Lipschitz smoothness of ∂Ω. The natural restriction will be denoted by

re : B^{s2}_{p2q2} (R^d) → B^{s2}_{p2q2} (Ω).

Clearly, it also represents a bounded linear operator.

Let k > max(s_1, σ_{p1} − s_1, s_2, σ_{p2} − s_2) be a natural number and let W be the mapping which associates to each f ∈ B^{s1}_{p1q1} (R^d) its wavelet coefficients with respect to the Daubechies wavelets of smoothness k, as described in Theorem 2.7. Our choice of k ensures, that Theorem 2.7 may be applied to both, B^{s1}_{p1q1} (R^d) and B^{s2}_{p2q2} (R^d), simultaneously and that W^{−1} is a bounded linear operator, which maps b^{s2}_{p2q2} isomorphically onto B^{s2}_{p2q2} (R^d). Finally, we adapt the sequence spaces b^s_{pq} to the function spaces on domains.

Definition 2.8. (i) Let M = {M_ν }^∞_{ν=0} be a sequence of non-negative integers. We say, that M is admissible, if there is some ν_0 ∈ N_0 and two positive real constants c_1, c_2 such that

M_ν = 0 for all ν < ν_0 and c_12^{νd} ≤ M_ν ≤ c_22^{νd}, ν ≥ ν_0.

(ii) If 0 < p, q ≤ ∞, s ∈ R, E = {0, 1}^d \ (0, . . . , 0), M = {M_ν }^∞_{ν=0} is an admissible sequence and λ = {λ_k : k = 1, . . . , M_0} ∪ {λ^e_{νk} : e ∈ E, ν ∈ N, k ∈ M_ν }, we set ||λ|b^{s,M}_{pq} || =

�^M0� k=1 |λ_k|^p

� 1_p + �_∞� ν=1 2^{ν(s− dp )q} � e∈E �^Mν� k=1 |λ^e_{νk}|^p

� q_p �^1_q , (2.10)

again appropriately modified if p = ∞ and/or q = ∞.

Let now Ω be a bounded Lipschitz domain in R^d and let the number k ∈ N describing the smoothness of the wavelets be fixed. Then we collect those wavelets, whose support intersects Ω̄:

M_ν = � {m ∈ Z^d : supp Ψ(· − m) ∩ Ω̄ ≠ ∅} if ν = 0, {m ∈ Z^d : ∃e ∈ E : supp Ψ_e(2^{ν−1} · −m) ∩ Ω̄ ≠ ∅} if ν ≥ 1.

We observe that the sequence M = {M_ν }^∞_{ν=0} with

M_ν = #(M_ν ) = number of elements of M_ν , ν ∈ N_0,

is an admissible sequence in the sense of Definition 2.8.

With a slight abuse of notation, there is a natural projection operator P : b^s_{pq} → b^{s,M}_{pq} and a natural embedding operator Q : b^{s,M}_{pq} → b^s_{pq}.

Using the weak multiplicativity property (S3) of s-numbers and the commutative diagram

B^{s1}_{p1q1} (Ω)^{ext}−−−→ B^{s1}_{p1q1} (R^d)^W−−−→ b^{s1}_{p1q1}^P−−−→ b^{s1,M}_{p1q1} Id � � � �id B^{s2}_{p2q2} (Ω)^{re}←−−− B^{s2}_{p2q2} (R^d)^{W −1}←−−− b^{s2}_{p2q2}^Q←−−− b^{s2,M}_{p2q2}

we conclude that s_n(Id) ≲ s_n(id), n ∈ N.

To obtain the reverse inequality, we first set

M^′_ν = � {m ∈ Z^d : supp Ψ(· − m) ⊂ Ω} if ν = 0, {m ∈ Z^d : ∀e ∈ E : supp Ψ_e(2^{ν−1} · −m) ⊂ Ω} if ν ≥ 1.

(2.11)

Again, we observe, that the sequence M^′ = {M^′_ν }^∞_{ν=0} with

M^′_ν = #(M^′_ν ) = number of elements of M^′_ν , ν ∈ N_0,

is an admissible sequence in the sense of Definition 2.8. If we use (S3) and

b^{s1,M ′}_{p1q1}^{Q′}−−−→ b^{s1}_{p1q1}^{W −1}−−−→ B^{s1}_{p1q1} (R^d)^{re}−−−→ B^{s1}_{p1q1} (Ω)

id^′ � � � � � �Id b^{s2,M ′}_{p2q2}^{P ′}←−−− b^{s2}_{p2q2}^W←−−− B^{s2}_{p2q2} (R^d)^{ext}←−−− B^{s2}_{p2q2} (Ω),

we get the inequality. s_n(id^′) ≲ s_n(Id), n ∈ N.

Hence s_n(id^′) ≲ s_n(Id) ≲ s_n(id), n ∈ N. (2.12)

This formula is the main result of this section. It tells us, roughly speaking, that we may restrict ourselves to sequence spaces and all the results translate also into the language of function spaces. Before we start with the study of s_n(id) and s_n(id^′), we make another simplification. The (finite) sum over e ∈ E in (2.10) comes from the theory of multivariate wavelet decompositions, but has no influence on the s-numbers. If M = {M_ν }^∞_{ν=0} is an admissible sequence, we set

||λ|b^{s,M}_{pq} || =

�_∞� ν=0 2^{ν(s− dp )q}

�^Mν� k=1 |λ_{νk}|^p

� q_p �^1_q . It follows that

s_n(Id : B^{s1}_{p1q1} (Ω) → B^{s2}_{p2q2} (Ω)) ≈ s_n(id : b^{s,M}_{pq} → b^{s,M}_{pq} ) ≈ s_n(id : b^{s,M}_{pq} → b^{s,M}_{pq} ). (2.13)

Remark 2.9. The formula 2.13 represents the main result of this section and is of a crucial importance for our study of s-numbers of (2.7). We have proved (2.13) under the assumption that Ω is a bounded domain in R^d with Lipschitz boundary. Using more sophisticated tools from the theory of function spaces, it may be proven that (2.13) holds also for more general classes of domains, at least under some restrictions on the parameters s_1, s_2, p_1, p_2, q_1, q_2. A detailed inspection of our proof shows, that (2.13) is true anytime there is a bounded linear extension operator (2.9) and its counterpart for B^{s2}_{p2q2} (Ω). We refer to [62, Section 4.3.4] for a detail treatment of these questions.

3 Approximation numbers

Definition 3.1. Let X, Y be two quasi-Banach spaces and let T ∈ L(X, Y ). For n ∈ N, we define the nth approximation number by

a_n(T ) = inf{||T − L|| : L ∈ L(X, Y ), rank(L) < n}.

In the setting of Banach spaces, this definition goes back to Pietsch [41] and Tikhomirov [57]. The generalisation to quasi-Banach spaces may be found in [15, Section 1.3.1]. In this section, we characterize the approximation numbers of (2.7) with (2.8). First, we recall some lemmas which we shall need on the sequence space level. Lemma 3.2 is taken from [22] and Lemma 3.3 in the case 1 ≤ p_2 ≤ p_1 ≤ ∞ may be found in [43, Section 11.11.5]. The proof may be directly generalised to the quasi-Banach setting 0 < p_2 ≤ p_1 ≤ ∞. For 0 < p ≤ ∞, we set

p^′ = � � � p p−1 if 1 < p < ∞, 1 if p = ∞, ∞ if 0 < p ≤ 1.

Lemma 3.2. For 1 ≤ n ≤ m < ∞ and 1 ≤ p_1 < p_2 ≤ ∞, we define

Φ(m, n, p_1, p_2) :=

� � � � � � � � �

� min{1, m^{1p}2 n^{− 1}2 } � 1 p_1 − 1 p_2 1 2 −^1_{p2} if 2 ≤ p_1 < p_2 ≤ ∞,

max{m^{1p}2^{− 1p}1 , min{1, m^{1p}2 n^{− 1}2 } · � 1 −^n_m } if 1 ≤ p_1 < 2 ≤ p_2 ≤ ∞,

max{m^{1p}2^{− 1p}1 , � 1 −^n_m 1 p_1 − 1 p_2 1 p_1 − 1 2 } if 1 ≤ p_1 < p_2 ≤ 2 and Ψ(m, n, p_1, p_2) := � Φ(m, n, p_1, p_2) if 1 ≤ p_1 < p_2 ≤ p^′_1, Φ(m, n, p^′_2, p^′_1) if max(p_1, p^′_1) < p_2 ≤ ∞.

Then if 1 ≤ p_1 < p_2 ≤ ∞ and (p_1, p_2) ≠ (1, ∞)

a_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) ≈ Φ(m, n, p_1, p_2), 1 ≤ n ≤ m < ∞.

The constants of equivalence may depend on p_1 and p_2 but are independent of m and n. Lemma 3.3. If 0 < p_2 ≤ p_1 ≤ ∞, then

a_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) = (m − n + 1)^{1p}2^{− 1p}1 .

Lemma 3.4. Let 0 < p ≤ 1.

(i) Let 0 < λ < 1. Then there is a number c_λ > 0 such that

a_n(id : ℓ^m_p → ℓ^m_∞) ≤ c_λ √ n (3.1)

holds for all natural numbers n and m with m^λ < n ≤ m. (ii) There is a number c > 0 such that

a_n(id : ℓ^{2n}_p → ℓ^{2n}_∞ ) ≥ c √ n , n ≥ 1. (3.2)

Proof. Let A = (a_{i,j})^m_{i,j=1} be an m × m matrix. Then

||A|L(ℓ^m_1 , ℓ^m_∞)|| = ||A|L(ℓ^m_p , ℓ^m_∞)|| = max_{i,j=1,...,m} |a_{i,j}|

for every 0 < p ≤ 1. Hence, the approximation numbers of id : ℓ^m_p → ℓ^m_∞ do not depend on 0 < p ≤ 1 and it is enough, when we prove Lemma 3.4 only for p = 1. The first part follows from a combinatorial result of Kashin, cf. [26, 27] and [43, Section 11.11.11]:

Let 0 < λ < 1 and m^λ ≤ n ≤ m be natural numbers. Then there are m ℓ^n_2 -unit vectors {f_i}^m_{i=1} ⊂ R^n, such that |(f_i, f_j)| ≤ c_λ √ n , if i ≠ j.

We set A = (a_{i,j} )^m_{i,j=1} with a_{i,j} = (f_i, f_j ). Then A is a matrix with rank A ≤ n and ||I − A|L(ℓ^m_1 , ℓ^m_∞)|| ≤^{cλ√}_n .

The proof of the second part follows trivially from the result of Stechkin, cf. [56] and [43, Section 11.11.8]:

a_n(id : ℓ^m_1 → ℓ^m_2 ) = � m − n + 1 m �_{1/2}

and ||id : ℓ^m_∞ → ℓ^m_2 || = √ m.

Theorem 3.5. Let −∞ < s_2 < s_1 < ∞ and 0 < p_1, p_2, q_1, q_2 ≤ ∞ with (2.8). Let Ω ⊂ R^d be a bounded Lipschitz domain. Then (2.7) is compact and for n ∈ N

a_n(Id) ≈ n^{− s1−s2d +}

�_1

p1 −^1_{p2} � + if � � � either 0 < p_1 ≤ p_2 ≤ 2, or 2 ≤ p_1 ≤ p_2 ≤ ∞, or 0 < p_2 ≤ p_1 ≤ ∞,

(3.3)

a_n(Id) ≈ n^{− s1−s2d + 1p − 12} if 0 < p_1 < 2 < p_2 ≤ ∞ (3.4) and s_1 − s_2 d > 1 p = max � 1 − 1 p_2 , 1 p_1 � , a_n(Id) ≈ n

�_{− s1−s2}

d +^1_{p1} −^1_{p2}

�_{· min(p′1,p2)} 2 if s_1 − s_2 d < 1 p = max � 1 − 1 p_2 , 1 p_1 � , (3.5)

and either 1 < p_1 < 2 < p_2 = ∞ or 0 < p_1 < 2 < p_2 < ∞ a_n(Id) ≈ n^{− s1−s2d + 1p}1^{− 12} if 0 < p_1 ≤ 1 < p_2 = ∞. (3.6)

Proof. Approximation numbers form an additive and multiplicative scale of s-numbers. This fact may be verified directly, or the reader may consult [43, Section 11.2] in the Banach space settings and [15, Section 1.3] for the extension to quasi-Banach spaces. Hence (2.12) applies to approximation numbers and we may restrict ourselves to sequence spaces.

The estimates covered by (3.3)-(3.5) are known. We refer to [15, Section 3.3.4] and [4]. The proof given in [15] is rather complicated, but [4] uses an approach very similar to ours.

It remains to prove the only missing case (3.6). We use Lemma 3.4 to estimate the approximation numbers of id : b^{s1,M}_{p1q1} = ℓ_{q1} (2^{ν(s1− dp}1^)ℓ^{Mν}_{p1} ) → ℓ_{q2} (2^{νs2} ℓ^{Mν}_∞ ) = b^{s2,M}_{∞ q2} , where M = {M_ν }^∞_{ν=0} is an admissible sequence. Let id_ν : 2^{ν(s1− dp}1^)ℓ^{Mν}_{p1} → 2^{νs2} ℓ^{Mν}_∞ , ν = 0, 1, 2, . . .

denote the identity operator between the finite dimensional building blocks of the considered sequence spaces. With a slight abuse of notation, we get

id = ∞� ν=0 id_ν , (3.7)

which, combined with the additivity of approximation numbers, leads to

a^ω_n′ (id) ≤

N_1�

ν=0 a^ω_{nν} (id_ν ) +

N_2�

ν=N_1+1

a^ω_{nν} (id_ν ) + ∞� ν=N_2+1

||id_ν||^ω,

where N_1 < N_2 are natural numbers, n^′ − 1 =

N_2�

ν=0 (n_ν − 1) and ω = min(1, q_2). We set

n_ν = � M_ν + 1 if 0 ≤ ν ≤ N_1, n^{1+α}2^{−ανd} if N_1 + 1 ≤ ν ≤ N_2, where 0 < α < 2 � s d − 1 p_1 � (3.8) and N_1 = � log_2 n d � , N_2 =

�_s d −^1_p +^1_2 s d −^1_p · log_2 n d � ≥ N_1.

Here, [a] denotes the integer part of a real number a. For this choice we get

n^′ =

N_2�

ν=0 (n_ν − 1) + 1 ≈ 2^{νN1d} + N^{1+α}_1 2^{−ανd} ≈ n.

A simple calculation shows that there is a number λ > 0 such that M^λ_ν ≤ n_ν ≤ M_ν . Hence

a_{nν} (id_ν ) ≤ � 0 if 0 ≤ ν ≤ N_1,

c_λ√ n_ν 2

−ν(s−^d_{p1} ) if N

1 + 1 ≤ ν ≤ N_2 and N_1�

ν=0 a^ω_{nν} (id_ν ) = 0,

N_2�

ν=N_1+1

a^ω_{nν} (id_ν ) ≤

N_2�

ν=N_1+1

c^ω_λ √ n^ω_ν

≤ cn^{− 1+α2 ω}

N_2�

ν=N_1+1

2^{−νdω( sd − 1p}1^{− α2 )} ≲ n^{−ω}

�_s

d −^1_{p1} +^1_2 � , ∞� ν=N_2+1

||id_ν ||^ω ≤ ∞� ν=N_2+1

2^{−νω(s− dp}1^) ≲ n^{−ω}

�_s

d −^1_{p1} +^1_2 � .

It follows, that there is a constant c > 0 such that

a_{cn}(id) ≲ n^−

�_s

d −^1_{p1} +^1_2 � , n ≥ 1,

which is equivalent to a_n(id) ≲ n^−

�_s

d −^1_{p1} +^1_2 � , n ≥ 1. (3.9) The proof of the reverse inequality to (3.9) follows easily from the second part of Lemma 3.4.

Let M^′ = {M^′_ν }^∞_{ν=0} be an admissible sequence. Then, for ν ≥ ν_0

a_n(id) ≥ a_n(id_ν ) ≳ 2^{−ν(s− dp}1^) · 1 √ n if n =

�_{Mν} 2 � . This leads to

a_n(id) ≳ n^−

�_s

d −^1_{p1} +^1_2 � , n = � M_ν 2 � , ν ≥ ν_0

and by means of the monotonicity of the approximation numbers the result follows.

Remark 3.6. We have used the open case (3.6) to demonstrate the typical use of the wavelet decomposition method and (2.12). Also (3.3)–(3.5) could be proven exactly in the same manner. For example, the proof of (3.5) in [4] follows along this line. Remark 3.7. Although the results were stated only for Besov spaces, with the aid of (2.4) and (2.5) we may extend them also to Triebel-Lizorkin spaces, Sobolev and Lebesgue spaces and C(Ω), L_1(Ω) and L_∞(Ω). We return to this point later on.

Remark 3.8. The first estimates on approximation numbers of Sobolev embeddings of function spaces were obtained by Kolmogorov [30], who dealt with the Hilbert space case p_1 = q_1 = p_2 = q_2 = 2. Later on, Birman and Solomyak [3] studied the embeddings of Sobolev spaces. Finally, Kashin [29] observed the effect of “small smoothness” expressed by (3.5). In the framework of Besov spaces the results are contained in [15, 4]. Nowadays, the proof of (3.3)–(3.5) could be done very similar to the proof of (3.6), only using Lemmas 3.2 and 3.3 instead of Lemma 3.4.

4 Kolmogorov and Gelfand numbers

In this chapter we deal with Kolmogorov and Gelfand numbers. To begin with we recall their definition and describe their decay in connection with Sobolev embeddings of Besov spaces. We use the symbol A ⊂⊂ B if A is a closed subspace of a topological vector space B. Definition 4.1. Let X, Y be two quasi-Banach spaces and let T ∈ L(X, Y ). (i) For n ∈ N, we define the nth Kolmogorov number by

d_n(T ) = inf{||Q^Y_N T || : N ⊂⊂ Y, dim(N) < n}.

Here, Q^Y_N stands for the natural surjection of Y onto the quotient space Y/N.

(ii) For n ∈ N, we define the nth Gelfand number by

c_n(T ) = inf{||T J^X_M || : M ⊂⊂ X, codim(M) < n}.

Here, J^X_M stands for the natural injection of M into X.

Clearly, the notion dimension of a subspace is purely algebraic and may be freely used also in the setting of quasi-Banach spaces. We refer to [50, Section 1.40] for the definition of a quotient subspace in the framework of general topological vector spaces (including quasi- Banach spaces as a special case). Finally, the codimension of a subspace may be defined as the dimension of the quotient space.

Both, Gelfand and Kolmogorov numbers, are additive and multiplicative s-scales. This follows directly from Definition 4.1, but the reader may wish to consult [44, Sections 2.4, 2.5] for the proof in the Banach space case. The generalisation to p-Banach spaces is obvious and causes no complications. Also the following relations are trivial:

c_n(T ) ≤ a_n(T ), d_n(T ) ≤ a_n(T ), n ∈ N. (4.1)

The Gelfand and Kolmogorov numbers are dual to each other in the following sense, cf. [44, Section 11.7.6-7]: If X and Y are Banach spaces, then

c_n(T^∗) = d_n(T ) (4.2)

for all compact operators T ∈ L(X, Y ) and

d_n(T^∗) = c_n(T ) (4.3)

for all T ∈ L(X, Y ).

The following result is due to Gluskin, cf. [21, 22] with [56, 24, 26, 27] as forerunners. It gives a very precise information on the behaviour of d_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) in the Banach space setting.

Lemma 4.2. For 1 ≤ n ≤ m < ∞ and 1 ≤ p_1, p_2 ≤ ∞, we define

Φ(m, n, p_1, p_2) :=

� � � � � � � � � � � � �

(m − n + 1)^{1p}2^{− 1p}1 if 1 ≤ p_2 ≤ p_1 ≤ ∞, � min{1, m^{1p}2 n^{− 1}2 } � 1 p_1 − 1 p_2 1 2 −^1_{p2} if 2 ≤ p_1 < p_2 ≤ ∞,

max{m^{1p}2^{− 1p}1 , � 1 −^n_m 1 p_1 − 1 p_2 1 p_1 − 1 2 } if 1 ≤ p_1 < p_2 ≤ 2, max{m^{1p}2^{− 1p}1 , min{1, m^{1p}2 n^{− 1}2 } · � 1 −^n_m } if 1 ≤ p_1 < 2 < p_2 ≤ ∞.

Then d_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) ≈ Φ(m, n, p_1, p_2), 1 ≤ n ≤ m < ∞, if p_2 < ∞. The constants of equivalence may depend on p_1 and p_2 but are independent of m and n.

Furthermore, there are two constants c_{p1} and C_{p1} such that

c_{p1} Φ(m, n, p_1, ∞) ≤ d_n(id : ℓ^m_{p1} → ℓ^m_∞) ≤ C_{p2} Φ(m, n, p_1, ∞) � log �em n �_{3/2} , for 1 ≤ p_1 ≤ ∞.

Again we shall add some estimates which apply to quasi-Banach spaces. Lemma 4.3. If 0 < p_2 ≤ p_1 ≤ ∞, then there is a constant c > 0 such that d_{[cn]+1}(ℓ^{2n}_{p1} , ℓ^{2n}_{p2} ) ≳ n^{1p}2^{− 1p}1 , n ∈ N, where [cn] denotes the upper integer part of cn.

Proof. If p_2 ≥ 1, then the result is a special case of [43, Section 11.11.4], which states that d_n(ℓ^m_{p1} , ℓ^m_{p2} ) = (m − n + 1)^{1p}2^{− 1p}1 , 1 ≤ n ≤ m.

Let us mention, that (in contrast to Lemma 3.3 and Lemma 4.8) the estimate d_n(ℓ^m_{p1} , ℓ^m_{p2} ) = (m − n + 1)^{1p}2^{− 1p}1 , 1 ≤ n ≤ m ≤ ∞, is not true for Kolmogorov numbers if 0 < p_2 ≤ p_1 ≤ ∞ and p_2 < 1. Simple counterexamples can be constructed directly.

If p_2 < 1 the proof is based on an inequality between entropy numbers and Kolmogorov numbers. First, we recall the basic facts about entropy numbers. Let T : X → Y be a bounded linear operator between two quasi-Banach spaces X and Y and let U_X and U_Y be the unit ball of X and Y , respectively. If k ∈ N, we define the kth entropy number e_k(T ) as the infimum of all ϵ > 0 such that

T (U_X ) ⊂

2^{k−1}�

j=1 (y_j + ϵU_Y ) for some y_1, . . . , y^{2k−1} ∈ Y.

We refer to [43] and [15] for detailed discussions of this concept, its history and further references.

The following Lemma may be found in [1], cf. also [5] and [47, Section 5]. Lemma 4.4. If α > 0 and 0 < p < 1, then there is a constant c_{α,p} > 0 such that for all p-Banach spaces X and Y , all linear mappings T : X → Y and all n ∈ N we have sup_{k≤n} k^αe_k(T ) ≤ c_{α,p} sup_{k≤n} k^αd_k(T ).

We apply this lemma to T = id : ℓ^{2n}_{p1} → ℓ^{2n}_{p2} and combine it with the estimate (cf. [53]) e_k(T ) ≳ 2^{− k4n} (2n)^{1p}2^{− 1p}1 , k, n ∈ N.

This leads to n^αn^{1p}2^{− 1p}1 ≲ sup_{k≤n} k^αd_k(T ).

Hence, for every n ∈ N there is a k_n ≤ n such that n^αn^{1p}2^{− 1p}1 ≲ k^α_n d_{kn} (T ) ≤ k^α_n (2n)^{1p}2^{− 1p}1 . (4.4) We conclude, that there is a constant 1 ≥ c > 0 such that n ≥ k_n ≥ cn for all n ∈ N. Finally, we insert this estimate into (4.4) and the result follows.

It is an obvious fact that the convex hull of the unit ball of ℓ^m_p , 0 < p < 1, is the unit ball of ℓ^m_1 . This can be combined with the following simple observation, cf. [35, Section 13.1].

Lemma 4.5. Let X be a Banach space and let K ⊂ X. We define by

d_n(K, X) = inf{sup_{x∈K} inf_{y∈N} ||x − y|| : N ⊂⊂ Y, dim(N) < n}

the nth Kolmogorov number of the set K. Then d_n(K, X) = d_n(convK, X), where convK is the convex hull of K.

Theorem 4.6. Let −∞ < s_2 < s_1 < ∞ and 0 < p_1, p_2, q_1, q_2 ≤ ∞ with (2.8). Let Ω ⊂ R^d be a bounded Lipschitz domain. Then (2.7) is compact and for n ∈ N

d_n(Id) ≈ n^{− s1−s2d +}

�_1

p1 −^1_{p2} � + if � either 0 < p_1 ≤ p_2 ≤ 2, or 0 < p_2 ≤ p_1 ≤ ∞,

(4.5)

d_n(Id) ≈ n^{− s1−s2d} if 2 < p_1 ≤ p_2 ≤ ∞ (4.6) and s_1 − s_2 d > 1 2 1 p_1 − 1 p_2 1 2 −^1_{p2} , d_n(Id) ≈ n^{p22} “ −^{s1−s2}_d +^1_{p1} −^1_{p2} ” if 2 < p_1 ≤ p_2 ≤ ∞ (4.7) and s_1 − s_2 d < 1 2 1 p_1 − 1 p_2 1 2 −^1_{p2} ,

d_n(Id) ≈ n � −^{s1−s2}_d +^1_{p1} −^1_2 � if 0 < p_1 < 2 < p_2 ≤ ∞ (4.8) and s_1 − s_2 d > 1 p_1 , d_n(Id) ≈ n p2 2 � −^{s1−s2}_d +^1_{p1} −^1_{p2} � if 0 < p_1 < 2 < p_2 < ∞ (4.9) and 1 p_1 − 1 p_2 < s_1 − s_2 d < 1 p_1 . Proof. Lubitz [36] used the results of [21] and was able to prove (4.5)–(4.9) if 1 ≤ p_1, p_2 ≤ ∞ up to a certain logarithmic gap. This gap originates from using only the weaker results of [21] instead of the sharp inequalities in [22]. Using [22] and the method of Lubitz (which is very similar to the discretization method presented above), the proof of (4.5)–(4.9) in the Banach space setting follows immediately. Hence, we concentrate on the proof of

(♣) (4.5) if 0 < p_2 ≤ p_1 ≤ ∞ and 0 < p_2 < 1,

(♥) (4.5) if 0 < p_1 < p_2 ≤ 2 and 0 < p_1 < 1,

(♠) (4.8) if 0 < p_1 < 1, 2 < p_2 ≤ ∞ and s_1 − s_2 d > 1 p_1 ,

(♦) (4.8) if 0 < p_1 < 1, 2 < p_2 < ∞ and 1 p_1 − 1 p_2 < s_1 − s_2 d < 1 p_1 . Let us mention that all the estimates from above follow from the estimates given in Theorem 3.5 and (4.1). We shall give the proof of the estimates from below in following three steps. Step 1. - Proof of (♣) The proof of (4.5) can be finished in the same manner as in the proof of Theorem 3.5. Namely, if M^′ = {M^′_ν }^∞_{ν=0} is an admissible sequence, we get for ν ≥ ν_0

d_n(id) ≥ d_n(id_ν ) ≳ 2^{−ν(s1−s2− dp}1^{+ dp}2^) · M 1 p2 −^1_{p1} ν for n =

�_c 2 · M^′_ν � , where c is the constant from Lemma 4.3. This leads to

d_n(id) ≳ n^{− s1−s2d} , n = � c 2 · M^′_ν � , ν ≥ ν_0

Again the monotonicity of the Kolmogorov numbers completes the proof. Step 2. - Proof of (♠) and (♦) It follows from Lemma 4.5, that if 0 < p_1 < 1 and 2 < p_2 ≤ ∞ d_n(ℓ^m_{p1} , ℓ^m_{p2} ) = d_n(ℓ^m_1 , ℓ^m_{p2} ), 1 ≤ n ≤ m < ∞. (4.10)

The proof of (♠) follows from (4.10), (4.2), Lemma 4.2 and the choice n =

�_{M ′ν} 2 � . The proof of (♦) follows in the same way, but with n = � (M^′_ν )^{2p}2 � . Step 3. - Proof of (♥) We generalise the idea of Lemma 4.5 to p-Banach spaces, namely we show that for 0 < p_1 < p_2 ≤ 2 d_n(ℓ^m_{p1} , ℓ^m_{p2} ) = d_n(ℓ^m_{in(1,p2)}, ℓ^m_{p2} ), 1 ≤ n ≤ m < ∞. (4.11) If p_2 ≥ 1, this follows immediately from Lemma 4.5. If p_2 ≤ 1, we show that d_n(ℓ^m_{p1} , ℓ^m_{p2} ) ≥ d_n(E_m, ℓ^m_{p2} ) ≥ d_n(ℓ^m_{p2} , ℓ^m_{p2} ). (4.12) Here, E_m = {e_i}^m_{i=1} ⊂ R^m and e_i = (0, . . . , 0, 1, 0, . . . , 0) are the canonical unit vectors having all but one components 0 and the i^{th} component 1.

Of course, (4.12) implies one half of (4.11), the second one being obvious. From (4.12), only the second inequality needs a proof. Let N ⊂⊂ ℓ^m_{p2} = Y be such that sup i=1,...,n

inf_{y∈N} ||e_i − y||_{p2} ≤ (1 + ε)d_n(E_m, ℓ^m_{p2} )

with dim N < n. Hence, to every e_i ∈ E_m there is a f_i ∈ N such that ||e_i − f_i||_Y ≤ (1 + ε)^2d_n(E_m, ℓ^m_{p2} ).

To every x ∈ ℓ^m_{p2} , x = m� i=1 x_ie_i with m� i=1 |x_i|^{p2} ≤ 1 we associate x̃(x) = m� i=1 x_if_i ∈ N. The

estimate

d_n(id : ℓ^m_{p2} → ℓ^m_{p2} )^{p2} ≤ sup_{||x||p}

2 ≤1

inf_{y∈N} ||x − y||^{p2}_{p2}

≤ sup

||x||_{p2} ≤1

||x − x̃(x)||^{p2}_{p2} = sup_{||x||p}

2 ≤1 � � � � � � m� i=1 x_i(e_i − f_i) � � � � � � p_2

p_2

≤ sup

||x||_{p2} ≤1 m� i=1 ||x_i(e_i − f_i)||^{p2}_{p2} = sup_{||x||p}

2 ≤1 m� i=1 |x_i|^{p2} ||e_i − f_i||^{p2}_{p2}

≤ sup

||x||_{p2} ≤1 m� i=1 |x_i|^{p2} (1 + ε)^{2p2} d_n(E_m, ℓ^m_{p2} )^{p2}

≤ (1 + ε)^{2p2} d_n(E_m, ℓ^m_{p2} )^{p2}

finishes the proof of (4.12).

The proof of (♥) follows in the same way as in the first and the second step.

Now, we turn our attention to Gelfand numbers. First, we collect some information about c_n(id : ℓ^m_{p1} → ℓ^m_{p2} ), cf. [22], (4.2) and (4.3).

Lemma 4.7. For 1 ≤ n ≤ m < ∞ and 1 ≤ p_1, p_2 ≤ ∞, we define

Φ(m, n, p_1, p_2) :=

� � � � � � � � � � � � �

(m − n + 1)^{1p}2^{− 1p}1 if 1 ≤ p_2 ≤ p_1 ≤ ∞, � min{1, m^{1− 1p}1 n^{− 1}2 } � 1 p_1 − 1 p_2 1 p_1 − 1 2 if 1 < p_1 < p_2 ≤ 2,

max{m^{1p}2^{− 1p}1 , � 1 −^n_m 1 p_1 − 1 p_2 1 2 −^1_{p2} } if 2 ≤ p_1 < p_2 ≤ ∞,

max{m^{1p}2^{− 1p}1 , min{1, m^{1− 1p}1 n^{− 1}2 } · � 1 −^n_m } if 1 < p_1 ≤ 2 < p_2 ≤ ∞.

Then, if p_1 > 1,

c_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) ≈ Φ(m, n, p_1, p_2), 1 ≤ n ≤ m < ∞.

Furthermore, there are two constants c_{p2} and C_{p2} such that

c_{p2} Ψ(m, n, p_2) ≤ c_n(id : ℓ^m_1 → ℓ^m_{p2} ) ≤ C_{p2} Ψ(m, n, p_2) � log �em n �_{3/2} , where

Ψ(m, n, p_2) := � n^{1− 1p}2 if 1 < p_2 ≤ 2,

min{1, max{m^{1− 1p}2 , m^{− 1}2

�_m

n − 1}} if 2 ≤ p_2 ≤ ∞.

The proof of this lemma follows by (4.2) or (4.3) and Lemma 4.2.

Lemma 4.8. If 0 < p_2 ≤ p_1 ≤ ∞, then

c_n(ℓ^m_{p1} , ℓ^m_{p2} ) = (m − n + 1)^{1p}2^{− 1p}1 .

The proof of this lemma follows literally [44, Section 11.11.4].

Lemma 4.9. Let 0 < p < 1. Then there is a real constant c > 0 such that

c_n(id : ℓ^m_p → ℓ^m_2 ) ≤ c � n log � 1 +^m_n � � 1_{2 −} 1_p , 1 ≤ n ≤ m < ∞.

Proof. This lemma slightly generalises a result of Kashin [28], which was later improved by Gluskin [22] and Garnaev and Gluskin [20]. We closely follow the presentation given in [35, Chapter 14].

Let y = (y_1, . . . , y_n) be a multivector, with y_1, . . . , y_n ∈ S^{m−1}, the unit sphere of R^m. We set

F_{m,n}(x, y) =

|(x, y_1)| + · · · + |(x, y_n)| n , x ∈ R^m.

We equip the space Σ_{m,n} = S^{m−1} × · · · × S^{m−1} � � �

n times

with the natural rotation invariant probability measure P . Then (cf. [35, Lemma 4.1, Chapter 14]) we have the following Lemma 4.10. For any x ∈ S^{m−1} and m, n ≥ 2 P � y ∈ Σ_{m,n} : 1 8 √ m ≤ F (x, y) ≤ 3 √ m � > � 1 − e^{−n}, n > 2, 1 2 , n = 2.

Let l and m be natural numbers with 1 ≤ l ≤ m. Let b^m_p denote the unit ball of ℓ^m_p . We denote by b^{m,l}_p the subset of all vectors from b^m_p whose coordinates are of the form^k_l , k ∈ Z. Then there is a real constant c̃ > 0 such that for any natural number n ≤ m with

l = � � 1 2c̃ � n log � 1 +^m_n � �_{1/p}� � ≥ 1

there exists a multivector y = (y_1, . . . , y_n) such that for all x ∈ b^{m,l}_p 1 8 √ m ||x||_2 ≤ F (x, y) ≤ 3 √ m ||x||_2. (4.13)

To prove it, we need to estimate the number of the elements of b^{m,l}_p from above. It could be done directly, but we prefer to use known results. Observe that the mutual ℓ^m_∞ distance of the points in b^{m,l}_p is at least^1_l . Hence, if M^{m,l}_p = #b^{m,l}_p (i.e. the number of elements of b^{m,l}_p ) is greater than 2^n for some natural number n, then

e_n(id : ℓ^m_p → ℓ^m_∞) ≥ 1 2l . (4.14)

But, according to [53] and [15, Section 3.2.2], there is a constant c̃ such that

e_n(id : ℓ^m_p → ℓ^m_∞) ≤ c̃ � log(1 +^m_n ) n �_{1/p} , 1 ≤ n ≤ m. (4.15)

From (4.14) and (4.15), it follows that if 1 2l > c̃ � log(1 +^m_n ) n �_{1/p} , then M^{m,l}_p ≤ 2^n < e^n. This, combined with Lemma 4.10 ensures the existence of the multivector y.

Let b^{m,l}_p be as above and let b^m_∞ be a unit ball of ℓ^m_∞. Let V^{m,l}_p = b^{m,l}_p ∩ (^1_l b^m_∞) be the set of all vectors in R^m with the ℓ^m_p -quasinorm at most one and with components in {0, ±^1_l }. Then we claim that b^m_p ∩ � 1 l b^m_∞ � = conv_p(V^{m,l}_p ) ⊂ conv(V^{m,l}_p ), (4.16)

where conv_p(V^{m,l}_p ) is the so-called p-convex hull of V^{m,l}_p . We refer to [18, 19, 25] for the notion of p-convexity, p-extreme points and the quasi-convex variant of the Krein-Milman theorem, which gives the identity in (4.16). The inclusion is a simple consequence of the fact that p < 1.

To prove Lemma 4.9, we need to find N ⊂⊂ R^m of codimension at most n such that for each point x ∈ N ∩ b^m_p we have ||x||_2 ≤^{c√}_l . Let y be one multivector with (4.13). We set

N = {x ∈ R^m : F (x, y) = 0} .

Let x ∈ N ∩ b^m_p and let x^′ ∈ b^{m,l}_p be the closest point to x, hence ||x − x^′||_∞ ≤^1_l . We set x^{′′} = x − x^′. Then ||x^{′′}||_2 ≤ ||x^{′′}||^{p2}p · ||x^{′′}||^{1− p2}∞ ≤ l^{p2 −1}. (4.17) It remains to estimate ||x^′||_2. This will be done by estimating the value of F (x^′, y). The estimate F (x^′, y) ≥ 1 8 √ m ||x^′||_2 (4.18)

follows from (4.13) and the fact that x^′ ∈ b^{m,l}_p . On the other hand, because of x ∈ N and F is subadditive, F (x^′, y) ≤ F (x, y) + F (x^{′′}, y) = F (x^{′′}, y). (4.19) For all x̃ ∈ V^{m,l}_p ⊂ b^{m,l}_p , we have

F (x̃, y) ≤ 3 √ m ||x̃||_2 ≤ 3m^{− 12} l^{p2 −1} (4.20)

and by subadditivity of F and (4.16), the same holds also for x^{′′} ∈ b^m_p ∩

�_1 l b^m_∞ � . We insert (4.20) into (4.19) and (4.18) and get ||x^′||_2 ≤ 24l^p2^{−1}, and together with (4.17), ||x|| ≤^{25√}_l .

Lemma 4.11. Let 0 < p_1 < 1 and p_1 < p_2 ≤ ∞. Then there is a real constant c > 0 such that

c_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) ≤ c � n log � 1 +^m_n � � 1_{min(p2,2) −} 1_{p1} , 1 ≤ n ≤ m < ∞.

Theorem 4.12. Let −∞ < s_2 < s_1 < ∞ and 0 < p_1, p_2, q_1, q_2 ≤ ∞ with (2.8). Let Ω ⊂ R^d be a bounded Lipschitz domain. Then (2.7) is compact and for n ∈ N

c_n(Id) ≈ n^{− s1−s2d +}

�_1

p1 −^1_{p2} � + if � either 2 ≤ p_1 < p_2 ≤ ∞, or 0 < p_2 ≤ p_1 ≤ ∞,

(4.21)

c_n(Id) ≈ n^{− s1−s2d} if 0 < p_1 < p_2 ≤ 2 (4.22) and s_1 − s_2 d > 1 2 1 p_1 − 1 p_2 1 p_1 − 1 2 , c_n(Id) ≈ n^p ′ 1 2 “ −^{s1−s2}_d +^1_{p1} −^1_{p2} ” if 1 < p_1 < p_2 ≤ 2 (4.23) and s_1 − s_2 d < 1 2 1 p_1 − 1 p_2 1 p_1 − 1 2 ,

c_n(Id) ≈ n � −^{s1−s2}_d +^1_2 −^1_{p2} � if 0 < p_1 < 2 < p_2 ≤ ∞ (4.24) and s_1 − s_2 d > 1 − 1 p_2 , c_n(Id) ≈ n p′1 2 � −^{s1−s2}_d +^1_{p1} −^1_{p2} � if 1 < p_1 < 2 < p_2 ≤ ∞ (4.25) and 1 p_1 − 1 p_2 < s_1 − s_2 d < 1 − 1 p_2 . Proof. As Gelfand numbers are multiplicative and additive s-numbers, we may invoke (2.12) and restrict again to sequence spaces. Then, the method of the proof of Theorem 3.5 applies. The estimates on the sequence space side are given by Lemma 4.2 and (4.2). This approach finishes the proof in case 1 ≤ p_1, p_2 ≤ ∞.

In the cases, when p_1 < 1 and/or p_2 < 1, (4.2) and (4.3) fail and Lemma 4.2 does not provide suitable estimates for c_n(id : ℓ^m_{p1} → ℓ^m_{p2} ). Hence, we are forced to treat these cases separately.

(♣) (4.21) if 0 < p_2 ≤ p_1 ≤ ∞ and 0 < p_2 < 1,

(♥) (4.22) if 0 < p_1 < p_2 ≤ 2 and 0 < p_1 < 1,

(♠) (4.24) if 0 < p_1 < 1 and 2 < p_2 ≤ ∞.

Step 1. - Proof of (♣) The proof of the estimate from below in (♣) follows exactly as in the proof of Theorem 4.6 with Lemma 4.3 replaced by Lemma 4.8.

The estimate from above in (♣) is provided by the corresponding statement about approximation numbers, cf. Theorem 3.5 and (4.1).

Step 2. - Proof of the estimates from below in (♥) and (♠) If 1 ≤ p_2 ≤ ∞, we use the estimate c_n(id : ℓ^m_1 → ℓ^m_{p2} ) ≤ ||id : ℓ^m_1 → ℓ^m_{p1} || · c_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) (4.26) and if p_2 < 1, we use the estimate c_n(id : ℓ^m_{p2} → ℓ^m_{p2} ) ≤ ||id : ℓ^m_{p2} → ℓ^m_{p1} || · c_n(id : ℓ^m_{p1} → ℓ^m_{p2} ). (4.27) This leads to c_n(id : ℓ^{2n}_{p1} → ℓ^{2n}_{p2} ) ≳ � n^{12 − 1p}1 if 2 ≤ p_2 ≤ ∞, n^{1p}2^{− 1p}1 if 0 < p_2 ≤ 2

(4.28)

and the proof of the estimates from below included in (♥) and (♠) may be again finished as in the proof of Theorem 4.6.

Step 3. - Proof of the estimates from above in (♥) and (♠) Again, the knowledge of the behaviour of c_n(id : ℓ^m_{p1} → ℓ^m_{p2} ) is of a crucial importance. Lemma 4.11 contains already the necessary information and the proof can be finished using the standard discretization method.

5 Conclusion

In Theorems 3.5, 4.6 and 4.12 we gave an overview of the behaviour of approximation, Kolmogorov and Gelfand numbers of Id : B^{s1}_{p1q1} (Ω) → B^{s2}_{p2q2} (Ω), where Ω is a bounded domain in R^d with smooth (i.e. Lipschitz) boundary and the parameters satisfy s_1 − s_2 > d � 1 p_1 − 1 p_2 � + . The reader has surely noticed, that all the obtained results about the asymptotic decay of a_n(Id), d_n(Id) and c_n(Id) do not depend on the fine parameters 0 < q_1, q_2 ≤ ∞. This is of course no coincidence. The reason lies in the roots of the method we have used, namely in (3.7).

Nevertheless, the presented bounds from above and from below coincide in all “non-limiting” cases. Unfortunately, this method has also its natural bounds. For example, if 0 < p_1 < 2 < p_2 ≤ ∞ and s_1 − s_2 = d max(1 −^1_{p2} ,^1_{p1} ), then Theorem 3.5 fails to characterize the decay of a_n(Id). One observes, that in this case both (3.4) and (3.5) meet at n^{− 1}2 , but (in general) this is not the exact speed of the decay of a_n(Id). It was shown by Kulanin [33], that additional logarithmic factors come into play. Their exact order seems to be unknown, but we believe that it depends on q_1 and q_2. So, for principle reasons, the decomposition method can not be extended to this “limiting” case.

Using the elementary embeddings (2.4), we conclude, that all the results hold for Triebel- Lizorkin spaces, Lebesgue spaces, Sobolev spaces, Bessel potential spaces and Hölder-Zygmund spaces as well.

For example, Theorem 3.5 may be stated in the framework of Bessel potential spaces and their embeddings into C(Ω) and L_∞(Ω).

Theorem 5.1. Let 1 ≤ p ≤ ∞, s >^d_p and let Ω ⊂ R^d be a bounded Lipschitz domain. Then the embeddings Id_1 : H^s_p (Ω) → C(Ω) (5.1)

Id_2 : H^s_p (Ω) → L_∞(Ω) (5.2)

are compact and

a_n(Id_1) ≈ a_n(Id_2) ≈ n^{− sd + 1p} if 2 ≤ p ≤ ∞,

a_n(Id_1) ≈ a_n(Id_2) ≈ n^{− sd + 1p̃ − 12} if 0 < p < 2 and s d > 1 p̃ = max � 1, 1 p � , a_n(Id_1) ≈ a_n(Id_2) ≈ n

�_{− s}

d +^1_p

�_{· p′}

2 if 1 < p < 2 and 1 p < s d < 1.

References

[1] J. Bastero, J. Bernués and A. Peña, An extension of Milman’s reverse Brunn- Minkowski inequality, Geom. Funct. Anal. 5, No 3. (1995), 572-581.

[2] O. Besov, Issledovanie odnogo seme�istva funkcional�nyh prostranstv v sv�zi s teoremami vlo�eni� i prodol�eni�, Trudy. Mat. Inst. Steklova 60 (1961), 42-81.

Engl. transl.: Investigation of a family of function spaces in connection with theorems of imbedding and extension, Amer. Math. Soc. Transl. (2) 40 (1964), 85-126.

[3] M. S. Birman and M. Z. Solomyak, Kusoqno-polinomial�nye pribli�eni� funkci�i klassov W^α_p , Mat. Sbornik 73 (1967), 331-355;

Engl. transl.: Piecewise polynomial approximation of functions of the class W^α_p , Math. USSR Sbornik 2 (1967), 295-317.

[4] A. M. Caetano, About approximation numbers in function spaces, J. Approx. Theory 94 (1998), 383-395.

[5] B. Carl, Entropy numbers, s-numbers, and eigenvalue problems, J. Funct. Anal. 41 (1981), 290-306.

[6] B. Carl and I. Stephani, Entropy, compactness and the approximation of operators, Cambridge Tracts in Math. 98, Cambridge Univ. Press, Cambridge, 1990.

[7] Z. Ciesielski and T. Figiel, Construction of Schauder bases in function spaces on smooth compact manifolds, Approximation and function spaces, Proc. int. Conf., Gdansk 1979, 217-232 (1981).

[8] A. Cohen, Numerical analysis of wavelet methods, Studies in Mathematics and its Applications 32, Amsterdam, North-Holland Elsevier, 2003.

[9] A. Cohen, W. Dahmen and R. DeVore, Multiscale decompositions on bounded domains, Trans. Amer. Math. Soc. 352 (2000), 3651-3685.

[10] I. Daubechies, Orthonormal bases of compactly supported wavelets, Comm. Pure Appl. Math. 41 (1988), 909-996.

[11] I. Daubechies, Ten lectures on wavelets, SIAM, Philadelphia, 1992.

[12] R. A. DeVore and R. C. Sharpley, Besov spaces on Domains in R^d, Trans. Amer.

Math. Soc. 335 (1993), 843-864.

[13] S. Dispa, Intrinsic characterizations of Besov spaces on Lipschitz domains, Math.

Nachr. 260 (2003), 21-33.

[14] S. Dispa, Intrinsic descriptions using means of differences for Besov spaces on Lipschitz domains, In: Function spaces, Differential Operators and Nonlinear Analysis, Basel-Boston-Stuttgart, Birkhäuser, 2003, 279-287.

[15] D. E. Edmunds and H. Triebel, Function spaces, entropy numbers, differential operators, Cambridge Tracts in Math. 120, Cambridge Univ. Press, 1996, Cambridge.

[16] M. Frazier and B. Jawerth, A discrete transform and decompositions of distribution spaces, J. Funct. Anal. 93, No.1, 34-170 (1990).

[17] M. Frazier, B. Jawerth and G. Weiss, Littlewood-Paley theory and the study of function spaces, Regional Conf. Ser. 79, Providence, AMS, 1991.

[18] B. Fuchssteiner, Verallgemeinerte Konvexitätsbegriffe und der Satz von Krein- Milman, Math. Ann. 186 (1970), 149-154.

[19] B. Fuchssteiner, Verallgemeinerte Konvexitätsbegriffe und L^p-Räume, Math. Ann.

186 (1970), 171-176.

[20] A. Yu. Garnaev and E. D. Gluskin, O popereqnikah evklidova xara, Doklady Akad. Nauk SSSR 277 (1984), 1048–1052;

Engl. transl.: On widths of the Euclidean ball, Soviet Math. Dokl. 30 (1984), 200- 204.

[21] E. D. Gluskin, O nekotoryh koneqnomernyh zadaqah teorii popereqnikov, Vestnik Leningrad. Univ., Seria Mat., 13 (1981), 5–10;

Engl. transl.: On some finite-dimensional problems of in the theory of widths., Vestnik Leningrad Univ. Math. 14 (1982), 163-170.

[22] E. D. Gluskin, Normy vluqa�inyh matric i popereqniki koneqnomernyh mno�estv, Mat. Sb. 120 (1983), 180–189;

Engl. transl.: Norms of random matrices and widths of finite-dimensional sets, Math. USSR Sbornik 48 (1984), 173-182.

[23] E. Hernández and G. Weiss, A First course on wavelets, CRC Press, Boca Raton etc., 1996

[24] R. S. Ismagilov, Popereqniki mno�estv v line�inyh normirovannyh prostranstvah i pribli�enie funkci�i trigonometriqeskimi polinomami, Uspekhi Mat. Nauk 29 (1974), No. 3, 161-178;

Engl. transl.: Diameters of sets in normed linear spaces and approximation of functions by trigonometric polynomials, Russian Math. Surveys 29 (1974), No. 3, 169- 186.

[25] N. J. Kalton, Compact p-convex sets, Quart. J. Math. Oxford (2), 28 (1977), 301- 308.

[26] B. S. Kashin, O kolmogorovskih popereqnikah oktaedrov, Doklady Akad. Nauk SSSR 214 (1974), 1024–1026;

Engl. transl.: On Kolmogorov diameters of octahedra, Soviet Math. Doklady 15 (1974), 304-307.

[27] B. S. Kashin, O popereqnikah oktaedrov, Uspekhi Mat. Nauk 30, No. 4 (1975), 251–252;

Engl. title: The diameters of octahedra

[28] B. S. Kashin, Popereqniki nekotoryh koneqnomernyh mon�estv i klassob gladkih funkci�i, Izv. Akad. Nauk, Seria Mat. 41 (1977), 334-351; Engl. transl.: Diameters of some finite-dimensional sets and classes of smooth functions, Math. USSR, Izv. 11 (1977), 317-333.

[29] B. S. Kashin, O popereqnikah klassov Soboleva malo�i gladkosti, Vestnik Mosk. Univ., Seria Mat. 5 (1981), 50-54.

Engl. title: On the diameters of Sobolev classes of small smoothness

[30] A. N. Kolmogorov, Über die beste Annäherung von Funktionen einer gegebenen Funktionenklasse, Ann. of Math. 37 (1936), 107-110.

[31] V. I. Kondrashov, Sur certaines propriétés des fonctions dans l’espace L^ν_p , Doklady Akad. Nauk SSSR 48 (1945), 535-538.

[32] H. König, Eigenvalue distribution of compact operators, Birkhäuser, Basel-Boston- Stuttgart, 1986.

[33] E. D. Kulanin, O popereqnikah klassa funkci�i ograniqenno�i variacii v prostranstve L^q(0, 1), 2 < q < ∞, Uspekhi Mat. Nauk 38, No. 5 (1983), 191- 192;

Engl. title: Diameters of a class of functions of bounded variation in the space L^q(0, 1), 2 < q < ∞, Russ. Math. Survey 38, No. 5 (1983), 146-147.

[34] R. Linde, s-Numbers of diagonal operators and Besov embeddings, Proc. 13-th Winter School, Suppl. Rend. Circ. Mat. Palermo (1986).

[35] G. G. Lorentz, M. v. Golitschek and Y. Makovoz, Constructive approximation. Advanced problems. Grundlehren der Mathematischen Wissenschaften, 304. Springer- Verlag, Berlin, 1996.

[36] C. Lubitz, Weylzahlen von Diagonaloperatoren und Sobolev-Einbettungen, Dissertation, Rheinische Friedrich-Wilhelms-Universität, Bonn, 1982.

[37] V. E. Maĭorov, Diskretizaci� zadaqi o popereqnikah, Uspekhi Mat. Nauk 30, No. 6 (1975), 179-180;

Engl. title: Discretization of the problem of diameters.

[38] S. G. Mallat, Multiresolution approximation and wavelet orthonormal bases in L_2(R), Trans. Amer. Math. Soc. 315 (1989), 69-87.

[39] Y. Meyer, Wavelets and operators, Cambridge Univ. Press, 1992.

[40] J. Peetre, New thoughts on Besov spaces, Duke Univ. Math. Series, Durham, Univ., 1976.

[41] A. Pietsch, Einige neue Klassen von kompakten linearen Operatoren, Rev. Math.

Pures Appl. 8 (1963), 427-447.

[42] A. Pietsch, s-Numbers of operators in Banach spaces, Studia Math. 51 (1974), 201- 223.

[43] A. Pietsch, Operator ideals, Deutsch. Verlag Wiss., Berlin, 1978; North-Holland, Amsterdam-London-New York-Tokyo, 1980.

[44] A. Pietsch, Eigenvalues and s-numbers, Cambridge University Press, 1987, Cambridge.

[45] A. Pietsch, History of Banach spaces and linear operators, Birkhäuser, Boston- Basel-Berlin, 2007.

[46] A. Pinkus, n-widths in approximation theory, Ergebnisse der Mathematik und ihrer Grenzgebiete 3.7, Springer, Berlin etc., 1985.

[47] G. Pisier, The volume of convex bodies and Banach space geometry, Cambridge Tracts in Math. 94, Cambridge University Press, Cambridge, 1989.

[48] F. Rellich, Ein Satz über mittlere Konvergenz, Nach. Wiss. Gesell. Göttingen, Math.- Phys. Kl. (1930) 30-35.

[49] S. Ropela, Spline bases in Besov spaces, Bull. Acad. Pol. Sci., S. Sci. Math. Astron.

Phys. 24, 319-325 (1976).

[50] W. Rudin, Functional analysis, Second edition, McGraw-Hill, New York-St.Louis- San Francisco etc., 1991

[51] T. Runst and W. Sickel, Sobolev spaces of fractional order, Nemytskij operators, and nonlinear partial differential equations, Berlin, W. de Gruyter, 1996.

[52] V. S. Rychkov, On restrictions and extensions of the Besov and Triebel-Lizorkin spaces with respect to Lipschitz domains, J. London Math. Soc. (2) 60 (1999), 237– 257.

[53] C. Schütt, Entropy numbers of diagonal operators between symmetric Banach spaces, J. Approx. Theory 40 (1984), 121-128.

[54] L. Skrzypczak, Approximation and entropy numbers of compact Sobolev embeddings, Approximation and Probability, Papers of the conference held on the occasion of the 70th anniversary of Prof. Zbigniew Ciesielski, Bedlewo, Poland, September 20–24, 2004; Banach Center Publications vol.72, Warszawa 2006, pp.309-326.

[55] S. L. Sobolev, Ob odno�i teoreme funkcional�nogo analiza, Mat. Sbornik 4 (1938), 471-497;

Engl. transl.:On a theorem of functional analysis, Amer. Math. Soc. Transl. (2), 34 (1963), 39-68.

[56] S. B. Stechkin, O nailuqxem pribli�enii zadannyh klassov funkci�i l�bymi polinomami, Uspekhi Mat. Nauk 9 (1954), 133-134; Engl. title: On the best approximation of given classes of functions by arbitrary polynomials.

[57] V. M. Tikhomirov, Popereqniki mno�estv v funkcional�nyh prostranstvah i teori� nailuqxih pribli�eni�i, Uspekhi Mat. Nauk 15, No. 3 (1960), 81-120;

Engl. title: Diameters of sets in function spaces and the theory of best approximations, Russ. Math. Survey 15, No. 3 (1960), 75-111.

[58] H. Triebel, Interpolation theory, function spaces, differential operators, Amsterdam, North-Holland, 1978

[59] H. Triebel, Theory of function spaces, Geest & Portig, Leipzig, and Birkhäuser, Basel-Boston-Berlin, 1983.

[60] H. Triebel, Theory of function spaces II, Birkhäuser, Basel-Boston-Berlin, 1992.

[61] H. Triebel, Theory of function spaces III, Birkhäuser, Basel-Boston-Berlin, 2006.

[62] H. Triebel, Function spaces and wavelets on domains, to appear.

[63] H. Triebel, Local means and wavelets in function spaces, to appear in Banach Center publications

[64] P. Wojtaszczyk, A mathematical introduction to wavelets, London Math. Soc. Student Text 37, Cambridge Univ. Press, 1997.