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1 INTRODUCTION

1 Introduction

1.1 Banach spaces

Definition 1. Let X be a vector space over R (or C) equipped with a norm || - || : X — [0,00). It
means, that

e There are operations + : X x X — X and - : R x X — X with the usual properties.

e The function || - || satisfies
(1) ||z|| = 0 if, and only if,! & =0,
(2) ||ax|| = |af - ||x|| for all @« € R (or all @« € C) and all x € X,

B) e +yll <llzf] +[lyl] for all z,y € X.

If X is complete?, it is called a Banach space.

Remark 1. We shall write ||z||x or ||z|X]|| to emphasise the space X in the notation.
Remark 2. We recall the most classical Banach spaces

o R",C", £7(R), £;(C) with 1 < p < oo,

e /p,co,coo with 1 < p < oo,

e L,([0,1]), Ly(£2),C(Q) with 1 < p < 0.

Remark 3. The most important concepts of functional analysis are

e completeness,

e duality,

e convexity,

e compactness.

Completeness shall be used only very rarely in this text.

1.2 Duality and convexity

Definition 2. Let X,Y be two Banach spaces.

o f: X — Y is linear, iff
flaz + By) = af(x) + Bf(y)
for all , € R (or C) and all z,y € X.

o If f: X — Y is linear, it is continuous, iff there exists a real number M > 0, such that
1f(@)ly < M|lz|[x
for all z € X.

e IfY =R (orY=C)and f: X — Y is linecar and continuous, then it is called functional.

!This shall be sometimes abbreviated as “iff” for short
%j.e. every Cauchy sequence is convergent



1.2 Duality and convexity

o L(X,)Y)={f:X —Y, fis linear and continuous}.
e X' =L(X,R)or X' = L(X,C), respectively, is the dual space of X.

Remark 4. e L(X,Y) is complete with respect to the operator norm

1ALV = sup L@ @l
20 |lzllx  zexial=1
Especially,
) =sp O @)

e#£0 |[7]|x zeX:||z||=1
e The supremum above may not be attained, cf. Exercise 2.

e It is usual to identify the dual space with some other well known space. For example, (¢1) = (o,
cf. Exercise 3. In this sense, we have

1 1
(p) =y, where 5—|—27:1, 1 <p<oo.

Let us recall, that (¢22)" = 7", but ({s) # 41, cf. Exercise 8.
e The operators may be composed in the usual way, i.e.
SeLlL(X)Y), TeLlLlY,Z) = ToSeL(X Z2)

and
[T 0 S|L(X, 2)[| < [|IT|L(Y, Z)|] - [|SIL(X, Y]]

Definition 3. Let X be a vector space.
a) A set M C X is called conver, iff

Ve,ye M VA:0<A<1 X+ (1—-NyeM.

b) Let M C X be convex and let f: M — R be an arbitrary function. Then f is convez, iff

Ve,ye M VA:0<A<1 fz+ (1 —=Ny) <Af(x)+(1=N)f(y).
c) Let M C X. Then we define the convex hull of M by

conv M = ﬂ K.
KOM
K convex

Remark 5. e Convexity is defined only algebraically. No topology or norm is assumed on X and
no continuity of f is necessary.

e Let X be a Banach space and let
Bx ={zx e X :||z||lx <1}

be its closed wunit ball. Then Bx is convex.
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Definition 4. a) Let X be a vector space and let || - || : X — [0, 00) with

(1) ||z|]| = 0 if, and only if, x = 0,

(2) llazx|| = |a - ||z|| for all @ € R (or all « € C) and all x € X,

(3) llz 4+ yl| < C(||z]| + ||ly|]) for some C > 1 and all z,y € X.

Then || - || is called a quasi-norm and X is a quasi-normed space. If X is even complete in this
quasi-norm, it is called also a quasi-Banach space.

b) Let X be a vector space and let || - || : X — [0, 00) with

(1) ||z|]| = 0 if, and only if, x = 0,

(2) llaz|| = |a - ||z|| for all @ € R (or all « € C) and all x € X,

(3) llz + y||P <||z||P + ||y||P for some 0 < p <1 and all z,y € X.

Then || - || is called a p-norm and X is a p-normed space. If X is even complete in this p-norm, it is

called also a p-Banach space.

Example 1. Let us consider the space Ly([0,1]) with 0 < p < 1. This is a space of (equivalence classes
of) measurable functions on [0, 1], equipped with a mapping

11,0, 1)) = (J£1|f<xnpdz)1“<

e Then it holds

1 1
|u+gwamJDW:iA|ﬂ@+y@Wst[;uuwwwmmwm
— 1FIZp ([0, I + 19| Zp ([0, 1]) |

Here, we used the first inequality from Exercise 5a) with a = |f(z)| and b = |g(z)|. Hence, || - ||
is a p-norm.

e On the other hand, we get

i+l = [ 150 +otoras) < ([ s o)

1 1 1/p

:(/'MWWum+/rmmwm) = (1L (10, DI + llglLy ([0, 1))
0 0

< 2P| £1L, ([0, 1) + 191Ly ([0, 1))

Here, we have used the second inequality from Exercise 5b) with a = ||f|L,([0,1])|| and b =
llg|Lp([0,1])|]. Hence || - || is also a quasi-norm.

Next theorem shows, that this behaviour is no coincidence.

Theorem 5. a) Let X be a p-Banach space. Then X is also a quasi-Banach space with C = 21/p=1,

b) Let X be a quasi-Banach space with the quasi-norm || - ||. Then there is a 0 < p < 1 and a p-norm
|| - ||p, which is equivalent 3 to || - ||.

3This means, that there are constants c; and c such that ci|jz|| < ||z||l, < cz2|lz|| for all z € X. The topologies
induced by equivalent quasi-norms are identical.



1.2 Duality and convexity

Proof. The proof of a) copies the proof given in Example 1.
1 _ _
£ +all < (AP + Nlgl?) 7 < 25PN+ glDP1Y? = 242111 1] + llgll) -

The proof of b) is the essential part.
Let C denote the constant from the triangle inequality for || - ||. We put Cyp = 2C > 2.
We define p through Cf =2 (i.e. 0 < p <1) and put

Hpr: (HleP_F..._FHmep)l/p.

inf
The infimum runs over all decompositions f = fi + -+ + fp.

It remains to prove, that || - ||, has all the properties of a p-norm. This is unfortunately a bit technical.
We start with the following observation.

Step 1. We prove through induction, that

a4+ fnll < e (GEIS511). (L1)

e The case m = 2 is trivial.

1f1+ foll < U+ NIfll) < max(Collfrll, Coll foll) < max(Collf1ll, CF 11 £ll)-

e The step m — 1 — m follows.

v+ Fall < CUANTF (12 4 - + fl]) < max(Col[f1]], Collfa + - -+ + ful])
< max(Col| f1l, Co max(Col| foll, G| fa1l, - .., C§" M| fuml])
= max(Col|f1]l, C3 1| fall, G311 fll, -, 11 £ 1))

Step 2. We show, that || - |[b is subadditiv, i.e.
1+ glly < U1+ Mgllp-
Let f=fi+--+4+ finand g =g1 + -+ 4+ gp, such that
1£1lp = (L =) (LAIP + -+ 1 fl?)? and lglly = (1= e)(lgr]P + -+ [lgal )17,
where € > 0 is arbitrary. Then f+g=fi+---+ fin + 91+ + gn and

P p1/p
1+ lly < QAP+ Ul + P4+ gl < | (T2 ) ()7

€ 1—¢

Hence

If +gllp < (17115 + Nlgll)

1
1—ep
and we let € — 0.

It follows trivially, that ||af||, = |a|- || ]|, and ||f||, < ||f]|. We show, that there is a constant A > 1,
such that
AL < Allfllp, feX. (1.2)
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This inequality proves, that || -|| and || - ||, are equivalent and gives as a byproduct, that || f||, = 0 if,
and only if, f = 0.

Step 3. Proof of (1.2).
We show by induction, that

Nfi 4+ fll < Co(N(f1)P 4 -+ -+ N(fn)?) VP, (1.3)

where

0, if f=o0,
N(f):{ck it CEl<|lfll<Ck, ke
0> 0 —= 0> .

From (1.3) follows (1.2) immediately. If f = f1 + -+ + fp,, then

1A= 111+ =+ fll < Co(N(f1)P + -+ + N(fm)P)?
< Co((CollAllY” + -+ (Coll ful))? = CEULAIP + - + [ finl )P

and we may consider the infimum over f = f1 +--- 4+ fi..

e The proof of (1.3) for m =1 is simple:

1f1l] < N(f1) < Co(N(f1)P)V/P.

e The proof of m — m + 1 in (1.3).

We assume, that ||fi|| > -+ > || fms1l]- If all N(f;),7 =1,...,m + 1 are different, then we get
by (1.1)

< JI £,
i+ fmall < s (GRlLSID

and

CAIIfill < CoN(f1) < Co(N(f1)P + -+ + N(f)?) /7.
If N(fj) = N(fj+1) = C} for some 1 < j < m and some [ € Z, then

15+ Froall < Comax((| 511, 1 Fyall) < C5.

Hence
N(fj + fral? < Co P =270 =2l 2 = NP + N(f0)"

Finally, we get by induction assumption
W+t mall = 4+ fia+ 5+ Fiv) + firz+ - 4 fnal

1/p
§00<N(f1)p+---+N(fj1)p+N(fj+fj+1)p+N(fj+2)p+---+N(fm+1)p>

1/p
<y (N(fl)p TR me)p) .



1.3 Compactness and entropy numbers

1.3 Compactness and entropy numbers

Definition 6. Let X be a Banach space, or a p-Banach space or a quasi-Banach space.
a) M C X is open, iff Ve € M 3e >0: B(z,e) ={y e X :||lz —yl||lx <e} C M.

b) K C X is compact, iff V{My}acr, M, open with U M, D K there exists a finite subsystem
ael
n
{a1,..., 0} C I with UMai o K.
i=1
c) T € L(X,Y) is compact, iff TBx C Y is compact.

Let K C X be compact. Then?* for every € > 0, there are finitely many points 1, ..., z,, such that

n

U Baie) D K.
=1

Of course, the number of points n(e) grows, as € — 0. The concept of dyadic entropy numbers works
with the inverse function, i.e. we ask, how large balls do we need to take to cover the set K with only
n of them.

Definition 7. Let X,Y be two quasi-Banach spaces and let T' € £(X,Y). The sequence

2n71

en(T) =inf{e > 0:Jy1,...,ym-1: T(Bx) C U B(yi,e)}, n €N,
i=1

is called the sequence of entropy numbers of the operator T.
Remark 6. We shall sometimes write y; + eBy or By (y;,¢) instead of B(y;,¢).
The following theorem summarises the basic properties of entropy numbers.

Theorem 8. Let X, Y, Z be three quasi-Banach spaces, let S,T € L(X,Y) and let R € L(Y,Z). Then
it holds:

(i) IITILCX, Y| > ex(T) > ea(T) > - > 0.
(ii) e, (T) — 0, iff T is compact.

(i) ||T|L(X,Y)|| = e1(T) if Y is a Banach space®

(iv) ¥ni,n2 € N holds ey, 4n,—1 (R0 S) < en, (R)en, (S).
(v) If Y is a p-Banach space, then

efn-}—ng—l(s + T) S egl (S) + efbg (T)

Proof. (i) The inequality e;(T") > ej41(T") follows directly from the Definition 7. We write ||T'|| instead
of [|T|L(X,Y)|| for short. The inequality ||T'|| > e;(T) follows from

T(Bx) < B(0,|[T[}) Y.

“cf. Exercise 7a)
5cf. Exercise 10b.
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(iii) If Y is a Banach space and e;(T") < ||T||, then there exist some real number 0 < a < ||T|| and
some y € Y, such that

T(Bx) C B(y,a),

i.e.

Tz —ylly <a

for all z € Bx. Then for every x € Bx we obtain
Tz y Tz y 1 1
1T2lly <[l5-+ 35l + 15 = 3lly = 3IIT2) = ylly + 51Tz —ylly <a,

hence ||T'|| < a, which is a contradiction.

(ii) follows from Exercise 10a.

(iv) Let
2n1—1
R(By)cC ] 2z + (en,(R) +2)Bz,
j=1
gng—1
S(Bx) C |J vi+ (eny(S) +¢)By.
i=1
Then
gng—1 gng—1

(RoS)Bx = R(S(Bx)) C R( U v+ (ens(S) + By> U R(y;) + (eny (S) + €)R(By)
i=1

ong— 12n1 1

c U U R+ (ns(S) + )z +(en, (T) + €)(eny (S) + ) Bz
=1 j=1

Vi,j
ong— 12n1 1

U U vlv] enl ) + 6)(en2 (S) + €)Bz.

=1 j=1

Altogether, (RoS)(Bx) may be covered by 271~ 14m2=1 — g(ni+n2—=1)=1 halls in Z with radius (e,, (T)+
g)(en,(S) 4 €). Finally, we let ¢ — 0.

(v) follows similarly. Let

ony— 1

U Yi + (€n, (S) +€)By,

ong—1
T(Bx) C |J 2 + (eny(T) +€)By.
j=1



1.4 Entropy numbers of id : £ — ("

Then®

ony— 1 on -1

(S +T)(Bx) C S(Bx) + T(Bx) C (Uyl en(®) 498y ) +

2n171 2n271

C U U (yi + 2j) + [(eny (S) +€)By + (€, (T) + ) By ]

on1—1 9na
Ny U (Wi + 27) + [(eny (S) + )7 + (eny(T) +)?] "/ By
i=1 j=1

We have used Exercise 9 in the last step. Finally, we let ¢ — 0 and observe, that
en(S +T) < [eny (S)P + ey (T)P]V/P

fornwithn—1=n;—1+n9—1. O

1.4 Entropy numbers of id : (' — (!

Up to very special cases (which we shall investigate in detail later on), the exact calculation of entropy
numbers is almost impossible. Hence, we shall deal with estimates from above and below, which differ
only through some constants, i.e. in formulas of the type

en(T) = n~ L, n €N,
which means, that there are two positive constants ¢; and ¢, such that

cgn < en(T) < con” L, n € N.

The most simple case, which demonstrate many of the significant properties of entropy numbers, is
the operator

id : €)' (R) — £ (R),
where 0 < p,q < co and m € N. We are interested in estimates of e, (7") in the sense described above,

but with ¢; and ¢y independent of n and m (but possibly depending on p and gq).

Let us mention”, that
en(id : £, (C) — £'(C)) = ey (id : Ef,m(R) — Kgm(R)), n,m €N,
with constants of equivalence independent of n and m, but possibly depending on p and ¢. This
somehow justifies our interest in real vector spaces.
We start with simple cases, it means with
Example 2. id : (3} — (73}.
Step 1. Estimate from above.

We denote by B = By (r) = [—1,1]™ the unit ball of ¢72(R).

SWe denote by A+ B={a+b:a€ Abe B}
"cf. Exercise 16

10



1 INTRODUCTION

We consider the sets
A ok —1 2k _3 1 1 2k 1
k m == - 2k b - 2k PR 2k; ) 2k; AR 2k

} , k,m € N.

Simple calculation shows, that Ay, ,, has

<2k—1+<2k—1>+2>’”:2k.m
2

elements. Furthermore,
1
L U et g1,
$EA]€71
and generally
1
B= J =+ 5B
$6Akml
This implies, that

. 1
So, if n € N may be written as n = km + 1, then
1 1 21/m
en(id) < — = <2.27n/m

SF S

The same estimate follows for all n by standard arguments, namely monotonicity. Let us describe this
in detail. Let

kom+1<n<(kp+1)m+1 (1.4)
no ni=no+m

for some kg > 1. Then

niy—m

en(id) < epy(id) <2.27™0/M =2.97"m <2.27 m =4.27"/m,

Finally, we consider 1 < n < m, which cannot be expressed in the form given by (1.4). But for these
n’s we obtain trivially

en(id) <1<2.27MM <q.27"/m 1 <p<m.

Step 2. Estimate from below.

We use volume arguments, which shall be very useful also later on. Let us assume, that
2n—1

Bc |Jy+eB.
j=1

It means that
vol B =2m < 2nlgm . ol B = gmin—lom,

Hence L
£>2m >27/m
Hence, we got
27 e (id: (T (R) — MM (R)) <4-27"™  nomeN. (1.5)

Let us mention, that even in this case, we got only estimates from above and from below, which differ
by the constant 4.

11



1.4 Entropy numbers of id : £ — ("

The second simple case, namely ey, (id : /7" (R) — ¢*(R)) is postponed to the Exercise 11.

To be able to apply the volume arguments also in other (less trivial) situations, we shall need the
Gamma function®

o
I'(s) :/ e 't s, s> 0.
0

Theorem 9. Let 0 < p,q < oo.

a) Then
I (1 n™
vol BZW(R) = 2. w, m € N.
P L(m/p+1)
b) Then
r(1/p+1) [Cm/g+1)]"" T(m/q+1)]""
—n m m
en(id : (M (R) — (M (R)) > 25" - 2L 1 ~ g-n/m | AT )
L(1/q+1) |T(m/p+1) L(m/p+1)
with constants of equivalence independent of m and n, but depending on p and q.
c) Then
en(id : £7(R) — €7(R)) 2 27"/ 1/a=1/p,
Proof. Step 1. Proof of a)
We have
vol Bymg) = 2™ vol (Bg;)n(R) N[0,00)™) =2" / 1 dz,
where the last integral goes over all x = (z1,...,2y) with 1 > 0,...,2, > 0 and 2§ +--- + 2, < 1.

dt; = pmg_ldxj, this is equal to

() I
P il

where the last integral goes over all t = (¢1,...,t,) with t; > 0,...,t,, > 0and t; +---+1¢,, < 1. This
integral may be evaluated by induction, cf. Exercise 13, and this finishes the proof of a).

Step 2. Proof of b)
Let Bym(w) be covered by 271 c_balls in £ (R) metric. Then

Through the substitution ¢; = a7,

vol Bg;n(R) < 2"~ Lemyol B%n(R).

Hence,
1
1-n | VOl Bym () m

e>2

vol Bgzn (R)

This, together with a) gives b).
Step 3. Proof of c)

8cf. Exercise 12 for further information about Gamma (and Beta) function.

12
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In view of b), it is enough to prove that

1/m

M > 9—n/m,1/q=1/p

I'(m/p+1)

27n/m [

i.e.
1/m
>ml/a=tr o eN. (1.6)

[F(m/q +1)
L(m/p+1)

We shall use the Stirling formula®

I’(:ﬂ)%%-< >m 2> 1.

Then /
m - m mi191/m
LHS (1.6) ~ { 5 e Gy (B ()
. ™1 m 1 %Jrl .
L/—/ (; + ) IIT=e—1/a+1/Px1
I 11

1/2
First, we deal with I. Let us observe, that for m = 1, I is equal to [(1 n ;q] and for m — oo, 1
q)p

goes to 1. Hence, I ~ 1.
We rewrite 11 as

e <%>1/q+1/m. <%>1/p1/m. {(14_ %>%+1} 1/m. [<1 N %>%+1} —1/m

hd
~1,again using limits

O
1.4.1 Remark to interpolation theory
Let F be a linear operator with following properties:
F: Ly(RY) — Ly(RY), 1.7)
)

F: Li(RY) — Loo(RY).

Intuitively, it should follow that

1
F:L,RY = LyRY), 1<p<2,  -—+-=1L1
p p

This is really the case and is the main subject of the so-called interpolation theory '°.

9The proof of this classical result goes beyond the scope of this script and we reffer to [3, Section 96, page 510] for

details.
1%Tn Jena, a lecture with exactly this title is sometimes offered by PD. D. D. Haroske.

13



1.4 Entropy numbers of id : £ — ("

Ezample 3. a) A prominent example of such an operator is given by the Fourier transform

1

e Joy @ e

F()E) =

Then (1.7) follows from the famous Parseval identity
1£1L2RD|| = |7 f|L2(RY)]]

and (1.8) follows almost trivially

1
NN < i [, W @lde = LN

b) Another famous application of the interpolation theory is the convolution operator.

Let f € Li(R?) and put
0= [ =iy

Then we get
||Mf<g>|L1<Rd>||=/ 1M, (g) \dw</ / e —y) >|dyd:c—/ |g<y>|/ (e — )|z dy

R4 Rd R4 Rd

Jgd |f(z)|d
— / f(@)lda - / 9)ldy = |1 FIL1RY]| - |91 L1 R

R4 R4

And similarly,
10 (9)| Loc Rd||<sup/ @ — 9)g()ldy < sup sup lg( |/ (x — )|dy
reR4 z€RY zcRd

= 1191 LooRY)]| - ||/ L1 (RI)]]-

Hence
1My« Li(R?) — Li(RY] < |IFILy(RY)]] and  ||M] : Loo(RY) — Loo(RY)]] < || fIL1(RY)]]-
By interpolation theory it follows, that
1My Ly(RY) — LyRY|| < [|[fILi(RY)], 1< p< oo
Theorem 10. Let X be a quasi-Banach space, Y a vector space and let T : X — Y. Let Yp,Y1 C Y
be two p-Banach spaces with 0 < p <1, let 0 < 0 < 1 and let Yy C Y be a quasi-Banach space with
T € L(X,Yo N Y1), where |[y[Yo N Y1]] = max(|[y[lvo, [ylly:)- If

ly[Yall < |ly[Yoll*~? - [lyMill?, yeYonYi C Yy, (1.9)

then
engim—1(T: X — Yy) <2VPel (T X - Yy)- ¢ (T:X - Y1), mng,ni €N.

14
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Proof. Let a = (1 +¢e)en (T : X — Yp) and b = (1 +¢)e,, (T : X — Y7). It means, that there are
Yly -+, Yamo—1 € Yp such that for every z € By thereisa j € {1,...,2"0 71} with ||Tz — y;||y, < a. We
consider the sets

Bj={x€ Bx :|[Te —yjlly, <a} C Bx, j=1,...,2"7"

Obviously,
271,071
Bx = |J B,
j=1
We can map each set B; by T" and cover in Y;. So, there are points zjl-, . ,zznl_l € Y7 such that for

every x € B; there is i € {1,...,2™ 71} such that ||[Tz — zji-Hyl <b.

If z§ would lie in T'(B;) C Yo N'Y; C Yy, then we could use the calculation

1 ; 1-0 1 0
1Tz — 24|y, < 1T — 2| T — 24120
~ 4 N —
S(\\TrfyjH’;OJrllyrz}\\’;0)1—9§(ap+\\er(T—lz;i)\\’;0)1—9§(2a")1—@ <owd

Unfortunately, this is not necessarily the case. Hence, we choose
wh € By, (25,b) N T(B;).

We may assume, that this is always possible. If not, then we just leave out zji-, because Byl(z;'», b) does
not help with covering T'(B;).

So, to every x € Bx, we find j € {1,...,2" "'} with x € B; and then i € {1,...,2" !} such that

1Tz~ wil, < 1172~ 2411, +112) — wif, <20,

but also
1Tz — wi| [y, < [Tz —y;ll5, + |ly; — willf, < 267,
hence
|| Tx — w;iHy(9 <||Tz — w;”%/;ﬁ Tz - wéHgﬁ < 9l/pgl=0pf.
Finally, we let € — 0. 0

Theorem 11. Let X be a vector space and let Xo, Xp, X1 C X with 0 < 0 < 1 and Xy C Xo + X;.
We define the so-called Peetre interpolation K-functional by

K(t,z) = inf{||zo||x, + tl|z1||x, : © = zo + z1,20 € Xo, 21 € X1}, r e Xy, t>0.
Let T : D(T) C X =Y, where Y is a p-Banach space, and let T € L(Xo,Y) and T € L(X1,Y). If
t K (t,x) <||z||lx,, t>0, x€ X, (1.10)
then also T € L(Xy,Y) and

engtm—1(T: Xg —Y) <2VPel (T Xog - V)€l (T: X1 —Y), ngn €N

U his means, that every element x € Xy may be written as x = x¢ + x1, where x¢o € Xo and =1 € X;.

15



1.4 Entropy numbers of id : £ — ("

Proof. The boundedness of T" as an operator from Xy into Y follows easily. Let us take x € Bx, and
e > 0. Then there are zg € Xy and 1 € X such that z = 29 + 21 and ||zo||x, + ||z1]|lx; < (1 +¢) -
just choose t =1 in (1.10). The we have

IT2|lf < [|TollP + [|T21[[” < (1 + ) [[ITL(Xo, Y|P + [|TIL(X1, V)P,
hence (if we let € — 0)
IT1£(Xo, V)| < (ITIL(X0, YV)IIP + ITIL(X0, Y)|P1P

Let
a=en,(T:Xo—Y), b=e€,(T:X1—-Y), t=b/a.

Let x € Bx,. Then there are 79 € Xo and 1 € X such that
llzollxo +t - [Jon|[x, < (1+e)K(t,2) < (1+2)t||z][x, < (1+e)t.

Let y1,...,Ygmo-1 € Y be a (14 ¢€)a net for T(Bx,) in Y and let z1,...,29n,-1 € Y be a (1 + ¢)b net
for T(Bx,) in Y. Hence, there are j and k, such that

T
<(l14¢€)a and o

Txo
—_— <(1 b.
H y H(He)t“ ), =0+

At ¥

Y
We estimate
1Tz — (14 e)t?y; — (L+ )t |} < [|Tawo — (L+ )ty |} + [T — (14 )t 2|}

<[(1+2)%at’P + [(1+)*0t" 1P = 2(1 + &) [ B)7,

i.e.
1Tz — (14 &)t?y; — (1+ )t a|ly < 2Y7(1 4 )%’ %",

We observe, that the set
{1 +e)ty; + (1 + s)tg—lzk}m

forms a 2'/P(1 + £)2a' =% net for T(Bx,) in Y with cardinality 2mo—1+mi—1, O

Remark 7. e In a typical situation, Y in Theorem 10 and X in Theorem 11 may be taken to be
the space of all sequences or all measurable functions, respectively.

e Theorem 10 deals with interpolation on the target space. A following diagram is somtimes useful.
Yo

/
T:-X — Y

N
Yy

The assumption (1.9) follows usualy with the help of Holder’s inequality, cf. Exercise 17.
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e Theorem 11 deals with interpolation on the source space, this time with following diagram.
T : Xo
N
T:Xy — Y
/!
T: X1
The assumption (1.10) is usualy more difficult to verify, cf. Exercise 18.

e Although the interpolation theory usually deals with interpolation on both (i.e. source and
target) space side simultaneuously, there is no'? analog of Theorem 10 and Theorem 11 for this
situation. That would correspond to the diagram

T: X0 — Y,
T: X9 — Y
TZXl — Yi

1.4.2 Entropy numbers of id : (7" — (7}

The main purpose of this section is to prove following

Theorem 12. Let m,n € N. Then

17 lf 1 S n S 10g2 m,
enlid : £7(R) — 2(R)) ~ § e+ if loggm<n<m,
o—n/mpy~1 if m<n,

where the constants of equivalence do not depend on m or n.

Proof. Step 1. 1 <n <logym.
The estimate from above is trivial and follows from Theorem 8 (or just the fact, that By C Bym.)

Also the estimate from below is simple. Let us consider the canonical unit vectors

ej:(e{,...,ezn), j=1,...,m,
where
o 1, if i=j,
’ 0, otherwise.

As ||ed — eF||oo = 1if j # k, each ¢ -ball with radius strictly smaller than 1/2 contains (at most) one
of these points. Hence, if n <logym (i.e. 2" < m), then we need ¢7 balls of radius at least 1/2 ~ 1
to cover Bgrln.

Step 2. logom <n < m.

12To be exact, there is some partial progress in this area connected mainly with the names of M. Cwikel, F. Cobos,
T. Kiihn and others, but the full solution is still missing.
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1.4 Entropy numbers of id : £ — ("

Let
Apm ={(t1,.. . tm) € Z™ - ||t]|1 < Kk}, k,m € N.

The number of elements of Ay, may be estimated from above by (cf. Exercises 14 ¢ and 15)

#Akm < P25 (b0, b, tm) ENGT b0 4 b = k) =112 < i ) < (2¢)"- (T) :
Furthermore,
t 1
Bg;ﬂ C U % + Engé.
teAk,m
To prove this inclusion, we consider to each z € Byr an element T = (Z1y..., &) with
. 1 .
Fio=sane) o Mnll®, i=1 .
Then ||z; — Zi||oo < 1/k and kT € Ay .
So, if
n—1 k m g . m m 1
2" > (2e)F( 1+ = = eu(id M7 (R) — (2 (R)) < o (1.11)
According to Exercise 19 a) there exists a constant ¢ > 0, such that if
—1
k<en [logQ (1+ T)] , (1.12)
n
then n m
- = logy (12(1+ 7)),
hence

n m
2k > 12(1+E)

and this again implies that
on/k=1/k 5 9,(1 4 ™
> 2(1+ )

from which the assumption of (1.11) follows. Hence, the conclusion of (1.11) holds for all £ with (1.12).
Choosing the k as big as possible finishes the proof of the estimate from above.

To prove the estimate from below, we estimate the number of elements of Ay, ,,, from below by

k k k
# Apm > #{ (ot ) € NPT tg ooty = k) = ( +m) > (ﬂ> -

k k
So,
m\* 1
on-—1 < (1 + E> —> enlid : (7'(R) — C2(R) = 5. (1.13)
From Exercise 19 b) we know, that there is a constant ¢ > 0, such that if
-1
k>cdn [logz (1 + %)} ; (1.14)

134f to 4 - -+ + tm = k, then at most k of t3s are different from zero. The factor 2% corresponds to all possible signs.

1 Just consider m + k points on the real line and all the ways, in which you can scratch m of them. Then ¢ is the
number of points before the first hole, ¢1 the number of points between the first and the second hole, aso.

5By |a] we denote the integer part of a real number a, ie. |a] <a < |a] + 1.

18
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then m
n < k10g2(1 + Z)’
which further implies

k
g1 < 9n < (1+%> .

So, every k with (1.14) satisfies also the conclusion of (1.13). Taking the smallest k possible finishes
the proof.

Step 3. m < n.

The estimate from below follows by volume arguments given in Theorem 9. We give the proof for the
estimate from above.

We use the estimate of the number of elements of Ay,

Then we have
m

2"*12(26)M<1+%) —  en(id: (R) — /™ (R))

IN

1
-
Let n > 5m. Then 2/™ 4 > 9 and 2/m~4 — 1 > on/m=5, So, if

< 2n/mf5 < 2n/mf4 —-1< 2n/m71/m73 —1,

3=

we get

<1 + ﬁ)m < 2n71273m < (26)7m2n71
m

and the conclusion of (1.15) follows. If m < n < 5m, the estimate follows by monotonicity.
Step 4. We give an alternative proof of the estimate from above for m < n.

Let 0 <r <1 and let K, be a maximal set of points from Byr, such that the mutual (7}-distance of
every two different points is greater then r. This means

o Ky ={y1,...,yn} C Bem,
o ||lyi — yjlloo > 1 for every i # j,
e for all y € Bym thereis an i € {1,..., N} with ||y — yil[oc <7
Let us observe, that if z € Bym, then
[y +rzlle < Hyilh + rllzll <yl +rmllzlle <14 rm,
which means, that N
U Yj + 1B C (1+ rm)Bgrln.
j=1

Furthermore, if ¢ # j, then
r r

19



1.4 Entropy numbers of id : £ — ("

This follows by contradiction; if y; + z; = y; + 2;, with z; and z; from nggé, then ||y; — yjlloe =

||zi — 2j||oo < 7, which is a contradiction with properties of the set K.

Comparing the volumes, we obtain

m
N. (g) -vol By < (14 rm)™vol By,

hence om (1 .
N < 2t rm)™ (1.16)
rmm)!
This leads to implication
N<2vl —  e,(id: P(R) = /M (R)) <. (1.17)
According to (1.16), this is the case, if
1 1 1 1
i (). i (o)
=\, +m ol , +m -
So, if m < n, we may put % ~ m 2"/™_which finishes the proof. O

1.4.3 Extension to arbitrary p and ¢

Also this section has only one main aim, namely

Theorem 13. a) Let myn € N and 0 < ¢ < p < oo. Then
en(id : 0 (R) — £3'(R)) ~ mM a1/ gmnim {
where the constants of equivalence do not depend on m or n.

b) Let mn € N and 0 < p < g < co. Then

1

)

m 1/p—1/q
ealid : (7(R) — (7(R)) ~ J [o2(5+1)

n )

ml/a=1/pg—n/m,
where the constants of equivalence do not depend on m or n.

Proof. 10

ml/q_l/p,

if n<m,

ml/qfl/p27n/m’ lf m S n,

if 1<n <logym,
if logam <n <m,

if m<mn,

a) The estimate from below follows from Theorem 9. The estimate from above for n < m follows by

en(id : £7'(R) — (7(R)) < ||id : £7(R) — £ (R)|| = m*/a= /7.

We give the estimate from above for n > m and p = ¢. It copies the Step 4. of the proof of Theorem

12.

16Full proof may be comming in some appendix...
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Let again 0 < r < 1 and let K, = {y1,...,yn} be a maximal set from B with mutual £7'-distance of
points greater then r. We obtain again

N
\J i +rBey € 2By
j=1

and . .
yi+§Bégl Ny, +§Bzgt =0, i#j.

Comparison of volumes leads to

7\ m m
N <§> vol By < 2™vol By,
i.e. Nr™ < 4™, Hence if
4
r

> >
— 2n/m — 2(n—1)/m’
we get 2771 > (4/r)™ > N and e, (id : £ — £3*) < r and the result follows.

If0 < q<p<oo, then

en(id : €7'(R) — £T(R)) < ey (id : (T(R) — £7(R)) - eq(id : (7(R) — L7 (R))

<[[id: ez (R)— £ (R)||[=m1/a=1/p

< 9—n/m 1/¢=1/p

b) Let 0 < p < ¢ < .

The estimate from above for 1 < n < log, m follows again by Bg;)n - Bgzn. The estimate from below

follows by considering the canonical unit vectors e', ..., e™.

If logo m < n < m, we give the proof only for the Banach space setting, i.e. 1 <p < ¢q < o0.

The estimate from above follows by interpolation
en(id : (7(R) — (2L (R)) < e % (id : 47/ (R) — (2(R)) - €] (id : €Z(R) — L7 (R))

)7L m\ 1 L/P
log<1 + g) log(l + g)

AN

where

Then we interpolate on the target side
en(id : C7(R) — €0'(R)) < e} (i : £7'(R) — ((R)) - €4 (id : £7(R) — (72 (R))

M Wp_ M 1/p—1/q

n n
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1.5 Eigenvalues and Carl-Triebel inequality

with

We skip the proof of the estimate from below. It is based on combinatorial arguments, quite similar
to the case p =1,q = oo.

If m < n, the estimate from below is supplied by Theorem 9. The estimate from above follows similarly
to the part a). We refer its proof into the Exercise 20. O

1.5 Eigenvalues and Carl-Triebel inequality

We restrict ourselves to the Banach space setting in this section. The generalisation to the quasi-Banach
spaces may be found in the book [1].

Let X be a complex Banach space and let T' € (X, X) = K(X). Then the spectrum of T is defined as
o(T)={AeC: (T — ) isnot boundedly invertible}.

Here, I is the identity mapping I : X — X and we say, that (7" — AI) is boundedly invertible if
e (T — \I)7! exists, i.e. (T — AI) must be injective and surjective, and
e (T — M)~ !isboudned,ie. (T —X)~!eL(X,X).

If for some A € C, there is a 0 # z € X, such that Tz = Az, then (T' — AI) is not injective and hence
A € o(T). Such a A is called eigenvalue and the corresponding x is called eigenvector . But in general,
not all the elements of o(T") are eigenvalues, cf. Exercise 21.

We recall briefly the Riesz-Schauder theory of compact operators.
If T'e K(X), then

e o(T) is countable,

for all £ > 0, there are only finitely many A € o(7T) with |A| > €,

0€o(T),

if A € o(T) \ {0}, then X is an eigenvalue and

it has finite multiplicity.

We discuss in a bigger detail the notion of multiplicity of an eigenvalue. The geometrical multiplicity

is defined as
dim ker (T'— \I)

and denotes the dimension of the space of eigenvectors associated to A. The so-called algebraic multi-
plicity is defined as

dim U ker (T — \I)k
k=1

and is always bigger than (or equal to) the geometrical multiplicity. We refer to Exercise 24b.

According to the Riesz-Schauder theory, we may assign to each T € K(X) a sequence of all its
eigenvalues

AT = [A2(T)] = -+ =0,
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where each eigenvalue is repeated with its algebraic multiplicity. If 7" has only finitely many eigenvalues,
fill the rest of the sequence with zeros.

Theorem 14. Let X be a complex Banach space and let T € K(X). We re-order the eigenvalues, as
described above. Then

] < (TT@) " < f 235ex(1) < Vaen(1). (1.18)
j=1

Proof. We give the proof in the most significant case, when all the eigenvalues are simple. The full
proof may be found for example in the book [2].

So, take n € N and A\ (T)| > |X2(T)| > -+ > |A(T)| > 0. Then there are linearly independent
x1,...,T, € X such that Tx; = Axj,j = 1,...,n. We define M = span(z1,...,z,). Then dim M =n

and T(M) = M.

n n
Let us take z € M, i.e. x = ijxj withy; € C,j=1,...,nand To = ij)\jxj.
Jj=1 Jj=1
We define an operator J : M — C", which assigns to each x € M the coefficients v1,...,v,, i.e.

4! 71 n
Jr=1]: and J':C"— M, J'|: :Z’ijj.
Tn Tn =1
Then Tx = J T, Jx for every x € M, where
A0 0
0 Ao 0
T, = )
0 0 A

Unfortunately, we wish to apply volume arguments and in this context, R?" seems to be more suitable
space then C".

Hence, we define J : M — R?® and J~! : R?*" — M by

Re(m) @
I'm(m) B n
Jor = : and J7'| 1 | = Z(Oéj +if3;)x;,
Re(vy) o, J=1
Im(v,) Bn

where Re(z) denotes the real part of a complex number z € C and I'm(z) its imaginary part. Then
Tx =J'T,Jx for all x € M, where

Re()\l) —Im()\l) 0 0 0 0
Im(A)  Re(\) 0 0 0 0
0 0 Re()\g) —Im()\g) 0 0
T, = 0 0 Im(X\y)  Re(M2) 0 0 7
0 0 0 0 Re(An)  —Im(\n)
0 0 0 0 Im(\,) Re(\,)
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1.5 Eigenvalues and Carl-Triebel inequality

while

Tx = Z(Re()\ ) +iIm(Xj))(Re(v;) + i Im(N)))z;
j:l

= Z{Re DRe(v;) — Im(N\) Im(v;) + i (Re(A;) Im(\;) + Im(N\j)Re(\;)) }a;.

We define a measure p on M by
u(K) = vol <J(K)>
for all K C M, for which J(K) C R?" is Lebesgue-measurable. 7
With the help of the notation introduced so far, the proof becomes simple.

For every K C M, we get
IT(K) = JI'T,J(K) = T, (J(K)),

hence
u(T'(K)) = vol (JT(K)) = vol (T, (J(K)))
det (T,) - vol (J(K))

' e(M)  —Im(Ar)
m(A1)  Re(Ar1)

_ (le) (K

Let us mention, that this formula (with a slightly more technical proof, which uses the Jordan canonical
form of T") holds also for eigenvalues with higher multiplicity.

Let k£ € N and let

) ' Re()\g) —Im()\g)
Im()\g) R€(>\2)

Re(N\,) —Im(\,)
‘ mOw)  Re(h) | M)

2k71
T(Bx) C U y;j + €Bx,
j=1
where € > e, (T) is arbitrary. Then
2k—1
T(Bx N M) C | (y; +eBx) N M.
j=1

If (yj +eBx) N M = (), then we may leave out this j. Otherwise, we find z; € M, such that
Yj +eBx C Zj + 2¢Bx. Then

2k—1 2k—1
T(Bx N M) C | (2 +2Bx)nM = | ] 2 +2¢(Bx N M).
j=1 j=1

Comparing the p-volumes, we obtain

<H By |2> (By N M) = u(T(Bx N M)) < 28 1p(2e(Bx N M)) = 2871 (26)®" - u(Bx N M).

'70f course, vol denotes the Lebesgue measure on R?".
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Dividing by u(Bx N M) and taking the 2n-root, we get

n n
STl = | T I < 25 2e <220 e
j=1 j=1

As we may take e arbitrarily close to ex(T'), we get

n
Tl <2 220 - ey (7).
j=1

We use the so-called Carl’s trick to improve the constant, namely we apply the obtained result to 7"
and k' = kr and take r — oco. This leads to

n n
Jj=1 j=1

Taking the 1/r power gives

and we let r — oo to finish the proof. O

1.6 Applications of entropy numbers

In this section, we describe two of the possible applications of compactness and entropy numbers. This
concerns the area of signal processing and the spectral theory of partial differential equations.

1.6.1 Applications to signal processing

Let T: X — Y be compact, let n € N and let ¢ > e,(T : X — Y). Then

271,71

T(Bx) C U Y + By
j=1

This means, that for every = € By, there is a j € {1,...,2" '} with |[Tz — yj||y <e.
We may define a mapping

f:Bx —{1,...,2" 1}, flx) =7 with [Tz —y,|ly <e.
If there are more j’s with this property, we choose one of them arbitrarily. This means, that

o ||z —ypully <eforallze X,

e we need only n — 1 bits to specify f(x).
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This may be used in an obvious way. If A and B are two different people or places and we want to
transfer the information about an element x € Bx and are ready to accept accuracy ¢ > 0, then we
need to transfer only n — 1 bits, where e, (T") < e. The price for this is, that both A and B has to know
in advance the “lexicon” yi,...,yon-1.

N 2
S e RN,
i,7=1

where N =~ 1000. For example, z; ; € [—1,1] may give the gray scala going from z;; = —1 (black)
to x;; = 1 (white). To deal with colorful pictures, we need the same approach for all the three
RGB-channels, i.e. m = 3N?2.

We demonstrate this idea in connections with image processing. In this case, x = (w,j)

It is a central observation of image processing, that expressing the vector = = {x@j}ﬁ?}:l ey “ina
different orthonormal system leads to an element {yi,j}fyjzl with the same ¢/ * norm, but (usually)
with essentially smaller %V ’ norm, where p < 2 (usually even p << 1). This means, that only few of

the coefficients are large and many of them are very small, cf. Picture 1.

We return to this orthonormal system later on, but show immediately, what it means for further

processing of the image. Using n bits of information, we may decode the element y € £)" with the
2

¢5" -error smaller or equal to

1/p—1/2

: 2 2 logy (1 + NT2
lollyye - entid: 6 (R) — 67 (R)) < llyllye - [y

where we have assumed that
log, N? < n < N2, ie. 2-log,1024 =20 < n < 10242,

which is definitely the typical case. We observe, that

e The success of the compression depends on the picture - “simple” picture is supposed to have
|ly[|,~2 small also for p << 1 small.
p

e The decay of the error is surprisingly fast and improves with p getting smaller, for example (up
to the logarithmical factor) n=2 for p = 2/5.

1.6.2 Haar bases

We return to the construction of the orthonormal system, which (at least for “simple” pictures) should
lead to smaller ¢,-quasi-norms.

First, we construct a Haar basis on [~1,1]?. We start with d = 1 and set
hg(t) =1, te [_1’ 1]

and
0, if |t > 1,
) =<1, if —1<t<0,
-1, if 0<t<1.
The function h8 is usually called father wavelet and the function h(l] is called mother wavelet . All the
other vectors of the Haar basis are derived from the mother wavelet by

Rot) =hY(2 1+ 27— (2i+ 1)), je{23,...}, i€{o1,..., 277" -1}
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It is easy to see, that
{hi} with j=i=0 or je{1,2,3,...}, i€{0,1,...,277 " -1}

are mutualy orthogonal. So, after a proper normalisation, we obtain an orthonormal basis in Lo([—1, 1]).

If d > 1, the situation becomes more interesting. There are namely two ways, how to generalise this
construction to higher dimensions. The first is to consider the tensor products.

Let o'(t),...,¢%t) € Ly([—1,1]). Then we set

('@ @D (t1, ... ta) = o (1) ... % (ta), (t1,...,tq) € [-1,1]%

The following lemma then provides the way to construct an orthonormal basis in higher dimensions.

Lemma 15. Let
{@;}7 j € I\IO
be for each i =1,...,d an orthonormal basis of La(|—1,1]). Then

{pf, @ ®@¢l}  j=(h,...,ja) €NJ

is an orthonormal basis of Ly([—1,1]%).

We leave the proof of this lemma to the Exercises.

The second construction works with several mother wavelets. We present the main idea in d = 2. We
set
ho(ti,t2) =1, —1<t5,t3 <1
and
_17 it 0 S tl S 17 ’t2’ S 17
hl,l(tlatQ) = 17 if -1 <t < Oa ‘tQ‘ < 17

0, elsewhere,

—1, if 0<ty <1,]t1] <1,

h172(t1,t2) = 1, if —1 <ty < 0, |t1| < 1,
0, elsewhere,
(—1, if —1<t<0,-1<ty<0,
-1, if 0<t:<1,0<t,<1,
h173(7f1,t2) = 1, if —1 <t < 0,0 <ty < 1,
1, if —1<t,<0,0<t; <1,
0, elsewhere.

This definition is motivated by the observation, that the matrices

11 -1 -1 1 -1 1 -1
1 1)’ 1 1)’ 1 -1/’ -1 1
form an orthogonal basis of R?*2.
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The other wavelets are again produced from the mother wavelets, namely by the formula
Rt 1) = By k(27 (b1, 00) + (277 = (201 + 1), 2771 — (265 + 1)),

where ‘
j€{2,3,...}, i1,ip€{0,1,...,2271 -1}, ke{1,2,3}.
We put also ho’(l] = hi, h(l):g = hip, h(l]:g = hy3. Now the orthogonal basis in Ly([—1, 1]?) is

{ho}u{h“’”}wwk, with j € {1,2,3,...}, i €{0,1,...,27 =1}, ke {1,2,3}.

Both these constructions may be directly generalised to sequence spaces. For example, for R*** we
consider the father-matrix and three mother-matrices

1 1 11 -1 -1 -1 -1 11 -1 -1 1 1 -1 -1
1 11 1 -1 -1 -1 -1 11 -1 -1 1 1 -1 -1
111 1)’ 1 1 1 1|’ 11 -1 -1}’ -1 -1 1 1
1 11 1 1 1 1 1 11 -1 -1 -1 -1 1 1
together with
-1 -1 0 0 00 -1 -1 0 0 0 O 00 O 0
1 1 00 00 1 1 0 0 0 O 00 O 0
0 0O 0 o0}’ 00 O 0]’ -1 -1 0 0}’ 00 -1 -1
0 0O 0 0 00 O 0 1 1 0 0 00 1 1

and further 2 x 4 matrices for the other two mother wavelets, i.e. alltogether 16 matrices.

Remark 8. Surprisingly enough, the second approach (based on several mother wavelets rather than
on tensor constructions) is easier to handle and is usualy used in the literature.

1.6.3 Applications to PDE’s

In this section, we present applications to (partial) differential equations, which are based on the Carl-
Triebel inequality (1.18). First, we show on one example the importance of eigenvalues in mathematical
physics.

Let
e 0 C R? be a C* domain,
e I' =09,

e p(x) be the external force,

v € C%(Q) trrv = 0 be the elongation of the membrane fixed on I' and caused by the force p(x),

e F be the surface described by v(x), i.e. F = {(x1,z2,23) : v(x1,22) = x3}.

We denote by AF = |F|—|Q]| the enlargement of the area caused by the force p. The resulting function
v is given by an interplay between the force p and the inner force of the membrane (which depends on
AF). This idea is mirrored in the corresponding potential

J(v) = AF — / dm—/\/ 8961 2+<§_;2(m)>2;—\1/—p(x)u(m)dm.

—[9]

—F|

28



1 INTRODUCTION

If both the partial derivatives are small, we may use the formula /1 + 2z ~ 1+ 5 and get
~ 1
J(w) = J(v) = /Q §|Vv(:n)|2 — p(x)v(x)de.

We are looking for a function v, where the potential J(v) is minimal. If ¢ is an arbitrary smooth
function (for example ¢ € C2(2) or ¢ € C§°(Q)), then it must hold

Jw+ep) > J(v), ecR.

This leads to

d -
0= £J(v+54p)

_ dﬁ( /Q $IVu(@) + V(@) — p(a)(o(x) + aso(vc))dw)

_d([1 2 Qv Op v Opy
— ([ ST oo e [ (5 84 5 ) < poplais

—i—%/ﬂ\Vw(x)\de) .
—0+ /Q (Vo)) - (V) (z) — pla)p(e)dz + 0

e=0

This means, that
[ 0@ - (7o) = )iz =0

for every ¢ from (let us say) C5°(€2). Using the Green’s theorem, this is equivalent to

| #la)=0ta) =~ pla)dz =0
and as this is supposed to hold for every ¢, we arrive to the Dirichlet problem

Av(z) = —p(z), z€Q, (1.19)
v‘aQ: 0.

The solution of (1.19) is sometimes called stationary solution. It means, that if the membrane is in
this stage and does not move (position is equal to v, velocity is equal to zero), then the combined
action of the external force p and the action of the internal force caused by tension in F' cancel each
other. Or we may put it other way: if the surface F' is described by v, then action of the tension of F
is the same as the action of an external force p(z) given by p(z) = Av(z).!8

Now we consider, that the membrane oscilates (hence v = v(x,t) depends also on the time ¢ > 0) and
there is no external force p. The tension of the surfaces gives the surface acceleration

0v(x,t
m(a) ZAED,

where m(z) is the mass density (which we shall put equal to 1 for simplicity).
This leads to the equation
0?v(w,t)

AI’U(,I, t) = T

18Note the plus sign!
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1.6 Applications of entropy numbers

We look first for solutions of the type
vz, t) = eMu(z),
where

e ) is the main and only time frequency of this solution,
e u(x) is its amplitude at the point z € Q,

e u(x) =0 for all x € 0.

This leads immediately to ' '
eMAu(z) = —N2eMu(z),
i.e.

Au(z) = —Nu(z), u|aQ: 0. (1.20)

The general solution is then a linear combination of these particular solutions uy(z)e***. The ad-
dmisible \’s (also those \’s for which a particular solution of (1.20) exists) are called eigenfrequencies.

Remark 9. For Q = B(0,1) (and some other special domains) we may solve the problem explicitly.
For general domains it is impossible. Nevertheless, one would still like to compute/estimate the
eigenfrequencies.

When dealing with this question, we may immediately observe two problems.
First problem.

The operators
dy : Lo([—~1,1]) — La([-1,1]), da(u) ="

or

D2 . LQ(Q) — LQ(Q), Dg(u) =Au
are not even boudned (and hence very far from being compact).

A huge portion of functional analysis is therefore devoted to the study of unbounded operators. These
are operators defined on a subspace of some Banach space X with values in the same space. For
example

T :dom(T) C Lao([—1,1]) — Lao([-1,1]),

where
dom(T) = {f € C*([~1,1]) : f(~1) = f/(~1) = 0}
and
Tf=f"€C([-1,1]) C La([-1,1]).

It Tf(z) = f"(x) = g(x), we get f'(x) = [*, g(t)dt and

flz) = /1 /i g(t)dtdu = /1 g(t) /t ldudt = /1 g(t) - (x — t)dt.

This means, that

T g = [ ig@)-(x—t)dt, T Ly([~1,1)) — Lo([~1,1)

30



1 INTRODUCTION

is the inverse of T" and the domain of T may be enlarged to
dom’(T) := {f € Lo([-1,1]) : g € Lo([-1,1]) with T lg= f}.

One observes that

e The cigenvalues A of T are the reciprocal values of eigenvalues of 771,

e 77! is compact.

At this stage, one may apply Carl-Triebel inequality to 7~!.

Second problem.

The second problem is that we were (almost) able to calculate the entropy numbers of id : £;'(R) —
€' (C), but to estimate the entropy numbers of T', we need some information about function spaces.
Obviously, it would be very useful to find some way, how to transfer our results about sequence space
to function spaces. The most simple example of such an approach are the Fourier series in Lo([—m,7]).

The set

e}

1
cosnx, sinnx
{ \% 27T \/_ \/_ }nzl

is an orthonormal basis of Ly(—m, 7). This means, that
™ _
(f:9)= [ fl@)g(x)dz =0
-

forall f,ge B,f#gand (f,f)=1forall fe B.

Let f be a measurable function on (—7, 7). Then f € Lo(—m,m) if, and only if, there are two sequences
{an}22y €ty and {b,}72 € £5, such that

cosSnx sin nx

f(.%')_ + by, \/7—_[_ >

with convergence in Lo(—7, ) and

00 00 1/2
1/2
Lo, ) = (zaz+zbz) _ (leltal + 16alP) 2.
n=0 n=1

In the same way, one may consider the system

Bl_ { 1 coS NT sin nx }OO .
V2r /A +n?)r /A +n?)r -
This is an orthonormal base in the first order Sobolev space
WZI(_WJT) = {f € AC(_Waﬂ-) : f’ fl € LQ(_Waﬂ-)}

equipped with the scalar product

™

(f, 9wy = [ f@)g(@)+ f'(2)g (x)d.

—Tr
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1.6 Applications of entropy numbers

Again, f € W3 (—m, ) if, and only if, there exist two sequences {ay, }2°, € £ and {3,}5°, such that

cos nNx sinnx
J@) ==+ Z

\/1—i—n2 \/1+n2

with convergence in Wi (—m, ).

Using the fact, that B and B’ differ only by constant, we get

R S N
" V1+n2 Y V1EnZ

Hence,

n=0 n=1

W o)l = (ZaiJrZBZ) _ <Z<1+n2>ai+2<1+n2)bi> |
n=0 n=1

Remark 10. e This may be generalised to define

1/2
|| fIWs (=m,m)|| := < f € La(—m,7) : <a0+z (1 +n?)%(a? +62)> < 00

for arbitrary s > 0.
e For p # 2 goes everything wrong. Especially L, # {f : (3" ah + bﬁ)l/p < 00}

e One may proceed very similar (using tensor products) for Wi ((—m,7)%), but Wi () needs es-
sentially new ideas.

e The embedding id : W4 (—n,7) — Lo(—m,7) is compact, cf. Exercise 26c.
We show, how we may use our results obtained so far, to estimate the entropy numbers of
en(id : W (—m,m) — Lo(—m, 7)), n € N.

We denote by
S0 Ly(—m, ) — £o(Z)

the operator, which assigns to each f its Fourier coefficients in the base B, i.e.

™1

. E - f(z)dz, for n=0,
(S°f)(n) = / Co\s}f (x)dz, for neN,
/7r Si\n/;xf(x)dx, for —neN,

and by
St W (—m,m) — £5(7)
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a similar operator with respect to B’, i.e.

/_ﬂ\/%—w'f(x)d% for n=0,
SY T
e R ree O
» \/%f(x)dx, for —néeN.

Hence, we have a following commutative diagrams

Wi(—m,7) ., Lo(—m,m) Wi(—m,7) ., Lo(—m,m)
Sll T(SO)fl (Sl)*lT Jso
061z —2  6(2), 062 -2 (),

where the diagonal operator D : lo(Z) — l9(Z) is defined as

A v

The first diagram leads to

enlid) = en((5%) 1 0 Do 8Y) < [|(8)L(E(2), La(—m, M)| - en(D) - [|SIEWE (=7, 7), £-2))]
=en(D)

and the second to

hence e, (D) = ey(id).
We shall consider the (notationaly simpler) operator D’ : £5(N) — ¢5(N) defined by

Tn

D'({zane) = {77}

n
and show, that e, (D’) ~ <. We split D' = D,, + D", where

Ty Tn
17277

Dn({wn}TLEN):( 70707)7 Dn:DI_Dn

The estimate from below follows very quickly

en(D') > en(Dy) >

S|

cep(id  ly — 05) ~ —,

where we used Theorem 13 in the last step.

For the estimate from above, we use first
/ n 1
en(D') < en(Dn) + |[D"|| < en(Dn) + n

33



1.6 Applications of entropy numbers

To estimate e,(D,) from above, we assume, that n = 2", m € N and split D,, into dyadic blocks
D, =A1+ Ay + -+ Ay, where

Ay A{xn bneny — xT 2 ,0,0,. >

(

Ao : {20 ey — (0,0 ,0,0,. )
(o
(

$3 $4

$5 566 567 568
A3:{xn}n€N_> 0,0 ) 7 7 5 6 7 8 0707 >7
X
A4 . {xn}neN — O, .. —_ 166 0 O >

. Lom—141 Tom
m - {xn}HEN_) <Oa---50, 2m71_|_1""’ om ,050,--‘>a

and use the subaditivity of entropy numbers, i.e.
een(Dn) < eny (A1) + eny(A2) + - + e, (D).

We need to choose the natural numbers nq,...n,, so, that

m
an <c2™
j=1

and
- 1
Zenj(Aj) < c'z—m.
j=1
Let us choose n; = (1 +¢)(m —j+1)2771, j =1,...,m.1% Then it holds (¢ > 0 is fixed and does not

tend to zero):

m

m
donj=042)) (m—j+ 12 (1 +e) me 1 (1+52m+12l2’<c(1+e)
j=1 j=1 =1 =1

and by Theorem 13

i , ™ en (id 07— 27
Zenj (AJ) S €n, (Zd : E% - E%) + Z : ;];1 2

j=1 J=2
m 1 m
<ec ZanJ/QJ 1 - = c 22 (1+e)(m—j)—j+1
J=1 7 J=1
m
! 2—(1+5)m 22]6 ~ 9 M
j=1

This proves, that eq,(D,,) < ¢/n for some two absolute constants ¢,¢ > 0 and n = 2™, m € N. The
rest follows by monotonicity arguments.

9Let us first ignore the fact, that with this choice the numbers n; are not natural.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Remark 11. The technical problem, that n; must be natural numbers may be overcomed in two ways.
The first is to take the integer part of (1+¢)(m —j +1)2/~1. The second is to define e, (T') for all real
x> 1 by e,(T) = e (T). We do not go into (rather technical) details.

Finally, we show, how we may use the entropy numbers of embeddings of function spaces to estimate
the entropy numbers (and eigenvalues) of some differential operators.

Let d : domd C Lo(—m, ) — Lo(—7, ) be given by

domd = {f € AC(—7,7n): f,f € Lo(—m,7), f(—m) =0} ={f € W21(—7T,7T) s f(=m) =0},
df)t) = f'(t), te(—mmn).

As d is unbouded, we estimate the entropy numbers of its (compact) inverse operator

(d7f)(z) = f(tydt, d=':Lo(—m,m) — dom (d) C Lo(—m, ).
We use the following diagram
L2(_7T’ 71') _— L2(-7T, 7T)

N d! id /
VV21 (_77’ 7T)

and get
en(d™l Ly — Lo) <||d71: Ly — W| - en(id : Wy — Lo) <c¢/n, neN.

The estimate from below follows by

{f e Wy (=m,7): f(—m) = 0} — Ly(—m, )

and
c/n <epid: Wi — Lo) < ||d: W3 — La||-en(d™t : Ly — Ly), n€N.

Combined with Carl-Triebel inequality, this implies the estimates of eigenvalues of d~! from above,
hence estimates of eigenvalues of d from below.

2 Approximation, Gelfand and Kolmogorov numbers

This section is devoted to other ways, how to measure and describe compactness. Unfortunately,
there are too many of them and a detailed treatment would clearly go beyond the scope of this script.
Therefore, we concentrate on three of them, which seem to be most useful in approximation theory,
namely approximation, Gelfand and Kolmogorov numbers.

2.1 s-numbers

The general theory of s-numbers was created and developped by Pietsch in [4] and [5]. We quote
(almost literarily) the Definition 2.2.1 from [5].
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2.2 Approximation numbers

Definition 16. A rule
s:T — {sp(T)}2

n=1>

which assigns to every operator a scalar sequence, is said to be an s-scale if the following conditions
are satisfied:

) ITIL(X,Y)|| = s1(T) > s2(T) > s3(T) > --->0for T € L(X,Y),

(i) Smtn—1(S+T) < 5m(S) + s,(T) for all S,T € L(X,Y),

(iil) sp(ThTTo) < ||To|| - sn(T) - ||T1]| for Tp € L(Xo,X), T € L(X,Y) and T} € L(Y, Y1),
(iv) if rank T' < n, then s,(T") =0,

(v) sp(id : 05 — 05) = 1.

Remark 12. (i) For T € L(X,Y), we denote by rank 7" = dim 7'(X) the dimension of its range. If
rank T < oo, then T is called finite dimensional.

(ii) Of course, in this definition are X and Y assumed to be Banach spaces. We generalize this definition
to suit also quasi-Banach spaces. Also the property (iii) shall be slightly generalized.

(iii) It is the property (iv), what excludes the entropy numbers of being s-numbers. This lead Pietsch
in [4, Chapter 12] to replace the axioms (i)-(v) with a different set of axioms leading to the so-called
pseudo s-functions. We omit any details.

Definition 17. Let X,Y, Z be three quasi-Banach spaces and let Y be a p-Banach space with 0 <
p <1. Therule s: T — {s,(T)}5°; is called an s-function, if

n=1

) |1T|L(X,Y)|| > s1(T) > 52(T) > s3(T) > --- >0 for all T € L(X,Y),
(ii) s 1 (S +T) < 1 (S) + sp(T) for all S,T € L(X,Y),

(iil) Smyn—1(RoT) < spm(R) - s,(T) for Re L(Y,Z) and T € L(X,Y),
(iv) if rank T' < n, then s,(T) =0,

(v) sp(id : 05 — £5) = 1.

Furthermore, we call s,(7T) then n-th s-number of T

2.2 Approximation numbers

The most important s-numbers are the approximation numbers.
Definition 18. Let X, Y be two quasi-Banach spaces and let T' € £(X,Y"). Then we set
an(T) = inf{||T — AIL(X,Y)|| : A€ L(X,Y),rank A < n}.
Theorem 19. The approximation numbers a, form an s-function.
Proof. The proof of (i) is immediate. Let us just recall, that the operator A € L(X,Y") defined as

Az =0 for all x € X has the range {0} € Y, which (according to the usual definition) has dimension
0.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Also the proof of (ii) follows by standard technique. Let € > 0 and let A, B € £L(X,Y") be such, that

15 = AIL(X,Y)|] < (1 +€)am(S), [T = BIL(X, Y)[| < (1 + &)an(T).

Then
IS —A+T - BIL(X,Y)|[P = sup [|(S—A)x+ (T — B)zlly,
r€Bx
< sup ||(S — A)z|ly + sup [|(T - B)z|ly
rEBx r€Bx

< IS = AL Y|P+ (|T = BIL(X, Y)|)P
< (L +e)P{af,(S) + ap(T)}

Finally, we recall from linear algebra, that rank (A+ B) <m —1+n — 1.
To prove (iii), let again ¢ > 0 and A € L(X,Y), B € L(Y, Z) be such, that

IT = AIL(X, Y[ < (1 +€)an(T), [[R = BILY, Z)|| < (1 +€)am(R).
Then

|[RoT—(RoA—BoA+BoT)|L(X,2)||=|[(R—B)o(T—A)|LX,Z)
<R = BILY, 2)||- [IT = AIL(X, V)| < (1 + €)*an(T)am(R).
Let us also remark, that rank [(R — B)o A+ BoT|<m+n— 1.
The proof of (iv) is trivial, as well as the proof of

an(id : 05 — £5) < 1.

Finally, the lower estimate follows from the following Lemma. U

Lemma 20. Let X be a quasi-Banach space with dim(X) > n. Then ay(id : X — X) = 1.

Proof. Let ay,(id : X — X) < 1. Then there is an operator A € £(X, X), such that
llid — A|L(X,X)|| <1 and rank A < n.

Then the Neumann series?’ of A = id — (id — A) shows, that A must be invertible. Hence dim X =
rank A < n. O
Another interesting property is that a, are actually the largest s-numbers.

Theorem 21. The approzimation numbers yield the largest s-function.

Proof. Let T € L(X,Y ) and let n € N be fixed. Then for every € > 0 there is an operator A € L(X,Y),

such that
|T —AIL(X,Y)|| < (14+¢€)an(T) and rank A <n.

Then, for an arbitrary s-function s, it follows for suitable 0 < p <1

sp(T) < [T = AIL(X, Y[ + s7,(A) < (1+e)Paiy(T).

20¢f. Exercise 27
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2.2 Approximation numbers

Remark 13. (i) It is very well known, that the identity on every infinite-dimensional Banach space is
not compact. This is true also for quasi-Banach spaces - the reader may consult [1].

(ii) The relation between the set of all compact linear operators from X to Y (denoted by K(X,Y))
and all continuous linear operators £(X,Y) may be very interesting. We quote (without proof) the
Pitt theorem, which states that for 1 < ¢ < p < oo the following identity is true: L£(€p,ly) = K(€p, {y).
Hence, every bounded operator from ¢, into ¢, is also compact. Also L(co, ;) = K(co, ).

(iii) If an(T) — 0, then T is compact, cf. Exercise 26. It was one of the most famous open problems,
if also the converse is true. The counterexample was constructed by P. Enflo (and awarded live goose
in Warsaw by Mazur). Nevertheless, the counterexample is very sophisticated and for “usual” spaces
the converse is really true. Nevertheless, there are also exceptions. For example, if H is a separable
Hilbert space, then £(H) does not have the approximation property.

Theorem 22. Let X be a Banach space and Y a separable Banach space. If there is a sequence
{Sn}>2 C L(Y) of finite-dimensional operators, such that

lim S,y =1y
n—oo

for everyy €Y, then F(X,Y)=K(X,Y).

Proof. Let T € K(X,Y). Then S, T € F(X,Y) and it is enough to show, that
1S, T —T|L(X,Y)|| — 0.

According to the Theorem of Banach-Steinhaus, there is a K € R, such that sup, ||S,|L(X,Y)|| <
K < oc.

Let € > 0 be arbitrary and let {y1,...,y.} CY be such that

T
T(Bx) C U Y + eBy.
j=1

Then there is an N € N, such that ||S,y; — y;|ly <eforall j=1,...,r and all n > N. This leads to
ISnTx = Ta|ly < |[Sn(Tx —y))lly + [1Sny; —yjlly +ly; —Tlly < Ke+e+e=(K+2)e
for all x € Bx, all n > N and appropriately chosen j € {1,...,r}. O

Remark 14. (i) The assumption of this theorem is satisfied for example for the spaces Y = ¢, Y =
0y, Y = Ly([0,1]) with 1 <p <ooorY =C([0,1]).

Theorem 23. Let 0 < p < oo and let o = (01,09,...) with 01 > g9 > --- > 0 be a non-increasing
sequence. We define the diagonal operator D, as

Dy : by, — Ly, Dyx = (0121,0222,...).

Then
an(Dy) = op, n € N.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Proof. Step 1. Estimate from above
Let n € N. We denote by D?~! the (n — 1)th sectional operator
Dg_l.%' = (0'1.%'1, ey On—1Tn—1, O, 07 cee )

Then
a3(Ds) < ||Do — Dy~ L Ly, bp)|| = o
Step 2. Estimate from below

For the estimate from below, we use the following operators

D((T") Ay — Ly, DU")QJ = (01%1,02%2, ..., Op—1Tn—1,0nTn),
Ly )y — by, Li(w1,.. 20) = (21, .-, Tn),
In by — Ly, In(21,. 0 20) = (71, .., 20,0,0,...),
Poily — by, Pu(z1,.. %0, g1, ) = (21,22, -0, Tn).

We may assume, that o, # 0 - otherwise, there is nothing to prove. Then we may calculate

1< an(Ly) = an((DF) ™1 o DY) < |[(DF)) ]| - an(DFV)

g

= Urjlan(D(n)) = Urjlan(Pn o DyoJy) < Urtl NPl - an(Do) - [|Jnl] = ‘77:1 “an(Dy).

g

2.3 Gelfand and Kolmogorov numbers

In this section we define the Gelfand and Kolmogorov numbers, prove their basic properties and study
their relation to approximation numbers.

Definition 24. Let X,Y be two quasi-Banach spaces and let T' € £(X,Y).
(i) We define the n-th Gelfand number of the operator T as

cn(T) = inf{||T o JX|L(M,Y)||: M C X, codim M < n},

where J]\)/(I : M — X denotes the canonical embedding of a subspace M C X into X.
(ii) We define the n-th Kolmogorov number of the operator T as

dn(T) = inf{||QX o T|L(X,Y/N)||: N CY, dim N < n},
where Q% :Y — Y/N is the quotient map.
Remark 15. (i) On many occasions, one uses an equivalent definition of ¢,, namely

() = inf sup I Tz|ly-
codim M<n l|z|[x <1

(ii) The quotient space Y/N is the space of cosets § = {y — z : z € N} equipped with the quotient
(quasi-)norm
[Y/N|| = inf{[ly — 2|ly : z € N}.
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2.3 Gelfand and Kolmogorov numbers

The quotient map Q% is defined as Q%y =7.
Using this terminology, we may rewrite the definition of Kolmogorov numbers as
d,(T) = inf su Tz|Y/N|| = inf su inf ||[Tx — zl|ly.
oT) = b swp [TEY/N| =t s inf o=l
dim N<nH33HX§1 dim N<n||m||X§1

(iii) Observe, that all the structures used so far (canonical embedding, quotient space, quotient map-
ping) are well definied also for quasi-Banach spaces. Nevertheless, if X and/or Y are Banach spaces,
then there are numerous equivalent definitions of Gelfand and Kolmogorov numbers. We shall see
some of them later on.

(iv) The definition of approximation numbers was based on a linear approximation of an operator 7' on
the whole space X. Both the Gelfand as well as the Kolmogorov numbers involve certain nonlinearity
(which shall be discussed later in the Exercises) and therefore the following proposition should not be
really surprising.

Proposition 25. Let X and Y be two quasi-Banach spaces and let T € L(X,Y). Then

cn(T) <an(T) and dn(T) < an(T) forall neN.

Proof. Let ¢ > 0 be arbitrary and let A € £(X,Y") be such, that ||T — A|L(X,Y)|| < (1+¢)a,(T) and
rank A < n.

Step 1. dp(T) < an(T).
We put N = A(X). Then dim N =rank A < n and

dp(T) < sup inf ||[Tz —y|ly < sup ||[Tz — Az|ly = ||T — A|L(X,Y)]| < (1 +¢)a,(T).
rEBx yeN rEBx

Step 2. cn(T) < an(T).

We put M =kern A = {z € X : Az = 0}. Then we have

ean(T) < sup ||Tzlly = sup |[Tw — Azlly < |[T = A|L(X,Y)[| < (1 +¢€)an(T).
r€kern A rz€kern A
[lz|| x <1 |zl x<1

The last thing, which one has to consider is to show, that codim M < n. We postpone this (rather
algebraic) proof to the Exercise 28. O

Theorem 26. The Gelfand numbers as well as the Kolmogorov numbers form an s-function.

Proof. Step 1. Gelfand numbers

The proof of (i) follows from the observation, that the only space M C X with codim M < 1 is the
space X itself. And then
ci(T) = sup [[Tz[ly = [|TIL(X,Y)]].

r€Bx
The proof of the property ¢;(T') > ¢j+1(T) for all j € N is trivial.
To prove (ii) we take € > 0 arbitrary and find

M, C X with codim My <m:ze M = ||Sz|ly < (14 ¢€)em(9)]|x]|x,
My, C X with codim My <n:z € My = |[|Tz|ly < (14 ¢€)en(T)||x||x-
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Then we obtain

[0S +T)x|[5 < [|Szl§ + [|Tx][ < (1+ )|z (5, (S) + (1))
for all x € M7 N Ms - a subspace of X with codimension smaller then m +n — 1.
The proof of (iii) follows similarly.

M, C X with codim My <n:ze M, = ||[Tz|ly <1+ ¢e)en(T)||x||x,
My CY with codim My <m:y € My = ||Ryllz < (1 +¢&)em(R)||ylly-

Then
IR(T2)||z < (14 &)em(R)|Txlly < (1+e)*cm(R)en(T)|2]|x

for all + € X with 2 € My and Tz € Ms, i.e. for all z € My N T~ (M>) - a subspace of X with
codimension smaller then m 4+ n — 1, cf. Exercise 28.

To (iv): if rank T < n, then codim kern T' < n and T|kern 7 = 0, hence ¢, (T') = 0.
Finally (v) follows from Lemma 27.
Step 2. Kolmogorov numbers

The only subspace N C Y with dim N < 1 is the space {0} C Y. Hence

di(T) = sup [[Tz =0y = [[TIL(X,Y)]|.
r€Bx

The inequality d;(T) > dj;+1(T),j € N is again trivial and the proof of (i) is therefore complete.
To prove (ii) we take € > 0 arbitrary and find

Ny CY with dim Ny <m:ze€X = Jy; € Ny :||Sz —yilly < (1 +¢e)dn(9)||z]|x,
Ny CY with dim Na<n:ze€X = Jys € No: [Tz —yolly < (1 +¢)dn(T)||z]|x.

Take z € X and find corresponding y; and 5 as described above. Then we obtain
1S + D) — 1 — yallh < [1Sa = gl + T — galll < (1+ P llal s (d2,(5) + d2(T)).

Here, y = y1 + y2 € N1 + Ns - a subspace of Y with dimension smaller then m +n — 1.
The proof of (iii) follows similarly.

NiCY with dimNi<n:ze X — HyENl:HTJ‘—@HYS(l—i—E)dn(T)qux,
NoCZ with dimNo<m:y€Y = Jz€ Na:||Ry —z||z < (1 +¢e)dm(R)||y|]y-

Let us take z € X. We find § to Tz as described above and z to R(Tx — 7) instead of Ry. Then we
may estimate

IR(Tz) = R(G) — 2|z = ||[R(Tz — ) — z||z < (1 + e)dm(R)| T2 — Flly < (1+¢)*du(R)dn(T)llz|x,

where R(y) + z € R(N1) + Na - a subspace of Z with dimension smaller then m +n — 1.
To (iv): if rank T' < n, then dim T'(X) < n

dp(T) < sup inf ||[Tz—y|ly =0.
zeBx YET ()

Finally (v) follows from Lemma 27. O
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Lemma 27. Let X be a quasi-Banach space with dim(X) > n. Then c,(id : X — X) =d,(id : X —
X)=1.

Proof. Let n € N and let X be a space with dim X > n.
Step 1. Gelfand numbers
Let M C X be a subspace of X with codimension smaller then n. Then M # {0}. Hence

en(id: X — X) = ]\/llan sup |lid(x)|ly > 1.
codimCM<n||$||X§1

Step 2. Kolmogorov numbers

Let e > 0 and let N C X with dim N < n. Then N # X and accordning to the Riesz’s lemma, there

isan xy. € X \ N, such that ||[znc||x =1 and |[zn e — y||x > 1—_1% for all y € N. Hence

d.(T)> inf inf|[Tey. — || > .
n(T) > ot ylgNll TN yll_He
dim N<n

O
Theorem 28. a) Let X and Y be two Banach spaces and let T € L(X,Y). Then T is compact if, and
only if, cp(T) — 0,

b) Let X and Y be two quasi-Banach spaces and let T € L(X,Y). Then T is compact if, and only if,
dn(T) — 0.

Proof. Step 1. Gelfand numbers
Let T be compact, i.e. for every & > 0

J

T(Bx) - U Y; + eBy (2.1)
j=1

for suitable J € N and {y1,...,ys} € Y.
According to the Hahn-Banach Theorem, there are functionals §; € Y, such that

18i(yi)l = lly;lly and [IBjllyr =1, j=1,....J.
We define o € X' by a(z) = 8;(T(x)),j =1,...,Jand M ={x € X : aj(z) =0forallj =1,...,J}.
Then,?!
for z € M with ||z||x <1 and an appropriate j € {1,...,J},

| Tlly < | Tx—yjlly +lyslly < e+[Bi(y;)] < e+ (Tz—y;)[+]0;(Tx)| < e+|I8;lly - [Tz —y;lly < 2e.

Conversely, let ¢, (T) — 0. Then for every € > 0, there are J € N and «1,...,a; € X’ such that for

every
J

CEGM:ﬂkern()éj:{CCGXIOél(CC):"':O[J(CU):O}
j=1

21 A detailed investigation of the next line show, that ||y;||y < &, which seems to be in contradiction with (2.1), but
this holds only for those y;’s, which play a role in covering of T'(M).
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the following inequality holds
[ Tzlly < ellzf|x.

We show, that this implies, that 7" is compact (and hence also T').

Let 8 € Byr. Then T'3 € X’ and (according to the Hahn-Banach Theorem), there is a functional
6 € X' such that 6(x) = T'f(x) for every x € M and

10]|x» = sup |0(z)| = sup |0(z)| = sup [(T'B)(zx)] = sup [B(Tz) <|Blly:- sup ||Tz||<e.
rE€Bx rzeM rxeM rxeM rxeM
|z x <1 [zl x <1 [zl x <1 o] x <1

We define {\Zf = Lin(aa,...,ay) C X'. As (0 = T"B)(z) = 0 for all z € M, we conclude, that
0 —T'3e M. Hence, T'" = (T'" —0)+ 0 € M +eBx.
This holds for all § € By, hence

T'(By/) C M + eBx.

But if 776 = m + ex with /m € M and x € By, then
lmllx: < 178l xr +ellxllx < 1 T'[LY XN - (1Bl +e.

Hence even
T'(By) € |[T'|£(Y", X")|| By (1 I + B

The set ||T'|£(Y’, X")||Bx: N M is a bounded set in a finite-dimensional space M and may be covered

like
K

1T |C(y", X" | By 0 81 < | e + B,
k=1

which leads to
K

T'(By:) € | J w +2eBx.
k=1
Step 2. Kolmogorov numbers

Let T be compact, i.e. for every € > 0

J
T(Bx) C U yj +eBy
j=1

for suitable J € N and {y1,...,ys} € Y. Put N = Lin(y1,...,y7).

Then
dj41(T) < sup inf ||[Tz —y|ly < sup inf ||Tz —y,|ly <e.
r€Bx YEN z€Bx J=1,-J

Let on the other hand d,,(T") — 0. Then for every € > 0 there is a finite-dimensional subspace N C Y,
such that

sup inf ||Tx —y|ly <e.
rEBx yeN

This may be rewritten as
T(Bx) C N + ¢By.
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2.3 Gelfand and Kolmogorov numbers

But if Te = y + €z with y € N and z € By, then
lylly < ||T=[l5 + "
for a suitable 0 < p < 1. Hence also
T(Bx) C NN (||T|L(X, V)| + sp)l/pBy +eBy.

The set N N (||T|£(X,Y)|[P + eP)/PBy is a bounded set in finite-dimensional quasi-Banach space N
and may be therefore covered

m
N (ITILX,Y)|[P +&”)PBy c | ] 2z +eBy

j=1
for appropriate m € N and 21, ..., 2z, € N. Hence
m
T(Bx) C |z +2"/7 'eBy
j=1
and T is compact. O

When dealing with Hilbert spaces, the situation is usually much simpler - some (or even all) of the
s-numbers coincide.

Theorem 29. Let X and Y be two quasi-Banach spaces and let T € L(X,Y).
a) If X is even a Hilbert space, then c,(T) = a,(T).

b) If Y is even a Hilbert space, then d,,(T) = an(T).

c¢) If both X and 'Y are Hilbert spaces, then c,(T) = dn(T) = an(T).

Proof. Of course, c) is a simple corollary of a) and b).
Step 1. Gelfand numbers
Let n € N and € > 0 be arbitrary. Then there is a subspace M C X with codim M < n, such that

reM = ||Tz|ly < (14 ¢e)en(T)||x||x-

We define the space M+ = {y € X :< z,y >x= 0 forall z € M} of all elements orthogonal to
the all elements of M. Finally, we denote by P,;. the orthogonal projection of X onto M=+ and set
A =To PMJ‘ .

Then

an(T)

IN

|T — AIL(X,Y)|| = sup ||[Tz — Azx||ly = sup ||[Tx — T(Pyoz)|ly

rEBx z€Bx

= sup [|T(z = Pyrea)lly < (1+)ea(T) sup [l — Pyl < (1+)en(T).
r€EBx S——— rEBx
eM

Finally, we let € — 0.

Step 2. Kolmogorov numbers
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Let n € N and € > 0 be arbitrary. Then there is a subspace N C Y with dim N < n, such that
z€X = inf ||Tz—ylly < (1+e)dn(D)lla]lx.
y

We set A = PyT', where Py is again the orthogonal projection, this time of Y onto IN. Then
an(T) < ||T — A|IL(X,Y)|| = sup ||[Tz — Az|ly = sup ||[Tz — Py(Tz)||ly

$EBX Z‘EBX

= sup inf ||Tx —ylly < (1+¢)d,(T)
rEBx yeN

and we let again € — 0. U

Also the relation of interpolation theory to Gelfand and Kolmogorov numbers is easily seen.

Theorem 30. Let X, T, Yy, Y, Y1 C Y, 0 < p <1 and 0 < 0 < 1 satisfy all the assumptions of
Theorem 10. Then

Crotni—1(T : X = Yy) < C}LEO(T X =Y Cfu(T X —Y1), no,n €N

Proof. Let My, My C X be two subspaces of X with

codim My <ng and z€ My = ||Tz|ly, < (14 ¢&)en, (T : X — Yo)||z||x,
codim My} <n; and ze€ M, = ||Tz|ly, < (1 4¢e)en, (T: X — Y1)||z]|x.

Put M = MynN M;. Then codim M < ng+ny — 1 and for x € M
ITzlly, <||Tzlly,” - [1T2|lfy < (1+e)||zl[xen, (T X = Yo)e, (T: X — Y1)
and the result follows. O

Theorem 31. Let X, Xy, X7 CX, T, Y, 0<p <1 and 0 < 0 <1 satisfy all the assumptions of
Theorem 11. Then

dngtm—1(T : Xg — V) < 2YPd (T Xog - V) -d) (T: X1 —Y), no,m €N.

Proof. Let us abbreviate dp,, = dp (T : Xo — Y) and dp, = dp, (T : X1 —Y)
Let Ny, N1 C Y be two subspaces of Y with
dim Np <np and =z € Xy = in]\f[ | Tz —ylly < (14 &)dn,||x||xq,
yeNo

dim Ny <n; and ze€X; = 1€nj\f} | Tz —ylly < (14 ¢e)dy,||x]|x,-
yeN

Put N = Ng+ Nqi. Then dim N <ng+ny—1. Let € X and t > 0 to be chosen later on. Then we
find zg € Xy and x1 € X7 such that

z=xo+a1 and ||zol[x, + tl|z1]lx, < t0|z][x,
and yg € Np and y; € Ny, such that
[ Tzo = yolly < (1 +e)dnllzollx, and |[|Tz1—yilly < (1+e)dn,l21llx,.

Finally, we arrive at
Tz = (yo + yo)lIy < [Tz = yolly + [|T21 — [y < (1 +e)(dy, llwoll, + i, [l lly,)
9 9— —6) pf
< (1) e, + i, 70Vl ) < 208 ol .

where we have chosen ¢t = d,,, /d,,,. From this, the result follows. O
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2.3 Gelfand and Kolmogorov numbers

2.3.1 Duality

In this section, we consider the relation between ¢, (T) and d,,(7") (and briefly also between a,,(T') and
an(T")). Some of the main ideas were already hidden in the proof of Theorem 28, but here we are
going to discuss the concept of duality and its connection to s-numbers in detail.

In this whole section we assume X and Y to be Banach spaces, so that we can
e work with X’ and Y,
e apply the Hahn-Banach theorem,
e consider the dual operator 7" € L(Y’, X') for every T € L(X,Y).

Let us recall the basic facts from functional analysis about duality.

If X and Y are two Banach spaces and T' € L(X,Y), then we define T € L(Y', X') by

[T'(p))(x) = (T(x))

for every ¢ € Y/ and x € X. It is quite simple to see, that with this definition the operator T” is really
linear and bounded (even with ||T|L(X,Y)|| = ||[T'|L(Y’, X")||). According to Schauder’s theorem we
know, that T is compact if, and only if, T is compact.

If X is a Banach space and X' is its dual space, then we denote by X” the second dual space. The
canonical embedding of X into X” is defined as

ex : X = X", ex(a)(p) = p(2)
for every x € X and ¢ € X'. If ex is even an isomporhism of X onto X”, then X is called reflezive.

Definition 32. Let X be a Banach space and X’ be its dual space.
a) If L C X is a subspace of X, we define

Lt ={pe X" :¢(x)=0foral ze L}

b) If M C X' is a subspace of X', we define
M, ={zx € X :¢(x)=0forall p € M}.
Both Lt and M, are called annihilators.
Theorem 33. Let X, X', L and M be as above. Then
(LY, =L, (M)r=Mv".
Here L stands for the closure of L and M “* is the so-called weak-star closure of M.

Proof. Step 1. (L*), = L.

a) Let x € L and let ¢ € L. As (L) = 0 and ¢ is continuous, then also o(z) = 0. Hence o(z) = 0
for all p € L+, which means, that = € (L*), .

b) Let ¢ L. According to the Hahn-Banach Theorem, there is a ¢ € X', such that ¢(L) = 0 and
@(x) # 0. Hence, z ¢ (L*) .
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Step 2. L is weak-star closed in X’ for all subspaces L C X.
Let us recall, that the set O C X’ is weak-star open if, and only if,

Voe O3e>03xq,...,2p € X : {p € X' : [0() — p(;)| <eforalli=1,...,n} CO.
Of course, a set C C X' is weak-star closed if, and only if, its complement is weak-star open, i.e.
VogC3e>03xy,...,xp€ X : {p € X' |¢0(x;) — p()] <eforalli=1,...,n}NC=0.
So, let us take ¢ ¢ L+. Then there is zg € L, such that 0 < |¢(z)| =: € and we observe that

{¥ € X' : [Y(wo) — plwo)| <} N L =0.

Hence, L' is weak-star closed.

Step 8. M @ c (M)*

Obviuously, M C (M )*. But the later set is weak-star closed (cf. Step 2.) and the inclusion follows.
Step 4. (M,)* C M @

Let ¢ & M ¢*. Then we may apply the Hahn-Banach Theorem n with respect to the weak-star topology
on X’ and find ¥ € (X',w*)’, such that ¥(p) # 0 and ¥(M «*) = 0. It is a standard fact from

functional analysis, that (X', w*) = ex(X) C X”. Hence ¥ may be represented by an x € X with
@(x) # 0 and (x) = 0 for all 1) € M “* - especially z € M. Hence o & (M )*. O

The relation between annihilators and approximation theory is given in the following fundamental
Lemma.

Lemma 34. a) Let X be a Banach space, x € X and let L C X be a subspace of X. Then

;1612 [l = yllx = max{lp(@)] : ¢ € LT, [|ollx < 1} (2.2)

b) Let X be a Banach space, X' its dual space, let M C X' be a weak-star closed subspace and let
p € X'. Then

min o = llxr = sup{e(z)] : @ € My, ||z||x <1} (2.3)

J_Droof. a) We may assume, that L is closed - i.e. both sides of (2.2) do not change, if we replace L by
L. If x € L, then there is nothing to prove. So, we may also assume, that = & L.

Let L = lin{L,z} C X. It means, that every element w € L may be written (in a unique way) as
w=Ar+y, where \€e Rand y € L.

Let ¢ : L — R be linear and continuous, such that ¢(L) = 0, ¢(z) > 0 and el gy = 1.

Then for every € > 0 there is z. € f), such that
lellx =1 and () > (L= )llpllzy = 1 -=

We decompose z: = Az + y.. Then ¢(z:) = Acp(z) + ©(y:) = Aep(x) > 1 — €.

plz)
1—¢

Ye
Ae

e || X )\5_

X



2.3 Gelfand and Kolmogorov numbers

And the result follows by

p(z)

T o0<e<l] —¢€

Ye
T+ =
A

1

inf ||z —y||x < inf = o(a).
inf ||z —yllx < inf, ¢(z)

To prove the second inequality in (2.2), we calculate for arbitrary y € L:

lz —yllx = sup |p(z—y)|= sup [p(z—y)l= sup |p(z)]
PEBy peLt peL+
llellyr <1 llellyr <1

Let us remark, that it also follows from the proof, that the maximum on the right hand side of (2.2)

is attained - namely by the ¢ constructed above.
b) Let M C X', p € X’ and let M C X’ be a weak-star closed subspace of X'.
It follows from Theorem 33, that
e X :0eMeo(M)=0.
We put
a = sup{|p(z)| : x € M, |[z][x <1} < oo.

Then

le = llxr = sup [p(z) —(z)| = sup [p(z)] =a
r€Bx !L’GML
locf| x <1

holds for all v € M and hence also for the infimum.
On the other hand, we apply Hahn-Banach Theorem to obtain 1) € X’ with
Y(z) =¢(z) forallz € M and ||¢||x =a.
We put 0 = ¢ — ). Then (M) = 0 and hence 6 € M. But also
e = Bl = Il = a.
Hence the minimum on the left-hand side of (2.3) is attained (in 6).

Theorem 35. Let X,Y be two Banach spaces and T € L(X,Y).

a) Then
en(T) = dy(T')

and
cn(T') < dp(T).

b) If T is even compact, then
cn(T') > dp(T).

Proof. Step 1. Proof of (2.4)

Let M C X be a subspace of X with codim X < n. We set N = M. Then N, = (M),

sup [[Tz|ly = sup  sup [p(Tw)]= sup sup |(T'¢)(x)]

xeM zeEM  pcY peY’ xeM
[lo]|x <1 [zl x <1 Jjp||y <1 lolly <1 llzllx <1
/ /
= sup sup [(T'¢)(z)| = sup sup [T —[[x.
peY’ xeEN| peY’ YeN
llellyr <1 Izl x <1 llellyr <1
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Taking infimum over all M finishes the proof.
Step 2. Proof of (2.5)
Let us recall, that

do(T) = inf inf ||Tx —
n(T) ot mSgg;;gNll z—ylly,

dim N<n
en(T)= inf ~ sup |[T'¢l[xr= inf  sup sup |p(Tz).
McY’ peEM Mcy’ peEM zxz€Bx
codim M<n||go||y/§1 codim M<n||go||yz§1

Now let € > 0. Then there is a subspace N C Y with dim N < n, such that
Vo € Bx 3y € N : ||Tz — ylly < (1+¢e)d,(T). (2.7)
We put M = Nt and fix z € By and y € N according to (2.7) and obtain

sup  sup [p(Tx)| = sup sup |p(Tz—y)| < sup  sup [[lollyr - [Tz = yllx < (14 ¢)dn(T).
KPGNJ‘ r€Bx KPGNJ‘ rEBx LPENL r€Bx

llepllyr <1 llepllyr <1 llellyr<1

Hence ¢, (T") < (1 4+ ¢€)d,(T) and we let € — 0 to finish the proof.

Step 3. Proof of (2.6).

This is the most complicated step. If X and Y would be reflexive, then the proof would be trivial,
because then d,,(T') = d,,(T") < ¢, (T"). If this is not the case, we use the principle of local reflexivity.

Lemma 36. Let Y be a Banach space and let M C Y" be a finite-dimensional subspace of Y". Then
for every e > 0 there exists R € L(M,Y), such that |R|L(M,Y)|| <1+ and Reyy =y for ally €Y
with eyy € M.

We now come back to the proof of (2.6).
We already know, that ¢, (T7") = d,(T"). So, it is enough to prove, that d,,(T") > d,,(T).
Let € > 0. Then there is a subspace N C Y” with dim N < n, such that
inf ||T"z — y|ly» < (1 +&)d,(T"). (2.8)
yeN
Let {z1,...,2x} C X be such that {Tzy,...,Tx,} is an e-net for T(Bx). Let M C Y” be the span
of N and {ey(Tz1),...,ey(Tz;)} and let R € L(M,Y) be the mapping from the principle of local

reflexivity, i.e.

|RIL(M,Y)||<1+e and Rey(Tx;) =Tz, i=1,...,k.
Finally, let L = R(N) C Y be a subspace of Y with dimension smaller than n.
According to (2.8), we find 21,...,2; € N, such that

T (exai) — zillyn < da(T").
Altogether, we get for alli =1,...,k
inf ||Tz; —ylly = inf ||Rey (Ta;) — ylly = inf ||R(T"exa;) —
ylrelLll zi —ylly ;IelLII ey (Tzi) — ylly yHEILII (T"exzi) — ylly

<||R(T"exwi) — R(z)|ly < [|RIL(M,Y)|| - |1T"exai — i |yn
< (14 €)2d, (T").
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If x € Bx, we get for appropriate i = 1,...,k

inf || Tz — ylly <||Tz — Tz|ly + inf ||[Tx; —ylly <e+(1+ 6)2dn(T”)
yeL yeL

and the result follows. O

Remark 16. The inequality (2.6) does not hold for arbitrary linear operators. The classical coun-
terexample is the identity id : {1 — ¢y with id' : {1 — lo. It may be shown, that d,(id) = 1 and
cn(id)=1/2 for alln =2,3,....

Theorem 37. Let X and Y be two Banach spaces and let T € K(X,Y). Then

an(T) = a,(T'), neN.

Proof. We prove only the easy part, namely a,(T") < a,(T). The proof of the reverse inequality uses
again the principle of local reflexivity and resembles the proof of Theorem 35.

Let P € L(X,Y) with rank P < n. We consider P’ € L(Y’, X’) defined, as usually, by

(P'o)(z) =p(Px), z€X, peY

Then
IT" = PILY', X")| = sup |[(T" = P')(¢)llx» = sup sup [[(T"— P')(p)](@)]
pEDBy pEBy ) t€Bx
= sup sup |p((T" — P')(2))| < sup sup |lolly - [(T — P)(z)lly
pEBy s T€EBx pEBy s T€Bx
< sup [[(T' = P)(z)[ly = ||T = PIL(X,Y)]].
rEBx
Taking the infimum over all P’s finishes the proof. O

2.4 Approximation, Gelfand and Kolmogorov numbers of id : (;' — (7'

Theorem 38. Let 0 < p < oo and let o = (01,09,...) with 01 > g9 > --- > 0 be a non-increasing
sequence. We define the diagonal operator D, as

Dy : by, — Ly, Dyx = (0121,0222,...).

Then
Cn(Do) :dn(Da) = On, n € N.

Proof. The proof follows the same pattern as the proof of Theorem 23. U

2.4.1 Extreme points and the Krein-Milman theorem

Definition 39. Let X be a vector space and let K C X be convex. Then
a) F' C K is called side, if F is convex and it holds

x1,02 € K,0< A< L, Az1+ (1= Nag € F = x1,29 € F.
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b) x € K is called extreme point, if {z} C K is a side of K. In other words, if
1,22 € K,0< A< A1+ (1 - Nazo=2 = z1=22=1

holds.
The set of all extreme points of K is denoted as Ext K.

Theorem 40. Let X be a Banach space.??> Let K C X be compact, convex and non-empty. Then

a) Ext K # 0,
b) K =conv Ext K.

Proof. Let F denotes the set of all closed, non-empty sides of K. Then the following holds:

o F # 1, while K € F,

o if {F,}nea C F is a subsystem of F with F, C F, or F, D F, for every a,a’ € A, then
() Fa €7,

e F is inductively ordered with respect to inclusion.

According to The Lemma of Zorn, there is a minimal element Fy € F.
We show, that Fy consists of only one point.

Let xg,y0 € Fo with zg # yo. Then (Hahn-Banach!) there is an 2’ € X', such that
Re 2/(zg) < Re 2'(yo).

Then the set
Fy ={z € Fy : Re 2/(x) = sup Re 2/(y)}
yeFp

is non-empty (Fp is compact and z’ is continuous). Further is Fj closed and a side of Fj and hence
also of K, i.e. I} € F. But zo € F - which is a contradiction with minimality of Fjp.

To prove b), put
K, = conv Ext K. (2.9)

Then K; C K is closed (and hence also compact) and (according to a) also non-empty. If K # Kj,
then there are z € K \ Kj, € > 0 and (Hahn-Banach!) 2’ € X', such that

Re 2'(z) < Re 2/(zg) —¢ for all z € Kj.

We consider
F={r e K:Rea2(r) =supRe 2/'(y)}.
yeK
Then one may show as above, that F' is a closed, non-empty side in K. According to a), Ext F # (.
Because of Ext F C Ext K, there is an e € Ext K with e ¢ K, which is a contradiction with (2.9). O

22The theorem holds also for locally convex Hausdorff spaces(with the same proof), which enables to apply the statement
also to weak topologies.
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Lemma 41. Let N be a subspace of {7 with codim N < n. Then there exists v = (z1,...,Tm) € N,
such that ||z]|ec =1 and #{k : |zx| =1} >m —n+ 1.

Proof. Let z be an extreme point of Bym N N. Let
K:={k:|zxg| =1} and M:={yecll :y,=0for ke K}.

Clearly #K +dim M = m. Suppose, that # K < m —n. Then dim M > n and therefore M NN # {0}.
Hence, there is an y € M NN with ||y||cc = 1.

As
d:=1—max{|zg| : k€ K} >0,

it follows, that = 4 dy € Bym N N. Hence, x cannot be an extreme point, which is a contradiction. [

Lemma 42. Let 0 < ¢ < p < 00. If |zpt1] < min(|zy],...,|zn]), then
n+1 1/ n 1/a
> gl PNEZLE
j=1 j=1
n+1 p = n p
> layl? > il
j=1 j=1
Proof. Let
" 1/p " 1/q
o= Z | |P and (= Z ||
j=1 j=1
As p > ¢, we have
. |4 . |P
i < i forall j=1,...,n.
Tn+1 Tn41
Summing over j = 1,...,n gives

; ) ( - )

(mm = Uensal)
A NN 1] \”
() e () 2 ()

1/q

and

Finally, we get

i=1 (B + oD BO+ |wnia|?/BD)V B

ntl Ve (aP o )P a(l+ JangaP/ap)P Tl
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Theorem 43. Let 0 < g < p < oo. Then
an(id : 0 — ) = cp(id < £ — £0) = (m —n + 1)1/a71/P,
If 1 < q<p< oo, then also
dn(id : €7 — 07) = (m — n + 1)/a71/P,
Proof. For the estimate from above, we consider the operator
L R Py1(x1,...,xm) = (21, .., Tp—1,0,...).
This shows, that
en(id : 00 — 0) < ap(id : £ — £7) < |Jid — Py [L(E, 07)]] = (m — n 4 1)/97 1P,

The estimate from below is the tricky part. Let M C £ be a subspace with codim M < n. Then
Lemma 41 implies the existence of x = (z1,...,%y,) with ||z||cc =1 and #{k : |zx| =1} >m —n+ 1.
Then we get by Lemma 42

m 1/q 1/q
>l Dyl
— _—
||Z'd:M—>€Zn|| > [llq - - > J€ - > (m_n+1)1/q*1/p’
||| m /p /p
> gl D Jayl?
Jj=1 JEK

hence
en(id s 0 — €0 > (m —n+ 1)/971/P,
If p = oo, only notational changes are necessary.
The result for the Kolmogorov numbers then follows by duality. O

Definition 44. Let H; and Hj be two (separable) complex Hilbert spaces and let T € L(H1, Hs).
Further let {u;}ic; be an orthonormal basis of Hy. Then the Hilbert-Schmidt norm of T is defined as

1/2
Hﬂ6H=<§:WWm%> :

el

Remark 17. The Hilbert-Schmidt norm does not depend on the choice of the orthonormal basis {u; }icr,
cf. Exercises 33.

Theorem 45. Stechkin 1954.

m-—n+1
m

1/2
a,ﬂid:ﬁﬁ”%@”)z( ) form=1,...,m.

Proof. Step 1. Estimate from below.

Let
Le £, ey) with rank L < n.
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Let P € L(¢5",05") be the orthogonal projection of /5" onto the orthogonal complement of the range of
L,ie. kern P = L(43").

Then ||P|&||> > m —n+ 1 and
m
> Peleg|]P =m —n+1,
k=1

where {ej}}" ; are the canonical unit vectors of R™.

Finally,

m—n—l—l)l/2

|lid — LI, 65)[] = [[P(id — D)L, £57) ]| = max{||Peg|€5"]| : k = 1,...,m} > ( -

Step 2. Estimate from above.

According to the Theorem 29, we have
an(id 47 — 05) = dy (id : 07" — £5") = inf{||id — P o «d|L(¢T", £5")|| : rank P < n},

where the infimum runs over all projections with rank P < n.

Using the fact, that
AL 657)]] = max || Aej2,

j=1l,...m

we may rewrite this as

an(id : 0" — (5") = inf{ max ||(id — P oid)ej||2 : rank P < n}.
j=1,...m

Finally, using orthogonality of P, we get

an(id : 7 — 03") = inf{ max (1 —||Pe;||3)"/? : rank P < n}. (2.10)
)= m

=1,...,

The proof is then easily finished with the help of

Lemma 46. Let 1 <n <m and {m;}"; with

m

ZW]?:n and 0<m; <1 for j=1,...,m.

J=1

Then there is an orthogonal projection P : {5 — (5" with rank P = n and

||Pejlla =mj, forall j=1,...,m.
: 2 _ n-l1
It is enough to choose 77 = %= and (2.10) becomes
B 1\ /2
onlid: 6 — ) < max (1= [|Pes| B2 = (M)
7j=1,...m m

We return to the proof of Lemma 46.
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Proof. The proof goes by induction over n. If n = 1, then we set
Py=<uz,y >z,
where x = (71,72, ..., 7). Then rank P =1 and
2

1Pes =] <ae;> [ lelB=n% j=1...,m.

We suppose, that the assertion has been proved for some n and consider the sequence

m
1>m>--->m, >0 with ijzzn—i—l.
j=1

Then there exists a natural number k& (which we shall fix for the rest of the proof), such that

k k+1
2 2
Zﬂ'j <1< 5.
Jj=1 Jj=1
We define
i, i=1,...,k—1
k—1 1/2
1-— Z?TJZ , 1=k,
o; = i=1
' k+1 1/2
d a1 . di=k+41,
j=1
| Tis i=k+2,....,m.
Then
k m m
2 _ 2 2 _
O'j—l and Zo—j—ZWj—l—n.
J=1 j=k+1 j=1

Hence, there is an orthogonal projection P with rank P = n and
|Pejll3 =0ifj=1,...,k and ||Pej|3=05ifj=k+1,...,m.

We define
zo = (01,...,0%,0,...,0) e R™ and Pyy:=< z9,y > x¢ + Py.

Then
o [[zoll2 =1,
° Pwo = O,
e [ is an orthogonal projection,
e rank Py =n+1,

|Poes||3 = o2 for i = 1,2,...,m.
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For 0 < a <1, we define the orthonormal sequence {u;}*, by

€, i=1,...,k—1
S = (1—@2)1/2ek+aek+1, 1=k,
’ _aek+(1_a2)1/zek+17 Z:k+17
€, Z:k+2, ,m
Hence,
€, i=1,....k—1 €, i=1,...,k—1
L=k =k
UZO _ €L, Z ) and Ull _ €k+1, Z )
€k+1, i=k+1, —ey, i=k+1,
€, i=k+2,...,m, €, i=k+2,....m

and u{' represents a continuous way between these two extrema.

As
e R T R (]

(7 ) (S ) = (00)

we see, that the operator

m
Uy = Z < ey > ug
i=1

is unitary. It follows, that if P, = U} PyU,,% then

<x— Py, Py >=<x—U;PUyx,UPyUyy >=< Uyz — U U; PyUpyx,UUs PoUpyy >
=< Uyx — PyUyz, PyU,y >= 0.

Hence, P, is an orthogonal projection for every 0 < o < 1. Furthermore, we have

o [|Preils=0l=nlforalli=1,....k—landi=Fk+2,...,mand all 0 < a <1,
o ||Poer|3 = of,

o [[Prex]3 = oy,

o OF 2T 2Ty 2 04

Since || Pyex||3 depends continuously on «, there is an & € [0, 1] with ||Pseg||3 = 72, which implies also
||Paers1ll3 = 7, - Hence Pj is the desired projection. O

Theorem 47.
an(id: ly — co) =1 for n=1,2,....

23Note, that Py according to this new definition coincides with the Py defined above.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Proof. The estimate from above is trivial. For the estimate from below, we consider an arbitrary
A € F(l1,¢p). Then A is compact and

N
A(By,) C U ¥ +eBq,
j=1

for every € > 0 and suitable N € N and ',..., 4" € .

We choose an n € N, so that |y,| < e for all j = 1,..., N. Then for some j' we have |[Ae, — 3 ||oc < &
and hence

llid — AL, co)ll = |I(id = Aenlloo = 11 = (Aep)ul = 1= 3| = [yh = (Aep)n| = 1 22.

This proves, that
llid — A|L(¢41,¢0)|| > 1.

g
Theorem 48.
an(id : by — log) =1/2 for n=2,....
Proof. Let .
Aoy =3 - ;xzyz
where x = (1,1,1,...). Then rank Ay =1 and
lid — AL, )] = 5.
To prove the estimate from below, we suppose, that there is an A € F (¢, /), such that
|lid — A[L(01, o) || = sup [(ej — Aej)i| < 1/2.

J,keN

But the estimate
|1Aej — Aeglloo = [(Aej)ik — (Aep)r] = [1 — (Aej)e — (1 — (Aep)i)| > 1 — [(Aej)r| — [1 — (Aeg)il
>1—2|lid — A|L(¢1,0)]| > 0.

Hence A(By,) is not precompact in ¢, which is a contradiction. O

Next, we consider the approximation numbers of id : (7' — (7). We start with the following simple
observation

lid — AIL(E, )] = max ||(id — A)ejljoc = max ey, — (Aej)i| = max 167, — Ak -

1 %00
J=4...,m J,R=1,..,m Jr=1,...,m
The last expression is to be minimalised through all matrices A = (Am);”j:l with rank A < n.

The following lemma describes an easy way, how to produce a (symmetric) matrix A with small rank.

Lemma 49. Let 1 <n <m and let x1,...,T.,, € R". Then the matriz
A= (Aivj)%=1 with Ai,j =< 4,25 >

has rank A <n.
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2.4 Approximation, Gelfand and Kolmogorov numbers of id : £;" — (7"

Proof. Let y = (y1,...,Ym) € R™ and write

m m m m n n m m
Ay = ZZ < Zi,Tj; > Yje; = ZZZ%}&%&J; <y,e; > ¢ = Z <y, ijkej > in7kei
i=1 j=1 i=1 j=1 k=1 k=1 j=1 i=1
n
= Z <Ys Xk > Xks
k=1
m
where x; = ij7kej € R™. O
j=1
So, for the estimate of a,(id : §* — ¢2}) we need to construct m vectors xy,..., T, in R™, such that
o ||zillo =1, ie (zj,z;)=1foralli=1,...,m,

o | <wj,xj > |is as small as possible for i # j.

We shall give two such constructions. One probabilistic, based on Khintchine’s inequalities and another
explicit, based on polynmials on GF(p).

Lemma 50. Khintchine’s Inequality Let
rn(t) = sign sin(2"nt), neN, te]0,1].

Then for every 1 < p < oo, there are two constants A, and B,, such that

m 1/2 L p 1/p m 1/2
() <(] a) <n,(Snr)
n=1 n=1

for everym € N and oll ay,...,am € R.

Z anrp(t)
n=1

Proof. See [HHZ, pp. 205-206]. O

Remark 18. a) Let us remark (without proof), that B, < ([p/2] + 1)'/2.

b) The Khintchine’s inequality may be rewritten using sums. Then it reads

m 1/2 . 1/p m 1/2
4, <Z ]an\2> <|gw D I<aexPdt| <B (Z ]an]2>
n=1 ec{-1,+1}m n=1
for every m € N and every a € R™.
Lemma 51. There are x1,...,%Tm € €5 such that ||z;||2 =1 for alli=1,2,...,m and
logo m 1/2 .,
(4, 25)] <2 [T] for i #j.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Proof. If m < n, then we may take an orthonormal family (z1,...,z,) C R™. Let us suppose, that
m > n and that the result has already been proved for this m. Then

m
Z Z | <@, e> [P < Bim2".
=1 ee{-1,+1}"
Hence, at least for one e € {—1,+1}",
m
Z\ <@, e> [P < BPm.
i=1
We put @, 11 :=n""/2e. Hence ||zp11]|2 = 1 and
| <2, Tpg1 > | < Bpml/prfl/2 for i=1,2,...,m.
By choosing p := logy m, we obtain

logom

1/2
} for 1=1,2,...,m.
n

!<$i,3€m+1>\§2[

O

Lemma 52. Let 0 < A < 1. Then there is a constant cy > 0, such that for every m» < n < m, there
are m unit vectors x1,T2,..., Ty n Ly, such that

C) . .
‘(wi7xj)lgma i F ]
Proof. Let p be a prime number and let GF'(p) be the Galois field, i.e. the set {0,1,...,p—1} equipped

with addition and multiplication modulo p. Let k& € N and let P}, denotes all the polynomes over GF'(p)
with degree smaller or equal k. For every m € Py, we define a vector

1 ifw(i) =4
m7r€€]2727 xZ]: () . .]’
0 otherwise.

Hence

o |[27|]2 = \/p for every 7 € P,
o |(z™,27)| < k for all m,0 € Py, with 7 # o,

e one obtains #P;, = p*+1 vectors.

Hence the system

has all the desired properties for
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Using the vectors of Lemma 51 and Lemma 52, respectively, one proves

Theorem 53. a)

1 1)71/2
an(idzf’{“afgbo)g?)[w} , n=1,...,m.
n
b) Let 0 < XA < 1. Then there is a ¢y > 0, such that
m m CA A
an(id: 0" = €3) < —7, m " <n<m
n
Proof. Step 1. Proof of a)
Let 21, ...,z be the vectors constructed in Lemma 51 and define A = {4; ;}1";_; = {< i, 25 >}
Then 12 12
1 1 1
Cunalid s = (2) < lid — AL )] < 2 [ 2B | T < g B )|
Step 2. Proof of b) follows in the same way. O
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