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1 Introduction: Gambler’s ruin

The first part of this text follows quite closely [3]. We start the study of Markov processes
by a motivating example, which will introduce the notation used, the questions studied and
the methods used for the solution of these problems.

We consider the following game. Two players (for simplicity called “Player A” and
“Player B”) play repeatedly a certain game (like chess). Each time Player A wins, he gets
one dollar from Player B and vice versa, if Player B wins, he gets one dollar from Player
A. After that they repeat the game (for example, they start another chess game with a
new board). The rounds played are independent of each other. In the beginning, they
have a pot of S dollars. The probability, that Player A wins one round is p, 0 < p < 1.
The probability, that Player B wins, is ¢ = 1 — p. If one or the other player has no dollars
left (meaning that the other player has S dollars), the game stops and the player with no
money left is ruined.

The last parameter, which we need to describe the initial state of the game, is the
money Player A and Player B have in the beginning. We denote by Xy the initial amount
of money of Player A, Player B then starts with S — X dollars. The game is then described
by the input parameters (.S, Xo,p, q), where S > 0 and 0 < Xy < S are integers, 0 < p < 1
and g =1—p.

To describe the whole game, it seems to be natural to denote by X,, the amount of
dollars, which the Player A has after n rounds. Every time, the game (i.e., the series of the
rounds) is played, X,, would have a different value, even if all the parameters (.S, Xo,p, q)
are the same. Therefore, X, is a random variable, taking values in the range {0,1,...,S5}.
This notation allows us to reformulate the rules of the game.

e [f1<k<S—1andn >0, then

P(Xpp1 =k+1|X,=k)=p and P(Xp4y1 =k-+1X, =k) =q.

e The game stops after n rounds, if n is the smallest integer, for which X,, = 0 (A is
ruined) or X,, =S (B is ruined).

e Each series of rounds would have a different (random) length, which would lead to an
unpleasant effect, that sometimes X,, would be defined and sometimes not. To avoid
this confusion, we define X,,11 =0if X,, =0and X,,;,; =S5if X,, =5, i.e.

P(Xpi1=0/X,=0)=1 and P(X,.i=5|X,=5)=1.

The questions, which we might be interested in, can be (very informally) divided into
two groups, local and global ones. By a local question, we mean a question, which can be
answered by knowing the distribution of X,, for one n (or a small number of n’s). These
include for example

e To find the distribution of X, for one fixed n (i.e., what is the probability that Player
A has k dollars after n rounds);

e To find the expected amount of dollars Player A has after n rounds, etc.



The global questions require the knowledge of a wide range of X,,’s. They include the
(arguably more interesting) questions

e What is the probability, that A gets ruined?
e What is the mean time before one of the players get ruined?

e If in the beginning Player A has more money then Player B, what is the probability
that it stays so during the whole game, i.e., that X,, > § — X, for all n > 07

Indeed, to answer if the game stopped after n rounds, we need to know more than just the
value of X,,: If X, =0, we know that it stopped after £ < n rounds and if X, # 0, we only
know that it did not stop after the first n rounds.

Remark 1. Before we dive into the analysis of Gambler’s ruin, let us make a remark on the
independence of random variables. The random variables Xg, X1, Xs,... are in general not
independent. Indeed, if we know, that X,, = k for some n > 0 and 1 < k < S — 1, then
Xnt1 € {k—1,k+1} and if X,, = 0 for some n then, necessarily, X,,11 = 0. Nevertheless, the

rounds of the game are assumed to be independent. Therefore, we could define independent
random variables

g _ +1 with probability p
" -1 with probability ¢

to be the reward obtained by Player A in the n-th round. Then
Xn=Xo+51+--+5, (1.1)

holds, but only until the game stops. Therefore, (1.1)) is rather problematic - its validity is
restricted to small n’s and this restriction is essentially random.

1.1 Probability of ruin

We want to calculate the probability, that Player A gets ruined, if the initial parameters of
the game (S, Xo,p, q) are fixed. We exclude trivial cases

e If S=0o0r.S =1, then one or both players start with zero dollars and the game does
not even begin.

e If Xo =0 or Xg =5, then A (or B) is ruined from the beginning - and the game
again does not start at all.

We shall therefore assume that S > 2 and 1 < Xg < S5 — 1. Formally, we define the event

of ruining Player A as
o
Ra=J {Xn=0},
n=0

i.e., Player A gets ruined if (and only if) there is some n > 0 for which X,, = 0. We want
to get P(R4) as a function of (S, Xo,p, q). We start with the simplest cases, which are



S = 2: Then we assume that Xy = 1. In this case, the game always takes one round - if A
wins the only round, B gets ruined. If A looses the only round, A gets ruined. Hence

Ry ={X; =0}

and P(R4) = q.

S = 3: We assume first that Xg = 1. In this case, we can count all possible ways, how A
can get ruined. A can loose the first game, i.e., X7 = 0. Or it can win, loose, and loose
again, i.e., {X1 = 2,Xy = 1, X3 = 0}. The loop of winning and loosing one round after
each other can be also longer and we get the decomposition

oo
Ryi=|J{x1=2X,=1,..., Xpp 1 =2, Xp = 1, Xp41 = 0} (1.2)

n=0

and

o0
P(Ra) =) P{X1=2,Xa=1,..., X9 1 =2, Xp, = 1, Xp41 = 0})

n=0

=> (pg)"q = i
n=0

1—pq

In the same way (#), we would obtain

q2

1-pg

P(RA)
if X = 2.

For S > 4 it seems rather infeasible (##7) to enumerate all possible ways, how A can
get ruined (i.e., to obtain a disjoint decomposition of R4 similar to (L.2)). Instead of that,
we denote

fs(k) =P(RalXo=k), 0<k<S

and derive a system of S + 1 linear equations for fg(0), fs(1),..., fs(S). The first two
equations are trivial: fg(0) =1 and fg(S5) = 0.

Lemma 1.1. Forall1 <k < S —1 it holds
P(Rs|Xo=k)=p -P(Ra|Xo=k+1)+q -P(Rs|Xo=k—1).

Proof. We use the independence and divide all possible ways how to ruin Player A by the



first step from Xy to Xj.

P(Ra|Xo = k) = P(Ra, X1 = k + 1| X0 = k) + P(Ra, X1 = k — 1| X0 = k)
. P(RA,Xl :k+1,X0:]<3) [P(Xl :]{3—|—1,X0=k‘)

P(X, = k) P(X, =k+1,Xo=k)
P(Ra, X1 =k—1,Xo=4k) P(X;1=k—1,Xo=k)
P(X, = k) P(X,=Fk—1,Xo=k)

=PRAX1=k+1,Xo=k) P(X1=k+1|Xo=k)
+PRAIX1 =k —1,Xo=k)-P(X; =k —1|Xo = k)

=p-PRA|X1=k+1,Xo=k)+q -P(Ra|X1 =k —1,X0=k)

=p-P(Ra|Xo=k+1)+q-P(Ra|Xo =k —1).

In the last step, we used the identity
P(Ra|X1=k+1,X0=k) =P(Ra|Xo =k +1),

which reflects the fact that the development depends only on the last state, and not on
how this state was reached. We comment on this point also in Section [1.3.3] O

By Lemma , we have the following system of S + 1 equations for (fs(k))7_,
fs(0)=1, [fs(5)=0 (1.3)
fs(k) =pfs(k+1)+qfs(k—1), 1<k<S-1

We show that solving these equations leads to

(¢/p)" — (¢/p)®

fS(k): 1_(q/p)5 )

0<k<S if p#gq

and

S —

fs(k) = ===, 0<k<S if p=g=1/2

We proceed similarly as in the solution of ordinary differential equations with boundary
values. We first find two fundamental solutions of the system (L.4)). Then we find a linear
combination of these two solutions, which satisfies also the boundary conditions . The
shortest way is to “expect” the solution in the form fg(k) = Ca” - then gives

Ca" = fs(k) = pfs(k+1) + qfs(k — 1) = pCa™™ 4 ¢Ca*~!

and, therefore, a = pa® + ¢, i.e., 0 = pa® —a+ q = p(a — 1)(a — q/p).

If p # g, then the two fundamental solutions are fi(k) = Cy and f2(k) = C» - (q/p)F.
Finally, we set the constants in

fs(k) = C1+ Ca (q/p)*



to ensure that
1=fs(0)=C14+Cy and 0= fg(S)=C1+ Ca(q/p)°,

which gives

1 _ S
; Ci=1-0Cy, O = (a/p)

Cy-{1—(a/p)°} =1, T 1—(a/p)%

If p = q = 1/2, the general solution of (1.4)) is fs(k) = C1 + Ca k and the result follows.

1.2 Mean playing time

Even if the parameters of the game (.S, Xo, p, q) are fixed, the game will stop after a different
number of rounds. Actually, it can also happen that it never stops. Therefore we define
the random variable

T:=Tys=inf{n >0: X, =0o0r X, =S}
Few remarks are in order:

o If the set {n >0:X,, =0 or X,, = S} is empty, then (by the properties of infimum)
we get T' = +o0.

e The range of T is therefore No U {+00} ={0,1,2,..., 400}

e The notation Tj g suggests, that it is the time needed to reach the set of states {0, S},
but T g depends (of course) also on Xg and p.

Again, for S small, we can calculate the mean of T' = T g directly. If S =2 and X =0
or Xo = 2, then T2 = 0 with probability 1 and also the mean time of each game is 0. If
Xo = 1, then T2 = 1 with probability 1 and its mean is also 1.

If S=3and Xo =1 (cases Xg = 0 and Xy = 3 are again trivial, the case Xy = 1 is
similar to Xo = 2), then

P(Tos = 2k) = p*(pg)* !, k>1,
P(Tos = 2k + 1) = q(pq)*, k> 0.

And we can calculate directly (for Xg = 1)

E[Tos) = > 2kP(Tos = 2k) + > (2k + 1)P(Ty3 = 2k + 1)

k=1 k=0

o o
=20 k(pg)" ' + ¢ 2k + 1)(pg)"*
k=1 k=0
Using that
> 1
n—1 __

nz:lnl' = m, ‘.ZU| < 1,



we get

E[To,z]z(lipp)Jr?quZk (pg)*~ 1Jqu: pq)*
k=1 k=0
2w e a2+ 2¢’ +a(l —pg)
(1-pg)?  (1-pg)* 1-pg (1 pq)?
_ 2p% 4 q+ pg?
~ (1-pg)?

Similarly (or by interchanging p and ¢ and Xy and S — Xj), we get for Xy = 2

2¢> +p + qp?
(1—pgq)?

This approach seems to be again quite inconvenient (sese?) for S > 4.

E[Ty 3] =

Lemma 1.2. For 1 <k <S5 —1, il holds
E[T|Xo=k] =1+ pE[T|Xo=k+ 1]+ qE[T|Xo =k — 1].

Proof. We calculate

=

k)

E[T|X, = k] = m = UXo=k) =Y ¢ ——
£=0 =k)

= (sP(T=¢X1=k+1 Xg=k PT=¢X1=k—-1,Xg=k
P(onk)z; {( , X1 +1,Xo=k)+P( , X1 , Xo )}

CPXi=k+1,Xo=k) izp =0,X1=k+1,Xo=k)
P(Xy = k) P(Xlzk‘—l-l,Xo:k)

}P’(Xlzk:—l,XO:k:)i P(T=(,X1=k—1,X=k)
P(Xo = k) — P(X;=k—1,Xo=k)
=P(X;=k+1|Xo=k)-E[T=4X; =k+1,Xo =k
+P(X1=k—1|Xo=k)-E[T =4X1 =k —1,Xo = k]
=p-ET=0X1=k+1,Xo=k+q ET=0X,=k—1,Xo=Kk|
=p - 1+ET=4Xo=k+1)+q- 1 +E[T=(Xo=k—1])
=1+4+pE[T|Xo=k+ 1]+ qE[T|Xo =k —1].

S
k=0

We introduce again a vector of variables (h(k))
hk)=E[T|Xo=k], 0<k<S.
By Lemma we have the following equations
h(0) =E[T|Xo=0]=0, h(S)=E[T|Xo=5]=0,
h(k) =1+ ph(k+1)+qh(k—1), 1<k<S-1.



The homogeneous equation corresponding to (1.6 has a solution C; + C2(q/p)*, one par-
ticular solution of (L.6)) can be found of the form k& — C'k, which leads to C' = 1/(¢ — p)
(for p # q). Therefore, the general solution of (1.6)) is

k
h(k) = Cy + Ca(q/p)" + ——.
q—p
Using the boundary conditions (1.5)) we get
h(k) = E[T|Xo = k] = —— pos iYL / (1.7)
= o=k =_— —5) T=a/p. :

1.3 Additional material for Section
1.3.1 Measurability
1.3.2 Markov’s identity
1.3.3 First step lemma - fractal approach
1.3.4 Alternative solutions
We use the relation p + ¢ = 1 to reformulate as
plh(k +1) — h(k)] = q[h(k) — h(k = 1)] = —1.

We substitute d(k) = h(k + 1) — h(k), 0 < k < S — 1 and obtain a system of equations

S—1 S—1
> d(k) = [h(k+1) = h(k)] = h(S) — h(0) = 0
k=0 k=0

and
pd(k) —qd(k—1)=-1, 1<k<S-1.

We get, iteratively (p # ¢, = q/p),

1 q
(1) = —— + 2d(0),
(1) ’ p()
1 q 1 q ¢
d2) = —-+2gy=—=-L % 40,
(2) ’ p() P pg()
2 Jj—1 J 11—
q  q q q T
S K ki == 7 d(0
1) p[+ e +pﬂ‘1] <p> O =7+ 40
Finally, we find d(0) from
5-1 = 5-1
0= dk) = — 1— 78 +d(o rk
kzzo (k) p k:O( ) +d( )k:O
1 1—r5} 1—7r9
=— S - +d(0 :
p(lq/p){ L—r O7=



i.e.,

d(0)

which is (1.7) for & = 1.
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2 Markov chains with discrete time

Definition 2.1. Let X = (X,,)72, be a sequence of random variables with countable (i.e.,
finite or infinite countable) state space S. Then X is called Markov chain with discrete time
if the distribution of X1 depends only on X, and, conditioned on X, does not depend
on Xo, X1,...,Xn—1. In other words, it satisfies the Markov identity

P(Xyt1 =7 Xn =tn,..., X1 =11, X0 =10) = P(Xpt1 = 7| Xpn = in) (2.1)
for all n € Ng and all ig,%1,...,%,J € S.
Few remarks are in order

1. The word chain refers to the fact, that the state space is countable; discrete time
denotes the fact, that the index set n € Ny is discrete.

2. If in the Markov identity , the right-hand side is well-defined, i.e., if P(X
) ., X1 =11,X0 =1p) >0, then also P(X,, =1i,) > 0 and also the right-hand side
is well-defined. Therefore, we assume the validity of only if P(X,, = ip,..., X1 =
i1, Xo =1ip) > 0 and makes sense.

The distribution of a Markov chain is completely determined by the initial distribution
of Xy and by the rules of transition from X, to X, 1. To observe this, we calculate

o) = o =i X =i, Xo =)
P(Xp—1="tn-1,...,X1 =11, X0 =ip)

P(Xp_1 =in_1,..., X1 = i1, X0 =140) P(Xp_2=in_s...,X1=i1,Xo=io)

P(Xp_g =in_o,...,X1=1i1,X0=140) P(Xn_sg=in3,...,X1=i1,Xo=1io)

P(X1 = iy, Xo = o)
P(Xo = ip)

IP’(Xn = in|Xn—1 =in-1,..., X1 =11, X0 =1p)-

( nel = tn_ 1’X o =y 1,...,X1:i1,X0:i0)~

( 9 =y gan 3= lp_ 3,...,X1 :il,X():Z'())H-]P)(Xl:7;1|X0:7;0)‘P(X0:Z'0)

P(Xn = Zn‘Xn 1= Zn 1) P(Xn_l = in_1|Xn_2 = in_g)'

P(Xp—2 = in—2|Xn_3 =in-3) - P(X1 =i1|Xo = i0) - P(Xo = ip)-

P(Xy =in,..., X1 =11, X0 =

-P(Xo = ip)

We therefore introduce notation for the initial distribution of X and for the transition rules.
We assume that these rules do not depend on n, i.e., that the Markov chain is homogeneous
and

P(Xue1 = j|X, = i) = B(X1 = j|Xo = i)

for all n € Ny and all ¢,j € S (which we again interpret in the sense that if one of the sides
is defined, the other must be defined as well and the quantities are the same).
Definition 2.2. Let X = (X,,)2°, be a homogeneous Markov chain with state space S.
(i) Then the transition matriz of X is defined as
P =[P]; jes = [P(X1 = j|Xo = )]

,J€S i,J€S *

12



(ii) The indtial distribution of X is defined as

v =P(Xg=1(), (€S.

This allows us to rewrite the previous calculation as

P(X, = in,..., X1 = i1, Xo = ig) = P P

in—1yin " Pin_gyin_1 * " Pig,ix * Vig-

The most important property of the transition matrix is that all its row sums are equal to
one. Indeed,

SR = SR =X =i)= Y L = X0 =0)

jes jes = PXe=1)
1 1

If pén) = P(X,, = ¢) is the distribution of X,,, then

JeS

= S P(Xus1 = k|Xn = 5) - B(Xn = ) = 3 Pyl = [p™ P,
JES JES

where we interpreted p™ and p("*1) as row vectors. This gives
p( D) = p( p,
We denote a state k € S absorbing if Pyj = 1. For gambler’s ruin on {0,1,...,S}, the

transition matrix is given by

1 0 0 O 0
q p 0 0
0 0 0
P = :
0 0 qg 0 p
0 0 0 0 1]

In the next chapter, we shall meet the random walk on 7, which is a sequence X =
(X0, X1, X2,...) of random variables defined by

Xn+1 with probability 1/2,

Xo=0, Xpp1= . .
X, —1 with probability 1/2.

13



Its transition matrix is an infinite matrix (the state space is S = Z)

/2 0 1/2 0 0 0 0
0 1/2 0 1/2 0 0 0
P = 0 0 1/2 0 1/2 0 0
0 0 0 1/2 0 1/2 0
0O 0 0 0 1/2 0 1/2

2.1 Iterations

We could define also higher-order transition matrices by

P = [PI]; jes = [P(Xm = j|Xo = )i jes.

If, moreover, p§~n) = P(X,, = j) denotes the distribution of X,,, then we actually did prove

(or we would prove in a nearly the same way as before

P Z ) p i1 p2
p™ = pO . pn . pn
p™ = ). p).

As this holds for arbitrary p(©) = v, it follows that P(™ = P™ for all m > 1. The notation
P ig therefore not necessary, we can just take powers of P, denoted by P™.

From what we just showed, one can easily deduce the Chapman-Kolmogorov identity,
which states that
pmtn) — pm) . p() - for all m,n € No.

As we shall encounter this identity on several other occasions as well, we give also a direct

proof
(m+n) _ . . ]P)(Xm+n =7, X0 = 'L)
P. =P(Xpmen=73|Xo=1) = §
i, ( + ]| 0 Z) P(X(]:l)
1
Y Y P m+4n = J» n—f Xo=1
fx)q)::z)gé; =7 0=1)
—Z m+n—], nZE,XOZZ)]P)(ang,XO:’L)
tes (Xn = £, Xo =1) P(Xo =1)
les
= > P(Xinin = j1Xn = ) - (X = €| X = i)
lesS
_me)Pzz =[P Pt 5.
2eS

14



Similarly, we would prove P("t7) = p(m) . p(n)  Notationally, we would complement this
by setting P(©) = Id (the identity matrix).
2.2 Markov chains with two states

We can calculate P™ for chains with two states. This (rather straightforward) exercise has
some nice lessons to learn. So, let us take S = {0, 1} and a transition matrix between these

two states
1—a a
P=[10 )

This corresponds to a Markov chain
P(X,41 =1|X, =0) = aq, P(X,11 =0/X,=0)=1—a,
P(X,11 =0/X,=1) =0, P(Xpt1 =11X,=1)=1-0.
For a = b= 0, we have P = Id and P" = Id. We exclude this case in what follows.
Lemma 2.3. Let n € N. Then it holds

o 1 [b+a(l—a—-0b)" a—a(l—a—0)"
Taxb|b=bl—a—b" at+bl—a—b"|"

Proof. The proof could be done easily by mathematical induction. We would assume the
formula for P" to be true, and by P"*! = P . P" we would get it also for n 4 1. It also
holds for n = 1 and that would finish the proof.

Instead of that, we use the singular value decomposition. Using the methods of linear
algebra, we see that P has eigenvalues \; = 1 and Ao = 1 — a — b, and corresponding

eigenvectors v = [1,1]7 and vy = [—a, b]”. Therefore, we can write
b a
_ a+b a+b
o T — M xDx M.
1 b 0 A
1 1
a+b a+b
This allows to write P* = (M x D x M~1)® = M x D" x M~!. Finally, we use that
n
D" = [)(\)1 fn} and obtain the formula for P". O
2

The formula for P™ allows us to study the limiting behavior of X,,. We observe the
following
e If (a,b) = (0,0), then P*" = Id and lim P" = Id.
n—oo

10

e If (a,b) = (1,1), then P = P3 = ... = p2ntl = [0 X

}andP2:P4:...:p2n:

[0 1} and lim P"™ does not exist.

1 0 n—00
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e If -1<1—(a+b)<1,then \j — 0 and

b a
1 —a] [1 0] | @tb a+b 1 [b a
P - : - .
S R A =1
Ta+b a+b

o If -1 <1—(a+b) <1 (ie,if (a,b) # (0,0) and (a,b) # (1,1)), then for every initial
distribution v = [y, 1 —~] we have after n steps the distribution of X,, equal to v- P™,
which converges to

1 b a 1 b a
P" = v = ——[yb+ (1 —)b 1—7)a) = |—, —— | =
v %Va+bL J Tt A =vboadt (1 -7 [a+ya+b] T

We see, that no matter where the system starts, it always converges to the same
(uniquely defined) distribution 7, which satisfies 7 = 7 - P. We call a distribution

vector 7 stationary if (and only if) it satisfies 7 = « - P. If the system is in this
distribution after n steps, it remains that also in the step n+ 1 and, therefore, forever
(i.e., for all m > n).

e If (a,b) = (0,0), then every distribution v is stationary, lim v-P" = v exists, and it
n—oo
depends on the initial distribution (actually, it is equal to the initial distribution).

e If (a,b) = (1,1), then [1/2,1/2] is the only stationary distribution. For every other

initial distribution v, the limit lim v - P" does not exist.
n—oo

2.3 Additional material
2.3.1 Stochastic matrices

Every transition matrix of a Markov chain on a given state space S satisfies two conditions

e 0< P ;<1lforallijeSand

o) Pj=1foralics.
JES
On the other hand, these are the only general properties of transition matrices - this means,
that every matrix satisfying these two properties can arise as a transition matrix of some

Markov chain on S. Matrices with these two properties are sometimes called stochastic
matrices.

The set of stochastic matrices is easily seen to be convex, i.e., if P° and P! are two
stochastic matrices of the same dimension, than APY + (1 — X\) P! is also stochastic matrix
for all 0 < X < 1. Therefore, it is a (closed) convex hull of its extreme points, which are
matrices, for which each row contains one entry equal to one and the others are equal to
Zero.
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2.3.2 Chapman-Kolmogorov identities
2.3.3 Infinite transition matrices
If S is infinite, say S = Ny for simplicity, then

P =[P jlijen, = [P(X1 = j|Xo = 9)]{5=0

is formally an infinite matriz. It can be also easily mathematically formalized as an linear

operator acting on £.

Let us recall, that the space ¢; is defined as the set of all infinite absolutely summable
sequences, i.e.

o
0 =< x=(x9,x1,T2,...): ||z|1 = Z]le < 00
§=0
Using this notation, || - ||1 is a norm and ({1, - ||1) is a Banach space. We observe that

densities of random variables X with values in Ny can be identified with those elements
of £1, which have unit norm and all entries non-negative. This means, that they lie in the
unit sphere of ¢; and in the cone of non-negative sequences, which is defined by

C={z = (xo,z1,22,...) 1 x; > 0 for all j € Ngo}.

Let now P = [Pi,j]f;:o be a double-indexed set of real numbers, which corresponds to

o0
some infinite transition matrix. Then F;; > 0 for all 4,57 € Ny and ZP” =1 for all
§=0
i € Ng. We can now define/prove the following
e If x € /; is arbitrary, we define
o0
[P(x)le = [#P)e = wxPuy.

k=0

e This series indeed converges as we see easily from

o o0
Z%Pk,z < Z || = [|[]1-
k=0 k=0

e P maps boundedly ¢; into ¢;

o oo o (oo} o0
1P@) = S IP@d = S| axPre) <S03 fanPr]
/=0 /=0 | k=0 /=0 k=0
o0 o0 o0
=3 loul S 1Peel = 3 lal = Jals.
k=0 (=0 k=0

e If z is non-negative, the previous inequality becomes identity. Hence, P maps distri-
butions into distributions.
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3 Random walks

We now review the second example of a Markov chain with discrete time, the so-called
Random walks. We start with a rather general definition.

Definition 3.1. Let X7, Xo,... be a sequence of independent random variables with values
in R%, d > 1. Then

So=0=1(0,...,0) and S, =X;+---+X,, for n>1
is called a d-dimensional random walk with steps X, Xo,....

We start with a (much) simpler case, namely when d = 1 and X;’s are (Rademacher)
random variables with values —1, +1.

Definition 3.2. The simple random walk on Z is a random process with Sp = 0 and
Sn = X1+ -+ X, where X7, Xo,... are independent random variables with distribution
(0<p<1
P(X;=1)=p and P(X;=-1)=¢=1—p.
We call the simple random walk on Z symmetric if p = q = 1/2.

Some parameters of the simple random walk can be calculated directly

o EXy]=-1-q+1-p=p—gq

o Var[X,] = E[X, —EX,]* = E[X,)* - (EX,)* = 1-(p—q)* = (p+9)*— (p—q)* = 4pq
o E[Sy] =nE[Xn] =n(p—q),

e Var[S,] = n Var[X;] = 4dnpgq.

3.1 Distribution of S,

Using rather simple combinatorics, we can find the distribution of .S,,. First, we observe
that |S,| < n - after doing n steps of length one we can not get beyond n or below —n.
Next observation is that the simple random walk preserves parity. Indeed, Ss, is always
an even number and Sy,+1 is odd.

To calculate P(Sa, = 2k) for —n < k < n, we count the steps of the random walk. If
it does a steps to the right, b steps to the left and, after that, So, = 2k, then we have
a+b=2n and a — b = 2k, which gives a =n + k and b = n — k. In how many ways this
can happen?

If p=q =1/2, we can proceed by just counting all the possibilities. The random vector
(X1,...,Xop) € {—1,+1}?" has 22" possible values. If there should be n+k ones and n—k

n
minus ones in this vector, we have ( N k) possibilities and
n

2n
P(Ss, = 2k) = 272" . .
(S k) <n + kz>
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If p # ¢, then the 22" possible outcomes of (X1, ..., X2,) do not have the same probability.
We fix the positions of n + k ones (the remaining indices will be occupied by -1) and obtain

2
P(S2n = 2k) = (n fk> pTRgTR L <k <n.

Similarly, we obtain

2n+1

P(52n+1=2k+1):<n+k+1

>pn+k+1an7 —n<k<n.
With this, we essentially characterized the local properties of a random walk.

3.2 First return to the origin

We shall again study some of the global characteristics - namely (again) the first time when
certain states are reached. This time we will be interested in the first time of return to the
origin, i.e., of the first non-zero n € N with S, = 0. We define

Ty :=inf{n e N: 5, = 0}.

If there is no positive integer n with X,, = 0, then 7j = oco. We want to calculate the
distribution and the mean value (and possibly also variance and other parameters) of 7}
We put g(n) = P(T§ = n). Simple cases include g(2n + 1) = P(T§ = 2n + 1) = 0 for every
n € No, 9(2) = P(T§ = 2) = 2pq, g(4) = P(T§ = 4) = 2p*¢*.

We derive again a system of equations for g(n). Let us denote

2n
h(2n) =P(Ss, =0) = (n >p”q"
as already calculated before. Naturally, g(2n) < h(2n).

Lemma 3.3. For n > 1, the convolution identity holds

Together with g(1) = 0,¢(2) = 2pq, 9(3) = 0 and g(4) = 2p?¢?, Lemma applied to
n=1,...,N gives a system of equations for (g(n))"_;. Also note that adding the terms
with £ =n — 1 and k = n means adding g(1)h(n — 1) = 0 and g(0)h(n) =0, i.e., we could
rewrite the identity also as

h(n) = g(n — k)h(k).
k=0

Proof. We decompose the event S,, = 0 by the last-but-one return to zero, i.e.,

n—2

{Sn =0} = [ J{S% =0,841 #0,..., 8.1 #0,5, =0}.
k=0

19



This decomposition is disjoint and gives

n—2
h(n) =P(Sp =0)=> P(Sk = 0,811 #0,...,8-1 # 0,5, = 0)
k=0

=N P(Spy1 #0, ..., 81 #0,5, =0|S), = 0) - P(S} = 0)

k=0
n—2
=3 P(S{£0,...,8), 1 #0,8, 4 = 0[S = 0) - P(S = 0)
k=0
n—2 n—2
=> P(Tg =n—k)-P(S,=0) = _ h(k)g(n— k).
k=0 k=0
In this calculation, we defined S/, = Sy, 4k, which is again a random walk under the
condition that S = 0. L]

We can solve the convolution identity using the method of the generating function. We
define (whenever it converges, but 0 < g(n) < 1 and 0 < h(n) < 1 ensure that it holds at
least for |s| < 1)

G(s) := Z s"g(n),
n=0
H(s):=Y_ s"h(k).
k=0
Lemma 3.4. These functions satisfy H(s) = (1 — 4pqs®)~"/? and G(s)H(s) = H(s) — 1

for 4pgs® < 1.

Proof. We calculate

H(s) = Zsk]P’(Sk =0)= Z s?KP(Syy, = 0) = Z 52k ( i >pqu
k=0 k=0

N k=0
= Z(pqsz)k(%)(% _ 1')2' -3-2-1 Z(pqsz)kzzk k(k—1/2). .'.5,/2 1-1/2
=0 i k=0 (]
— Z(4pq82)k(k —1/2) - (k —;;/2) .3/2-1)/2
k=0
_oo ~dpas> w(1/2—k)-(3/2—Fk)...(=3/2)-(-1/2) 1
_kz::(]( 4pqs”) - =

where we used the identity

(1+x)azz<a>m”:Za'(a_l)“.(a_n—i—l)m” for |z| < 1.

n!
n=0
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For the next step, we use the Cauchy-product of two power series and the convolution
identity

= <Z s”g(n)) (Z Skh(k)> = Z Z s"*g(n)h(k)
n=1 k=0
= Z Z s g(n)h(k) K fixedtmntk = Z Z s'g(t — k)h(k)

k=0 n=2 k=0 (=k+2
[e'S) {—2 ) 9]
£y gl => s'n(t)=> s'n(t)—1=H(s) - 1.
(=2 k=0 (=2 =0
]
Next we decompose G(s) =1— F — /1 — 4pqs?, 4pgs® < 1, into a power series
and its coefficients will be identified as g(n)’s.
Gls) =1~ [1—dpgs? 7 = 1= 3" L (~apgs®)* - (1/2-0) - (12~ 1) -~ (1/2— (k 1)
k=0
1
Zk* —4pgs®)* - (1/2-0)-(1/2=1) -+ (1/2=(k—1))
— 1
= 3 s 0 1/2) (12 () -1
1 o0 oo
= 23 SR (1 1/2) (k=) - 1/2) = 3 s"g(n).
k=1 n=0

We see (and we actually knew that from the very beginning) that g(2k + 1) = 0 for all
k € N. And (using a similar idea only the other way round as before)

k
o2k = 5 -0 gy (k1) -1y
22 (1-1/2)1-(2-1/2)-2 - ((k—1)—1/2) - (k — 1)(k — 1/2) - k 1
= (pa)" - ! 2(k—1/2)
B @k 11 (2%  h(2k)
_O’Q)k[k!]?'2k—1_2k—1<k)pqu_2k—1'

We can now calculate the probability of return to zero in finite time. Indeed, if p # q,
we get 4pgs® < 1 for s =1 and

P(T§ < o) ZIP =k)=) gk)=CG1)=1—(1—4pg)"/> =1~ |p — ¢| = 2min(p, ).

For p = ¢ = 1/2, this follows from Abel’s theorem for power series (details left to reader).
To summarize, for p = ¢ = 1/2, we have P(T{] < c0) = 1 and P(T] = o) = 0. For p # ¢,
both these probabilities are strictly between 0 and 1.
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The mean of the first return time to the origin is infinite as P(T§ = oo) > 0 and
= k-P(I§ = k) + (+00) - P(T§ = 00) = +00.
If p=gq=1/2, then P(T§ = o0) = 0 and
RS N o 2k 2K\ | _q
_kz—:ok P(T} _k)_kz—02k g(2k‘)—z2k_1<k> 272k,

k=1

This series diverges (which can be found - for example - by Stirling’s formula n! =~
V2mn(n/e)"). (s) Is there a simpler way to deduce this? Consequently, E[T§] = +oo
although P(7jj < +00) = 1. This means that 7} is almost surely finite, but with an infinite
mean value.

If p # ¢, we can still try to compute E[T{}|T§ < +o0], i.e., the mean of those trajectories
which have finite length.

BTG <o) = 3 ”E;([;(TTi ;’;) - 5 1< > ngto

= 2min(p, q) (p,q Z ns"
1 4pqs

2min(p,q) /1 — 4pgs? |s—1

n=1
G
521 2min(p, q)

_ 2max(p, q)
lp—ql

3.3 Sailor’s parrot

We now consider the simple random walk in 72, which is defined by its (independent) steps

1
P(X; = =P(X; = —er) = —.
(X; = ex) (X; ek) 2%
Here, e,k = 1,...,d are the canonical vectors in R?, which have 1 at the kth coordinate

and zero elsewhere. As usually, Sg = 0 and S, = X; +---+ X, for n > 1. We plan to
study its long-time behavior, i.e., if and how many times it returns to zero, We define

e N: the number of appearances at zero

N::#{nEN():Sn:O}Zl.

e 7: the first time of return to zero
=inf{n >1:5, =0}.
Again, if S, # 0 for all n > 1, we put 7 = +o0.

Observe that N = 1 and 7 = +o0o both describe the fact, that the random walk never
returned to zero., i.e., {N =1} = {7 = +o0}.
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Definition 3.5. We call the random walk recurrent, if P(N = 4+00) = 1, i.e., if it almost
surely returns to 0 infinitely many times. We call the random walk transient, if P(N <
+o00) = 1, i.e., if the random walk almost surely returns to zero finitely many times and
then it stops to appear that forever.

In general, it is not clear, that nothing between P(N = 4o00) = 1 (recurrent) and
P(N = +00) = 0 (transient) exists. It will follow later and requires a proof.

Lemma 3.6. For n > 1 it holds that P(N = n) = P(7 = +o0) - P(7 < o0)" L.
Proof. First, we show that
P(N=n+1)=P(N =n) Pt < +0). (3.1)

We shall exploit that by the return to zero at time k& > 2, the random walk splits into two
parts. The first one is (S,)k_, and has Sy = 0 = Sk, the other one is the infinite part
(Sn)pzy = (Sk+j)520- Conditioned on the event Sy = 0, these two parts are independent.
We denote the second part by ', i.e., §7 = Sky;. The symbol N’ is defined similarly as
N, but corresponding to S',i.e., N'=#{j > 0: Sp; =0} =#{j >0: 5, =0} =N - 1.

If N =n+1 > 2, then (at least) one return to zero appeared, and 7 is finite. We

therefore obtain

P(N=n+1)=> P(N=n+1lr=k =Y PN =n71=k)
k=1 k=1

=Y P(N'=n) -P(r=k) =P(N' =n) Y P(r=k)

k=1 k=1
=P(N =n)-P(1 < +00)

as N and N’ are equidistributed. This finishes the proof of (3.1)).

The proof of the lemma is then finished by induction. Indeed, n = 1 is clear from
P(N =1) = P(1 = +00). Observe here, that P(7 < 0o) is always positive - we can always
make one step in some direction and then return back already in the second step. Also the
induction step is easy:

P(N=n+1)=P(N =n) -P(r < 00) = P(T = +00) - P(T < 00)" 1 - P(7 < 00)
=P(1 = +o00) - P(1 < 00)".

O

As a corollary, we obtain that every random walk (in every dimension) is either recur-
rent, or transient.

Corollary 3.7. Every random walk is either recurrent, or transient.

Proof. It P(1 = +00) = 0, then (by the previous lemma) P(N =n) =0 for all n > 1 and

P(N < +o0) = iP(N =n) =0,
n=1
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i.e., P(N = +00) = 1 and the random walk is recurrent.

If, on the other hand, P(1 = 4+00) > 0, then (using that P(7 < +o00) < 1)

o
P(N < +00) ZIP’ =n) =Y P(r=+00)-P(r < o0)"!
P(r = +00) ! 1
= = xXO) - =
’ 1—-P(r < +00) ’
and the random walk is transient. O

There is a “simple” criterion, which can help us to decide in which dimension the simple
random walk is recurrent and when it is transient.

Lemma 3.8. The simple random walk in Z¢ is transient if, and only if E[N] < oo and it
is recurrent if, and only if, E[N] = +oc.

Roughly speaking, being transient and N having finite mean both tell, that we do not
return to the origin too often. But it is not clear (but it follows from this lemma), that
these two statements are actually equivalent.

Proof. By definition, we have
Zn P(N ) + o0 - P(N = 400),

where we (as usually) define 0 - co = 0.

If E[N] is finite, then necessarily P(N = +00) = 0 and the random walk is transient.
On the other hand, if P(N = +o00) = 0, then

= Zn-IP’(N:n) = Zn~IP’(T: +00) - P(1 < 00)"!
n=1 n=1

- - 00 el P(T:+OO) _ 1
_IP’(T—+OO)Z7”L']P)(T<OO) = [1-P(r <+00)]?  P(r = +00) o

n=1

In this calculation, we used (actually two times) that if P(N = +o00) = 0, then P(N <
+00) = 1 and by the previous lemma also P(7 = +o00) > 0, i.e., P(7 < +00) < 1.

We have shown that the random walk is transient if, and only if, E[N] < 4o00. By simple
logic, also the opposites of these two statements are equivalent, which together with the
previous corollary finishes the proof. O

Lemma 3.9. If the simple random walk in Z% has steps X1, Xo,... and if we denote
o(a) = E[e’X1] = E[cos(a - X1) + isin(a - X1)] for a € R?, then

. 1 dg
E[N] N tl—1>I1n* [—m,m]d 1-— t(p(f) . (27T)d.
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Proof. For d =1, we have

1, ifm=0,

27 . 0, ifmeZ\{0}.

1 s . 1 7T

— e dh = 2/ (cos(mB) + isin(mb))do = {
—r T

For general d > 2 we get

1, ifm=(0,...,0),

d
1 : 1", =(0,...
_— im- ge | | / imi&j ge. —
(2m)d /[_mde ¢ +h2m L {o, if m e Z9\ {(0,...,0)}.

We now plug in for m the value of the random walk after n steps, i.e., we put m := S, and

obtain
1 St 1, ifS,=(0,...,0),
ond e dé = ] p
(2m)¢ Ji—xmpa 0, ifS,€Z\{(0,...,0)}.

Let x be the indicator random variable of the set S, =0,ie., x =1if S, =0and xy =0

otherwise. Then we interchange the order of integration (we have a bounded function on a
finite measure space)

0 _ 1 iSn€ge| _ 1 iSnE
P(S, = 0) = E[Y ELW | d&] e

_ (21)d/ E[ein'€+iX2'§+"-+an'§]d€
™ [—m,m]d
1 (2 Z (2
= (27r)d/[‘ ]dE[ iX1-€ | JiX2:E . et Xn 5]d§
1 (2 (2 (2
= ooy | BB Bl

|
~~
[\
N[ =
N—
W
~~
I
SN—
3
QL
I

[,

We fix ¢ € [0,1), multiply this calculation by ¢t"™ and sum up (which means that we actually
produce the generating function) and obtain

m,m]e

[e.9]

n . tn n
Zt P(S, = 0) Z . 2y /[_mﬂd@(g) d¢

> w1 1
e /[] 2O = o /[} @™

where we used that [tp(¢)| = [tE[e®X1]| < tE|eX1| =t < 1.

If now t — 17, then the left-hand side converges to

> P(S, = Z E[x{s,=0}] = (Z X{sn_o}> E[N].
n=0
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Finally, we can show that the simple random walk is recurrent for some d’s and transient
for the others. The theorem is sometimes interpreted as the following saying:

A drunken man will always find his way home but his drunken parrot may get lost
forever.
Theorem 3.10. The simple random walk is recurrent for d =1 and d = 2 and is transient
for d > 3.
Proof. For simple random walk in Z¢, we have P(X| = +e;) = % and, therefore,
eial _|_ e—ZOél _|_ elOLQ + e—’lOéQ _|_ .. + eiOéd _|_ e—iOéd

o) = E[ei*¥] = -

cos(a) + - - - + cos(ayg)

y .
We see, that the only point where 1 — tp(¢) — 0 for £ € [-m,7m]?and t — 17 is £ = 0
(where p(§) = 1).

We use some elementary analysis to show that
I dg
im —_—
t=1" Jgm)a 1 — to(€)
is infinite if d = 1,2 and finite for d > 3. We can reduce the domain of integration from
[—7, 7% to (say) [~7/2,7/2]¢ as the function is bounded elsewhere.

First, we rewrite 1 — cos(z) = 2sin?(2/2) and use the estimate 2z/m < sinaz < x for
x € [0,7/2]. Hence, [z/7]? < [sin(x/2)]? < [2/2)? and 222 /7% < 1—cos(z) < 22/2. Finally,

oo b 2lEl

(1~ cos(€)) + -+ (1~ cos(&a) |~ d m
1—te(§)=1—t+t- y t

2

Sl—Hﬁ-Hsz-

If d = 1,2, we therefore get
1 1 1 2d
> > /! -
L—tp(€) ~ 1—t+q5- €13~ 1=t 4o ll€l3 ~ I3
And for d > 3 we obtain

1 - 1 <772d
T—t0(€) 1 gy £ 28 = 2]}

Finally, we use that [ [|£[|32d¢ does not converge around zero for d = 1,2 and converges at
the origin for d > 3.

O
3.4 Additional material
3.5 Details to the convolution identity

3.5.1 Elementary proof of g(2k) = h(2k)/(2k — 1)
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4 First step analysis

We wish to elaborate on the method of the analysis of the first step of a Markov chain and
make it a powerful general approach to solve a number of typical problems.

4.1 Probability of hitting a subset

Let X = (X,,)22, be a Markov chain with the state space S. Let A C S. We denote by Ty
the first time, when X reaches A, i.e.,

Ty = inf{n eNg: X, € A}
If Xo =k and k € A, then T4 = 0. If, on the other hand, the chain never reaches A, i.e.,
if the set {n € Ny : X,, € A} is empty, then we define Ty = +o0.

First, we discuss the probability that the set A is ever reached if we start in ¢ € S,
i.e., the (conditional) probability that T4 < 400 if Xg = ¢. We denote this quantity by
t(l) :=P(Tq < +o0|Xog=4¥). If £ € A, then T4 =0 and t({) = P(T4 < +00|Xg =¥¢) = 1.
If £ € A, then we calculate

t(6) = P(Ta < +00|Xo =€) = Y P(Ta < +o0, X1 = m|Xo = ¢)

meS
_Z TA<+OO X = m,XO:E) P(Xlzm,onﬁ)
meS =m, X() = E) P(Xo = €)
=3 P(Ta < +00|X1 =m, Xo=0) - Py = Y _ Poput(m
meS meS
= > Pimt > Prmt(m)
meA mgA

which gives a system of linear equations for (t(¢))ses or, better said, for (¢(¢))ega-

In a similar way, we can investigate, which is the first state from A, which gets reached
by X. We therefore define

gg(k‘) = P(TA < —|—OO,XTA = £|X0 = ]{7), {e A.

This is the probability, that A is reached and - when it is reached - X enters A through /.
Again, if k € A, the question is simple and we get

1 ifk=¢c A,
ge(k) = . (4.1)
0 ifkeAk+£L

If k €S\ A, then we need at least one step to reach A. Therefore

ge(k) =P(Ta < 400, Xp, = | Xo =k) = Y _P(Ta < +00, X7, = £, X1 =m|Xg = k)

meS
=Y P(Ta < +00, X1, = (| X1 = m, Xo = k)P(X1 = m|Xo = k) (4.2)
meS
= Pemge(m) for (€ Ak¢A.
meS

27



Hence, for every £ € A, the vector gp = (gs(k))res satisfies the previous two sets of equations
(4.1) and (4.2). The solution of this system depends of course on the transition matrix P.
Furthermore, we get (for all k € S)

=P(Ty = +oo|Xo=k) + Y P(Ty < +00, X1, = {|Xo = k)
leA

=P(Ta = +oo|Xo = k) + > _ ge(k)
leA

4.2 Mean time of absorption
Next, we shall discuss, how long it takes until we reach A C S. We denote
h(k) = ha(k) = E[T4|Xo = k]

If k€ A, then Ty = 0 and ha(k) = 0. If k£ ¢ A, then we have to make at least one step
before reaching A. Therefore,

ha(k) = E[Ta|Xo = k] =Y P(X1 = (| Xo = k) - [1 + E[Ta| X = £]]

les
=Y P(X;=(Xo=k)+ > P(X1={|Xo=k) E[Ta|Xo =1
lesS les
=1+ ZPk,EhA(E)-

les

This gives the system of equations

ha(k) =1+ Prcha(t), keS\A,
lesS
ha(f) =0, (€A

4.3 Time of the first return
Again, if j € S, we define the first non-zero time, when j is reached
=inf{n >1: X, =j}.

This is again a random variable with values in {1, 2, ... JU{+oc}. If Xo # j, then T} = T{;
in the sense of the previous section. Now we denote (and we keep(!) this notation for later

use as well)
i (i) := E[T]|Xo =1], 1,5 €S.

By the first-step analysis, we get again
pi(i) = E[T]|Xo =i = 1 x P(X1 = j|Xo =) + Y P(X1=1¢Xo=14)[l+E[T]|Xo =]

0E€S L]
=P+ Y. Pull+E[TIXo=0]=1+ > Piou;(0).
£S04 08,05
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4.4 The number of returns

The first-step analysis is a robust method, which can be (sometimes with some modifi-
cations) used to answer many different questions about Markov chains. In this part, we
discuss the number of returns of a Markov chain to some (fixed) state i € S. Warning: the
results of this part will be very important in the subsequent classification of states and in
the study of limiting behavior of Markov chains.
For i € S, we define
Ri:=#{n>1:X, =i},

the number of returns of the Markov chain X = (X,,)22, to the state i. Again, this is a
random variable with values in {0,1,... } U{4o00}. We are interested in the expected value
of this random variable, given that the initial state is given. This means, that we would
like to study

E[RJ‘XO =i| for 4,5 €S.

Before we come to that, we need some tools. First, we define

Dij = P(j}r < —|—OO‘X() = Z)
= P(X,, = j for some n > 1| Xy = 19)
the probability of the event, that the process ever reaches j if it started in ¢. The calculation

of p; ; is rather involved. For that sake, we decompose the event {3n > 1: X, = j} into
disjoint subset by the first arrival to j

pij = P(X, = j for some n > 1| X = i) (43)

=S P(X0 =, X1 £y, Xa £, Ko =i Xo =) = > [}
n=1

n=1

L p(n
:'fzx,j)

Note, that it is not really the “first-step analysis” but more something like “the analysis of
the first return”. Few facts about fi(?) are easy to observe, namely

o Z.(g) =P(T] = n|Xo =), ie, fi(,TjL) is actually the distribution of the random variable
T conditioned to Xy = ¢,

o 9 =0fori#jand f9 =1,

o f1Y =Py =P(X1=jlXo=1).
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To calculate f ™ one could build the following system of equations

i’j ’
[P =P(X,, = j|Xo=1) = (Xn = j, Xo =1)

P(Xo = i)
:iwxn:j,xk:j,xk,l # gy X1 # 4, Xo = i)
2 P(Xo = i)
. P(Xk:ijk—l #ja'--aXl #]aXOZZ)
P(Xk? :j’Xk—l #ja"'aXl #]aXO:Z)

P(X, =j| Xk =7, Xk—1 # 4,..., X1 # J,Xo=1)

i
I

'P(Xk:jan‘—l #ja"le #]‘XOZZ)

. . k - k n—
P(X,, = j| Xk = j) - fi(,j) = Zfi(,j) [P
k=1

I
NE

b
Il
—

At least in theory, we could now calculate fi(,?) from this convolution identity and the initial
conditions and then we find p; ; by (4.3).

Let us assume for the moment, that we succeeded to find p; ;’s. How do they help us
to find the distribution of R;’s? Observe that R; = m conditioned on Xy = ¢ if the process
starts in ¢, then it arrives to j, next it returns to j (and that m — 1 times) and finally it
leaves j and never comes back. Hence, for m > 1,

P(Rj =m|Xo=1i) =pi; - p]; " (1—pjj)-

Here, we used that every arrival to j splits the process into two parts, which are independent
conditioned on the fact, that we just reached j. If m = 0, we obtain

P(R] = 0|X() = Z) =1 _pi,j’

We observe that
o0 oo
P(R; < +o0|Xg=1) = Y P(Rj=m|Xo=14)=(1—pij)+ Y _pij-Pi5 " (1—psjs)
m=0 m=1

ifpj,j =1:1 _pi7j7
00
={ifpjy <1:(1=pij) +pig-(L—pij) > oI5t
m=1

)+ (A=pjj)Pij _ 1

1-pj,;

= (1 —pij
Taking complements, we can reformulate this as

. Fp: =1
P(R; = +oo|Xg =) = 4o 1 P
0 if p;; < 1.

And specially, for i = j, we get

0 lf pm' = 1,

(& Xo=14) {1 if pi; < 1.
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and

1 lf pi,i = 1,

P(R; = +00|Xp =1) =
( OO‘ 0 ) {0 ifpm‘<1.

Finally, we may calculate E[R;| X, = i]:

If pj; =1, we get P(R; = +00|Xo = i) = p; j. Therefore, if p; ; =1 and p; j > 0, then
E[RJ|XO = Z] = 4o00. And if Pjj = 1 and Dij = 07 we obtaln

E[Rj|Xo =1i] = Y _ m-P(R; =m|Xq =) +(+00) - P(R; = +00|Xo = i) = 0.
m=0

=0 =0
And if p;; < 1, we get P(R; = +00|Xp = 1) =0 and

E[Rj|Xo =i] =Y m-P(R; = m|Xo = i) + (+00) - P(R; = +00|X( = i)
m=0

=0

00 [e.e]
_ —1
=Y mepigpfy (L= pig) =pig - (L=pig) - Y m-py;
m=0 m=1

_ 1
(1=pjj)?
. Pij
L —pj;
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5 Classification of states

We want to distinguish states according to their properties with respect to the Markov
chain. The main difference will be between states, which get visited repeatedly and states,
which are visited only rarely, i.e., finitely many times. But before we come to that, we
exclude the cases, when some parts of the state space are essentially disjoint - there is no
possibility of changing from one group of states to the other group. One can think about
two not connected mazes. If a rat start in the first one, it will always stay there - and the
same is true for the other one.

Recall, that we already defined and used the following two notions.
(i) The state ¢ € S is absorbing if P(X; =1i|Xo =1) = 1.

(i) The distribution 7 = [m;];es is called stationary if 7 = m - P.

5.1 Communicating states

We say that the state j € S is accessible from ¢ € S if it is possible to travel from ¢ to j in
a finite time with positive probability. In other words, j is accessible from ¢, if there exists
n > 0 such that

[Pnhj = P(Xn = ]‘Xo = i) > 0.

We denote this by i — j. Note that (by choosing n = 0) we have ¢ — ¢ for all ¢ € S.
If i — j and j — 4, then we say that the states ¢ and j communicate, and denote this
by i < j.
The binary relation < satisfies
(i) Reflexivity: For all i € S, we always have i «> ¢ (by choosing n = 0 above).
(ii) Symmetry: If i <> j, then also j < i.

(iii) Transitivity: If i <> j and j <> k, then also i < k.

For the last property, note that if P(X,, = j|Xo =) = a > 0 and P(X,, = k|Xo = j) =
b > 0, then

P(Xpin =k, X5, = 5, Xo = 1)

P(Xpin = k| X0 = 1) > P(Xpnan = k, Xp = | Xo = 4) =

P(Xo = i)
_ P(Xpmin =k, X5y = 7, X0 = 1) . P(X,, = 7,X0 =1)
P(X,, =j,X0=1) P(Xo =1)

= P(Xpngn = k| Xn = 7, Xo = 1) - P(Xp, = j|Xo=i) = b-a > 0.

Relation satisfying these three properties is called equivalence and it allows to split the set
into equivalence classes Ay, Ao, ..., which form a disjoint decomposition of S, i.e.,

(i) S=A1UAU...;

(i) Ay,NA;=0if p #q;
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(iii) If 4, j € A, for any fixed p, then i <> j;
(iv) if i € Ay, j € Ay and p # ¢, then i ¢ j.

The states communicate with each other if, and only if, they belong to the same class A,.
If there is only one class of communicating states, we call the Markov chain irreducible.
Otherwise, it is called reducible.

5.2 Recurrent and transient states
Definition 5.1. The state ¢ € S is called recurrent if
Dii = IP)(TZT < —i—OO’XO = Z) =1.

By the results of the first step analysis, this is equivalent to (recall that R; is the number
of returns to 7)

i) PAGneN: X, =i|Xo=1i) = 1,
(iii) P(R; = +OO‘X0 = Z) = 1.

oo
Theorem 5.2. State i € S is recurrent if, and only if, Z[P"]“ = +o0.

n=1

Proof. Let 1,57 € S. Then we calculate

E[Rj|Xo=1]=E [Z X(x, =5} Xo = Z] =D E = Xo =1
n=1

n=1

(o) o0
= P(Xp=j|Xo=14)=> [P"]i;.
n=1 n=1
Finally, we apply this calculation to i = j. O

Theorem 5.3. If ¢ € S is a recurrent state, then every state j € S, which communicates
with i, is also recurrent.

Proof. We assume that ¢ # j. We know that ¢ is recurrent and that ¢ and j communicate.
Therefore, there exist a,b > 1 such that

[P";; >0 and [P";,; > 0.
For n > a+ b, we get

P(Xn=jlXo=4)= Y P(Xp=j|Xna=10) P(Xpq=1LX,=m) P(X,=m|Xo=j)
£,meS
>P(X, = j|Xna=1) P(Xy_oq=1iXp = i) - P(Xp = i| X0 = §)
= [PYig - [P" i - [P%)
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and

o0 (0.)
> 1Py = Py [Py Y P
n=a-+b n=a+b
oo
= [P [P} D [P"]ii = +oo.
n=0
By the previous theorem, this finishes the proof. O

The opposite of recurrent is transient.

Definition 5.4. We call the state i € S transient, if (and only if) it is not recurrent. By
the previous, the following statements are equivalent

e | € S is transient,

:+OO‘X0:Z < 1,

7

P(R; )

e P(R; =400|Xo=1)=0
P(R; < +o0|Xg=1) >0,
P(R;

< +OO‘X0 = Z) =1,
® D= P(]Y < —I—OO‘X() = Z) = P(En >1:X, = Z‘Xg = Z) <1,

o P(I7 = +oo|Xp = i) > 0,
° E[RZ‘XO = Z] < +00,

[e.9]

° Z[Pn]i,i < +o0.

n=1

Clearly, if ¢ € S is transient and j communicates with ¢, then j is also transient.
Therefore, the communication classes can be divided into two groups - of classes, which
contain only recurrent states (recurrent classes) and classes, which contain only transient
states (transient classes). If S is finite, then at least one class is recurrent.

Theorem 5.5. Let X = (X,,)0%, be a Markov chain with finite state space S. Then at
least one state is recurrent.

Proof. 1f j € S is transient, then p;; < 1 and we get for all i € S

E[Rj|Xo=1i]=Y n-P(R;=n|Xo=1)=pi;-(1—pj;)- > _n-(pj;)""
n=0 n=1

= P < +o0.
1 —pj;
Therefore, also

> [P"ij = E[R;|Xo = i] < 400
n=0
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and, consequently, lim,, o [P"]; ; = OEI

If all j € S would be transient, then we would get

n—00 n—00 n—r00
Jjes Jes

5.3 DPositive recurrent and null recurrent states

If the state i € S is recurrent, then p;; = P(T] < +00|Xo =) = 1 and T} is almost surely
a finite random variable. We therefore expect, that it returns from ¢ to ¢ over and over
again. Nevertheless, these returns might happen after a very long time.

Definition 5.6. Let ¢ € S be a recurrent state. Then
e i € S is positive recurrent, if p;(i) = E[T]|X¢ = i] < 400 and
e i € S is null recurrent, if 4;(i) = E[T]| X = i] = 4o00.

Being positive recurrent or null recurrent is again a property of the whole communicating
class.

Theorem 5.7. Let i # j € S be two communicating states. If i is positive recurrent, then
also j is positive recurrent.

The communicating classes therefore split into three groups - classes of transient states,
classes of positive recurrent states, and classes of null recurrent states.

Proof. Step 1.

Let i € S be positive recurrent, i.e, p;(i) = E[T]|Xo = i] < +o00. Let also ng > 1 denote
the smallest positive integer with [P"°]; ; > 0. Then we show that also p;(j) = E[T]|Xo =
Jj] < +o0. We calculate

=n, X(] = Z)
(Xo =)

> > P(Tr
+00 > pi(i) = E[TV| X0 = i] = Zln P(TT =n|Xg=1) = Zln 5
n= n=

P(Xo = 4)
P(Xuny = s Xngo1 # 6y, X1 # X0 = i)
]P)(Xno :ijnofl #L"'?Xl #%XO:Z)
= E[T} | Xno = J, Xno—1 # 45 .., X1 # 4, Xo = 1] - P(Xng = J, Xng—1 # 1,..., X1 # 1| Xo = 19)
= (nO—i_E[Tir’XO :J]) ']P)(Xno :j7Xn0—1 Fiy..., X1 %Z’XO :i)'

>0

. ian{ =n, Xny =, Xng—1 #1,.... X1 # 1, X0 =1)
n=1

Hence, E[T] | X = j] < +o0.

Step 2.
Let Xo = ¢ and let {Y}, : m > 1} be independent copies of 7] (conditioned onto Xy = 7).
We can obtain Y,,,’s by setting

'Up to now, this holds also with S infinite.
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Yy =inf{¢>1:X,=i} =17,

Yo =inf{l > 1: Xy, ¢ = i} - the time of the second return to ¢,

Y, =inf{¢ >1: Xy, 4.4y, ,+¢ =1} - the time of the mth return to i, m > 2.

By the return to ¢, the chain X splits again into two parts, which are independent
(under the condition of the current state 7). This means that Y,,’s are indeed inde-
pendent.

o E[Y)] =E[T]|Xo = i] < +00.
We define

p = P(X visits j before it first returns to i| Xy = )
> P(X1 £ vy Xng1 # 4y Xng = | Xo = i) > 0.

Anytime, when X returns to i, it has probability p > 0 that it first gets to j before it
returns to 4. If NV is the (random variable of the) number of returns to i before it first gets
to 7, then N has geometric distribution with parameter p, i.e.,

P(N =k)=p(1—p)*, k>0.

For Xo =i we have T} <Yj + -+ + Y41 and E[T]|Xo =] <E(N +1) - E(Y) < +o0.

Step 3.
Finally, we combine both the previous steps

E[T}|Xo = j] < E[T}|Xo = j] + E[T}|Xo = i] < +o0

(the length of a path from j to j is at most that long as its length from j to ¢ and then
from i to j).
O

5.4 Periodic and aperiodic states

Definition 5.8. For ¢ € S we define the period of ¢ as the greatest common divisor of the
set {n > 1:[P"];; > 0}. If the period of i is one, we call ¢ aperiodic. The chain is called
aperiodic if all its states are aperiodic.

If P;; > 0, then 4 is surely aperiodic. We do not define the period of ¢ if [P"];; = 0 for
all n > 1 (alternatively, we could define the period to be zero).

Theorem 5.9. Every two communicating states have the same period.

Proof. We assume that i # j, i <> j and we denote by d(¢) and d(j) the period of i and j,
respectively. The path from i to ¢ is possible with positive probability, therefore d(i) > 1
and, similarly, d(j) > 1. By definition, there are k,¢ > 1 such that

o= [thj >0 and ﬁ = [Pe]jyi > 0.
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Then [P**];; > 0 and, therefore, d(i)|(k + I).

Let now m > 1 be arbitrary with [P™];; > 0. Then also [P™"**+¢];; > 0 (with positive
probability, we can go from ¢ to j in k steps, from j to j in m steps, and from j to ¢ in ¢
steps). Therefore, d(i) divides also k + ¢+ m and, therefore, also m. We observe, that d(7)
is a common divisor of {m > 1: [P™];; > 0}. But d(j) was the largest integer with this
property and, therefore, d(i) < d(j). In the same way, we would prove d(j) < d(i), which
finishes the proof. O
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6 Limiting behavior

This section composes the heart of the subject of Markov processes. For many researchers,
this is actually the reason, why we study Markov processes at all. Let us briefly describe
the main aim of this section. In the optimal scenario, the stationary distribution 7 of a
Markov chain X = (X,,)7%, would exist and be uniquely defined. And, furthermore, if we
start the Markov chain X in an arbitrary initial distribution p(®, the distribution of X,
would converge to m in a long-term horizon. And, if we could wish for even more, it would
converge as fast as possible [2].

Unfortunately, this line can fail in several ways. For example, if the transition matrix
P is equal to identity, i.e., P = I, then every distribution 7 is a stationary distribution as
we always have m = wl. Hence, the uniqueness of stationary distribution can get lost. We
encountered even more examples, which contradict the previous scenario, when we studied
Markov processes with only two states.

6.1 Stationary distribution

Let us recall, that a stationary distribution of a Markov chain X = (X,,)7%, with a state
space S is every (row) vector m = [7;];es, which satisfies 7 = - P, where P is the transition
matrix of X. It goes without saying, that we assume the entries of m to be non-negative
and summing to one.

We are interested in two crucial questions:
1. Does a stationary distribution always exist?

2. And (if yes) is it unique?

Unfortunately, the answer to both previous questions is negative in general. [(#) Show
that the random walk on Z does not have a stationary distribution for all 0 < p < 1, even
for p=1/2! And we have to pose some additional assumptions to get a positive answer.

Before we come to that, let us consider two simple concepts.

6.1.1 Random walk on a graph

Similarly to the random walk on Z, we define a random walk on a graph. For that sake, we
recall few basic notions from graph theory. Let V = {1,..., N} be a finite set (the vertices
of a graph) and let £ C {{3,j} : 1 <i < j < N} be its edges. By deg(i) we denote the
degree of the vertex i € V, i.e., the number of its neighbors

deg(i) = #{j : {i,j} € E}.

We consider the following Markov chain. If X,, = 4, then X, 41 is equal to one of the
neighbors of 4, with each of them having the same probability. This means, that we select
uniformly and independently on previous choices one of the edges going from ¢ and follow
it to the next vertex. Formally,

Xn+1 =J deg(?)

.| with probability L if 7 is a neighbor of 4,
with probability 0 if j is not a neighbor of ¢
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or

L if j is a neighbor of ¢,

Pj=P(Xy1=j|Xpn=1)= desl?)
J (Xnt1 =Jl ) {0 if 7 is not a neighbor of <.

It is quite easy to check (see also the next section) that the vector

deg (i) ]
2-#FE i€S

T = [milies = {

is a stationary distribution. Indeed,

NP dogli) 1 __ 1
m-Ply=) mPiy= ) 2-#E deg(i) 2-#E 2 1

€S €S €S
{ij}eE {ij}eE
_deg(y)
= = 7.
2. #FE

Finally, we verify that 7 is indeed a distribution. Its entries are non-negative and
1 .
Zﬂj =S 4E Zdeg(ﬁ =1
JES JES

[(#) How is it with the uniqueness of this stationary distribution?|

6.1.2 Detailed balance equations

Definition 6.1. We say that the distribution v = [v;];es satisfies the detailed balance
equations, if for every 4,5 € S it holds that

vibij = viPj;.
Theorem 6.2. If v satisfies the detailed balance equations, then v is stationary.

Proof. The proof is straightforward. For every j € S we have

(wP); =Y mPij =Y mP=m; ) Pp=m,

1€S €S 1€S
e, m=m-P. ]

Remark 2. Previous theorem is only one implication (every distribution with detailed bal-
ance equations is stationary) and it can not be reversed. (#) Find a Markov chain X,
which has a stationary distribution, which does not satisfy the detailed balance equations.

Let us verify, that the stationary distribution of a random walk on a finite graph could
have been found by detailed balance equations. Indeed, if ¢ # j are not neighbors, then
P;; = P;; = 0 and the equations are satisfied. If 7 and j are connected by an edge, then

we require that
v Uy

deg(i)  deg(j)
We observe, that we can fulfill these equations by choosing m; = ¢ - deg(i) and ¢ = 2#FE to
ensure that the entries of 7 sum up to one.

Tl = = mjPj;.
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Theorem 6.3. Let X = (X,,)02 be irreducible Markov chain.

a) If X has a stationary distribution 7, then necessarily 7 is given by

1 €S, (6.1)

where p; = E[T]|Xo = ] is the mean time of return from i to i. This also means,
that 7 is uniquely determined and all states are positive recurrent.

b) On the other hand, if a Markov chain is irreducible and positive recurrent, then the
distribution 7 defined by (6.1)) is the only stationary distribution.

Proof. The proof is quite long and we split it into several parts.

Step 1. We start with part a) and show that X is recurrent. Let 7w be a stationary
distribution of an irreducible Markov chain X. For contradiction, let us suppose that X is
transient. Then T}LH;O[P"]z] =0foralli,je %ﬂ Hence

mj =[Pl =l P")j = lim [r- P"); = lim > m[P"];;
€S

= E v lim [Pn]@j =0
n—r00
i€S

for all j € S. Note, that here we used the Dominated convergence theorem (a.k.a. Lebesgue
limit theorem), with m = [m;];es being the integrable majorant. This is a contradiction with
7 being a distribution and, therefore, X is recurrent.

Step 2. We show that m; > 0 for every ¢ € S. Indeed, if for some ¢ € S it holds that
m; = 0, then we get
0=m =Y m[P"ix = m[P"i;
keS
for all j € S and all n > 1. Now it is enough to choose some j € S with 7; > 0 and some
n > 1 with [P"]; ; > 0 (which is always possible, as ¢ and j communicate).

Step 3. Next, we show that (6.1]) holds if the assumptions of a) are satisfied. Let X be
irreducible, with stationary distribution 7. Then X is recurrent and we start it with the
initial distribution equal to 7, i.e., p(®) = 7. Then (knowing that T} is finite almost surely)

pi =B[T]|Xo =i =Y n-P(T} =n|Xo=1i) =Y P(T} > n|Xo =)
n=1

n=1

Forn > 1, we get P(T] > 1,Xo =1i) = P(Xo = 1) =\ = 7.

[

For n > 2 we use the identity P(AN B) = P(A) —P(AN B°) for the sets A = {X,,, #i,m =

2See Theorem
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1,...,n—1} and B = {X( = i}. We obtain

P(T] >n, Xo=1i) =P(Xo =14, X1 #1,...,Xn_1 % 1)
=P(X1 #4,..., Xn1#1) —P(Xo #4, X1 £ 4,..., Xn_1 #19)
=P(Xo #4,..., Xna#1) —P(Xo #1, X1 #14,..., Xn_1 #1)
=0p_2 — Qp_1,

where

an =P(Xo #14,..., X, #1) =: P(A,).
Observe, that Ag D A1 D Ay D ... and that

n—o0 n—oo

lim a, = lim P(4,) =P (ﬂ An> = P(X,, # i for all m > 0) =0
n=0

as X is recurrent (as well as all its states)[]

We therefore have

P(T] >n,Xg=1 Qp—92 — Oy 0y
Hizz Iy > 0 ):Z’@?TMJFA

T
n>1 ¢ n>2

We multiply this identity by m; and obtain

Wi - T = T + Z(an_z —Qp_1) =T + oy — nlglgo an =P(Xo=1)+P(Xo #1) = 1.

n=2
This finishes the proof of a).
Step 4. We now prove the part b).

First, we assume that X is irreducible and positive recurrent. Then 0 < p; < +oo for
all states ¢ € S and we can therefore define

With this choice, m; > 0 for all ¢ € S. To show that 7 is a stationary distribution, we have
to discuss two facts:

bl) Z?Tj = 1,

b2) m=m-P.

Let N;(n) denote the number of occurrences in j € S in the first n steps of the Markov
chain, i.e,

Ni(n) = #{1<0<n: Xo=j} = Xgxomg-
/=1

3details?
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Then

n

E[N;(n)|Xo =i] = Y P(X; = j|Xo=i) = Y [P

=1 =1
and
1 n
IERCNTBEIEES S SILNEED B DLINEE
jes jESé 1 0=1 jes
——

=1
We show that

1
lim —E Xo=1
[N;(n)| | = o

n—00 M

for all i,5 € S. (6.2)

Then we gef[’]

Zﬂ'j:z ZnhﬁngonE )‘X():Z']

JES jGS jes
. 1
=JLH;O%”E[ 1Yo =)=l 1=1.
J

Step 5. Now we prove (6.2)).
We denote by T}, the time of the m-th visit to j, i.e.,

T = min{n > 1: Nj(n) = m}.

Observe that TNj(n) < n. Also, the random variables T — 11,15 — 15, ..., Ty, — T),—1 are
independent and equidistributed (and are independent copies of Tj’f conditioned on Xy = j.)
We get, by the law of large numbers, that

Tm (Tm_ m—1>+(Tm—1 _Tm—2)+"'+(T2_T1>+T1

o — p; = E[T7| X0 = j].
- - s = [T} Xo =

Due to
Ty,

s S 1S TN+
we get
T o n _Tvmr Nj(n)+1
Nj(n) = Nj(n) = Nj(n)  Nj(n)+1
As Nj(n) — 400 as n — +oo (recall that X is positive recurrent), then we get

Nj(n) 1

n 127

o — u; and
Nj(n) "M

almost surely. Taking the mean value, (6.2]) follows.

4We assume that S is finite for this step and leave out the details for infinite S.
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Step 6. Finally, we show that m; = 1/p; is stationary, i.e, we prove the condition b2).E]
First, we calculate

> BN )Xo =P =3 (Z[P’”1m> Fi

JES jes m=1
n 1 n
=D oD Py Pe= ) [P
m=1  jeS m=1
1 n+1 1 n+1
S (S n)
n m=2 n m=1

— % {E[Nk(n+1)|Xo =1] — Pi}.

If we now pass to the limit n — oo (and use that S is finite), then we obtain

> Pu=

jes J 1225

6.2 Limiting distribution
Definition 6.4. We say that X has a limiting distribution if the limit

lim P(X,, = j|Xo =) = lim [P"];;

n—oo
exists for all 4, j € S and these limits form a distribution on §, i.e.,
VZES:anggoIP’(Xn:ﬂXO:Z):l.
jeS
Further, we will assume that S is finite.

Theorem 6.5. Let S be finite. If for some i € S the limits v := h_)m [P"];,; exist for all
n [o.¢]

J €S, then v = (v))jes ts a stationary distribution.

S = Y i [P = i S

JEeS JES JEeS

Proof. We have

and

vj = lim [P = lim Y [P")ixPeg =) lim [P"]; Py,
keS keS

= ZVkPkJ = [1/ : P]J

keS

5 Again, only for S finite.
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The following is one of the most important theorems about Markov chains - it studies
the relation between limiting and stationary distribution. Let us recall that by Theorem
we know that irreducible and positive recurrent Markov chain has an uniquely determined
stationary distribution.

Theorem 6.6. Let X = (X,,)0%, be irreducible and aperiodic Markov chain and let us
assume that it has a stationary distribution w. Let P(Xo = j) = A\ be an arbitrary distri-
bution. Then

P(Xn :]) — Y

if n — oo and this holds for every j € S. In particular, we have that [P"]; ; — 7 for every

i€ S.

Proof. We use the coupling method.

We consider Markov chain Y = (Y,,)0%, with the initial distribution P(Yy = j) = =
and the transition matrix P, i.e., with the same transition matrix as X.

We take b € S fixed and put T := inf{n > 1: X,, =Y, = b}. This means that T is a
random variable, which denotes the first time, when X and Y meet in b.

We show that P(T" < +00) = 1. The process W), := (X,,Y,) is a Markov chain on
the state space S x S with transition matrix

p(i,k),(j,[) =P, Py

and the initial distribution p; 1 = A\jm;, (we assume that X and Y are independent on
each other).

We shall use the statementﬁ that if Z is an irreducible aperiodic Markov chain on
a state space S, then for every u,v € S there exists ng > 1 large enough such that
[P™]y» > 0 for every n > ng.

Therefore, for fixed i, k, j,£ € S we have that
[P,y = [P™ig - [P™]ke >0

for n large enough. And, consequently, W = (W,,)2, with the transition matrix P
is also aperiodic. It has a stationary distribution 7(; xy = m; - m,. This means that
W is positive recurrent. Hence[] T is the time of the first passage of W through the
state (b,0) € S and P(T < 4+00) = 1.

Let us define

Xn: n<T,
Ly =
Y,: n>T.

Essentially, Z starts as X and in the moment, when it meets Y in b, it changes from
XtoY.

6

. which we (unfortunately) did not prove ...

"We use that irreducible positive recurrent Markov chain visits a fixed state with probability 1 in a finite

time.
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e As Y was started in the stationary distribution 7, we have P(Y,, = j) = P(Yy = j) =
m; for every j € S and every n > 0. Furthermore, X and Z have the same initial
distribution A and the same transition matrix P.

e We estimate

[P(Xn =j) — 75 = [P(Zn = j) — P(Yn = J)|
=|P(Z,=jn<T)+P(Z,=jn>T)
—PY,=j4n<T)-PY,=7n>T)|
=PX,=jn<T)+PY,=jn>T)
—PY,=74n<T)-PY,=7n>T)|
=PX,=4n<T)=—PY,=jn<T)<2P(n<T)—0

as n tends to infinity.
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7 Additional material and applications

In this section, we describe some additional material, which is closely connected to the
theory of Markov processes, including some applications of Markov processes.

7.1 Algebraic methods

Markov chain X is fully described by its transition matrix P and the initial distribution,
i.e., the distribution of X, which we denote p(®). If the state space is finite, say #S = n,
then P € [0,1]"*™ C R™ ™ and it seems quite intuitive, that we could use the methods of
linear algebra to study P and, indirectly, also of X.

First, let us observe that the vector e = [1,...,1] is the right eigenvector of P with the
eigenvalue 1. Indeed, the identity

1 1
1 1

pel' =P = =el
1 1

follows from the fact, that the row sum of P is one for every row. (&) Show, that - therefore
- there exists also a left eigenvector of P corresponding to the eigenvalue 1. If we denote
it m # 0, this means that 7 = « - P. If all the entries of 7 would be non-negative, then we

can re-normalize m by taking
1

n
>
j=1

and this is a stationary distribution.

(T, )

The non-negativity of the entries of an eigenvector is the subject of the Perron-Frobenius
theorem. Its proof is slightly simpler if we assume that A; ; > 0 instead of A;; > 0.

Theorem 7.1. Let A € R™" be a matriz with A;; > 0 for all 1 < i,j < n. Denote
0 = max; |A;| its spectral radius. Then o > 0 and it holds

1. o is an eigenvalue of A;
2. 0 has algebraic multiplicity 1, i.e., det(A] — A) has simple root in \ = p;
3. There exists an eigenvector v corresponding to o, which has all its entries positive;
4. If X # o is an eigenvalue of A, then || < o;
5. If u is an eigenvector of A with positive entries, then u is a multiple of v.
Proof. We shall present only the main ideas of the proof of some parts of the theorem.

e Let A;; > 0. Denote S := {z € R" : ||z||s = 1,z; > 0 forall 1 < j < n}. This
means that S is the part of the unit sphere in R", which consists of vectors with
non-negative entries. Or, in another way, it is the intersection of the unit sphere with
the cone of vectors with non-negative entries. Note, that it is compact.
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For x € S, Az has (strictly) positive entries.

Define

Az); o
(Az) , over ¢’s with z; # O} .

L(z) = min{

Note that L(z) is the largest o > 0 with ax; < (Ax); for all 1 < i < n.

T

L is continuous on S and S is compact. Therefore, the maximal value of L on S
exists and we denote it by L(r) = a. We show that « is an eigenvalue, v is the
corresponding eigenvector and all its entries are (strictly) positive.

Observe, that L(v) = o means, that av; < (Av);, hence Av — av > 0 (in all coordi-
nates). Let us assume, that Av # av. Then A(Av — av) > 0 and we can find ¢ > 0
small enough so that A(Av — av) > cAv.

Therefore, we have

g (njn)] = g AU > L= @+ (rju>

Av
This means that L (MH) > a + ¢, which is a contradiction with maximality of
Vil2 i

the value of L in v.

e As v >0 (recall that v € S), then Av > 0 and also v > 0, i.e., all the coordinates of
v are strictly positive.

e Next we show that o = a. Let u € C be an eigenvalue of A and let y € C" be a
corresponding eigenvector with ||y||2 = 1. Then

()i = (Ay)i =Y Aijy;

j=1
and it follows that "
il -yl < ZAi,j - ly;l.
j=1

This means that the vector z with z; = |y;| satisfies |u|-2z; < (Az); and that L(z) > |ul|.
On the other hand, L(z) < « and we obtain |u| < a. As « is an eigenvalue itself, we
get o = .

This gives 1) and 3) in the statement of the theorem - and we leave out the rest. O

Let us note that the theorem holds (with minor modifications) also for matrices A, for
which (A¥); ; >0 for all 1 <4d,5 <n.
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7.2 In this section, we present Google

The aim of this section is to give one prominent application of Markov processes, as it
appeared in [I]. This fundamental paper starts with a historical statement:

In this paper, we present Google, a prototype of a large-scale search engine
which makes heavy use of the structure present in hypertext.

Let us describe (very roughly) the main setting and ideas. We represent the World
Wide Web by oriented graph, where the vertices correspond to web pages and the edges
represent the links from a one page to another page.

Here comes a picture of a small WWW with 6 web pages:

The algorithm PageRank is based on the assumption, that important web pages link to
important web pages. We consider a random surfer, who starts from a random web page
and then continues randomly to further web pages according to the existing links. He/she
chooses randomly one of the links on the current webpage and follows this randomly chosen
link. In our example, the transition matrix would look like follows

0 1/2 12 0 0 0

(O S O S

p_ |13 13 0 0 13 0
“lo 0o 0 0 1/2 1/2
0 0 0 1/2 0 1/2

0O 0 0 1 0 0

Obviously, this idea has a number of problems. For example, it is not clear how to incorpo-
rate the second web page, which does not have any links to other web pages. There are (at
least) two ideas how to proceed. We could take the second line of P as (0100 0 0), which
would make it an absorbing state. Essentially, the random surfer would get stuck on this
page. Or we could define the second row of P as (1/6 1/6 1/6 1/6 1/6 1/6), which would
mean that the random surfer restarts and selects a random page of the model WWW.

The importance of a web page will be proportional to the time which the random surfer
spends on this page in a long run. We shall therefore find a stationary distribution 7, i.e.,
we solve the equation m = 7 - P. Again, this idea might run into troubles. In our example,
there are no links from the block {4,5,6} to {1,2,3}. In some sense, the block {4,5,6}
is absorbing and the stationary distribution would be supported on {4, 5,6}, making the
webpages 1, 2, and 3 unimportant. To eliminate this (and other) troubles, we assume that
the random surfer has a non-zero probability p = 1 — a > 0 of restart, i.e., we put

l—«
eeT,

P =aP+

n
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where e = (1,1,...,1)T is the vector full of ones (and ee” is a rank-1 matrix full of ones).
In our example, with o = 0.9, we would obtain

1/60 28/60 28/60 1/60 1/60 1/60
1/6 1/6 1/6 1/6 1/6  1/6
19/60 19/60 1/60 1/60 19/60 1/60
1/60 1/60 1/60 1/60 28/60 28/60
1/60 1/60 1/60 28/60 1/60 28/60
1/60 1/60 1/60 55/60 1/60 1/60

P =

The importantce of a certan web page will then be given by the size of the corresponding
entry of the stationary distribution 7’ with 7’ = 7/ - P’. Under mild assumptions (satisfied
for P'), 7’ is unique and has all entries positive. The solution of the equation 7’ = 7" - P’ is
computationaly infeasible (as P’ is an n x n matrix with n of the order 101°). But we can
approximate 7’ iteratively. We start with an arbitrary distribution v and calculate v - P/,
v - (P")2, etc. The iterations are still computationally difficult but already feasible (P’ is a
sum of a simple matrix and a sparse matrix).

Finally, let us note that the speed of the convergence depends on the second eigenvalue
Ao of P’ (with the simple largest eigenvalue of P’ being A; = 1). Indeed, the eigenvalues of
(P)" are AT =1, A}, etc. and the smaller is [A2|, the smaller is also [Aa|".

7.3 Markov Chain Monte Carlo (MCMC)

The next application of Markov processes is the so-called Markov Chain Monte Carlo
method. Before we come to that, we first recall the Monte Carlo method, which essen-
tially refers to a calculation of deterministic quantities by a randomized algorithm. As a
motivating example, we consider a (measurable) set Q C [0,1]?. We would like to calculate
||, the Lebesgue measure of 2. We assume that

e The measure |Q] = / xa(z)dz is difficult to calculate directly,
[0,1]¢

e but for a fixed point z € [0, 1]¢, it is easy to decide if z € Q or z & Q.
1 n
We approximate [Q = / ldx = / xa(x)dx by —ng(aﬁi), where z; € [0,1]¢ are
Q [0,1]d n

i=1
chosen independently a uniformly distributed at random.

If we define the random variable X by

1, ifze

X_XM@_{O it 7 ¢ O

where x € [0,1]¢ is chosen uniformly distributed in [0, 1]¢, then we essentially replaced X

1 n
by - Z Xj, where X1,..., X, are independent copies of X.
j=1
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The averge error of this algorithm is easily calculated

2 2
1 — 1 — R
E|EX — — | =E|= x| = & oy _
nZX] E HZ(EX X;) B (EX — X;)(EX — X})
Jj=1 Jj=1 jk=1
1 — 9 no? o
j=1

The average error of the algorithm (in the Ly-sense) is therefore o/\/n, where 02 = var(X)
and n is the number of repetitions used.

Let us give some examples of the Monte Carlo method

1. Calculation of m: Let Q C [0,1]2, where Q = {(x1,22) € [0,1]? : 23 + 23 < 1}. We

choose (1, x2) € [0,1]? randomly and uniformly distributed and define

1 ifxe
0 ifxgQ.

Then EX = |Q| = 7/4 can be approximated by % Z?Zl X up to a precision of < ﬁ

2. Similarly, we can handle the Buffon’s needle problem. In this experiment, we let a
needle of an unit length fall down on a sheet of paper with parallel lines of unit mutual
distance. We are interested in the probability, that the needle crosses one of the lines.
If we denote by = € [0,1/2] the distance of the middle point of the needle from the
closest line and by « € [0, 7/2] the angle between the needle and the line, then z and
« are chosen uniformly and the set of parameters, where the needle intersects the line
is

B ={(z,a) €10,1/2] x [0,7/4] : 0 <z < (sina)/2}
4 /2
and its measure is P(B) = 7T/0 (sina)/2da = 2 /7.

3. Properties of random polygons (Sylvester, 1864): For a convex set K C R?, we
choose x1,...,z4 € K independent and uniformly distributed over K. What is the
probability, that conv(xy, z2, x3,x4) is a triangle?

To answer the question it is enough to calculate the mean value of the area of
conv(zy, x2,x3). This leads to an integral of a function of six variables. For some K’s
the exact value can be comupted analytically and is known, but for a general K it
can be approximated by the Monte Carlo method.

4. If we want to calculate the integral

[ 1@teyds,

1 n
where ¢(z) is a density on R we can evaluate — Z f(z;), where x;’s a generated
n
i=1
randomly according to ¢. Then X = f(z) and EX = [ f(z)¢(z)dz.
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To apply the Monte Carlo method, it is necessary to generate random samples according
to the given distribution. We produce a Markov chain, which will have the given distribution
as its stationary distribution, we initialize this chain in an arbitrary way and then we take
the value of X,, for some large n. Hence, for a given (large but finite) set S and a given
distribution 7 on S, we look for a Markov chain X on state space S such that

e 7 is the stationary distribution of X,
e the distribution of X,, converges quickly to m if n — oo,

e and which might possibly satisfy also other conditions, i.e., that the step from X, to
Xp+1 can be performed quickly.

We describe the so-called Metropolis algorithm. If m and S are given and if we already
have some Markov chain with (symmetric) transition matrix ¥ = (¥, )z yes. We modify
this Markov chain in such a way that its stationary distribution becomes 7. We accept the
transition from z to y with probability a(z,y) and we refuse this transition (i.e., we stay
at ) with probability 1 — a(z,y). We therefore define

_ {%,yamyx ify # o,
- dvinga Voza(z,2), ify=u.
We choose a(z,y) to ensure that P and 7 satisfy the detailed balance equations. Con-
sequently, we will know that 7 is the stationary distribution of P. This means that we
require
w(x)Ppy =7(Y)Pys x#vy
and, equivalently
W($)\Ijr,ya($v y) = W(y)qjy,za(%x)v T #y.
Due to the symmetry of ¥, this can be further simplified to
m(x)a(z,y) = w(y)aly,z), = #y.
We want to choose 0 < a(z,y) <1 and 0 < a(y,z) < 1 as large as possible (small a(z,y)
reduces the speed of X and also its speed of convergence to ). Therefore, we define
m(x)a(z,y) = 7(y)a(y, z) = min(r(z), 7 (y)), ©#y,

i.e.,

m(x)

min(r(z), 7(y)) _ <17 wa))

and

_ min(r(@) 7)) (| 7o)
o) = BRI = min (1. 55).
Altogther, we define

U, , min (1, %) , ify#ux,

P,
1— ZZ:Z#I ¥, . min (1, :Ez)) , ify=uw.

Ty —

7.4 Ising model?
7.5 Strong Markov property
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