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7.4 Ising model

The Ising model is a fundamental model of statistical physics. Let us assume that we have
a d-dimensional grid with N x N x --- x N points. Later on, we stick to d = 2 with
N2 vertices as the most transparent (and most understood) system.!! The vertices are
neighbours if (and inly if) they differ only in one coordinate by the value 1.
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- - - -
+ _ _
0 2 4 5 ¢ 10

S = N W s N ® O
|

Figure 1: 11 x 11 grid in R? with 112 vertices, some of them with an assigned spin.

There are 2V ways, how one can assign a spin {—1,+1} to each of these vertices. We
define a probability dostribution on all these 2 : possible ways, how to distribute the spin
across the grid. This will make some of the assignments more likely than the others. To
describe the details, we need some notation. We denote the set of vertices of the grid by V'
and we denote by v ~ w the fact, that v and w are neighbours. If o : V — {—1,+1} is an
assigments of spins to the vertices, we denote by H (o) its energy

H(o)=- Y o()o(w).
v,weV
v~vw
The idea behing this formula is clear: if two neighbouring vertices have the same spin (i.e.,
o(v) = o(w) = +1 or 6(v) = o(w) = —1), then the energy is decreased by 1, if the spins
differ, then o(v)-o(w) = —1 and the energy is increased. So, H(c) is the number of pairs of
neighbouring vertices with different spin minus the number of pairs of neighbouring vertices
with the same spin.

The probability distribution on all mappings o : V — {—1,+1} is then proportional to
e PH(®) where 8 > 0 is a real parameter. This means that

(o) = Zrge

and

Z(8) =Y ePH@

is the normalization factor, which ensures that 3 p(o) = 1.

Some of the properties of this model are easy to observe, namely

1n general, one can consider an arbitrary graph G = (V, E) instead.
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The probability space of all ¢’s is huge, it has 2V ? elements.

e For a given o, H(o) is quite easy to compute.

It is rather difficult to compute Z(3) as it would require to calculate the (huge) sum
over all o’s.

However, for two different o and o3, the ratio p(o1)/p(02) is again easy to compute,
as the normalization factor Z(8) cancels out.

We are mainly interested in two (somehow connected) questions

e How does a typical configuration of o chosen randomly with respect to p look like?
Is it more random or is it more structured?

e How do we generate a random sample with respect to u?

The question about the typical configuration of o is rather tricky. From the 2V* config-
urations, vast majority is rather chaotic, but their energy H(o) is large (we expect them to
have many neighbours with different spin) and, therefore, (o) is very small. The “struc-
tured” configurations, with large areas in the grid of vertices with the same spin, are much
less in number, but their energy H(o) is very small making u(o) large.

It turns out, that the parameter B plays a crucial role. In d = 2, there is a phase
trnasition: For small values of 3 (or large values of the temperature T = 1/3) the values of
H (o) (and of p(o)) do not differ much and the random configuration is rahter chaotic. For
large values of B (and small values of T') structured configurations are more likely. Some-
where inbetween is the critical temperature (3 = In(1+ v/2)/2). The analytical description
of this solution was given by Lars Onsager in 1944. The analytical solution for d > 3 is
unknown so far.

Figure 2: Low, critical, and high temperature on 250 x 250 grid, from the book of David
Levin and Yuval Peres.

To answer the second question, namely to generate random spin configurations with
respect to p, one can use the Markov Chain Monte Carlo method. We construct a Markov
Chain on the state space S = {—1,+1}V 2, which has stationary distribution u, we start
randomly and iterate for long enough until the actual state is (almost) random with respect
to w. For that sake, we use the Glauber dynamics, which starts with arbitrary o, and then
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repeatedly picks a vertex w randomly and uniformly from all vertices and then re-defines
the spin of w randomly.
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