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Abstract

Generalized pseudostandard words were introduced by de Luca and De Luca in [9].
In comparison to the palindromic and pseudopalindromic closure, only little is
known about the generalized pseudopalindromic closure and the associated gen-
eralized pseudostandard words. We present a counterexample to Conjecture 43
from a paper by Blondin Massé et al. [2] that estimated the complexity of binary
generalized pseudostandard words as C(n) < 4n for all sufficiently large n. We
conjecture that C(n) < 6n for all n € N.

1. Introduction

This paper focuses on generalized pseudostandard words. Such words were defined
by de Luca and De Luca in 2006 [9] who studied generalized standard episturmian
words, called generalized pseudostandard words, by considering pseudopalindromic
closure of an infinite sequence of involutory antimorphisms. While standard epis-
turmian and pseudostandard words have been studied intensively and a lot of their
properties are known (see for instance [3, 5, 8, 9]), only little has been shown so
far about the generalized pseudopalindromic closure that gives rise to generalized
pseudostandard words. In [9] the authors have defined the generalized pseudostan-
dard words and proved there that the famous Thue-Morse word is an example of
such words. Jajcayové et al. [6] characterize generalized pseudostandard words in
the class of generalized Thue-Morse words. Jamet et al. [7] deal with fixed points
of the palindromic and pseudopalindromic closure and formulate an open problem
concerning fixed points of the generalized pseudopalindromic closure. The authors
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of this paper provide a necessary and sufficient condition on periodicity of binary
and ternary generalized pseudostandard words in [1]. The most detailed study of bi-
nary generalized pseudostandard words has been so far provided by Blondin Massé
et al. [2]:

e A so-called normalization is described that guarantees for generalized pseu-
dostandard words that no pseudopalindromic prefix is missed during the con-
struction.

e An effective algorithm — the generalized Justin’s formula — for generation of
generalized pseudostandard words is presented.

e The standard Rote words are proven to be generalized pseudostandard words

and the infinite sequence of antimorphisms that generates such words is stud-
ied.

e A conjecture is stated saying that the complexity of an infinite binary gener-
alized pseudostandard word u, i.e., the map C : N — N defined by C(n) = the
number of factors of length n of the infinite word u, satisfies:

C(n) <4n for sufficiently large n.

In this paper, we provide a counterexample to the above conjecture by construc-
tion of a generalized pseudostandard word satisfying C(n) > 4n for all n > 10. We
moreover show that C(n) > 4.5 n for infinitely many n € N.

The work is organized as follows. In Section 2 we introduce basics from combi-
natorics on words. Section 3 deals with the palindromic closure and summarizes
known results. Similarly, Section 4 is devoted to the pseudopalindromic closure and
its properties. In Section 5, the generalized pseudopalindromic closure is defined
and the normalization process is described. A counterexample to Conjecture 43
from [2] is constructed and its complexity is estimated in Section 6. In Section 7 we
summarize known facts about the complexity of binary generalized pseudostandard
words and state a new conjecture: C(n) < 6n for all n € N.

2. Basics from combinatorics on words

We restrict ourselves to the binary alphabet {0,1}, we call 0 and 1 letters. A (finite)
word w over {0,1} is any finite binary sequence. Its length |w| is the number of
letters w contains. The empty word — the neutral element for concatenation of
words — is denoted by e and its length is set || = 0. The set of all finite binary
words is denoted by {0,1}". An infinite word u over {0,1} is any binary infinite
sequence. The set of all infinite words is denoted {0, 1}N. A finite word w is a factor
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of the infinite word u = wgujusg ... with u; € {0,1} if there exists an index i > 0
such that w = w;u;yq ... Ui |w|—1- Such an index is called an occurrence of w in u.
The symbol L£(u) is used for the set of factors of u and is called the language of u,
similarly £,,(u) stands for the set of factors of u of length n. A left special factor of
a binary infinite word u is any factor v such that both Ov and 1v are factors of u.
A right special factor is defined analogously. Finally, a factor of u that is both right
and left special is called a bispecial. We distinguish the following types of bispecials
over {0,1}:

o A weak bispecial w satisfies that only Owl and 1w0, or only 0w0 and 1wl are
factors of u.

e A strong bispecial w satisfies that all 0w0, Owl, 1w0 and 1wl are factors of u.

e We do not use a special name for bispecials that are neither weak nor strong.

Let w € L(u). A left extension of w is any word aw € L(u), where a € {0,1},
and a right extension is defined analogously. A bilateral extension of w is then
awb € L(u), where a,b € {0,1}. The set of left (resp. right extensions) of w
is denoted Lext(w) (resp. Rext(w)). The (factor) complexity of u is the map
Cu : N — N defined as

Cu(n) = the number of factors of u of length n.

In order to determine the complexity of an infinite word u, the well-known formula
for the second difference of complezity [4] may be useful:

A%Cy(n) = ACu(n+1) = ACu(n) = > B(w), (1)

weLy(u)
where
B(w) = #{awb | a,b € {0,1},awdb € L(u)} — #Rext(w) — #Lext(w) + 1

and the first difference of complezity is defined as ACy(n) = Cy(n + 1) — Cu(n).
It is readily seen that for any factor of a binary infinite word u the following
holds:

e B(w) =1 if and only if w is a strong bispecial.
e B(w) = —1 if and only if w is a weak bispecial.
e B(w) = 0 otherwise.

An infinite word u is called recurrent if each of its factors occurs infinitely many
times in u. It is said to be uniformly recurrent if for every n € N there exists a length



INTEGERS: 16 (2016) 4

r(n) such that every factor of length r(n) of u contains all factors of length n of u.
We say that an infinite word wu is eventually periodic if there exists v,w € {0,1}*
such that u = wv*, where w denotes an infinite repetition. If w = &, we call u
(purely) periodic. If u is not eventually periodic, u is said to be aperiodic. It is
not difficult to see that if an infinite word is recurrent and eventually periodic, then
it is necessarily purely periodic. A fundamental result of Morse and Hedlund [10]
states that a word u is eventually periodic if and only if for some n its complexity
is less than or equal to n. Infinite words of complexity n + 1 for all n are called
Sturmian words, and hence they are aperiodic words of the smallest complexity.
Among Sturmian words we distinguish the class of standard (or characteristic)
Sturmian words satisfying that their left special factors are their prefixes at the
same time. The Fibonacci word from Example 1 is a standard Sturmian word. The
first systematic study of Sturmian words was by Morse and Hedlund in [11].

A morphism is a map ¢ : {0,1}* — {0,1}* such that for every v, w € {0,1}* we
have p(vw) = p(v)p(w). It is clear that in order to define a morphism, it suffices to
provide letter images. A morphism is prolongable on a € {0,1} if |p(a)| > 2 and a
is a prefix of p(a). If ¢ is prolongable on a, then " (a) is a proper prefix of "1 (a)
for all n € N. Therefore, the sequence (¢™(a))n>0 of words defines an infinite word
u that is a fixed point of ¢. Such a word u is a (pure) morphic word.

Example 1. The most studied Sturmian word is the so-called Fibonacci word
ur = 01001010010010100101001001010010. . .
fized by the morphism ¢r(0) =01 and ppr(1) = 0.

Example 2. Another well-known morphic word that however does not belong to
Sturmian words is the Thue-Morse word

ury, = 01101001100101101001011001101001 . ..

fized by the morphism @73 (0) = 01 and (1) = 10 (we start with the letter 0
when generating uryy ).

An involutory antimorphism is a map ¢ : {0,1}* — {0,1}* such that for every
v,w € {0,1}* we have ¥(vw) = ¥(w)Y(v) and moreover ¥? equals identity. There are
only two involutory antimorphisms over the alphabet {0,1}: the reversal (mirror)
map R satisfying R(0) = 0, R(1) = 1, and the exchange antimorphism E given
by E(0) = 1,E(1) = 0. We use the notation 0 = 1 and T = 0, E = R and
R = E. A finite word w is a palindrome if w = R(w), and w is an E-palindrome
(pseudopalindrome) if w = E(w).
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3. Palindromic closure

In this section we describe the construction of binary infinite words generated by the
palindromic closure. Further on, we recall some properties of such infinite words.
We use the papers [5, 8] as our source.

Definition 1. Let w € {0,1}*. The palindromic closure w?® of a word w is the
shortest palindrome having w as prefiz.

Consider for instance the word w = 0100. Its palindromic closure w’ equals
010010. Tt is readily seen that |w| < |wf| < 2|w| — 1. For w = 010 we have
w’ = 010 and for w = 0001 we obtain wf = 0001000. It is worth noticing that
the palindromic closure can be constructed in the following way: Find the longest
palindromic suffix s of w. Denote w = ps. Then w® = psR(p). For instance, for
w = 0100 we have s = 00 and p = 01. Thus w’ = 010010.

Definition 2. Let A = 6102 ..., where §; € {0,1} for all i € N. The infinite word
u(A) generated by the palindromic closure (or R-standard word) is the word whose
prefixes wy, are obtained from the recurrence relation

w1 = (Wpbni1)",
wy = €.
The sequence A is called the directive sequence of the word u(A).
Properties of the R-standard word u = u(A) € {0, 1}:
1. The sequence of prefixes (wy)r>0 of u contains every palindromic prefix of u.

2. The language of u is closed under reversal, i.e., w is a factor of u < R(w) is
a factor of u.

3. The word u is uniformly recurrent.

4. Every left special factor of u is a prefix of u.

5. If w is a bispecial factor of u, then w = wy, for some k.

6. Since u is (uniformly) recurrent, it is either aperiodic or purely periodic.

7. The word u is standard Sturmian if and only if both 0 and 1 occur in the
directive sequence A infinitely many times.

8. The word u is periodic if and only if A is of the form v0¥ or v1¢ for some
v e {0,1}*.
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Example 3. The Fibonacci word ug defined in Example 1 is the most famous
example of an infinite word generated by the palindromic closure. It is left as an
exercise for the reader to show that ugp = u((01)*). Let us form the first few prefives
Wg !

w1 = 0
we = 010
wsz = 010010

w4 = 01001010010.

4. Pseudopalindromic closure

Let us recall here the definition of the pseudopalindromic closure and the construc-
tion of binary infinite words generated by the pseudopalindromic closure. Some of
their properties are similar as for the palindromic closure, but in particular their
complexity is already slightly more complicated. Pseudopalindromes and the pseu-
dopalindromic closure have been studied for instance in [3, 9].

Definition 3. Let w € {0,1}*. The pseudopalindromic closure w¥ of a word w is
the shortest E-palindrome having w as prefix.

Consider w = 0010 which has pseudopalindromic closure w? = 001011. The
following inequalities hold: |w| < |w| < 2|w|. For instance for w = 0101 we
have w? = 0101, while for w = 000 we get w” = 000111. Let us point out that
the pseudopalindromic closure may be constructed in the following way: Find the
longest pseudopalindromic suffix of w. Denote it by s and denote the remaining
prefix by p, i.e., w = ps. Then w? = psE(p). For w = 0010, we obtain p = 00 and
s = 10, therefore w” = 001011.

Definition 4. Let A = 0102 ..., where §; € {0,1} for all i € N. The infinite
word up(A) generated by the pseudopalindromic closure (or E-standard or pseu-
dostandard word) is the word whose prefixes wy, are obtained from the recurrence
relation

Wn+1 = (wn5n+1)E7
wWp = €.
The sequence A is called the directive sequence of the word ug(A).

Properties of the E-standard word u =ug(A) € {0, 1}:

1. The sequence of prefixes (wy k>0 of u contains every pseudopalindromic prefix
of u.
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10.

The language of u is closed under the exchange antimorphism, i.e., w is a factor
of u & E(w) is a factor of u.

The word u is uniformly recurrent.

A close relation between R-standard and E-standard words has been revealed
in Theorem 7.1 in [9]: Let A = 6102 ..., where 6; € {0,1} for all i € N. Then

ug(A) = erm(u(l)).

In words, any F-standard word is the image by the Thue-Morse morphism
w1 of the R-standard word with the same directive sequence A. Moreover,
the set of pseudopalindromic prefixes of ug(A) equals the image by @1 of
the set of palindromic prefixes of u(A).

. If A contains both 0 and 1 infinitely many times, then every prefix of u is left

special.

In contrast to infinite words generated by the palindromic closure, u can
contain left special factors that are not prefixes. Nevertheless, such left special
factors can be of length at most 2.

If w is a bispecial factor of u of length at least 3, then w = wy, for some k.

Since u is (uniformly) recurrent, it is either aperiodic or purely periodic.

. The complexity of u satisfies Cy(n + 1) — Cu(n) = 1 for all n > 3 if and only

if both 0 and 1 occur in the directive sequence A infinitely many times.

The word u is periodic if and only if A is of the form v0“ or v1¥ for some
v e {0,1}*.

Example 4. Let us illustrate the construction of an infinite word generated by the
pseudopalindromic closure for u = ug((01)¥). Here are the first prefives wy:

wy = 01

we = 011001

ws = 011001011001

wy = 0110010110011001011001.

Notice that 1 and 10 are left special factors that are not prefizes. The reader can
also check that u is the image by o of the Fibonacci word, i.e., u = oy (up).
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5. Generalized pseudopalindromic closure

Generalized pseudostandard words form a generalization of infinite words generated
by the palindromic (resp. pseudopalindromic) closure; such a construction was first
described and studied in [9]. Let us start with their definition and known properties;
we use the papers [7, 9, 2].

5.1. Definition of generalized pseudostandard words

Let us underline that we again restrict ourselves only to the binary alphabet {0, 1}.

Definition 5. Let A = §103... and © = 9195..., where §; € {0,1} and ¥; €
{E,R} for all i € N. The infinite word u(A,®) generated by the generalized
pseudopalindromic closure (or generalized pseudostandard word) is the word whose
prefizes wy, are obtained from the recurrence relation

Wp41 = (wn5n+1)ﬁn+l 5

Wo = €.
The sequence A = (A, ©) is called the directive bi-sequence of the word u(A,©).
Properties of the generalized pseudostandard word u = u(A, ) € {0, 1}

1. If R (resp. E) is contained in © infinitely many times, then the language of
u is closed under reversal (resp. under the exchange antimorphism).

2. The word u is uniformly recurrent.

5.2. Normalization

In contrast to E- and R-standard words, the sequence (wy)x>0 of prefixes of a gen-
eralized pseudostandard word u(A, ©) does not have to contain all E-palindromic
and palindromic prefixes of u(A, ©). Blondin Massé et al. [2] introduced the notion
of normalization of the directive bi-sequence.

Definition 6. A directive bi-sequence A = (A,0O) of a generalized pseudostandard
word u(A, ©) is called normalized if the sequence of prefizes (wi)r>0 of u(4,O)
contains all E-palindromic and palindromic prefizves of u(A,©).

Example 5. Let A = (A,0) = ((011)“, (FER)%). Let us write down the first
prefizes of u(A,0):

wy = 01

wo = 011001

ws = 01100110

wy = 0110011001.
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The sequence wy does not contain for instance the palindromic prefizes 0 and 0110

of u(A, 09).

The authors of [2] proved that every directive bi-sequence A can be normalized,
i.e., transformed to such a form A that the new sequence (Wg)g>o contains already
every F-palindromic and palindromic prefix and A generates the same generalized
pseudostandard word as A.

Theorem 1 ([2]). Let A = (A,0) be a directive bi-sequence. Then there exists
a normalized directive bi-sequence A = (A, ©) such that u(A,0) = u(A, 0).
Moreover, in order to normalize the sequence A, it suffices firstly to execute the

following changes of its prefiz (if it is of the corresponding form):
e (aa, RR) — (aaa, RER),
e (a', R"°'E) — (a'a, R'E) fori > 1,
e (a‘aa, R°'EE) — (d‘aaa, R'ERE) fori > 1,
and secondly to replace step by step from left to right every factor of the form:
e (abb, 999) — (abbb, 9091),
where a,b € {0,1} and ¥ € {E, R}.

Example 6. Let us normalize the directive bi-sequence A = ((011)“,(EER)¥)
from Ezample 5. According to the procedure from Theorem 1, we transform first the
prefix of A. We replace (0, E) with (01, RE) and get Ay = (01(110)“, RE(ERE)%).
The prefiz of Ay is still of a forbidden form, we replace thus the prefic (011, REE)
with (0110, RERE) and get Ao = (0110(101)¥, RERE(REE)“). The prefiz of Ay
is now correct. It remains to replace from left to right the factors (101, REE)
with (1010, RERE). Finally, we obtain A = (0110(1010)*, RERE(RERE)“) =
(01(10)%, (RE)¥), which is already normalized. Let us write down the first prefizes

(Wk)k>0 of u(A):

w1 =0

wy =01

ws = 0110
wg = 011001.

We can notice that the new sequence (Wy)r>o now contains the palindromes 0 and
0110 that were skipped in Example 5.
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6. Conjecture 4n

As a new result, we will construct a counterexample to Conjecture 4n (stated as
Conjecture 43 in [2]):

Conjecture 1 (Conjecture 4n). For every binary generalized pseudostandard word
u there exists ng € N such that Cy,(n) < 4n for all n > ny.

We have found a counterexample u, = u(1¥, (EERR)“) that satisfies Cy,(n) >
4n for all n > 10. Moreover, we will show in the end of this section that u, even
satisfies C(n) > 4.577 n for infinitely many n € N. Let us write down the first
prefixes w,, of u,:

w1 = 10
wy = 1010
ws = 10101

wy = 1010110101
ws = 1010110101100101001010
wg = 1010110101100101001010110101100101001010

It is readily seen that w441 and wyyyo are E-palindromes, while wygy3 and wag44
are palindromes for all £ € N.
The aim of this section is to prove the following theorem.

Theorem 2. The infinite word u, = u(1¥,(EERR)) satisfies
Cu,(n) >4n  for all n > 10.

In order to prove Theorem 2, we have to describe all weak bispecial factors and
find enough strong bispecial factors so that it provides us with a lower bound on
the second difference of complexity (see Equation (1)) that leads to the strict lower
bound equal to 4n on the complexity of u,. The partial steps will be formulated in
several lemmas and observations.

Let us start with a description of the relation between the consecutive prefixes
wy, and w41 that will turn out to be useful in many proofs. The knowledge of the
normalized form of the directive bi-sequence is needed.

Observation 1. The directive bi-sequence A = (1*, (EERR)®) has the normalized
form A = (1010(1)*, RERE(RREE)¥).

Proof. The normalized form is obtained using the algorithm from Theorem 1. [
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Example 7. The prefizes w,, of u(K) satisfy:

wy =1
wy = 10
w3 = 101

Wy, = Wn_o for allm > 4.

Lemma 1. For the infinite word u, = u(1¥,(EERR)%) and k € N, the following
relations hold. For z < 0 we set w, = €.

Wapt1 = Wap10E(war)
1
Whk42 = Wak4+1Wyg oWak+1
—1
Wak+3 = Wak4+2(010) 7" R(wyp2)

-1
Wyk+4 = Wak4+3Wyp W4k4-3-

Proof. The statement follows from Theorem 29 in [2]. We prefer however to prove
it here also for integrity of our paper. One can easily check that the statement holds
for wy, we, ws and wy. Let k > 1.

e In order to get the E-palindrome wgx 1, it is necessary to find the longest E-
palindromic suffix of w4y 1. In other words, it is necessary to find the longest F-
palindromic suffix preceded by 0 of the palindrome wy;. Taking into account
the normalized form of the directive bi-sequence A from Observation 1, for
every E-palindromic (resp. palindromic) prefix p of up, there exists £ € N such
that p = wy. Therefore all E-palindromic suffixes of wyy, are of the form R(wy),
where wy = E(wy). However, we search only for the longest E-palindromic
suffix of wyy preceded by 0. If 0R(wy) is a suffix of wyy, then wy0 has to be
the prefix of wyr. Using the normalized form A we nevertheless notice that
no wy = E(wy) is followed by 0. Consequently, wagt1 = war 10E(wyg).

e To obtain the E-palindrome wgyy42, we look for the longest F-palindromic
suffix of wyr+11. We proceed analogously as in the previous case, thus we
search for the longest E-palindromic prefix wy of wyr11 followed by 1. Then
E(wyl) = Owy is the longest E-palindromic suffix of wgx1 preceded by 0. It
follows from the form of A that every F-palindromic prefix wy of wyg41 is fol-
lowed by 1. Moreover, according to Example 7, E-palindromes in the sequence
(wk)k>0 coincide with E-palindromes in the sequence (Wy)x>0, therefore the
longest E-palindromic prefix w; of wyriq followed by 1 is wgr_2. Conse-
quently, wag4o = w4k+1w4_k1_2w4k+1~

e The remaining two cases are similar. They are left as an exercise for the
reader.
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O

It is not difficult to find strong bispecials among members of the sequence

(W) k>o0-

Lemma 2. Consider u, = u(1¥, (EERR)*) and let k € N. Then w1 and wagy3
are strong bispecials of u,. Moreover, 1wyx+10 is a central factor of wyi1)41 and
Owyr30 is a central factor of wy(k41)+3-

Proof. Let us show the statement for the E-palindrome wyx41. The proof for the
palindrome wyg3 is similar.

Since A = 1%, the prefix wyx+1 is followed by 1. Consider now any E-palindrome
wj such that j > 4k + 1. Since w; = E(w;) and wag11 is a prefix of wj, the factor
O0F(wak+41) = Owag1 is a suffix of w;. The prefix w; is again followed by 1, therefore
Owagt11 € L(up). Consider further on any palindrome wy such that ¢ > 4k + 1.
Since wyg111 is again a prefix of wy = R(wy), the factor 1R(wyp11) is a suffix of
we. The prefix wy is followed by 1, thus 1R(wak+1)1 € L(up). Since the language
is closed under R and E, we deduce that 1wag111, Owag410 € L(up).

Let us find the missing bilateral extension lwyg10 of the E-palindrome wyp1-
We will show that 1wsr110 is a central factor of wy(41)+1. By Lemma 1 we have

Wy(k+1)+1 = w4(k+1)10E(w4(k+1))~

The factor wg1 is a prefix of the palindrome wy(j41), therefore 1R(war) = lwag
is a suffix of wy(x41). It implies moreover that E(lwsx) = E(war)0 is a prefix of
E(wy(j11y). Altogether we see that

1w4k+10 = 1w4k10E(w4k)0
is a central factor of wy(g41)41- O

Let us indicate how we managed to find weak bispecials. The factor wy has wg_11
as prefix. When constructing wy = 9(wg), one looks for the longest ¥-palindromic
suffix of wi_11. In order to get a weak bispecial, we look instead for the longest
J-palindromic suffix of wy,_;1. If this suffix is longer than the longest ¥-palindromic
suffix, we check whether its bilateral extension is also a ¥-palindrome. If yes, we
extend it and continue in the same way. When we arrive at the moment where it is
not possible to extend it any more, we have a bispecial factor: We get either a factor
of the form apa, where p = R(p), and since the language is closed under reversal,
apa is a factor of u, too. Or we get a factor of the form apa, where p = E(p), and
since the language is closed under the exchange antimorphism, @pa is a factor of u,
too.

Example 8. Let us show how to obtain the shortest weak bispeacials using the
above described way. The factor ws is an E-palindrome. The longest E-palindromic
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suffiz of wal is e, while the longest palindromic suffix is 1101011. This palindrome
may be moreover extended by 0 to 011010110. We have thus obtained the shortest
weak bispecial. The second weak bispecial of the same length is F(011010110) =
100101001.

Let us now provide a formal description of weak bispecials.

Lemma 3. Consider u, = u(1¥,(EERR)%¥). Then for all k € N, k > 1, the
following factors of u, are bispecials:

S4k4+1 = R(w4(k—1)+1)wzl_(}f_1)w4(/c—1)+3w4_(}€_1)w4(k—1)+17

-1 -1
S4k+3 = E(w4(k—1)+3)w4k_2w4k+1w4k_2w4(k—1)+3~

Moreover, the palindrome sqi41 s contained in the prefix wary1 and has the bilateral
extensions 1s454+10 and Osqr4+11, and the E-palindrome sy;43 ts contained in the
prefiz wak13 and has the bilateral extensions 054,130 and 1s4131.

Proof. Let us show the statement for s4x41. The proof for syx43 is similar. Using
Lemma 1 we can write wyr4+1 = warp 10E (wak). The prefix way and the suffix E(wqyy)
can be again rewritten as follows:

Wapy1 = w4(k—1)+3w2(}€,1)w4(k—1)+310E(U/4(k—1)+3w2(}€,1)w4(k—1)+3)-

Thus wag+1 has wy_1)43 as prefix. The factor wy,_1)43 has certainly wyg_1)411
as prefix. Since the factor wy—1)4+3 is a palindrome, the factor 1R(wa(,—1)41) is
its suffix. Using the above form of wyjy1, we know 1R(w4(k_1)+1)wzl_(}c_l)w4(k_1)+3
is a factor of wygy1.

Thanks to Lemma 2 we know that lwy_1)410 is a central factor of wyy41. Let

us use again Lemma 1 to rewrite wypg—1)41:

Wy(k—1)4+1 = Wa(k—1) LOE(wy (1))

The already constructed factor lR(w4(k_1)+1)w;(}c_l)wél(k_l)% is therefore followed
by wél_(}c_l)wzl(k,l)ﬂo. Consequently, we get the following factor of wyy+1: Hence,
Sak41 = R(’w4(k,1)+1)wzl_(}c_1)w4(k,1)+3w4_(}€_1)w4(k,1)+1 is contained in the prefix
wyk+1 and it is easy to check that syxy1 is a palindrome. We have so far found its

bilateral extension 1s4x4+10. Using the fact that L£(up) is closed under reversal, it
follows that 0s4r1+11 € L(up). O

Example 9. Let us write down the shortest two bispecials s; of up:
s5 = 011010110,

s7 = 010101101011001010010101.
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Proposition 1. The factors soi+1 are weak bispecials for all k > 2. Moreover,
there are no other weak bispecials in the language of u, except for soiy1 and their
R- and E-images.

Let us postpone the proof of Proposition 1 to a separate subsection since it is long
and technical, and provide instead the remaining steps to the proof of Theorem 2.

In order to estimate the second difference of complexity, we need to determine
the relation of lengths of weak and strong bispecials.

Observation 2. Consider u, = u(1¥,(EERR)¥) and k € N, k > 2. Then

|sak+1]| < |wakt1| < |S2k+3]-

Observation 3. Consider u, = u(1*,(EERR)%). Then for alln € N the following
holds:
2 if n =|wags1] for some k > 1;
AQCup(n) > ¢ =2 ifn=|sakt1| for some k > 2;

0 otherwise.

Proof. We use Equation (1). For n = |wa+1| we have at least two strong bispecials
of up: waeq1 and R(wyry1) (resp. waets and E(waess)) by Lemma 2. For n =
|s2k+1| we have exactly two weak bispecials of up: sa¢11 and E(sary1) (resp. saet3
and R(s4¢43)) by Proposition 1. Moreover, Proposition 1 states that all other
bispecials have at least three bilateral extensions. O

Lemma 4. Consider u, = u(1¥,(EERR)%). Let k > 5. Then wy contains all
factors of up of length less than or equal to |wi_5|, except possibly for the images
by the antimorphisms E and R, and the morphism ER. Further on, wyys contains
all factors of up of length less than or equal to |wi_s|.

Proof. We will prove the first statement. The second one is its direct consequence
— it suffices to take into account the form of the directive bi-sequence. We will show
that ws for s > k > 5 does not contain (except for E-, R- and ER-images) factors
of length less than or equal to |wg_5| other than those ones that are contained in
wg. To obtain a contradiction assume that v is the first such factor and that s is
the smallest index such that v is contained in wjy.

e If s =4/, then w, = ws_lw;_14ws_1. The factor v has to contain the central
factor lws_41 of w, (otherwise v would be contained already in ws—_1), which
is a contradiction because |lws_41| > |v].

o If s =40+ 1, then ws = ws_110FE(ws—1). By Lemma 2, the factor ws_y4 is
a central factor of w, and it has to contain the factor v since v is either a suffix
of ws_11 or a prefix of 0F(ws_1) or v contains the central factor 10 (otherwise,
v or E(v) would be contained already in ws_1). It is however a contradiction
with the minimality of the index s.
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e The remaining two cases are analogous to the above ones.
O

Corollary 1. Consider u, = u(1*, (EERR)“). Then for all n > 10 the following
holds:

ACy,(n) > 6 if |waip1| < n < [sgiqs| or |waigs| <n < |s4i45] for some i > 1;
ACy,(n) >4  otherwise.

Proof. Let us recall that AC(n+1) = AC(n)+A2%C(n) for all n € N. Since |wy| = 10,
all factors of length 10 are, according to Lemma 4, contained in the prefix wy; of
length 1077. Checking this prefix by Sage [12] we determined AC(9) = 6. The claim
follows then by Observations 2 and 3 taking into account that |s5| = 9. O

Proof of Theorem 2. In order to get C(10) it suffices by Lemma 4 to check the prefix
wyy of length 1077 because |wy| = 10. Using the program Sage [12] we determined
C(10) = 42. It is then a direct consequence of Corollary 1 that C(n) > 4n for all
n > 10.

O

6.1. Proof of Proposition 1

This section is devoted to quite a long and technical proof of the fact that the
only weak bispecials of up are sqp4+1 and sgp43 and their E- and R-images for all
ke N, k> 1. We will put together several lemmas and observations to get finally
the proof.

Lemma 5. Let v be a prefix of u, = u(1¥,(EERR)¥). If v is a bispecial, then
v has at least three bilateral extensions and E(v), R(v), ER(v) has at least three
bilateral extensions too.

Proof. Denote a the letter for which va is a prefix of up. We can certainly find
k,¢ € N such that va is a prefix of wy = R(wy) and wy = E(wy). Then aR(v) is
a suffix of wy and @F(v) is a suffix of wy. By the construction of up, the words
aR(v)l and aE(v)l belong to the language of up. Since the language is closed
under £ and R, it follows that lva and Ova are factors of up too. Since v is
a bispecial, v has to have a bilateral extension bva for some b € {0,1}. Hence, v
has at least three bilateral extensions. The rest of the proof follows by application
of the antimorphisms F, R and the morphism FR. O

In order to detect all weak bispecial factors, we need to describe all occurrences
of wy, = J(wy) and ¥(wy) and of some of their bilateral extensions. To manage that
task, we will distinguish between regular and irregular occurrences.
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Let v be a factor of up. Every element of {v, E(v), R(v), ER(v)} is called an
image of v. Let us define occurrences (of the images of v) generated by a particular
occurrence i of v. Let k be the minimal index such that wy contains the factor
v at the occurrence i. Since wy is a ¥-palindrome, it contains ¥(v) symmetrically
with respect to the center of wy. If the corresponding occurrence j of ¥(v) is larger
than 4, we say that the occurrence j is generated by the occurrence i of v. Assume
wy contains occurrences i1, ...,ts of the images of v generated by the particular
occurrence i of v. In order to get all occurrences of the images of v generated by the
particular occurrence i of v in wyy1, we proceed in the following way. The prefix
w41 is a ¥-palindrome for some ¢ € {E, R}, and therefore contains symmetrically
with respect to its center occurrences ji,...,Js of v1,...,vs that are ¥-images of
images of v at the occurrences i1, ...,is. Putting all occurrences i1, ...,s, j1, - - - Js
together, we obtain all occurrences generated by the particular occurrence i of v in
We41-

We say that an occurrence of v is regular if it is generated by the very first
occurrence of any image of v in up. Otherwise, we call the occurrence of v irregular.

Example 10. Consider v = 110. Its images are: 110,100,011,001. The first
occurrence of an image of v is i = 3 of 011 in the palindrome w, = 1010110101.
Hence, the occurrence i = 4 of v = 110 in wy = 1010110101 is regular. (It is the
R-image of 011 in wy.) However, for instance the occurrence i =9 of v = 110 in the
E-palindrome ws = 1010110101100101001010 is irregular. (It is not the E-image
of any image of v at a reqular occurrence in wy.)

Observation 4. Let v be a factor of up. Then v has only regular occurrences in up
if and only if any element of {v, E(v), R(v), ER(v)} has only reqular occurrences in
up.

Lemma 6. Consider u, = u(1¥,(EERR)%). Let k € N. Assume the factors way
and wak2 have only regular occurrences in up. Then the following statements hold:

o All irreqular occurrences of the factor lwarl in up are generated by its occur-
rences as the suffix of the prefix wqyel for all £ > k. Moreover, the first reqular
occurrence of lwar1 is as the central factor of the prefix wy(j41)-

o All irreqular occurrences of the factor Owar+21 in up are generated by its
occurrences as the suffix of the prefix wae121 for all € > k. Moreover, the first
reqular occurrence of Owar421 is as the central factor of the prefix wy(y1)42-

o All irreqular occurrences of the factor lway 10 in up are generated by its
occurrences as the central factor of the prefix waey1 for all€ > k+1. Moreover,
the first regular occurrence of lwyr+10 is as the central factor of the prefix

W4 (k4+1)+1-
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o All irreqular occurrences of the factor Owary30 in up are generated by its
occurrences as the central factor of the prefix wae4s for all ¢ > k+1. Moreover,
the first regular occurrence of Owyr+30 is as the central factor of the prefix

W4 (k+1)+3-
Proof. We will prove two of the four statements.

e Let us show the statement for lwgil. The statement for Owgr4el is an
analogy, we leave it thus for the reader. Using Lemma 1 we know that
Wa(kt1) = w4k+3w4_k1w4k+3. It is easy to see that the bilateral extension
of the central factor way, is 1wy 1. This bilateral extension occurs in Wa(k+1)
exactly once. Let us explain why: The factor wyy has only regular occurrences
in up, therefore wap41 contains wyyl as prefix and 0E(wyy) as suffix. Fur-
ther on, wygy2 contains moreover 0E (wyy)1 and Owgrl, and wy43 contains
in addition 1E(wyx)0 and lwgr0. Consequently, 0E(wyy )0 is not contained in
Wy(r+1) and the first occurrence of lwyy 1l in wy(x41) is necessarily regular.

Let us study occurrences of 1wyl in the whole word up. All regular occur-
rences of 1wyl are generated by the first occurrence of 1wyl as the central
factor of the prefix wy(x41). We will show that all irregular occurrences of
lwyr1 are generated by the occurrences of 1wyl as the suffix of the prefix
wyel for all £ > k. It is evident that lwggl is a suffix of the prefix w4,1 and
the factor 1wyl is here at an irregular occurrence.

For a contradiction assume that lwgil occurs at an irregular position that
is not generated by the occurrence of lwy,1 as the suffix of the prefix wyyl
for any ¢ > k. Such an irregular occurrence may as well be generated by
an occurrence of 0F(w4x)0. Let ws be the first prefix that contains such
an irregular occurrence of lwyil (resp. of 0FE(wg;)0). Let m > k+ 1. If
s =4m+ 1, then ws = ws—110E(ws_1) and according to Lemma 2 the prefix
wg has lwgg410 as its central factor. The irregular occurrence of lwgx1 (resp.
of 0E(w4x)0) has to be contained in this factor. But lwgy110 contains lwg1
only as a prefix and this occurrence corresponds at the same time to the suffix
of wy,, 1, which is a contradiction. If s = 4m + 2, then w, = ws,lw;_14ws,1
and the irregular occurrence of lwgx1 (resp. of 0F(w4x)0) has to contain the
central factor of ws: lws_41. However, [lws_41] > |lwgil| = |0E(wax)0|,
which is a contradiction. Let s = 4m + 3, then ws = wy_1(010) "' R(ws_1).
Using Lemma 2 the prefix wy has wyyy3 as its central factor. The irregular
occurrence of lwyyl (resp. of 0E(way)0) has to contain the central factor of
wg: 10101, Consequently, 1wyl (resp. 0F(wg4)0) has to be contained in
Wyak+3, which is a contradiction. If s = 4m + 4, then w, = ws,lw;fles,l
and the irregular occurrence of lwgr1 (resp. of 0E(wyx)0) has to contain the
central factor of ws: lws_41. However, [lws_41] > |lwggl| = [0E(w4x)0|,
which is a contradiction.
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e Let us show the statement for 1wy, 10. The fourth statement is its analogy.
The first and thus regular occurrence of lwygx410 is by Lemma 2 and by the
assumption on regular occurrences of wyy as the central factor of the prefix
W4 (k4+1)+1-

Firstly, let us show that for all £ > k every occurrence of lwg;+10 (resp. of
OR(w4k+1)1) in the prefixes wypta, Warts, Waeta is already generated by an
occurrence of an image of lwyy410 in the prefix wypy 1.

By Lemma 1 we can write wygyo = w44+1w4}1_2w44+1 and Owg_o1 is its central
factor. If wgpyo contains an occurrence of lwgy+10 (resp. of OR(wyg41)1)
that is not generated by an occurrence of an image of lwy, 10 in wyeyq,
then this occurrence has to contain OQwgs_o1. This is not possible because for
all /£ > k we have |0’w4[,21| > |1w4k+10| = |OR(w4k+1)1\. Next, Wyp+3 =
War4+2(010) " R(wypy2). The central factor is 10101 and moreover we know
by Lemma 2 that wyy3 is also a central factor of wyets. If wyeys contains
an occurrence of lwyp110 (resp. of OR(w4k+1)1) that is not generated by
an occurrence of an image of lwyr4+10 in wgeq1, then this occurrence has
to contain the factor 10101. Then such an occurrence of lwgg 10 (resp. of
OR(wak+1)1) is necessarily contained in wyr43. This is not possible since
the factor lwgx10 occurs for the first time in wyk41)41 and its R-image
even later. Finally we have wyp4q4 = w4g+3w4}1w4g+3 and lwyel is its central
factor. If wyps4 contains an occurrence of lwgg10 (resp. of 0R(wy41)1) that
is not generated by an occurrence of an image of 1wy410 in wge41, then this
occurrence has to contain the factor lwye1. This is again not possible because
of lengths of those factors.

Secondly, let us show that the occurrence of the factor lwyx110 as the cen-
tral factor of the prefix wye41 is the only occurrence of lwgr410 (resp. of
OR(w4g+1)1) in the prefix wqpy1 that is not generated by any occurrence of
an image of lwgg+10 in the prefix wge. We have wyp11 = wyel0E(wye). Using
Lemma 2 it follows that lwgx10 is the central factor of wgri1 and this oc-
currence is not generated by any image of lwgx410 contained in wge. In order
to have another occurrence of lwgk410 (resp. of 0R(wyr4+1)1) in the prefix
wyap4+1 SO that it is not generated by any image of lwy410 in the prefix wyy,
it has to be either a suffix of wy1 or a prefix of 0FE(wye) or it has to contain
the central factor of wys41: 10. However such an occurrence of 1wgg410 (resp.
of OR(w4+1)1) has to be contained in the longer central factor of wypi1:
Wa(k+1)+1- This is not possible because lwyy 410 occurs in wyx41)41 exactly
once as the central factor and this occurrence has been already discussed.
Altogether we have described all occurrences of the factor lwg410 in up.
All irregular occurrences of lwyy110 are thus generated by the occurrences of
lwy+10 as the central factor of wypyq, € > k + 1.
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Lemma 7. Consider u, = u(1*, (EERR)*) and k € N.

1.

2.

All occurrences of way, and E(wyy) are regular for k > 1.
All occurrences of wap2 and R(wyy12) are regular.

All irregular occurrences of wary1 and R(wak+1) are generated by the occur-
rences of wyky1 as the central factor of the prefizes waes1 for all £ > k.

All irregular occurrences of wakts and E(waky3) are generated by the occur-
rences of wyky3 as the central factor of the prefizes waers for alll > k.

Proof. We will prove only the first and the third statement. The other statements
may be proved analogously. Let us proceed by induction. Assume the first and the
third statement hold for some k € N.

1.

We will first prove that wy(x41) has only regular occurrences in up. Putting
together Lemma 6, the induction assumption and the fact that lwg,l and
Wy(k+1) are both palindromes, it follows that the occurrence of wy(x41) is
regular if and only if the occurrence of its central factor lwg;1 is regular.

Therefore the factor wy(x41) at an irregular occurrence has to have as its
central factor lwyil at an irregular occurrence, i.e., by Lemma 6 generated
by an occurrence of lwg;1 as the suffix of the prefix wyel for some ¢ > k.
Assume wy (1) is at such an occurrence that its central factor 1wyl is the
suffix of the prefix wyrl. By Lemma 2 we know that wgpr1 = wael0E (wyy)
has the central factor lwyy10. Therefore wy41) having the suffix Twg,l
of wyel as its central factor has to contain lwyr+10. This is a contradiction
because using Lemma 6 and the induction assumption, one can see that the
factor 1wag410 occurs for the first time in wyy1)41-

By Observation 4 it follows that E(w441)) has only regular occurrences in
u, too.

Let us conclude the proof for k = 1. We will show that w4 and E(w4) have only
regular occurrences in up. It is easy to check that ws contains only regular
occurrences of wy and E(wyg). See Appendix for the form of wg. Assume
k > 8 and wy, contains the first irregular occurrence of wy (resp. of E(w4)).
For k = 4m+ 1, we have wy = wi_110E(wg—1). By Lemma 2 the factor ws is
a central factor of wy, hence the irregular occurrence of wy (resp. of E(wy))
has to be contained in ws, which is a contradiction. If k = 4m + 2, then
wy, = wk,lwlz_lz;wk,l. The irregular occurrence of wy (resp. of E(wy4)) has to
contain the central factor Owy_41, which is a contradiction. For & = 4m+3, we
have wy = wg_1(010) "L R(ws_1). The central factor of wy, is wy by Lemma 2.
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Therefore the irregular occurrence of wy (resp. of F(wy)) has to be contained
in wy, which is a contradiction. Finally for £ = 4m + 4, the argument is
similar as for k¥ = 4m + 2. Consequently, ws and E(w,) have only regular
occurrences in up.

3. We will first prove that all irregular occurrences of wy(41)+1 are generated
by its occurrences as the central factor of the prefixes wypy; for all £ > k4 1.
Since by Lemma 6 and by the induction assumption, the factor 1wyy410 occurs
for the first time as the central factor of the prefix wy(x41)41 and since both
lwag+10 and wypy1)41 are E-palindromes and wy(x41)4+1 does not contain
O0R(war+1)1, it follows that the occurrence of wy(j41)4+1 is regular if and only
if the occurrence of its central factor 1wgy410 is regular.

We will thus consider irregular occurrences of lwgr410. We know using
Lemma 6 and the induction assumption that every irregular occurrence of
lwgg+10 (resp. of OR(war+1)1) is generated by an occurrence of lwgg110 as
the central factor of wyey; for £ > k + 1. It is then a direct consequence
that all irregular occurrences of wy(r11)41 are generated by the occurrences
of wy(r41)41 as the central factor of the prefixes wyyq for all £ >k + 1.

The statement for R(ws(x41)+1) follows using Observation 4.

It remains to prove the statement for ¥ = 0. We have to show that all
irregular occurrences of w; in up are generated by the occurrences of w; as
the central factor of the prefixes wypy1 for all £ > 1. It is easy to show that
the first irregular occurrence of wy is the occurrence as the central factor of
the prefix ws. Let m > 5 and let w,, contain the first irregular occurrence
of wy (resp. of R(wy)) that is not generated by the occurrence of w; as the
central factor of the prefix ws. If m = 4¢ 4+ 2, then w,, = wm_lwfnl_élwm_l.
Then the irregular occurrence of w; (resp. of R(wp)) has to contain the
central factor of wy,: Ow,,—41, which is not possible. If m = 4¢ + 3, then
Wiy, = Wyn—1(010) "L R(wy,—1). By Lemma 2 the factor w3 is a central factor of
Wp,. Then the irregular occurrence of wy (resp. of R(wy)) has to be contained
in ws, which is a contradiction. If m = 4¢ + 4, then w,,, = wm,lw;£4wm,1.
Then the irregular occurrence of w; (resp. of R(wip)) has to contain the
central factor of w,,: lw,,_41, which is not possible. If m = 4¢ + 5, then
Wy, = Wyn—110E(wy,—1). By Lemma 2 the factor ws is a central factor of w,,.
Then the irregular occurrence of w; (resp. of R(wj)) has to be contained in
ws. It follows that w; has to be the central factor of wyeis5, £ > 1.

O

In the proof of the last and essential lemma, we will make use of the following
observation.
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Observation 5. Consider u, = u(1¥,(EERR)¥). For allk € N, k> 1, let:
Dak+1 = w4(k71)+3w47(}€_1)w4(k71)+1a

-1
Pak+3 = Wak4+1Wyp,_oW4(k—1)+3-

Then the factor pag+1 is a suffic of sakr1 and a prefix of war and similarly the
factor pax1s is a suffix of sqkts and a prefix of wypys.

Lemma 8. Letv be a factor, but not an image of a prefiz of u, = u(1¥, (EERR)%).
The following statements hold:

e If v is neither an E-palindrome, nor a palindrome, then v is not bispecial in
up.

e Ifv is an E-palindrome or a palindrome, but different from ssp+1, E(Sak+1),
Sap+3, R(Sak+s) for allk > 1, then v is either not a bispecial, or it is a bispecial
with three bilateral extensions.

o If v is equal to one of the bispecials Sar+1, E(Sak+1), Sak+s, R(Sary3) for
some k > 1, then v is a weak bispecial.

Proof. We will find the minimal index k such that wy, contains an image of the factor
v. Let the first occurrence of an image of v correspond without loss of generality to
v. Let us discuss the possible cases.

No such factors are contained in ws.

1. Let K =44, ¢ > 1. We have wyy = w4(g_1)+3w2€1_4w4(5_1)+3. The bilateral
extension of the central factor is lwgy_41. According to Lemma 6 the factor
lwag—_a1 occurs for the first time as the central factor of w4, and moreover
wy¢ does not contain 0E(wyr—4)0. Since v is not contained in wys—1)43, the
factor v has to contain the central factor of wap: lwae—41. Hence v occurs once
in wye. Let us denote avb the corresponding bilateral extension of v, where
a,b € {0,1}. If v is a ¥-palindrome, then thanks to the unique occurrence of
the palindrome lwgs—41 and the absence of 0F(w4r—4)0 in wyy, the factor v
has to be the central palindrome of wsy. In this case its bilateral extension
is ava, i.e. a = b. Moreover, v is distinct from S4p,+1 and E(s4p,41) for all
m € N because these palindromes do not have the central factor lwgp_41.

We will now study irregular occurrences of v. It is not difficult to see that
regular occurrences of lwgp_41 are factors of regular occurrences of v and
R(v). Therefore we have to look at irregular occurrences of lwge—41. The
first such occurrence is as the suffix of the prefix w4y1. Then v cannot contain
the central factor 1wg—1)410 of wyer1 = warl0E(wye) since by Lemmas 6
and 7 the factor lwy;_1)410 occurs for the first time in wyeq1 while v occurs
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already in wgy. Consequently and since v contains lwge_41 once, v has to
be contained in the suffix of sqp+1: pges1 defined in Observation 5. If v is
not a suffix of pyei1, then since pgey1 is a prefix of wyy, we do not get any
new bilateral extension of v. If v is a suffix of pyp;1 and thus of the bispecial
4041, the word up, contains the bilateral extension avb too. All other irregular
occurrences of lwge_41 are generated by its occurrences as the suffix of the
prefix wy,1, m > £. It is not difficult to see that such occurrences do not
provide any new bilateral extension of v. Altogether we have found for v
that is not an R palindrome the bilateral extension avb and possibly avb.
Thus, such a factor v is not bispecial. If v is a palindrome, then its bilateral
extension is either only ava and it is not a bispecial, or its bilateral extensions
are ava, ava and by the fact that the language is closed under reversal also
ava. Therefore v is a bispecial with three bilateral extensions.

2. Let k = 40+ 1, ¢ > 1. The factor v occurs for the first time in wyp11 =
wyel0F (wae). Therefore v contains either the central factor lwyg—1)+10 of
wae+1 or v has to contain at least the suffix lwy_1)431 of wyel. If v does
not contain neither lwg—1)410 nor lwy_1)431, then v itself is contained in
Pae4+1 defined in Observation 5. However, p4e11 is a prefix of wyy, therefore v
would be contained already in wyy.

If v contains Twyr—1y410, then v occurs in wyyy1 once since wypy1 contains
lwy(¢e—1)+10 only once by Lemmas 6 and 7. If v contains lwy—_1)431, then v
occurs in wyeyq only once too, as one can easily check using Lemma 7. Let avb
denote the corresponding bilateral extension of v. If v is a ¥J-palindrome, then
two cases are possible: If v contains 1wy—1)410, then v is an E-palindromic
central factor of wgey;. Then v is not equal to S4m+3 or R(S4mt3) for any
m € N because neither Sg;,43 nor R(s4m13) is a central factor of wgpq1. The
bilateral extension of v is then ava. If v contains lwy_1)43l, then v has
to be a palindrome with the central factor lwy_1)131. The longest such
palindrome in wgg41 1S Sge41. If v = s4¢41, then its bilateral extension is ava.
If v is a shorter palindrome, i.e., a central factor of s4r41, then its bilateral
extension is ava.

It is not difficult to see that no irregular occurrence of any image of v is
contained in wgr41. Consider irregular occurrences of images of v first in
Waptro = w44+1w4}1_2w44+1. The first irregular occurrence of an image of
v has to contain the central factor Owyge_21 of wyr42, which is not possible
because Owge—o1 occurs by Lemmas 6 and 7 for the first time in wyey2, and
moreover wyet+o does not contain 1R(w4e—2)0. Thus wyeto does not contain
any irregular occurrence of any image of v. Similarly, no irregular occurrence
of an image of v is contained in wyey3 = w1 2(010) ' R(w4es2). The image
of v cannot contain the central factor Owy,—1)430 because this factor occurs
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for the first time in w413 and its F-image even later. The image of v cannot
contain the suffix Owyge_21 of wypy21 because Owyp—o1 occurs for the first time
in wyeto and its R-image even later. This implies however that the image of
v is contained in p4ey3 defined in Observation 5. And since pyey3 is a prefix
of wyey2, such occurrence of the image of v is regular. Consider an image of v
has an irregular occurrence in wypy4. Then the image of v has to contain its
central factor lwyel, which occurs however for the first time in wye44 and its
E-image even later. Therefore it is not possible. No new irregular occurrences
can appear in larger prefixes: for s > ¢, the prefixes wysyo and wysy4 has too
long central factors that v has to contain, while wysy1 and wys43 have central
factors wypq1 (resp. waeys) and these cases have been already discussed.

If v is not a ¥-palindrome, then the only bilateral extension of v is avb, thus v
is not a bispecial. If v is an F-palindrome, then its only bilateral extension is
ava and we do not get any new bilateral extension by application of E. Hence
v is not a bispecial. If v is a palindrome, but distinct from s441, then its
bilateral extension is ava and we do not get any new bilateral extension by
application of R. Finally, if v = s4¢41, then its bilateral extension is ava and
by application of R we get ava, thus v is a weak bispecial.

3. Let k = 4¢ + 2. This case is analogous to the first one.

4. Let k = 44 + 3. This case is analogous to the second one.

Proof of Proposition 1. The result follows from Lemmas 5 and 8.

6.2. Complexity of u, is significantly larger than 4n

Let us prove that the infinite word u, from the counterexample to Conjecture 4n
not only satisfies Cy,(n) > 4n for all n > 10, but its complexity is significantly
larger than 4n.

We start with a simple observation concerning the lengths of weak bispecial
factors.

Observation 6. For allt € N, ¢ > 1, we have:

|s4its5| — |waivs] = 2|waip1] — 2|wa] 2|wy;| + 4,
|S4i+3] — |wair1] = 2|wai—1] — 2|wai—2] = 2|wai—2| — 6.

Proof. 1t follows from the form of weak bispecials described in Lemma 3 that

|Sairs] = 2|wait1| + |Waiys| — 2w,
(2)
|Sgivs] = 2|lwai—1| + |wait1] — 2|wai—2].

Applying then Lemma 1, we obtain the statement. O
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Theorem 3. Let u, = u(1¥, (EERR)“). Then its complexity satisfies:

Cu, (1)

lim sup > 4.57735.

Proof. For n > 10 we have C(n) = C(10) + E?;llo AC(¢), where by Corollary 1 we
have for ¢ > 10:

AC(é) >6 if |w4i+1| <t < |S4i+3| or |w4i+3\ <t < |S4i+5| for some 7 > 1;
AC(¢) >4 otherwise.

Let us set n = |s4p45| + 1. Since C(10) = 42, we get the following expression:

k k
C(n) > 42+ 4(n —10) + 2> (Isaisal — lwaira]) + 2 (Isaips] — [wairs]) -

i=1 i=1
Inserting formulas from Observation 6, we obtain:

k
C(n) 24n+2—4k‘+42(|w4z_2|—|—|w4l|) (3)
i=1
Using (2) we have |Sag+5| = 2|wag+1] + |wakts| — 2|wak| and applying Lemma 1 we
obtain
|Sak+5] = 2|war| + 2|waps2] + 1. (4)

Therefore it suffices to deal with w,, for even n.
By Lemma 1 we easily deduce the following set of equations:

|Wakro| = 4war| — |wap—2| +4,
|Wagra] = 4wayo| — |war| — 6, (5)
lwag] = 4|wag—2| — |wag—a| — 6.

We multiply the first equation by four and add the remaining two equations so that
we get the following recurrence equation for |wag|:

|wag4a| = 14|wag| — |wap—a| + 4.

The initial values are |wg| = 0 and |wy| = 10. The solution of the above recurrence

equation reads

1+2v3 , 1-2v3 ., 1
0 L2 e, (6)
where 7 = 7+ 4v3 > 1 and 7/ = 7 — 4/3 € (0,1) are roots of the equation

2?2 — 142 + 1 = 0. It follows using the last equation from (5) that

1-2v3
6

|wa| =

16 1+2V3
4lwag_o| = |wap—a| 4 |wap]| +6 = — + ——F=7"

st T (T ()" (r+1). (7)
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Consequently,

k
43 " (|waia| + [wai]) = 4k +

i=1

(' +5) = (F = )+ ea(h),

1+2v3
6 1

where ¢ (k) is a bounded sequence.
Inserting the previous formula into (3), we have:

T

14+2V3
6

C(n) >4n+2+ (7' +5) 1(Tk — 1)+ c1(k). (8)

r—

In order to continue with the estimate on complexity, we have to express the
relation between k and n. We know that n = |s445|+ 1. Combining Equations (4),
(6) and (7), we obtain:

1+2V35+7

6 B) Tk+02(k),

|Sak+5| =3 +

where c3(k) is again a bounded sequence. Consequently,

1+2\/§5+7Tk

6 9 +Cfi(k)a

n = [sapqs|+1=

where constants have been included in the bounded sequence c3(k). Hence, we have:

k 6

b 2 k
1+2x/§5+rn+c4( )

where ¢4(k) is a bounded sequence. Inserting the previous formula into (8), we
obtain the following lower bound on complexity:

T +5 27

C > 4 —_—
(n) 2 n+nr+57—1

—+ 65(117),

where c5(k) is a bounded sequence, where all constants have been included. Finally,

we obtain: c s g
(n) sS4y ™+ T

li —_—
HOSUp n T+571—-1

= 4,57735.

7. Open problems

It remains as an open problem to determine a new upper bound on the complexity
of binary generalized pseudostandard words.



INTEGERS: 16 (2016) 26

urn -

Let us start here with a simple observation: If both £ and R occur in the
sequence O an infinite number of times, then since the language of u(A, ©)
is closed under the antimorphisms FE and R, the first difference of complexity
has even values, i.e., AC(n) € {2,4,6,...}.

It might be helpful to illustrate what is the situation for sufficiently long left
special factors of the Thue-Morse word and what seems to be the situation
for the word u,. See Figure 1. In both cases, there are two infinite left
special branches — the infinite word itself and its FR-image, i.e., the word
that arises when exchanging ones with zeroes. The weak bispecial factors
form finite branches and the common prefixes of the weak bispecials and the
infinite left special branch correspond to strong bispecials. The first difference
of complexity AC(n) equals to the number of left special factors of length n.
In the case of u, in contrast to urys, the detached parts of finite branches
may overlap, thus the first difference of complexity is larger. The question
is whether it is possible to construct an example where there are even more
overlapping detached parts of finite branches.

AC,, =3

TN

Figure 1: Infinite left special factors of u, and ury;. We illustrate in each case
only one of two infinite left special branches. Hence, the total first difference of
complexity has to be doubled.

ACuy,, =2 AC

urm T

Let us state a new conjecture based on our computer experiments:

Conjecture 2 (Conjecture 6n). Let u be a binary generalized pseudostandard
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word, then its complexity satisfies

Cu(n) <6n for alln € N.

The arguments supporting our conjecture are as follows:

1. On one hand, in all our examples the first difference of complexity satis-
fies AC(n) <6.

2. On the other hand, we have checked for u = u(1¥, (RRRRREEEFEFE)¥)
that Cy(n) > 5n for some n € N.

Acknowledgements

We acknowledge the financial support of Czech Science Foundation GACR 13-
03538S and the grant SGS14/205/0OHK4/3T/14. We would like to thank Edita
Pelantova for her useful comments and advice concerning in particular complexity
of infinite words.

8. Appendix

In this appendix, we list the members of the sequence (wy,)j_; for the infinite word
up = u(1¥, (EERR)%¥). For their generation the program Sage [12] was used. We
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have moreover highlighted the first occurrences of weak bispecials sop+1, k > 2.

w1 = 10
w3 = 10101

wy = 1010110101
ws = 1010110101100101001010
—_—

s5
weg = 1010110101100101001010110101100101001010
w7 = 10101101011001010010101101011001010010101 001010011010

Ss7

110101001010011010110101

wg = 10101101011001010010101101011001010010101001010011010
11010100101001101011010110010100101011010110010100101
01001010011010110101001010011010110101

wg = 10101101011001010010101101011001010010101001010011010
11010100101001101011010110010100101011010110010100101

01001010011010110101001010011010110101100101001010011

S9
01011010100101001101011010101101011001010010101101011
00101001010011010110101001010011010110101011010110010
1001010110101100101001010
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