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x = xkb
k + · · · + x2b
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β
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β
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β
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�
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Fv{�!+-'�/;,C�;O5O�+ )7+43�<4/.����5U2��+43�/;�)7+43!<4/
β
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x3 −mz2 − x − 1
�)?�=.�
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β
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x3 − az2 − bx + 1
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�

1 ≤ b ≤ a− 1
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$?$�!�5=D,"/�=D:"O� ,.�J �9���!�!&

)7+43!<>-.JVU�§F/;?*% 6L��J>�},Q:.�!,"/;:PE�/�=DJ +-,.?Q:RE.��/���/.����'Q&I3!<4/M#%/
uβ

/;'"3t�� "/M#;��<4/�,"��?%/;,"�8)�,1'FJp,"/; "/EC��<-+-,"=D��/;JD- 6�¹u��JpJ|� �DU ��U ��7zUH����/¢3�&�3!��
�J0&%�;?Q������
$�!:.��/AE�/�=DJ +-,.?�:>3!E.<��H:;�4+C/�=D#%/Q=D,,+-J>�G#��5�t�� J>���5+D?�<w�;3!+4O�?%/;:>�@EC��<-+-,"=D��/;Jp+4O�?%/;:|3!<4/*65+-��/�3���+�6 �!'��t� �DU'&DU'O.79�$E)/;��
S?%/;JpE.<4���!,1'7E)/;E,+53���J>�SJp,"/�r
65+-,Q:VEC��<-+-,"=D��/;J�-´#

uβ
���!� �M+u3��!�!:.?Q�!:.�!:���#�<w�;3!�!,"/�3!�!+cU

� ���� ������7�
	����	��&�

(S�(�!�t�L#;��+-<7�53!�AO5/;,"3t�;O���
|��:Dy´3�&�3!����J>�53A=.�(,Q:.J2
��t���!+4/;,u�9��:Dy´E.��/;E.�!+5
���
530��<-*(
�'.�!+ �Q:"�53����O5/;J0'.+-,C����/;+-���53�=.�¢O5�53@3!&�3�����J>�53$������<4��:.�����!+-�! .J2
��!+ �Q:"��U¹{�53¢3!&D3!����J>�53A=.��,H:.J2
��t���!+4/;,Z<4�53¢E.<-:"3AO5/;,.,H:"3�3t/;,H�A<4�53A3!&D3!����J>�53A=.�(E)/�3!+-�!+4/;,u�2OC� �53!��r��nr=D+-���(<4�53A3!&D3!����J>�53F=,
zY",.+43AEC���A:.,"��'C�;3��
b
���}:.,Z��<-E. C��')���¢=.�(O� .+��)���53

Ab
/��

b > 1
�53!�A:.,��,Q�!+4���LU�I�,P����E.��
53���,Q���¢:.,X��,Q�!+4���

x
="��,"3$����<u3�&�3!����J>�A=.�¢,H:.J2
��t���!+4/;,�3�/;:"3K<w��1T/;�!J>�

x = xkb
k + · · · + x2b

2 + x1b+ x0 ,

/��
xi ∈ Ab

U��}/;�!���I3�&�3!����J>�I=,
5O�+-J|��<G�53!�0:.,©')/;,©�zy.��JpE.<4�I=D:�3!&D3!����J>�R=.�|E)/�3!+-�!+4/;,x�5#%�5O
b = 10

���
A10 = {0, . . . , 9} U¹ � /;'D�����$=.�AO5�F�!�t�L#;��+-<u�53!�G:.,"��
��!:"=.�A=.�A3�&�3!����J>�53G=.�F,Q:.J2
��t���!+4/;,VE.<-:"3G*(
�,1
��t��:Dyq��
�:.,.+433�/;:"37<4�},"/;J =.�>¤�f5`cb � i"��±|�z�!b�`�_�k�iC� �H:.+)3���'C�;3��}3!:.�7<4�53S')���t�nrs=,
�#%��<4/;E.E���J>��,Q��3G+-,H�!��/�=D:.+-��3KEC���

�?
�,H&�+�@ ��*CBsUB¹��e')���t�nrc,H:.J2
��t���!+4/;,®3��V=D+43!�!+-,.*�:"�´=.�V<w�e,H:.J2
��t���!+4/;,®��,ª'C�;3�����,H�!+������´��,\O5�
�Q: � ��<-<4���;=DJ>���$, � +-JpE)/;�!��� �Q:"��<2,"/;J�'.���¢��
5��<

β > 1
O5/;JpJ>�A'C�;3���U

5S+4��,|3��.��3!+"/;,>E.����,"=
β
��,Q�!+4���B/;,|/;'.�!+4��,Q�B:.,|3!&D3!����J>�G=.�GE)/�3!+-�!+4/;,>O�<w�;3�3�+ �H:"��U%�����BO5/;,Q�!���3!+

β
, � �53!�0EC�;3p��,Q�!+4���p/;,©����,"O5/;,Q�!���qE.<-:"3!+4��:.��3(E. 1
�,"/;J���,"�53p�zyD�!�t�;/;��=D+-,C��+-���53>���(+-�!��
�*�:.<-+4����3="��,"3$O5�53@3!&�3�����J>�53LU
��,VE.����Jp+4���$<-+4��:u�.:.,V,"/;J0'.���A��
5��<uE)��:.���5#%/;+-�@E.<-:"3!+4��:.��3$����E.��
53���,Q�t���!+4/;,"3���,X'C�;3��

β
UBI�,�;3�3t/QO�+4���p��/;:.�@,"/;J�'.������
5��<

x
:.,"�¢����E.��
53t��,H�t���!+4/;,eOL��,"/;,.+ �H:"������E.E���<5
�<4�

β
rs=,
�#%��<4/;E.E)��J>��,H�=.�

x
U%¹u�

β
rs=,
�#%��<4/;E.E���J>��,Q�K= � :.,I,"/;J�'.���

x
�53!�B<4�zy�+4O5/;*��t��E. .+ �Q:"��J>��,H�KE.<-:"3�*��t��,"= �H:"�$��/;:.���

β
rc����E.��
53���,Q�t���!+4/;,´=.�

x
���$+-<2E)��:.�����!���A/;'.����,H:�EC���$<P� ��<-*%/;�!+-�! .J>�¢*�<4/;:.��/;,uUv�/;:.��O5/;JpJ>�¢="��,"3@<4�53$3!&D3!����J>�53$=.�A,Q:.J2
��t���!+4/;,´��,P'C�;3t�¢��,H�!+������0/;,X=,
zY",.+-�@=.��:DyV3�/;:"3�r��,"3���J0'.<4�53$=.�},"/;J�'.���53@��
5��<43��Q<P� ��,"3t��J�'.<4�

Zβ
=.�53K,"/;J0'.���53G����<43��Q:"��<4��:.�

β
rs=,
�#%��<4/;E.E)��J>��,H��Z:.,"��EC���!�!+4��1a�t�;O��!+4/;,.,C��+-����#�+4=.� 6T��E.E���<5
´,"/;J�'.���53

β
rs��,H�!+4����317R���q<P� ��,"3���J0'.<4�

Fin(β)
=.�53,"/;J0'.���53$����< �Q:"�F<4��:.�

β
rs=,
�#%��<4/;E.E)��J>��,H�A��:.,"�AEC���!�!+4�F1��t�;O��!+4/;,.,C��+-���AY",.+4��U



#�+ ��� ��� �������

��,�*(
�,1
��t��<QO5�53u=.��:Dy¢��,"3���J0'.<4�53u,"��3�/;,Q�uEC�;3u3!�t��'.<4�53{E�/;:.�2<P� �;=.=D+-�!+4/;,����u<w�SJ�:.<-�!+-E.<-+4OL���!+4/;,uU�}/;�t��JpJ>��,H�L�
Zβ

, � �53!��3!�t��'.<4��E�/;:.�}O5�53�/;E�
��t���!+4/;,"3 �H:"�03!+
β
�53��@:.,���,Q�!+4���LUj¹��>3!�t��'.+-<-+-��
�=.�<P� ��,"3���J0'.<4�

Fin(β)
=,
�E)��,"=ª=.�

β
UB§A��,"3><4�VOL�;3R/��

Fin(β)
�53!�R3!�t��'.<4�V/;, =D+-� �Q:"�

β
��<w�E.��/;E.�!+5
���
P=.�IY",.+-�!:"=.��U�����E.E)��<4/;,"3��H: � +-<K, � &[��EC�;3p=.�qOL���t�;O���
��!+43!�!+ �Q:"�V��<-*(
�'.�!+ �H:"�PO5/;,.,Q:"�=.�53$,"/;J0'.���53

β
�5&H��,H�FO5���!���¢E.��/;E.�!+5
���
�U��}/;��/;,"3 �Q:"�A<4�53$,"/;J0'.���53�=.�¢��+43�/;� 6�=./;,Q�@<P� �zy.��JpE.<4�<4�AE.<-:"3$O5/;,.,Q:��53!�G<4�F,"/;J0'.����= � /;�17��!/;:"��,H�@:.,V���;<4�F1T/;,"="��J>��,H�t��<�="��,"3@O5���!���A�! 1
5/;�!+4��U

(S�7�!�t�5#���+-<��53���/;�!*H��,.+43�
S��,0O�+-, �AOt C��E.+-�!���53LU;§F��,"3�<4��E.����Jp+4���L��,"/;:"3��t��E.E���<4/;,"3�<4�539O5/;,.,C��+43�r3t��,"O5�53|J|���! 1
�J|���!+ �H:"�53I,1
5O5�53�3t��+-���53IE�/;:.�IO5���!���P�! �53���U I�,ª&©�!��/;:.#%�V<4�53>,"/;�t���!+4/;,"3R���><4�53=,
zY",.+-�!+4/;,"3�=.��<w�R�! 1
5/;�!+4�|��<-*(
�'.�!+ �Q:"�p=.�53A,"/;J0'.���53L�2=.�(<w�qO5/;J�'.+-,C����/;+-���I=.�53FJ>/;��3¢���¢��:"3�3!+=.�A<w���! 1
5/;�!+4�¢=.�53}��:.��/;J|�����53GY",.+43LU§A��,"3q<4�e=.��:DyD+���J>�eO� C��E.+-�!�����G,"/;:"3PO5/;JpJ>��,��5/;,"3X<P� 
��!:"=.�e=.��<w�
β
rc,Q:.J2
��t���!+4/;,uU@�}/;:"3+-,H�!��/�=D:.+43�/;,"3R<4�53I,"/;�t���!+4/;,"3I,1
5O5�53t3t��+-���53q���|,"/;:"3R��
5OL��E.+-�!:.<4/;,"3q=.�53|��
53!:.<-�t����3q=,
 ���oO5/;,.,Q:"3E)/;:.�p<4�53>=./;J|��+-,"�53 �Q:.+$3�����/;,H�G
��!:"=D+5
53|="��,"3p<4�53>O� C��E.+-�!���53I3!:.+-#���,H��3LU��}/;:"3p�t��E.E)��<4/;,"3p<4�53��
53!:.<-�t����3�O5/;,"O5���!,C��,H�}<w�(E.��/;E.�!+5
���
�=.�FY",.+-�!:"=.���C<4�53G#���<4��:.��3@=,
 ���pO5/;,.,H:"�53}=.�A<w�01T/;,"O��!+4/;,�=.�O5/;JpE.<4�zyD+-��
}=.�53SJ>/;��3$�;3�3t/QO�+5
53 ��O5�53K3!&D3!����J>�53L�Q���K<4�537�53!�!+-J|���!+4/;,"3G=D:q,"/;J0'.����J|�nyD+-J|��<2=.�53O� .+��)���53�1a�t�;O��!+4/;,.,C��+-���53 �Q:.+S��E.EC���t��+43�3���,Q�0<4/;��3 �H:"�I/;,[� �2�5O��!:"�|<w�P3t/;JpJ>�I/;:[<4�>E.��/�=D:.+-�0=.�=.��:DyP,"/;J�'.���53

β
rs��,H�!+4����3LU¹u��O� C��E.+-�!��� )(3	� /QO5O�:.E)�A=.�53$E.��/;E.�!+5
���
53}���!+-�! .J2
��!+ �H:"�53�=.�A<w�

β
rc,H:.J2
��t���!+4/;,uU)�}/;:"3G=,
��!+hr#%/;,"3�:.,"�$,"/;:.#%��<-<4�$O5/;,"=D+-�!+4/;,|,1
5O5�53�3���+-��� 6�����/;E)/�3!+-�!+4/;, )DU ��U'&.7�����=.��:DypO5/;,"=D+-�!+4/;,"373!:D~|3t��,Q���53

6�vK 1
5/;����J>� )DU ��U')>��� )DU ��U �.7SE)/;:.�$<w��E.��/;E.�!+5
���
�=.�FY",.+-�!:"=.��U ��,"3!:.+-���A,"/;:"3@,"/;:"3$O5/;,"O5��,H�!��/;,"33!:.��<4�KE.��/;'.<���J>�$3�:"3�rcJ>��,H�!+4/;,.,1
$=.�53�<4/;,.*�:"��:.��3�J|�nyD+-J|��<4�53�=.�53�EC���!�!+4�53�1��t�;O��!+4/;,.,C��+-���53LU%�}/;:"3,"/;:"3G+-,Q��
����53�3�/;,"3@��:Dyq#;��<4��:.��3
L⊕(β)

���
L⊗(β)

�Q:.+2+-,"=D+ �H:"��,Q�$<w�0<4/;,.*�:"��:.�$J|�ny�+-J|��<4��=.�F<w�EC���!�!+4�F1��t�;O��!+4/;,.,C��+-����=.�A<w�(3t/;JpJ>�¢���$=D:VE.��/�=D:.+-�@=.�A=.��:Dy
β
rs��,H�!+4����3LU�}/;:"3���E.E.<-+ �H:"/;,"3�:.,"�7J2
��! "/�=.�GO5/;,.,H:"��6��F:.+-J>/;,"=p���B��<cU0@'O�� B
7{E)/;:.��OL��<4O�:.<4����<4�53��53!�!+-J|�nr�!+4/;,"3@3�:.E$
��!+4��:.���53�=.�

L⊕(β)
���
L⊗(β)

="��,"3$<4�¢OL�;3$=.�¢,"/;J�'.���53@=.��vu�!+-')/;,C�;O5O�+{*(
�,1
��t��<-+43�
53L�O�U r��nrs=2UQ<4�53�,"/;J�'.���53S=.�@��+43�/;�7=./;,Q�7<4�GE)/;<-&�,��;J>�$Jp+-,.+-J|��<)�53!�B=.�$<w�F1�/;�!J>�
x3−mx2−x−1

�
m ≥ 2

�����A��:"3�3!+�="��,"3}:.,"�(��:.�!���0O�<w�;3t3��0=.��,"/;J�'.���53A=.����+43�/;�A�5#%�5O�E)/;<-&Q,��;J>�0Jp+-,.+-J|��<�=.�<w��1T/;�!J>�
x3 − ax2 − bx+ 1

�
a ≥ 2

�
1 ≤ b ≤ a− 1

U
��,"3�:.+-���K,"/;:"39=D+43tO�:.��/;,"3�<4�53�=,
53t�5#���,H�t��*%�53�=.�SO5���!���KJ2
��! "/�=.�S����,"/;:"3�=./;,.,"/;,"3�:.,"�G��:.�!���J2
��! "/�=.� 6�vK 1
5/;����J>�@)DU')DU ��7 �Q:.+�E)��:.�¢��+4=.���A="��,"3}O5���!�t��+-,"3AOL�;3}EC���!�!+4O�:.<-+4����3LU2§A��,"3}��/;:"3}<4�53OL�;3 �H:C��,"=R,"/;:"3S�!��/;:.#%/;,"3K:.,"��'�/;�!,"�F3!:.E�
��!+4��:.���@,"/;:"3G=./;,.,"/;,"3G��:"3�3�+j:.,"�}')/;�!,"�@+-,D1 
��!+4��:.���/;'.����,H:"����<P� ��+4=.��=D:PE.��/;*��t��JpJ>� ����!�"$# %$'��)#+* 6a#%/;+-� %@E.E)��,"=D+4O5��5 7zU§A��,"3A<4�pOt C��E.+-�!���@*P,"/;:"3
��!:"=D+4/;,"3�:.,"�|��:.�!���(1c���5/;,o=.�(����E.��
53���,H�����0<4�53A,"/;J�'.���53LU ��<-<4��53!�K:.,qE���:P=D+�� 
�����,H���A=.�}<w�

β
rc,H:.J2
��t���!+4/;,XJ|��+43K&I�53!�S����<-+5
A��,qJ���J>�F����JpE"3LUD6s<23�� ��*�+-�G=.�}<w�����E.��
53���,Q�t���!+4/;,

α
r �;=D+ �H:"����OC� �53!��r��nrs=D+-���}=D:I3!&D3!����J>��=.�$E)/�3!+-�!+4/;,I=./;,Q�7<w�¢'C�;3��@�53!�B:.,I,"/;J0'.���

α
�/�Q:.+9�53��}O5/;,;��:.*�:1
p��<-*(
�'.�!+ �H:"�p= � :.,�,"/;J�'.���p=.����+43�/;�

β
Uu�Q:.�}<w�I'C�;3��0=D:���
53!:.<-�t���AO5/;,.,Q:3!:.��<4�53

β
rs=,
�#%��<4/;E.E���J>��,Q��3KE$
��!+4/�=D+ �H:"�53�,"/;:"3�J>/;,H�!��/;,"3��Q: � :.,|,"/;J�'.���

x
�53���:.,G
�<5
�J>��,H�K=D:O5/;�!E"3

Q(α)
3�+)���G3���:.<4��J>��,Q�@3!+)3�/;,P=,
�#%��<4/;E.E���J>��,Q�

α
r �;=D+ �H:"�A�53!�K:.<-�!+-J>��J>��,Q�$E$
��!+4/�=D+ �Q:"� �*H��:"O� "� 6�vK 1
5/;����J>��*"U'&DU').7zU

��,"3�:.+-�����C,"/;:"3@,"/;:"3@+-,Q��
����53�3�/;,"3F��:�=,
�#%��<4/;E.E)��J>��,H�A=.�53 
�<5
�J>��,Q��3}=.�¢<P� ��,.,"�L��:
Z[α−1]

�=.�>E.<-:"3�,"/;:"3��zy.��Jp+-,"/;,"3(3�/;+-�0<4��:.�0:.,.+-#%/�O�+-��
R3�/;+-��<4��:.��J�:.<-�!+-E.<-+4O�+-��
q="��,"30<4�IOL�;3�/��
β
�53!�:.,¬,"/;J0'.����=.����+43�/;� �Q:C�;=D�t���!+ �H:"�X:.,.+-�t��+-����UMI�,\O5/;,"3!�!�!:.+-�R��:"3�3�+$:.,\��<-*%/;�!+-�! .J>�1�H:.+G1c��+-�=.�53AOL��<4O�:.<43¢=.�(=,
�#%��<4/;E.E)��J>��,H��3

α
r �;=D+ �H:"�53�=.�(,"/;J�'.���53A�t���!+4/;,.,"��<43LU ��,o=.���!,.+4���A<-+4��:u�),"/;:"3



��� ��� ��� � � #Q+-+

��!:"=D+4/;,"3R=.�53R��<-*%/;�!+-�! .J>�53 �Q:.+$��
L��<-+43���,Q�I<4�53I/;E$
��t���!+4/;,"3P���!+-�! .J2
��!+ �Q:"�53R="��,"3|:.,\3!&D3!����J>�EC���!�!+4O�:.<-+4���}=./;,H�$<w�('C�;3t�A�53!�G<4�¢O5/;,;��:.*�:1
¢=D:P,"/;J�'.���0= � /;�LU¹{�IOt C��E.+-�!��� ���53!��O5/;,"3t�;O���
 �X<w�VO5/;JpE.<4�zyD+-��
REC��<-+-,"=D��/;Jp+ �H:"�q=.�53�J>/;��30+-,DY",.+43(��E�
��!+4/�r=D+ �Q:"�53

uβ
�Q:.+�3t/;,H�}E�/;+-,Q�$Y.y.��= � :.,"��3!:.'"3!�!+-�!:.�!+4/;,´�;3t3�/QO�+5
5���p:.,�,"/;J�'.����=.�������!�!&X3!+-JpE.<4�

β
U.�}/;:"3GJ>/;,H�!��/;,"3@:.,"�AO5/;,"=D+-�!+4/;,X,1
5O5�53�3���+-���FE�/;:.� �Q:"�}<4�AJ>/;�

uβ
O5/;,H�!+4��,.,"��,Q��:.,P,"/;J0'.���+-,DY",.+{=.�FEC��<-+-,"=D��/;J>�53K6�¹u��JpJ>� �DU ��U ��7zU�9/;:.�(<4�5303�&�3!����J>�5303t���!+43�1c��+43t��,H�(O5���!���RO5/;,"=D+-�!+4/;,u��,"/;:"3�=./;,.,"/;,"3�:.,"�|����<w���!+4/;,���,H�!���R<w�O5/;JpE.<4�zyD+-��
���,|1T�;O�����:.��3S���B<w��O5/;JpE.<4�zy�+-��
�EC��<-+-,"=D��/;Jp+ �Q:"�K6�vK 1
5/;����J>� �DU'&DU'O.7zUQ��/;:"3S=./;,.,"/;,"3��:"3�3�+�:.,"�A=.�53tO��!+-E.�!+4/;,VO5/;JpE.<������¢=.�}<P� ��,"3���J�'.<4�¢=.�53$EC��<-+-,"=D��/;J>�53L�"=.�F3t��3!�!�!:"O��!:.���A���$=.�F3��53E.��/;E.�!+5
���
53LU
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vK .+43F8S/;�!?�+43F=.��#%/;���5=e��/R�! "�(3!�!:"=D&�/�1K3�/;J>��,"/;,Drs3!�t��,"="����=e,Q:.J>���t���!+4/;,Z3!&D3!����J>3�1a��/;J ��,��<-*%��'.�t��+4Oo��,"=®O5/;J0'.+-,C����/;�!+w��<¢E�/;+-,Q�V/�10#�+4��8¢U �����!�!+4O�:.<w���X��JpE. C�;3!+43P8G+-<-<F')��E.:.�P/;, �! "���<-*%/;�!+-�! .J>3@E�����1T/;�!Jp+-,.*I���!+-�! .J>���!+4O�/;E)���t���!+4/;,"3LU
%�<-<$�! "��3!&�3�����J>3>87��8G+-<-<@')�V=.�L��<-+-,.*©8G+-�! ������OL�;3��53|/�1¢�! "��3�/�rsOL��<-<4�5= �Dk;��_�`�_�k;i�b;g$i"� �±|fz�!b�`�_Tk;i¬�z�n��`sfz±��z�B8G .+4O� ¬�����!J +43(:"3t�5=���/o�zy�E.���53t3(�! C���I�´,H:.J0'����>+-,¬3�:"O� \��3!&D3!����J +43����E.���53���,Q���5=|'Q&|��,|/;��=.�����5=R3����B/�1uO� C���t�;O�������3S8G "�����$�! "�@#;��<-:"��/�12�! "�@O� C���t�;O������K=.��E)��,"=.37/;,�! "��E�/�3!+-�!+4/;,uUKvK "��J>/�3!��O5/;JpJ>/;,´����E.���53���,H�t���!+-#%�53F/�1��! "�53��03!&�3�����J>3�������3�&�3!����J>3$*�+-#%��,�'Q&��,q+-,H����*%���G'C�;3t�

b > 1
��,"=R'H&R��,P��<-E. C��')���$/�1�=D+-*�+-��3

Ab
U %@,q+-,H����*%���

x
+43K+-,q3!:"O� X�03!&D3!����J�zyDE.���53�3��5=V�;3

x = xkb
k + · · · + x2b

2 + x1b+ x0 ,8G "�����R�! "�RO5/Q�z~|O�+4��,Q��3
xi
�����R��<4��J>��,H��3|/�1@�! "�R��<-E. C��')���

Ab
U2I�:.�(O5/;,H#%��,Q�!+4/;,C��<�=.�5O�+-J|��<3!&D3!����J +43@��EC���!�!+4O�:.<w���}OL�;3��F8G+-�! 

b = 10
��,"=

A10 = {0, 1, . . . , 9} U��#%��,I�! "/;:.*� R�! "��=.�5O�+-J|��<23!&D3!����J +437,"�L���!<-&>�! "�}/;,.<-&>/;,"��3�&�3!����J :"3��5=|+-,R/;:.�S��#%���!&D="�5&<-+-#%�53L�C�! "�¢ .+43!��/;�!&P3! "/M8$3@�! C����+-�@ C�;3@,"/;�}��<-8S�L&�3}')�5��,V�! "��OL�;3t�G@ ��:�& BsU I��! "���@#����!+w��,H��3F��,"=3!<-+-*� Q��J>/�=D+hYCOL���!+4/;,"3(/�1KE)/�3!+-�!+4/;,C��<S3!&�3�����J�*�+-#%��,���')/L#%�|87�����I:"3��5=e+-,[J|��,.?Q+-,"= � 30 .+43!��/;�!&%���U *"U.�! "�A3t�zy.��*%�53!+-J|��<�3!&�3�����J 6a'C�;3���O�:.7S:"3��5=q'Q& 5G��'Q&Q<4/;,.+w��,"3L�j3��5� 5G���!��/L8 @'&�*(B �
� ����� b �.k���_�`�_�k�ijb;gBiC�Q±|fz�!b�`�_Tk;i������z`sf�± b � �.f!b;��f!^ ��k;�R`a�Df������z`F`�_a±>fI_aiZ�@bQ¤z�;ghk;ibH¤!k;�D`����	�	�q� � � � »z`
�Bb��I����f!b�`sf�^Zb��Ib;iªf�
%`sfzi.��_Tk;iªk��>`a�.fqk;gh^�b%^H^;_a`�_al�f|�z�n��`sfz±
��_a`a�X`a�Df|¤!b��5f�	�I�5kP`a��b�`K_�`S_�ij�tk;� �.k;��b%`sf!^�b �Dk���_�`�_Tk;ijb;g�_�i��5k;�z±>b�`�_�k�i � � � `a�H_���b%^ �lnb;ij�tf �Bb��Aijk�`	��_a`a��k���` �j�!kH¤zg4fz±�� � ��bH¤z�;g-k;i"_Tb;i´�����z`sf�± �Bb��¢_ai �5b%�5`Kb|�H�H¤z�z_�^qk��b �Dk;��_�`�_�k;i�b;g{b;ij^qb;ieb%^%^;_�`�_al�f¢�����z`sfz± � � � �

/;�@�p3�&�3!����J�8G+-�! V'C�;3t� &�:�:"3��5=P'Q&RW��5&H�p6 ,"=D+w��,"3L�"3t�5��=F,H:.�! @ 9 N B �
�h�B_�
Qf!^ � �.k;_�ij` �Dk��z_a`�_Tk;ijb;g�ijk�`cb�`�_Tk;i �Bb��pb � �Db��!fzij`�g²�X^Hf�l�fzg-k �.f!^������z`@¤z�R�´b;�%b>»�i �^;_�b�i.�|_aiª�tfziC`��!b;g ° ±|fz��_T��b����	�	�´�Hf!b;���qbM�%k��0`a�Df�_��V¤!b��Lf������z�n��`sfz± �Bb��>�H_-���Hg£�^Hfzl�fzg-k �.f�^ � �$��`} �Db;i"_��t�Z��k;i�µ��.f���k;���X^Hf���`���k;�Hf!^ei�f!b;�zg²�ob;gag7k��R`a�Df|�´b;�%bo¤!kMk�¯L�k;i>�H_��z`ck����¢b;ij^A����_cfzij��f � �5k �7f$^Hk¢ijk%`�¯Mijk �Z��k �e�5k �C�H_��z`�_T��b�`sf!^0`a�Dfz�F�Db%^�¤tf!��k;±|fb�`7b;�z_�`a�H±|f�`�_�� � �

��/;J>������J|��+-,"3A/�1B�! "�53���3!&D3!����J>3FOL��,�')��/;'"3����!#%�5=e��#%��,�,"/M8S�;="�L&�3A� �! .+-,.?´/L#%���F�! "��8S�5&8S�AJ>�L�;3!:.���A�!+-J>�¢/;�@��,.*�<4�53MUvK "�F�! .+-��=q+-,"=.��E)��,"=.��,H��+-,H#%��,Q�!+4/;,�/�1���E)/�3!+-�!+4/;,C��<2,Q:.J>���t���!+4/;,�3!&D3!����J�8S�;3G�! "�A��+-,"=D:Dr
%��t��'.+4O|,"/;�t���!+4/;,¬3�&�3!����J 6�=.�5O�+-J|��<G3!&D3!����J 7z��8G .+4O� x��/�/;?oE.<w�;O5�R+-,©6 ,"=D+w����'�/;:.� O�:�: %0U §(U

�



& � ��� �.��� ������� ���
vK C���(3!&�3�����J ��#%��,H�!:C��<-<-&['��5OL��J>�I�! "�>+-,Q�����!,C���!+4/;,C��<$3!�t��,"="����=o1T/;��,Q:.J>���t���!+4/;,uU�vK "�>Y"��3!��;O��!:C��<u8G�!+-�!����,��L����/|�;3G87�¢?Q,"/M8 +-�G��/Q="�L&V��<43�/>��E.E��L�����5=V+-,X6s,"=D+w�DU�}/;���(�! C���A�! "�DLs<4�L�;=D+-,.*V��/;<4����/�1K�! "�p=.�5O�+-J|��<�3!&D3!����J�+43F,"/;�A�!�!:"�(+-,Z���A<4�L�;3!�¢/;,"�>�����L�/�1¢ H:.J|��,®�;O��!+-#�+-�!+4�53L�G,C��J>��<-&¬�! "�´�����L�Z/�1�O5/;JpE.:.������3L�$8G .+4O� +43L�S1�/;�R��<4�5O��!��/;,.+4O´���L�;3�/;,"3L�+-,H�����!,C��<-<-&X�;=.=D+4O����5=X��/(�! "�A'.+-,C���!&q3!&�3�����JVU
%�<-<��! "�>3!&D3!����J>3F8G "/�3��p'C�;3t�(+43��RE�/�3�+-�!+-#%�(+-,H����*%���������|�53�3���,H�!+w��<-<-&��! "�p3t��J>���{�! "��+-�0��<hr*%��'.�t��+4OI��,"=[���!+-�! .J>���!+4O>E.��/;E)���!�!+4�530�����|��<-<B��<-+-?%����,"/;�¢*%/;+-,.*���*H��+-,"3!���! "� L O5/;JpJ>/;,[3���,"3t�����,"=ZO5/;�!���53�E�/;,"=D+-,.*���/V/;:.���zyDE����!+4��,"O5�|8G+-�! Z�! "�>=.�5O�+-J|��<S3!&�3�����JVU|�}/L87��#%���L����#%��,[+-,o�! .+43=./;J|��+-,X+-,Q�������53!�!+-,.*I1T�;O���3G8S������/;'"3����!#%�5=X+-,V�! "�AEC�;3!�LU7¶"/;�@+-,"3��t��,"O5���C�;=.=D+-�!+4/;,�+-,X�! "�A:"3!:C��<'.+-,C���!&q3!&�3�����J 6a'C�;3t�

b = 2
�"��<-E. C��')���

A2 = {0, 1} 7z�C�t��?%�53@�0�!+-J>�FE.��/;E�/;�!�!+4/;,C��<u��/��! "�A3!+-�L�/�1��! "�¢="���t�DU85S:.�$+h1�87�AE)���!Jp+-�@3!+-*�,"�5=VO5/��z~|O�+4��,H��3M�"�t��?%��,V+-,V�! "�¢��<-E. C��')���
A = {−1, 0, 1} ��;=.=D+-�!+4/;,R'��5O5/;J>�537���L��<-+-�M��'.<4�@+-,IEC���t��<-<4��<j+-,R�A�!+-J>�$+-,"=.��E)��,"=.��,H�G/�12�! "�@3�+-�L�@/�12�! "�@="���t�D��3��5�

%�#Q+-�5+4��,.+43 @ ��N BsUFvK "�0'���,"�zY"��3F/�1B:"3!+-,.*P3!+-*�,"�5=´O5/��z~|O�+4��,H��3A C�L#%�(��<-���L�;=D&�'��5��,�/;'"3����!#%�5=´'H&
(K��:"O� Q& @ * � B �

�-·{f�`7�Q�0b��t�z�Q±|f�`a��b�`�_ai�`a�DfAi�k�`cb�`�_Tk;i�k���b>i"��±|¤�fz� �7f �jg-b%�tf�b|��_-�;i�� bH¤!k;l�f(b^�_h�;_�`���k;�z�!fz� �Dk;i�^;_�i��>`ckpbp�tfz��`cb;_ai�k;�!^Hfz� � `ck>f�
 �j��f��t�F`a��b�`�`a�H_���^;_-�;_�`�_���`cb�¯�fzi ��_a`a�`a�.f¢±(_ai"�Q�}�z_h��i � ����R�DfziPi"��±|¤�fz����b;��fAf�
 �j��f��t�Lf!^>b�� �7f$��b�l�fF^Hf��5����_c¤�f!^I¤�f �5k;�!f �
	�������� b;�z_�`a�H±|f�`�_��tb;gk �.fz�!b�`�_�k�i.� ��_ag�g{¤�f!�tk;±|f�±(�D�z�P±>k;��f¢��_a± ��g-fz� � �
�}/L8S��#%���L�$�;3p87�P C�L#%�PE)/;+-,H���5=ª/;:.�p')�z1T/;�����73!+-,"O5����<-<G�! "�V3!&D3!����J>3( C�5#�+-,.*o1T/;�p'C�;3��V�E)/�3!+-�!+-#%�F+-,H����*%���������A�53t3���,H�!+w��<-<-&q�! "�A3t��J>���D,"��8®+-,Q�������53!�!+-,.* �Q:"�53!�!+4/;,"3K C�;=P,"/;�@���!+43���,P:.,Q�!+-</;,"�¢O5/;,"3!+4=.�����5=X3�/;J>�A*%��,"���t��<-+-�M���!+4/;,"3LU7¹u���$:"3G���5OL��<-<{3t/;J>�¢/�19�! "��J¨'.�!+4�zN"&%U�X_ 
Hf!^X�!b%^;_ 
�����E.���53���,H�t���!+4/;,"3������p/;'.�t��+-,"�5=�'H&��t��?Q+-,.*V�R3����Q:"��,"O5�p/�1B+-,H����*%����3

(an)n≥03!:"Ot ¬�! C���
a0 = 1

��,"=
an > 1

1T/;�|��<-<
n ≥ 1

U o�V�! "��,ª=.���!+-#%�q1���/;J
(an)n≥0

��,"/;�! "���3����Q:"��,"O5�
(un)n≥0

=.�zY","�5=P'Q&IEC���!�!+w��<2E.��/�=D:"O���3$/�1
(an)n≥0

'H&q3����!�!+-,.*
un = a0a1 · · · an

U %E)/�3!+-�!+-#%�A+-,H����*%���
N
+43K����E.���53���,Q���5=´�;3

N =

k∑

i=0

diui .

6s1K�! "�|=D+-*�+-��3
di
�����p�t��?%��,©3�:"O� o�! C���

0 ≤ di < ai+1
�{�! "�>����E.���53���,H�t���!+4/;,x/�1@��,H&eE)/�3!+-�!+-#%�+-,H����*%���

N
+43@:.,.+ �Q:"��UGvK .+43}3!&�3�����J¨8S�;3@1T/;���zy"��JpE.<4�¢:"3��5=X��/>*�+-#%�(�>O5/;,"3!�!�!:"O��!+-#%�0E.��/Q/�1�/�1�! "�A*%��,"���t��<-+-�L�5= (7 .+-,"�53�� �@��Jp+-,"=.����vK "�5/;����J¨'H&q¶.�t�;��,.?%��< @ ��N BsUvK "� ��bH�5`ck;�z_�b;g7i"��±>f���b�`�_Tk;i��z�n��`sfz±p�{:"3t�5=[��U *"U{'H&Z¹u�� .J>��� 6�3��5� (7 C��E.����� �R/�1@'&�N B
7}1T/;��t��,.?�+-,.*´E)���!J�:.�t���!+4/;,"3M��+43(�53�3���,H�!+w��<-<-&©�X3!E)�5O�+w��<KOL�;3��I/�1$Jp+hy.�5=[�t�;=D+hy[����E.���53���,Q�t���!+4/;,u�B/;'Dr�t��+-,"�5=I'H&p�t��?�+-,.*

an = n+1
��,"=| "��,"O5�@ C�5#�+-,.*

un = (n+1)!
6a "�����zrT1a��/;J�O5/;J>�537�! "�$,C��J>�/�1��! "�¢3!&D3!����J 7zU¶9+-,C��<-<-&%���! "�����R+43p�P1c��Jp+-<-&Z/�1�3�&�3!����J>308G "/�3��I'C�;3!+43�+43�*�+-#%��,x�;3p�X���5O�:.�!����,H�>3����Q:"��,"O5�

(un)n≥0
�9�R1c��J>/;:"3��zy"��JpE.<4�|/�1G8G .+4O� [+43A�! "�>,Q:.J>���t���!+4/;,©3!&D3!����J�*�+-#%��,Z'H&��! "�|3����Q:"��,"O5�/�1$¶9+-'�/;,C�;O5O�+7,H:.J�')����3

(Fn)n≥0
��8G "�����

F0 = 1
�
F1 = 2

��,"=
Fn+2 = Fn+1 + Fn

1T/;�0��<-<,"/;,Drc,"��*H���!+-#%�
n
U 57&o�R���53!:.<-�0/�1���5Ot?%��,"=./;��1�@ ��:.9 B��¢8S�>?�,"/L8 �! C������#%���!&´E)/�3!+-�!+-#%�p+-,Q����*%���

���
��������������� �!�"�$#&%'���(#*)�+�,-+/.10����32
%-��4&5-�!6��&0��"�������(#7098;:<�>=@?A�>41#�5B��CD��4E�����F)(+�G�HEI



� � � � ��� ������� ��� )

N
OL��,e'��(����E.���53���,Q���5=o+-,o�! .+43�3!&�3�����J 8G+-�! ZO5/Q�z~|O�+4��,Q��3¢+-,o�! "�>��<-E. C��')��� {0, 1} ��,"=��! C����! "�G����E.���53t��,H�t���!+4/;,R+43�:.,.+ �H:"�$+h1�8S�$���z1��t��+-,p1a��/;J :"3�+-,.*¢�s8S/�O5/;,"3��5O�:.�!+-#%��¶�+-')/;,C�;O5O�+C,Q:.J�')����3��,Q&Q8G "������+-,X������E.���53���,H�t���!+4/;,u�)��,"=P+h1��! "�����������F,"/p<4�L�;=D+-,.*>�L����/��53LU
%�<-<��! "�53��p3!&D3!����J>3¢�����('C�;3!+4OL��<-<-&�3!E)�5O�+w��<�OL�;3��53A/�1G�I*%��,"���t��<�,Q:.J>���t���!+4/;,[3!&D3!����J�*�+-#%��,'Q&p�¢3!�!�!+4O��!<-&0+-,"O����L�;3�+-,.*�+-,DY",.+-���@3t���H:"��,"O5�$/�12E)/�3!+-�!+-#%�G+-,Q����*%����3

(un)n≥0
8G "/�3��KY"��3!�B��<4��J>��,Q�+43I���H:C��<���/Z/;,"���$�;3|3��!:"=D+4�5=¬'H&¬¶"�t�;��,.?%��< @ ��� BsU (S/;,"O5���!,.+-,.*�����E.���53���,Q�t���!+4/;,"3R/�1¢E)/�3!+-�!+-#%�+-,Q����*%����3$+-,X3!:"Ot X3!&D3!����JV�D87�¢ C�5#%�A�! "�F1T/;<-<4/L8G+-,.*|���53!:.<-�LU

� >H��B���� ��� � $����	�p·�f�`
1 = u0 < u1 < u2 < · · · ¤�fob��5f!µ��"fzij��f[k���_aiC`sfT�Hf��t� � �{�Df�ib;iC�[ijk�i � i�fc�%b�`�_al�fe_aiC`sfT�Qfz� N ��b�� �j��f!��_��5fzg£�\k;i�f��!f ���!f��LfziC`cb�`�_Tk;i«_�i `a�.f������z`sf�±���_�l�f�i�¤z�

(un)n≥0
k��V`a�.f ��k;�z±

N =
∑k

i=0 diui �
���Dfz��f´`a�Df

di
b��!f�ijk�i � i�fc�%b�`�_al�f�^;_-�;_a`a�P�5b�`�_�� �z��_aiQ�

u0d0 + · · · + undn < un+1
��k;��b�g�g

n ≥ 0 �
b;i�^

dk 6= 0 �

��/�1c���L�"��<-<u�! "�A3!&D3!����J>3K8S�A87�����¢=.�53tO��!+-'.+-,.*>87�����¢=.�53�+-*�,C�����5=P1T/;�S�! "�¢����E.���53���,H�t���!+4/;,´/�1+-,Q����*%����3LU��}/L87��#%���L�j+-�G+43G,"/;���(=D+h~|O�:.<-���t�;3!?|��/>J>/Q=D+h1�&I�! "��J¨��/(����E.���53���,H�����L��<u,H:.J0'�����3LU6 ,q�! "�AOL�;3��F/�1��(3!&D3!����J�8G+-�! X��,P+-,H����*%���@'C�;3��
b
�! .+43GJ>/�=D+hYCOL���!+4/;,V+43��Q:.+-���}3��!�t��+-*� H��1T/;��r8K����=�� /;,"�G/;,.<-&0,"�5�5=.3���/F:"3��S,"��*H���!+-#%�GE�/M87����37/�1
b
U�%ª���L��<.,H:.J0'����

x
+43��! "��,p����E.���53���,Q���5=�;3

x = xkb
k + · · · + x1b+ x0 + x−1b

−1 + x−2b
−2 + · · · .

%�,"/;�! "���V�zy"��JpE.<4�o/�1(��3!&D3!����J�����E.���53���,Q�!+-,.*ª���L��<A,H:.J0'�����3X+43q�! "�e3�/�rsOL��<-<4�5=¨��b;ij`ck;�i"��±|fz�!b�`�_�k�iX�z�n��`sfz±p�D'C�;3��5=V/;,V�! "�}1T/;<-<4/L8G+-,.*I�! "�5/;����J¨=D:"�A��/ (K��,Q��/;�LU
� >H��B����
��·{f5`

(qk)
∞
k=1

¤�f$b��Lf!µ��"fzij�tf}k��7_�ij`sfT�Hfz�������!f!b%`sfz�G`a��b;iIk;i)f � �{�Df�i|b;i"�}�!f!b�g�iC�Q±|¤�fz�
x
��b;iZ¤�f0��i"_Tµ��.f�g²�Pf�
 �j��f��t�Lf!^q_ai´`a�.f �5k;�z±

x = c0 +

∞∑

k=1

ck
q1q2 · · · qk

,

���Df��!f
c0 ∈ Z

b;i�^
ck
b;��f�_�iC`sfc�Hfz���A���.�z�V`a��b�`

0 ≤ ck < qk
�5k;�

k = 1, 2, . . .
b;i�^

ck < qk − 1��k�gh^�� �5k;��b;i´_�i ��i"_�`sfAi"��±|¤�fz�0k��A_�ij^�_��tfz�
k �

I�,"�(OL��,e3��5�0�! "�53�� (K��,H��/;�¢�zyDEC��,"3!+4/;,"3¢�;3A�>*%��,"���t��<-+-�M���!+4/;,Z��+-�! "���A/�1B�! "��Jp+hy.�5=´�t�;=D+hy����E.���53���,Q�t���!+4/;, /;�R/�1¢�! "��E)/�3!+-�!+4/;,C��<}3�&�3!����J 8G+-�! 'C�;3��
b
1T/;�R���L��<�,Q:.J�')����3LU�6s,"=.�5�5=2�G+h1

qk = b ≥ 2
1T/;�7��<-<

k = 1, 2, . . .
8S�@/;'.�t��+-,I,"/;�! .+-,.*0'.:.�7�! "�$E.����#�+4/;:"3!<-&p=.�53�O��!+-'��5=|E�/�3�+-�!+4/;,C��<3!&D3!����J 8G+-�! P�! "�A'C�;3t�

b
U

(K��,Q��/;���zyDEC��,"3!+4/;,© C�5#%�I'��5��,[:"3��5=e1T/;�0�zy"��JpE.<4�I'H&�(7<w��:"=.�R������<cU @ * � B7��/X=.�5O�+4=.�I�! "��t��,"=./;Jp,"�53�3B/�1�3����Q:"��,"O5�53�8G+-�! p<4���!������3��t��?%��,(1���/;J =D+��)������,Q�7��<-E. C��')����3 6a+cU ��U�1a��/;J ��<-E. C��')����3/�1�=D+��)������,Q�@OL����=D+-,C��<-+-�s&G7zU
��:.J>���t���!+4/;, 3!&D3!����J>3P3!�!:"=D+4�5= +-,®�! .+43V�! "�53!+43X������&%���X��,"/;�! "���V*%��,"���t��<-+-�M���!+4/;,�/�10�! "�E)/�3!+-�!+4/;,C��<K3!&�3�����J O�:"3!��/;Jp+-�L�5=���/��! "�I����E.���53���,H�t���!+4/;,ª/�1����L��<7,Q:.J�')����3LUovK "��&[�����I'C�;3��5=/;,��! "�P3�/�rsOL��<-<4�5=

β �
f�
 �Db;i"��_Tk;i.�z�B+-,H�!��/�=D:"O5�5=x'H& � 
�,Q&Q+�@ ��*CBsUovK "�q'C�;3t�I+-,��! .+43p�! "�5/;�!&[+43L�+-, *%��,"���t��<c�¢�[���L��<A,H:.J0'����

β > 1
U 6s,"=.�5�5=2�}+h1

β
+43V��,®+-,H����*%���L�F87��*%���P�! "�e3��t��,"="����=E)/�3!+-�!+4/;,C��<�3!&D3!����J 8G+-�! [��,e+-,Q����*%���¢'C�;3���U I�,o�! "�p/;�! "���¢ C��,"=2�{8G "��,

β
+43F,"/;�0��,e+-,Q����*%���,"��8 E. "��,"/;J>��,C�I���!+43���U



* � ��� �.��� ������� ���
vK "�����K+43���,p��<-*%/;�!+-�! .J =D:"�7��/ �?
�,H&�+$@ ��*CBs�;�! "�K3�/�rsOL��<-<4�5=�*����5�5=D&(��<-*%/;�!+-�! .JV��8G .+4O� |��<-<4/M8$3��/R*�+-#%�p�|����E.���53t��,H�t���!+4/;,o+-,o�I'C�;3��

β > 1
6�OL��<-<4�5=��! "�

β
rs�zy�EC��,"3�+4/;,	7���/q��,Q&X,"/;,Drc,"��*H���!+-#%����L��<u,Q:.J�')���LUBvK "�¢=D+-*�+-��3 6�/;��O5/Q�z~|O�+4��,Q��317$�����F+-,Q����*%����3@+-,P�! "�A+-,Q�����!#;��<

[0, β)
UvK "�$Y"��3!�B+-JpE)/;�!�t��,H�SE.��/;E����!� &|/�12�! .+4373�&�3!����J +43B�! C���7�! "�����$Jp+-*� H�K�zyD+43!�7/;�! "���7����E.���53���,Dr�t���!+4/;,"3B/�1{�F,Q:.J�')���L�Q/;,|�! "�$3t��J>�$OL��,"/;,.+4OL��<2��<-E. C��'����7/�12=D+-*�+-��3MU9vK "�$����E.���53���,H�t���!+4/;,R*�+-#%��,'H&��! "�7*����5�5=D&���<-*%/;�!+-�! .J +43��! "�7*����L�����53!��/;,"�7+-,��! "�7�t�;=D+hy0/;��=.����/�1���<-<��! "�

β
rc����E.���53���,H�t���!+4/;,"3/�12�! "�@3t��J>�$,H:.J�')���LU�vK "��3!�!:"=D&p/�1)�! "�@3����B/�1

β
rs�zy�EC��,"3�+4/;,"3B C�;3B'��5��,ROL���!�!+4�5=|/;:.�B+-,|J|��,H&O5/;,H�!�!+-'.:.�!+4/;,"3M�j3��5�F+-,PEC���!�!+4O�:.<w��� @ ���B).9��4*?:.�GO ���BO��D�B93*j�GN.9�� ��*"� ��N BsU6 ,x�! .+43>8S/;�!?��787�X8G+-<-<$'��PO5/;,"O5���!,"�5=ª8G+-�! ¬�! "�P3����

Zβ
/�1F���L��<$,H:.J0'�����3

x
3!:"Ot ¬�! C����! "�

β
rs�zyDEC��,"3!+4/;,Z/�1 |x| :"3��530/;,.<-&�,"/;,Drc,"��*H���!+-#%�IE)/L87����30/�1 β UIvK "�53��p,Q:.J�')����30�����>OL��<-<4�5=

β �
_aiC`sfT�Qfz�t���}��,"=\ C�5#%�´')�5��,\�zyD����,"3!+-#%��<-&ª3!�!:"=D+4�5=®�;3I�! "��&\��E.E)�L���I+-, 3���#%���t��<�YC��<4=.3L�@3!:"Ot �! C���$1T/;�@+-,"3��t��,"O5��J|���! "��J|���!+4OL��<91T/;�!J|��<-+-�M���!+4/;,´/�1 �Q:C�;3!+4O��!&D3!�t��<43L�"+cU ��UC,"/;,DrsO��!&�3��t��<-<4/;*��t��E. .+4OJ|�������!+w��<43}=D+43!E.<w�5&�+-,.*|<4/;,.*;rc�t��,.*%��/;��=.���L�C3!+-,"O5�¢�! "��&q=.�zY","��/;,"�zrs=D+-J>��,"3!+4/;,C��<�§}��<w��:.,C�L&V3�����38G+-�! PY",.+-���A<4/�OL��<{O5/;JpE.<4�zyD+-�s&%UvK "�7Y"��3!� �H:C�;3�+4O��!&�3!�t��<�8S�;3�=D+43�O5/M#%�����5=(+-, ����N�* @ ��:�: B �u+-�9+43���3�/;<-+4=03��!�!:"O��!:.���7E.���53t��,H�!+-,.*��<4/�OL��<j3!&�JpJ>���!�!&>/�1u/;��=.��� �D�Q+cU ��UQ�A<4/�OL��<"+-,Q#;���!+w��,"O5�}:.,"=.���B��/;�t���!+4/;,q/�1

2π/5
�.��,"=|+-�B+43�<-+-,.?%�5=��/���,>+-�!�t���!+4/;,C��<j,H:.J0'����B� �! "�G*%/;<4=.��,I�t���!+4/

τ
����,"=p��/A�! "�@¶�+-')/;,C�;O5O�+j3�:.'"3!�!+-�!:.�!+4/;,uU�vK "�¶9+-'�/;,C�;O5O�+�3�:.'"3!�!+-�!:.�!+4/;,

ϕτ
�u+43F�! "�pOL��,"/;,.+4OL��<B3!:.'"3!�!+-�!:.�!+4/;,Z�;3�3t/QO�+w�����5=�8G+-�! 

τ
rc,H:.J>���t���!+4/;,3!&D3!����JV�D*�+-#%��,V'Q&

0 7→ 01, 1 7→ 0 .6 �7=.�zY","�53G� �Q:C�;3!+-E)���!+4/Q=D+4O�3���<h1�rs3�+-Jp+-<w���7�!+-<-+-,.*�/�1u�! "�@E)/�3!+-�!+-#%�$���L��<�<-+-,"���D��,"=|+-�7+43S�¢ .+43!��/;�!+4OL��<J>/�=.��<@/�1F�e/;,"�zrs=D+-J>��,"3�+4/;,C��< �Q:C�;3!+4O��!&�3��t��<cUxvK "�P=.�53�O��!+-E.�!+4/;, ��,"=��! "�PE.��/;E)���!�!+4�53>/�1F�! .+43�!+-<-+-,.*>:"3��¢�
τ
rc,Q:.J>���t���!+4/;,�3!&D3!����JVU

%ªJ>/;���G*%��,"���t��<.�! "�5/;�!&0 C�;3�'��5��,p��<w��')/;�t�����5=p8G+-�! >��+43�/;��,Q:.J�')����3�1T/;�9'C�;3t���%3��5��@'&�)D� *�**BsU6 ,>�! .+43�1T/;�!J|��<-+-�M���!+4/;,u�H�! "��3����
Zβ

/�1
β
rc+-,H����*%����37<w��'���<43B�! "�G,"/Q=.�537/�12�! "� �H:C�;3�+hrcE����!+4/�=D+4O@3���<h1ar3!+-Jp+-<w���$�!+-<-+-,.*R�;3�3�/�O�+w�����5=q8G+-�! 

β
U�}/;�����! C����3t/K1T���L�;��<-<%�! "� �H:C�;3!+4O��!&D3!�t��<43u=D+43tO5/L#%�����5=0'H&FE. H&D3!+4O�+43!��3�E.���53���,H��<4/QOL��<Q3!&QJpJ>���!�!&/�17/;��=.��� �R/;� ��:D�FND�u��,"= ��&D�u��,"=e������J>/�=.��<-<4�5=�:"3!+-,.* �H:C�;=D�t���!+4O(��+43�/;�A:.,.+-��3M�j,C��J>��<-&´�! "�*%/;<4=.��,V�t���!+4/(1T/;�$/;��=.��� �(/;� ��:D�
1 +

√
2
1T/;�$/;��=.��� ND�C��,"=

2 +
√

3
1�/;�$/;��=.��� ��&DU

%�,"/;�! "���F+-JpE�/;�!�t��,Q�F3t���@+43}�! "�03t���
Fin(β)

/�1����L��<9,H:.J0'�����3
x
3!:"Ot ´�! C���

x
 C�;3A�(Y",.+-���

β
rs�zyDEC��,"3!+4/;,uU6 ,x*%��,"���t��<c�S�! "�P3�����3

Zβ
��,"=

Fin(β)
�����q,"/;�IO�<4/�3��5=�:.,"=.���I���!+-�! .J>���!+4OL��<�/;E)���t���!+4/;,"3LUW´/;���0E.���5O�+43t��<-&%�)8G "��,

β
+43},"/;�¢��,�+-,Q����*%���L�

Zβ
+43},"/;�AO�<4/�3��5=e��,"=X�! "�(O�<4/�3���,"�53t3}/�1

Fin(β):.,"=.���$�! "�53���/;E����t���!+4/;,"3�=.��E���,"=.3$/;,X�! "�F'C�;3��
β
U

  "��,
Fin(β) = Z[β−1]

���! "�},H:.J0'����
β
+43K3t��+4=R��/�3t���!+43�1�&>�! "�¢��_ai"_�`sfzi�f���� �j�!k �.f��z`���������U6 �@ C�;3�'��5��,´3! "/L8S�5= @'O��*B��! C��������/;E����!� & 6�¶87K+-JpE.<-+4�53}�! C���

β
+43��I��+43�/;��,H:.J0'����LU}����/;E)���!�s&

6�¶87�E.<w�L&�3$�03!+-*�,.+hYCOL��,Q�G��/;<4�@+-,R+-,P3���#%���t��<�=./;J|��+-,"3G/�1
β
rc,H:.J>���t���!+4/;,u�C��,"=R "��,"O5�}�! .+43S���53!:.<-�3!�!���53�3t�53G�! "�F+-JpE�/;�!�t��,"O5�0/�1���+43�/;�$,H:.J0'�����3@+-,V�! .+43G�! "�5/;�!&%U¹u���0:"3����5OL��<-<K����<4�L�;3!�0�s8S/X���L�;3�/;,"3�8G H&e8S�R�����I3�/P+-,H�������53����5=Z+-,©����/;E����!� & 6�¶87zU{¶9+-��3!�+-�A+43���,e+-,Q�������53!�!+-,.*XE.��/;E)���!�s&�1a��/;J �! "�I���!+-�! .J>���!+4OpE�/;+-,Q��/�1K#Q+4��8¢�28G .+4Ot [��J>/;:.,H��30��/q�! "�

�Q:"�53!�!+4/;,�/�1�8G "���! "���
Fin(β)

 C�;3}�(�!+-,.*R3!�!�!:"O��!:.����/;�@,"/;�L�j��,"=2�C�! "�����z1�/;�����j+-��Ot C���t�;O������!+-�L�53�! "�����!+-�! .J>���!+4O03!+-JpE.<-+4O�+-�s&P/�1���*�+-#%��,
β
rc,H:.J>���t���!+4/;,�3!&D3!����JVU���5O5/;,"=D<-&%�9+-�¢+43¢O5/;,.,"�5O����5=Z8G+-�! o�! "�p1��t�;O��t��<��!+-<-+-,.*V*%��,"���t�����5=['H&���+43�/;�0,H:.J0'�����3LURvK "�



� � � � ��� ������� ��� �

β
rs�zyDEC��,"3!+4/;,"3S8G "��,

β
+43G�0��+43�/;�S,H:.J0'����G C�L#%�F�0O�<4/�3��}O5/;,.,"�5O��!+4/;,P8G+-�! q���!+-<-+-,.*p/�1{�! "� ��:DrO�<-+4=.�L��,|3�EC�;O5��U��}��:.�5& @ ��) BCO5/;,"3!�!�!:"O����5=I�F=./;J|��+-,>8G+-�! |��1a�t�;O��t��<C'�/;:.,"="���!&(O5/;,.,"�5O����5=p8G+-�! �! "����+43�/;�B,Q:.J�')���

β
8G "/�3��$Jp+-,.+-J|��<�E)/;<-&Q,"/;Jp+w��<j+43

x3 −x2−x−1
U�¹{�������L�QvK Q:.��3!��/;,Q@ ��:�*CB*H�L#%�}��O5/;,"3!�!�!:"O��!+4/;,R/�1u3!:"Ot q�¢�!+-<-+-,.*¢1T/;�S�¢*%��,"���t��<���+43t/;�B,H:.J0'����LUBvK "�53��$���53!:.<-��3787������<w��������zyD����,"=.�5=P'H&q/;�! "���}��:.�! "/;��3�@ 9 &.�B9�9 BsU6 ,(�! .+43�1��t��J>��87/;�!?)�H����/;E)���!�s& 6�¶87�8S�;373! "/L8G,p��/F')�$�F3!:D~|O�+4��,H�7O5/;,"=D+-�!+4/;,>1T/;����,p+-JpE)/;��r�t��,Q�@E.��/;E)���!�s&V/�1��! "�A1��t�;O��t��<u�!+-<-+-,.*1�S3t�5&P�! C���

β
+43��p��+43�/;�$,H:.J0'����F/�1�=.��*����5�

m
3����!+43�1a&�+-,.*����/;E)���!�s& 6�¶87zUjvK "��,��! "��3����}/�17+-,.,"����E)/;+-,H��3A/�1 Tω

� �! "�(=./;J|��+-,�*�+-#%��,�'H& �}��:.�5&$� 3F��,"=vK Q:.��3!��/;, � 3�O5/;,"3��!�!:"O��!+4/;,P�¸+43$=.��,"3t�A+-, Tω
��,"=P+-��3@'�/;:.,"="���!&q+43G,"/M8G "�����0=.��,"3��¢+-,

Rm−1 �3��5� @'&D�	O BsU�vK .+43$J>�L��,"3G�! C��� Tω
+43��q`�_�g4f�U

vK .+43|87/;�!?x+43>/;�!*H��,.+-�L�5=\+-,H��/[3!+hyxO� C��E.������3LU vK "�PY"��3!�I/;,"�P+43I��E.����<-+-Jp+-,C���!&¬Ot C��E.�����3!:.JpJ|���!+-�5+-,.*ª��<-<F,"�5O5�53�3����!&ªJ|���! "��J|���!+4OL��<¢'C�;Ot?Q*���/;:.,"=2U o�´���5OL��<-<A�! "������,"/;�!+4/;,"3P1a��/;J�! "�q�! "�5/;�!&�/�1A��<-*%��'.�t��+4OV,H:.J�')����3L�787�PE.���53t��,H�|=.�zY",.+-�!+4/;,"3R��,"=����53!:.<-��3(1���/;J��! "�RYC��<4=x/�1O5/;J0'.+-,C����/;�!+4O530/;,e8S/;��=.3L�{8G .+4Ot [�����(,"�5O5�53�3t���!&e�53!E)�5O�+w��<-<-&�1�/;�A�! "��Y.1��! oO� C��E.�����L����,"=Z��<43�/1���/;J �! "��=./;J|��+-,�/�1�Y",.+-���S��:.��/;J|���t�D��8G .+4O� �+432J>/�3!�!<-&F,"�5�5=.�5=A1T/;�{=D+43�O�:"3�3�+4/;,"3{/�1"���!+-�! .J>���!+4O53+-,P*�+-#%��,V,Q:.J>���t���!+4/;,´3�&�3!����J>3MU6 , (7 C��E.����� &�87�X'���*�+-,\�! "�V3!�!:"=D&x/�1A,H:.J>���t���!+4/;,®3!&D3!����J>3p'C�;3��5=\/;,
β
rs�zy�EC��,"3�+4/;,"3LU

%@1a�����P+-,Q�!��/Q=D:"O�+-,.*
β
rs�zy�EC��,"3�+4/;,"3���,"= ��<-<¢����<w�����5=®,"/;�!+4/;,"3M�F87�e*�+-#%�Z��3�:.�!#%��& /�1(?Q,"/M8G,���53!:.<-��3@/;,P��/;E.+4O53G8G .+4O� V8S�A8G+-<-<u')�F=.�L��<-+-,.*>8G+-�! V+-,V3!:.'"3����Q:"��,H��O� C��E.������3LU�vK .+43@O5/;JpE.�!+43��53+-,0EC���!�!+4O�:.<w���9�! "�S���!+-�! .J>���!+4OL��<DE.��/;E����!�!+4�53�/�1

β
rc,H:.J>���t���!+4/;,p3!&D3!����J>3L�n,C��J>��<-&¢�! "�7¶�+-,.+-����,"�53t3E.��/;E)���!�s&[��,"=[�! "�R�53!�!+-J|�����53p/;,Z�! "�R,H:.J0'����p/�1G1��t�;O��!+4/;,C��<G=D+-*�+-��3(���!+43�+-,.*�:.,"=.���>�;=.=D+-�!+4/;,��,"=[J�:.<-�!+-E.<-+4OL���!+4/;,ª/�1

β
rc+-,Q����*%����3LU o�q��<43�/X���5OL��<-<K�! "�RO5/;J�'.+-,C����/;�!+w��<GE.��/;E)���!�!+4�53L���! C����+43�! "�P3!�!:"=D&�/�1��! "�P3�:.'H87/;��=\O5/;JpE.<4�zy�+-� &x/�1�+-,DY",.+-���P8S/;��=.3I�;3�3�/�O�+w�����5=�8G+-�! 

β
rc,H:.J>���t���!+4/;,3!&D3!����J>3LU6 ,K(7 C��E.�����8)$87�SO5/;,H�!+-,H:"�K�! "�S3!�!:"=D&¢/�1"�! "�K���!+-�! .J>���!+4OS+43�3!:"�53{/�1

β
rc,Q:.J>���t���!+4/;,>3!&D3!����J>3LU

%K�FY"��3!��87�|�;=.=D���53�3��! "�>¶9+-,.+-����,"�53�3AE.��/;E)���!�s&%U o�>=.�zY","�|�R,"/;�!+4/;,©/�1}±(_ai"_�±>b;g �5k;�L¤z_�^H^Hfzi
�Bk;�!^��}��,"=|87�@*�+-#%�@/;,"�G,"�5O5�53�3����!& 6�����/;E�/�3�+-�!+4/;, )DU ��U'&.7���,"=|�s8S/03!:D~|O�+4��,Q�SO5/;,"=D+-�!+4/;,"3 6�vK "�zr/;����J )DU ��U')q��,"=2)DU ��U �.7@1T/;�}�! "�(¶9+-,.+-����,"�53�3AE.��/;E)���!�s&´+-,������!J>3A/�17�! "�53���Jp+-,.+-J|��<�1T/;�!'.+4=.=.��,8S/;��=.3LUvK "��,I87�G�!:.�!,R/;:.��3���<-#%�537��/A�! "�@���!+-�! .J>���!+4O53K/�1)��<4��J>��,Q��3S+-,

Zβ
U %}3�87�@ C�5#%��3t��+4=p')�z1�/;����! .+4303����¢+43A,"/;��O�<4/�3��5=e:.,"=.�������!+-�! .J>���!+4OR/;E)���t���!+4/;,"3¢1T/;�0�q,"/;,Drc+-,Q����*%���0'C�;3��

β
UI�}/L8S��#%���L��! "�

β
rs�zyDEC��,"3!+4/;,o/�17�! "�p3�:.J 6�/;�A�! "�(E.��/Q=D:"O��17}/�1K�s8S/

β
rc+-,H����*%����3�J|�5&´ C�5#%�>/;,.<-&��IY",.+-���,Q:.J�')����/�1G1��t�;O��!+4/;,C��<S=D+-*�+-��3MU o�R�����|+-,H�������53!���5=©+-,ZY","=D+-,.*��! "�IJ|�ny�+-J|��<7<4��,.*��! ©/�1@3�:"O� ��,V���!+43!+-,.*(1��t�;O��!+4/;,C��<uEC���!�K1T/;�G��*�+-#%��,P'C�;3t�

β
U�vK "�53��FJ|�ny�+-J|�p�����A=.��,"/;���5=q'Q&

L⊕(β)
��,"=

L⊗(β)
���53�E��5O��!+-#%��<-&%U¶9+-��3!�L�)8S�p�;=.=D���53�3¢�IJ>���! "/Q=���/q�53!�!+-J|�������! "�53���J|�nyD+-J|�q=D:"�0��/ �}:.+-J>/;,"=o���¢��<cU @'O�� BsU

o�(��E.E.<-&X+-�}��/R�! "��*%��,"���t��<-+-�L�5=ev{�!+-'�/;,C�;O5O�+�,Q:.J�')���L�2+cU ��UC��/R�! "�p��<-*%��'.�t��+4O�+-,H����*%���
β
8G+-�! Jp+-,.+-J|��<uE)/;<-&�,"/;Jp+w��<

x3 −mx2 − x− 1
�
m ≥ 2

U o�A/;'.�t��+-,��! "�}1�/;<-<4/M8G+-,.*|���53!:.<-��3
5 ≤ L⊕(β) ≤ 6

1�/;�
m = 2 ,

4 ≤ L⊕(β) ≤ 5
1�/;�

m ≥ 3 ,

4 ≤ L⊗(β) ≤ 6
1�/;�

m ≥ 2 .vK "��,®8S�o��E.E.<-&\+-�P��/x��O�<w�;3�3P/�1���/;�t��<-<-&\���L��<¢O�:.'.+4Oe��+43�/;�P:.,.+-��3
β
��8G "/�3���Jp+-,.+-J|��<



O � ��� �.��� ������� ���
E)/;<-&Q,"/;Jp+w��<j+43B/�12�! "�G1T/;�!J

x3−ax2− b+1
�%8G "�����

a ≥ 2
��,"=

1 ≤ b ≤ a−1
��,"=>8S�@/;'.�t��+-,�! "�F1T/;<-<4/L8G+-,.*>:.E.E)���@�53!�!+-J|�����53

L⊕(β) ≤ 2
1T/;�@��<-<

a ≥ a0
1�/;��3�/;J>�

a0 ,

L⊗(β) ≤ 3
1T/;�

a ≥ 2 .

o�p��<43�/|Y","=��zy"�;O��F#;��<-:"�53�1T/;���! "�Ls'�/;:.,"="���!&´OL�;3��53��0/�1��! .+43AO�<w�;3t3L�C�! C���F+43L�j1T/;�
b = 1

��,"=1T/;�
b = a− 1 1T/;�

b = 1
�
a ≥ 3 L⊕(β) = 2

��,"=
L⊗(β) = 3 ,1T/;�

b = a− 1
�
a ≥ 3 L⊕(β) = 1

��,"=
L⊗(β) = 2 .vK "��, 87�´=D+43�O�:"3�3I87�L��?�,"�53�3��53R/�1¢�! .+43|J>���! "/�= ��,"=¬87�´=.��#%��<4/;E®��,"/;�! "���q/;,"� 6�vK "�5/�r����J )DU')DU ��7z�2EC���!�!<-&´3�/;<-#Q+-,.*q�! "�53��(+43t3!:"�53LU�%}3A��,��zy"��JpE.<4�(+-<-<-:"3!�!�t���!+-,.*P�! "�p3��5O5/;,"=�J>���! "/�=87�¢E.��/;E�/�3��0�(O�:.'.+4O���+43�/;�@,H:.J�')���

β
8G+-�! XJp+-,.+-J|��<{E)/;<-&Q,"/;Jp+w��<

x3 − 25x2 − 15x− 2
��,"=87�AY","=V�zy.�;O��@#;��<-:"�53

L⊕(β) = 5
��,"=

L⊗(β) = 7 ,1T/;�G�! .+43$,H:.J0'����
β
U6 ,���<-<{OL�;3��53M�.8G "��,X8S�¢�53!�!+-J|�����0��,X:.E.E�����'�/;:.,"=V/�1B�(,Q:.J�')����/�1�1��t�;O��!+4/;,C��<�=D+-*�+-��3L�.8S���<43�/PE.��/M#Q+4=.�R�q<4/L8S����')/;:.,"=Z/;'.�t��+-,"�5=Z'H&�J>�L��,"3�/�1G�! "�>O5/;JpE.:.�����0E.��/;*��t��J � ��!("(#&%('�� # *� �! "�@E.��/;*��t��J E)����1T/;�!Jp+-,.*(���!+-�! .J>���!+4O53S+-,

β
rc,Q:.J>���t���!+4/;,P3!&�3�����J>3 @ ���7BsU��F���!:.�t��<-<-&%�Q8S�$�!�!&��/pJ|��?%�A�! "�F*H��EX'���� 87�5��,X�! "�53t�A�s8S/p'�/;:.,"=.3}�;3$3!J|��<-<{�;3GE)/�3�3!+-'.<4��UvK "��<w�;3!�P3��5O��!+4/;, /�10�! .+43PO� C��E.�����V+43P=.��#%/;���5= ��/��! "�e��<-*%/;�!+-�! .J 1T/;�q�! "���;=.=D+-�!+4/;, /�1��#%��,H�!:C��<-<-&©E)���!+4/Q=D+4O

β
rs�zy�EC��,"3�+4/;,"3(+-,��X*%��,"���t��<G��+43�/;�('C�;3���U�o�R=.�53tO��!+-'��I�! "�P��<-*%/;�!+-�! .J:"3��5=e+-,Z�! "�>E.��/;*��t��J � ��!�"$#&%('��)#+*´��,"=[��#%��,o�! "/;:.*� Z8S�|=D+4=Z,"/;��3!:"O5O5�5�5=o+-,ZE.��/L#�+4=D+-,.*´�E.��/�/�1K/�1K�! "�>O5/;�!���5O��!,"�53�30/�1S�! "�|��<-*%/;�!+-�! .J 87�|����<4�L�;3!�¢=D+43�O�:"3�3A+4=.�L�;3���,"=o=D+-���5O��!+4/;,"3�/�1$�E)/�3�3!+-'.<4�FE.��/�/�1�U6 , (7 C��E.����� *�87�}3!�!:"=D&I��,"/;�! "���S8S�5&R/�1u����E.���53���,H�t���!+4/;,V/�1�,H:.J�')����3L�D=D+��2������,H�S1a��/;J �! "�����E.���53���,Q�t���!+4/;,"3A'C�;3��5=´/;,

β
rs�zyDEC��,"3!+4/;,"3L��'.:.�}3��!��/;,.*�<-&XO5/;,.,"�5O����5=´8G+-�! ´�! "��JVU}6 �@+43}OL��<-<4�5=�! "�

α
r �;=D+4OF����E.���53���,Q�t���!+4/;,X��,"=|+-�S+43G�¢����E.���53���,Q�t���!+4/;,V/�1�O5/;JpE.<4�zy 6�/;�K���L��<=7�,H:.J�')����3G+-,R�! "�E)/�3!+-�!+4/;,C��<�,H:.J>���t���!+4/;,Z3!&D3!����J�8G+-�! ��! "��'C�;3��

α
�)8G "�����

α
+43A��,o��<-*%��'.�t��+4OpO5/;,;��:.*H�����p/�1S���+43�/;�@,H:.J�')���

β
U

5G�;3��5=p/;,>�}���53!:.<-��/�1�5K���!�!�t��,"=|��,"=>��Ot .Jp+4=D�L�H8S�KE.��/L#%�K�! C���B�},H:.J0'�����')��<4/;,.*%3���/
Q(α)+h1���,"=P/;,.<-&I+h1�+-�G C�;3$��,V��#%��,Q�!:C��<-<-&RE)���!+4/�=D+4O

α
r �;=D+4OA�zyDEC��,"3!+4/;, 6�vK "�5/;����J *"U'&DU').7zU�vK "��,P8S�O5/;,"3!+4=.���

α
r �;=D+4OP�zy�EC��,"3!+4/;,"3p/�1}��<4��J>��,H��3>/�1}�! "�R�zyD����,"3!+4/;,��!+-,.*

Z[α−1]
8G "��,

β
3t���!+43!YC�53�! "�¢¶9+-,.+-����,"�53�3@E.��/;E����!� & 6�¶ 7zUC6s,V�! "�¢EC���!�!+4O�:.<w����OL�;3��A�! C���

β
+43����Q:C�;=D�t���!+4O¢��+43t/;�@:.,.+-�L�.8S�+-,"3!E)�5O��$�! "�A:.,.+4O�+-� &P��,"= � /;��J�:.<-�!+-E.<-+4O�+-� &X/�1

α
r �;=D+4O��zyDEC��,"3!+4/;,"3@/�1���<4��J>��,H��3}/�1

Z[α−1]
U o���<43�/RE.��/L#�+4=.�>��,e��<-*%/;�!+-�! .J���/R*%��,"���t�����

α
r �;=D+4Op�zy�EC��,"3�+4/;,"3A/�17�t���!+4/;,C��<�,H:.J0'�����3LU0¶9+-,C��<-<-&%�87�¢E.��/;E�/�3��¢J>���! "/Q=.3@��/(E�����1T/;�!J ���!+-�! .J>���!+4O�/;E)���t���!+4/;,"3$+-,�/;,"�AEC���!�!+4O�:.<w���

α
r �;=D+4O¢3!&D3!����JV�,C��J>��<-&q+-,P�! "�¢3!&D3!����J 8G "/�3��A'C�;3t�F+43G*�+-#%��,V'H&q�! "�AO5/;,;��:.*H������/�1��! "�F*%/;<4=.��,VJ>�L��,

τ
U

(7 C��E.����� �Z+43q=.��#%/;���5= ��/Z�! "��3!�!:"=D&ª/�10EC��<-+-,"=D��/;Jp+4Oe3!�!�!:"O��!:.����/�1�+-,DY",.+-���o��E����!+4/�=D+4O87/;��=.3
uβ
��8G .+4O� Z������Y.y.�5=�E)/;+-,H��3F/�173�:.'"3!�!+-�!:.�!+4/;,"3¢�;3�3�/�O�+w�����5=X��/q3!+-JpE.<4�������!�!&�,Q:.J�')����3LU����<-+-,"=D��/;Jp+4O>O5/;JpE.<4�zy�+-� &�/�1S��,�+-,DY",.+-����87/;��=´+43F3!�!��/;,.*�<-&�����<w�����5=���/I+-��3�1T�;O���/;�AO5/;JpE.<4�zyD+-�s&��,"=x "��,"O5�X�! .+43|O� C��E.�����R�zy�����,"=.3|�! "�VEC��E)���|/�1A¶.��/;:.*�,H&ª���R��<cU�@'O�) B�3!�!:"=D&�+-,.*Z�! "�q1c�;O���/;�O5/;JpE.<4�zyD+-�s&V/�1

uβ
U
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o��Y"��3!�P3! "/M8��Z,"�5O5�53t3t���!&\O5/;,"=D+-�!+4/;, 1T/;�I�! "�´8S/;��=
uβ

��/�O5/;,H�t��+-,®+-,DY",.+-����<-& J|��,H&EC��<-+-,"=D��/;J>�53LUZ�@:.J0'�����3
β
3t���!+43�1�&�+-,.*��! .+43pO5/;,"=D+-�!+4/;,x C�L#%�I')�5��,�+-,H�!��/�=D:"O5�5=¬��,"=�3!�!:"=D+4�5=+-, @'O�: B�1a��/;J��! "�SE�/;+-,Q��/�1j#Q+4��8�/�1C<-+-,"�L����,H:.J>���t���!+4/;,|3�&�3!����J>3MU�(S/;,DN":"��,H��<-+-,"�L����,Q:.J>���t���!+4/;,3!&D3!����J>3{�����B�zy.�;O��!<-&}�! "/�3���1T/;�u8G .+4O� 0�! "������+43u,"/$E.��/;EC��*H���!+4/;,0/�1.�! "��OL���!�!&F��/G�! "���!+-*� Q�{+-,A�! "�E.��/�O5�53�39/�1","/;�!J|��<-+-�M���!+4/;,u��8G .+4O� pO5/;,"3!+43!��39/�1"�!�t��,"3�1T/;�!Jp+-,.*F�@,"/;,Dr �;=DJp+43�3!+-'.<4�7����E.���53���,Q�t���!+4/;,/;,I�! "��OL��,"/;,.+4OL��<u��<-E. C��')���S/�1{��,H:.J�')���K+-,H��/0�! "���;=DJp+43�3�+-'.<4�

β
rs�zyDEC��,"3!+4/;,q/�1u�! C���7,Q:.J�')���LU�Q:"Ot e�I,Q:.J�')���

β
+43}?�,"/L8G,���/R'��(�|��+43�/;�F,H:.J�')���L�{��,"=�8G+-<-<�'���OL��<-<4�5=o���tk;i��S�.fzij`9��+43�/;�,Q:.J�')���LUvK "��,Z87�>=.�������!Jp+-,"�I�! "�(EC��<-+-,"=D��/;Jp+4OIO5/;JpE.<4�zyD+-�s&o/�1

uβ
8G "��,

β
+43��VO5/;,DN":"��,H�0��+43�/;�,Q:.J�')���L�"�! C���$+43 P(n)

�"�! "�F,Q:.J�')���}/�1�EC��<-+-,"=D��/;J>�53�+-,
uβ

/�1�<4��,.*��! 
n
U�6s,P�! "��=.�53�O��!+-E.�!+4/;,/�1 P(n)

8S�@:"3t�$�! "�$,"/;�!+4/;,"3S+-,Q�!��/Q=D:"O5�5=R+-, @'O�)*BC1T/;�B�! "�@1T�;O���/;�SO5/;JpE.<4�zy�+-� &%U�vK "��O5/;,.,"�5O��!+4/;,/�1A�! "�P1c�;O���/;�R��,"=ªEC��<-+-,"=D��/;Jp+4O�O5/;JpE.<4�zy�+-� &¬+43>,"/;�R3!:.�!E.�!+43!+-,.*"U®¶"/;�R�zy.��JpE.<4���G+-, @ � B@�! "���:.�! "/;��3|*�+-#%����,¬:.E.E)���|�53!�!+-J|������/�1F�! "�VEC��<-+-,"=D��/;Jp+4O�O5/;JpE.<4�zyD+-�s& P(n)
+-,¬�����!J>3R/�1F�! "�1c�;O���/;�$O5/;JpE.<4�zy�+-� & C(n)

U
o�|3! "/L8 �! C���0+h1S�! "�><4��,.*��! [/�1KEC��<-+-,"=D��/;J>�530+43¢,"/;�¢'�/;:.,"=.�5=2��8G .+4O� [+43����Q:.+-#;��<4��,Q����/

lim supn→∞P(n) > 0
�.�! "��,

P(n+ 1) + P(n) = C(n+ 1) − C(n) + 2 ,
1�/;�

n ∈ N .

o�q�! "��,x*�+-#%�V��O5/;JpE.<4�����X=.�53�O��!+-E.�!+4/;,¬/�1}�! "�P3t���(/�1}EC��<-+-,"=D��/;J>�53L�S+-��3p3!�!�!:"O��!:.���V��,"=E.��/;E)���!�!+4�53LU�vK "�@�zy"�;O���EC��<-+-,"=D��/;Jp+4O}O5/;JpE.<4�zy�+-� &>/�1)�! "�@87/;��=
uβ
+43�*�+-#%��,>+-,RvK "�5/;����J �DU �DU ��U6 ,��! "�7<w�;3!�9EC���!�9/�1"�! "�SO� C��E.������8S�73��!:"=D&A�! "�S/�O5O�:.�!����,"O5�S/�1CEC��<-+-,"=D��/;J>�53�/�1j��,(���!'.+-�!�t���!&<4��,.*��! V+-,P�! "�¢E.���zY.yD�53�/�19�! "�F8S/;��=

uβ
�D8G "��,

β
+43@�(O5/;,DN":"��,Q����+43t/;�$,H:.J0'����LU



N � ��� �.��� ������� ���



� �������	��
 �

� � 
�	 ��� ���� � ��
 �

6 ,o�! .+43�Ot C��E.������8S�>E.��/L#�+4=.�q��,o+-,H�!��/�=D:"O��!+4/;,[��/X3���#%���t��<�YC��<4=.30/�1KJ|���! "��J|���!+4O53�,"�5O5�53�3����!&+-,e�! "�p���53���/�1S�! "�>87/;�!?)U o�|��<43�/P�53��t��'.<-+43! [�q:.,.+hYC�5=e,"/;�t���!+4/;,Z1�/;��J>/�3!�¢/�1G�! "�>O�<w�;3�3!+4OL��<,"/;�!+4/;,"3}��E.E��L���!+-,.*|��<43t��8G "�����A+-,V�! "�F�! "�53!+43LU�Q+-,"O5�¢�! "�A�! "�53!+43G+43$=.��#%/;���5=X��/p�! "�¢3!�!:"=D&q/�1���<-*%��'.�t��+4OL��<9��,"=VO5/;J0'.+-,C����/;�!+w��<�E.��/;E)���!�!+4�53/�1@,"/;,Drs3��t��,"="����=�,H:.J>���t���!+4/;,ª3!&D3!����J>3L��,C��J>��<-&©3!&D3!����J>3�8G "�����q�! "�I'C�;3t�|+43>��,x��<-*%��'.�t��+4O,Q:.J�')���L�78S�V3!�t���!�>8G+-�! ª,"/;�!+4/;,"3p1���/;J ��<-*%��'.�t��+4OV,H:.J0'����|�! "�5/;�!& 6c���5O��!+4/;, ��U ��7z�B�! "��,ª87�E.���53���,Q�S=.�zY",.+-�!+4/;,"3$��,"=|���53!:.<-��371a��/;J O5/;J�'.+-,C����/;�!+4O53$/;,I87/;��=.3 6c���5O��!+4/;, ��U'&.7B��,"=R��<43�/�1a��/;J�! "���! "�5/;�!&>/�12Y",.+-���A��:.��/;J|���t� 6c���5O��!+4/;, ��U').7z��8G .+4O� R8G+-<-<j')�$,"�5�5=.�5=q=D:.�!+-,.*��! "��=D+43tO�:"3�3!+4/;,"3/�1����!+-�! .J>���!+4O53$+-,V�! "��3!�!:"=D+4�5=q,H:.J>���t���!+4/;,�3!&D3!����J>3LU
%}3>:"3�:C��<c�G87��:"3��V�! "�X1T/;<-<4/L8G+-,.*©,"/;�t���!+4/;,"3��

R
=.��,"/;���53R�! "�X3t���I/�1>��f!b;g}i"�Q±|¤�f��t���

Q=.��,"/;���53��! "�¢3����@/�1G�!b�`�_Tk;ijb;guiC�Q±|¤�fz���z�
Z
=.��,"/;���53��! "�¢3����@/�1G_aiC`sfT�Hfz���z�

C
=.��,"/;���53��! "�¢3����@/�1��k�± ��g-f�
Vi"��±>¤tfz�t�|��,"=

N
=.��,"/;���53}�! "�(3����F/�1$ijk;i � i�fT�%b%`�_�l�fp_�ij`sfT�Hfz���zUAvK "��OL����=D+-,C��<-+-�s&�/�1S�Y",.+-���¢3t���

S
+43$=.��,"/;���5=V'Q&

#S
U¹{���

R
')�V�´�!+-,.*"U % E�/;<-&�,"/;Jp+w��<$�!+-,.*

R[X]
/M#%���

R
+43p=.�zY","�5=x��/e')�R�! "�V3����>/�1¢��<-<E)/;<-&Q,"/;Jp+w��<43@/�19�! "�F1T/;�!J

a0 + a1X + a2X
2 + · · · anX

n �.8G "����� ai ∈ R
U

����� ����� ��� � 	���� �! ���� � ���

6 ,P�! .+43$3��5O��!+4/;,V8S�¢�53�3���,Q�!+w��<-<-&R1�/;<-<4/M8«�(O�<w�;3�3!+4OL��<u���zyD�!')/Q/;?R'H&V�Q����8S���!�F��,"=Vv���<-< @ ��:�)*BsU
o�K3t�L&��! C�����}O5/;JpE.<4�zy�,Q:.J�')���

α ∈ C
+43���,Vb;g �HfL¤z�!b;_T��i"�Q±|¤�f���+h1�+-��+43���<-*%��'.�t��+4OG/M#%���

Q
��! C���$+43M�D+h1�+-�G+43}����/Q/;��/�1��(,"/;,Drc�L����/|J>/;,.+4OAE)/;<-&Q,"/;Jp+w��<u8G+-�! ´O5/Q�z~|O�+4��,Q��3@+-,

Q
UBW�/;���5/M#%���L��FO5/;JpE.<4�zyp,H:.J0'����

α
+43�3���+4=(��/A'��$��,Xb�g �HfM¤z��b�_��F_aiC`sfT�Qfz�F+h1��! "�����$�zyD+43!��3B�}J>/;,.+4O$E�/;<-&�,"/;Jp+w��<8G+-�! V+-,Q����*%����O5/��z~|O�+4��,H��3L�C3t�5&

g ∈ Z[X]
�C3!:"O� V�! C���

g(α) = 0
U�6 ,V/;�! "���$8S/;��=.3

αn + an−1α
n−1 + · · · + a0 = 0 ,

8G "�����
ai ∈ Z

1�/;�@��<-<
i
U¹{���

α
')�0��,e��<-*%��'.�t��+4O�,H:.J�')���LUFvK "��,��! "�����(�zyD+43!��3F�pJ>/;,.+4O�E�/;<-&�,"/;Jp+w��<

f ∈ Q[X]
/�1<4�L�;3!�¢=.��*����5�|3!:"O� e�! C���

f(α) = 0
UpvK .+43AE)/;<-&Q,"/;Jp+w��<�+43A:.,.+ �Q:"��<-&�=.�������!Jp+-,"�5=2�{+-�A+43¢OL��<-<4�5=

�



��: ����� � ��������� ��� ���!�	� � ��� ��� � 

�! "�F±(_�iC_�±>b;g��Dk;g£�;ijk;±(_Tb;gC/�1

α
��,"=(+-��3�=.��*����5�G+43�3t��+4=���/F')�S�! "�¢^HfT�;��f�fF/�1

α
U�6s1j�! "�GO5/;,"3!�t��,Q��r�����!J

a0
/�1{�! "��Jp+-,.+-J|��<�E)/;<-&�,"/;Jp+w��<)/�1���,q��<-*%��'.�t��+4O}+-,H����*%���

α
+43K���Q:C��<j��/ ±1

�
α
+43K3t��+4=I��/')�¢�R�Qi"_�`TU�}/;���(�! C���A�! "�(3����A/�1K��<-<B��<-*%��'.�t��+4Op,Q:.J�')����3F1�/;�!J>3¢�q3�:.'DYC��<4=e/�17�! "�0YC��<4=e/�1SO5/;JpE.<4�zy,H:.J0'�����3

C
�D:"3!:C��<-<-&q=.��,"/;���5=P'H&

A
U¹u���

α ∈ C
')����,���<-*%��'.�t��+4O�,Q:.J�')���}/�1�=.��*����5�

n
US¹u����:"3@=.��,"/;���0'H&

Z[α]
�! "�¢Jp+-,.+-J|��<3!:.'.�!+-,.*P/�1

C
O5/;,H�t��+-,.+-,.*

α
��,"=

Z
��,"=�'H&

Q(α)
�! "��Jp+-,.+-J|��<�3�:.'DYC��<4=´/�1

C
O5/;,Q�t��+-,.+-,.*

α��,"=
Q
U�vK "�F1T/;<-<4/L8G+-,.*|E.��/;E�/�3!+-�!+4/;,X*�+-#%�53���,X�zyDE.<-+4O�+-�$=.�53�O��!+-E.�!+4/;,�/�1��! .+43KYC��<4=2U

�����BE8�	#��=���
�	� � �
� ��� ��·{f5`
α
¤�f�b;ieb;g �HfL¤z�!b;_T�(_aiC`sfT�Hfz��k��0^HfT���!f�f

n �
�{�.fzi

Q(α) = {a0 + a1α+ a2α
2 + · · · + an−1α

n−1 | a0, . . . , an−1 ∈ Q} .
�}+-#%��,

α ∈ A
/�1�=.��*����5�

n
��+-��3$Jp+-,.+-J|��<{E�/;<-&�,"/;Jp+w��<

f ∈ Q[X]
1c�;O���/;��3@/L#%���

C
�;3

f(X) =

n∏

j=1

(X − α(j)) ,

8G "�����(87��E.:.�
α = α(1) U¢vK "��,H:.J0'�����3 α(2), . . . , α(n) �������! "�Vb;g �HfL¤���b;_T�R��k;iL¦z�;�Hb�`sf��|/�1 α UvK "��&o�����|��<-<7��<-*%��'.�t��+4O|,H:.J�')����308G+-�! Z�! "�>3t��J>�>Jp+-,.+-J|��<BE)/;<-&Q,"/;Jp+w��<

f
�{��,"=2��J>/;���5/L#%���L��! "��&P��������<-<{=D+43!�!+-,"O��LU�Q+-,"O5�

α(2), . . . , α(n) �����q��<43�/���<-*%��'.�t��+4OR,Q:.J�')����3L���! "��&o,C���!:.�t��<-<-&o*%��,"���t�����I�! "��+-��/M8G,YC��<4=.3
Q(α(j))

U�vK "�53��}YC��<4=.3������F#%���!&I3!+-Jp+-<w���G��/
Q(α)

6T��,"=P3�/p/;,"�F��/(�L�;O� X/;�! "���17zU�6 ,R1T�;O���! "��&´������+43�/;J>/;�!E. .+4O(:.,"=.���F+43�/;J>/;�!E. .+43�J>3F+-,"=D:"O5�5=�'H&´�;3t3!+-*�,.J>��,H��3
α 7→ α(j) UA¶C/;�!J|��<-<-&%�/;,"�qJ|�5&©=.�zY","�V��,x+43�/;J>/;�!E. .+43!J

%j : Q(α) → Q(α(j))
'Q&[3����!�!+-,.*

%j(g(α)) = g(α(j))
�8G "�����

g ∈ Q[X]
U�6 ,>�! "�}OL�;3��$�! C���787�}O5/;,"3!+4=.���S/;,.<-&>/;,"�@���53!EuU%� 87/(O5/;,;��:.*H�����537/�1

α
87��:"3��+-,"3!���L�;=q/�1

α(2) �����53!EuU α(3) �! "�},"/;�t���!+4/;, α′ �����53!EuU α′′ �.��,"=R3�+-Jp+-<w���!<-&|87�F:"3t� g′ �����53!EuU g′′ 1T/;�
g(α(2))

�D���53!EuU
g(α(3))

UvK "�����}�����$3���#%���t��<jO�<w�;3t3��53B/�1u��<-*%��'.�t��+4O@+-,Q����*%����3B�! C���BE.<w�5&|��,>+-JpE)/;�!�t��,H�S��/;<4�G+-,|,Q:.J�')����! "�5/;�!&���,"=X+-��3}��E.E.<-+4OL���!+4/;,"3LU�vK "��O�<w�;3�3�+hYCOL���!+4/;,´/�17��,���<-*%��'.�t��+4O�+-,Q����*%���}+-,Q��/I/;,"�0/�1��! "�53��O�<w�;3�3��53�+43�=.���!+-#%�5=[1a��/;J �! "�RJ>/Q=D:.<-:"3(/�1$+-��3p��<-*%��'.�t��+4OqO5/;,;� :.*H�����53LU %�,���<-*%��'.�t��+4Oq+-,Q����*%���
α > 1

+43$3t��+4=P��/(')�
• �|dK_w�5k�`B,Q:.J�')���@+h1

max1<j≤n |α(j)| < 1
�

• �R)b;g-f�± ,H:.J0'�����+h1
max1<j≤n |α(j)| = 1

�
• �|d@fz���!k;i�,H:.J0'�����+h1

max1<j≤n |α(j)| < α
U

o�´O5/;,"O�<-:"=.�´�! .+43I3��5O��!+4/;, 8G+-�! �o3! "/;�!�R,"/;���´/;, �zyD����,"3!+4/;, �!+-,.*%3LU ¹u���R:"3RO5/;,"3!+4=.����zyD����,"3!+4/;,��!+-,.*%3
Z[β]

�
Z[β−1]

��,"=
Z[β, β−1]

U I�'H#�+4/;:"3!<-&%�
Z[β] ⊂ Z[β, β−1]

��,"=
Z[β−1] ⊂

Z[β, β−1]
UBW�/;���5/M#%���L�

• +h1
β
+43@��,X��<-*%��'.�t��+4O�+-,H����*%���L�C�! "��,

Z[β, β−1] ⊂ Z[β−1]
�

• +h1
β
+43@��,X��<-*%��'.�t��+4O�:.,.+-�L�.�! "��,

Z[β, β−1] ⊂ Z[β]
��,"=P3�/

Z[β] = Z[β−1]
U
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����� �
	 ��������	H" 	 �
��� � 	 ��� 	 ��D�

¶"/;�F�>3!:.�!#%��&P/�1�#����!+4/;:"3��;3!E)�5O���3}/�1�O5/;J0'.+-,C����/;�!+4O53A/;,X8S/;��=.3@�! "�����L�;=.����+43@���z1����!���5=���/p�! "�3����!+4�53�/�1)¹u/;�! C��+-���C� 3�')/Q/;?D3H@'N�:D�.N � Bs�;J>/;���G=.���t��+-<43�/;,p3!:.'"3!�!+-�!:.�!+4/;,"3�OL��,p')�71�/;:.,"=�+-,p��&��! "�L�;3¶"/;*�* @ ��: BsU
��������� ����������� ����!"�#�%$&�'�(���*),+.-/!�0
¹u���

A
'�����,�/;��=.�����5=�Y",.+-����3����L��OL��<-<4�5=[b�g �C�DbH¤�f�`TU}6s��3���<4��J>��,H��3L��J>/�3!�}/�1��! "�¢�!+-J>��=.��,"/;���5=��+-�! "���7'H&>=D+-*�+-��3 {0, 1, . . . , d−1} /;�7'H&>Ot C���t�;O�������3 {a0, a1, . . . , ad−1}

�Q�����}OL��<-<4�5=Vg4f�`T`sfz���zU %
�Bk;�!^

w = w1w2 · · ·wn
+43��KY",.+-���B3!�!�!+-,.*}/�1D<4���!������3�+-,

A
�M�! "�B<4��,.*��! 

n
/�1j�G87/;��=

w
+43�=.��,"/;���5='Q& |w| UKvK "�0��JpE.�s&P87/;��=�+43@=.��,"/;���5=X'H& ε UMI���=D+-,C���!+-<-&%��87�0=.�zY","�0�V�tk;ij��b�`sf�ijb�`�_Tk;io/�1��s87/8S/;��=.3

u = u0u1 · · · uk
����,"=

v = v0v1 · · · vl
'Q&

uv = u0u1 · · · ukv0v1 · · · vl
U�vK "��3t����/�1S��<-<

6�Y",.+-����7B87/;��=.3@/L#%���$��,V��<-E. C��'����
A
+43K=.��,"/;���5=q'H&

A∗ U�vK .+43G3t���78G+-�! q�! "�FO5/;,"OL������,C���!+4/;,��;3��'.+-,C���!&P/;E)���t���!+4/;,���,"=P8G+-�! V�! "�¢��JpE.� &q87/;��=��;3���,V+4=.��,H�!+-� &q1�/;�!J>3@�pJ>/;,"/;+4=2�"OL��<-<4�5=P�! "�
�z�!ftf0±pk�ijk;_T^|*%��,"���t�����5=X'H&

A
U

%�,ª+-,DY",.+-����3����Q:"��,"O5�
u = (un)n∈N = u0u1u2 · · ·

/�1�<4���!������3R+-,
A
+43qOL��<-<4�5= �¬�z_h�;�Q`_ai ��i"_�`sf �Bk;�!^�U�vK "�A3����G/�19+-,DY",.+-���F87/;��=.3L�.+43G=.��,"/;���5=q'Q&

AN
U % 87/;��=

u ∈ AN
+43K3t��+4=q��/�'��fzl;fziC`��.b;g�g£� �.fz�z_�kL^�_���+h1)+-��+43B/�12�! "�K1T/;�!J

u = vzω �H8G "����� v, z ∈ A∗ � z 6= ε
��,"=

zω = zzz · · · U% �5b%�5`ck;�p/�1�� 6�Y",.+-����/;�$+-,DY",.+-����7G87/;��=
w
+43@��Y",.+-���¢87/;��=

u
3!:"Ot V�! C���

w = w1uw2
1�/;�3�/;J>�¢87/;��=.3

w1, w2
U76c1

w1 = ε
�! "��,

u
+43@OL��<-<4�5=´� �j��f � 
�/�1

w
�"+h1�J>/;���5/L#%���

w2 6= ε
�! "��,

u+43SOL��<-<4�5=P� ����k �"fz�	�j�!f � 
P/�1
w
UB�Q+-Jp+-<w���!<-&I+h1

w2 = ε
�! "��,

u
+43S�|�z�21 
q/�1

w
�D��,"=R+-�S+43KOL��<-<4�5=

�j�!k �.f����z�21 
´+h1�+-,��;=.=D+-�!+4/;,
w1 6= ε

U@¶C/;�F��,�+-,DY",.+-����8S/;��=
u
87��=.��,"/;���0'H& Ln(u)

�! "��3����/�1�+-��3K1c�;O���/;��3$/�19<4��,.*��! 
n
U�vK "�>ghb;i��;�DbM�Hf�/�1���,P+-,DY",.+-����87/;��=

u
+43$=.�zY","�5=��;3

L(u) :=
⋃

n∈N

Ln(u) .

%�,©+-,DY",.+-���I8S/;��=
u = (un)n≥0

+43�3t��+4=[��/´'��X�!f!�5�Q�z�!f�iC`(+h1@�L�;O� x/�1@+-��301c�;O���/;��3�/�O5O�:.��3+-,DY",.+-����<-&|/�1�����, OQ1�/;�!J|��<-<-&%�Q1T/;�K��,Q&p1c�;O���/;�
w = w0 · · ·wn

/�1
u
�! "��3t��� {i ∈ N | ui · · · ui+n =

w} /�1SkL�t���Q�z��fzij�tf���/�1 w +43B+-,DY",.+-����U�W´/;���5/L#%���L�D+h1u�! "�F3����S/�1�/�O5O�:.�!����,"O5�537 C�;3S')/;:.,"=.�5=R*H��E"31T/;����,H&�1T�;O���/;�
w
�2�! "��,

u
+43¢OL��<-<4�5=��QiC_ �5k;�z±�g£�P��f!��������fziC` 6�/;�p±�_ai"_a±>b;g�7zU �	�Q:.+-#;��<4��,Q�!<-&%�{8S�3t�L&X�! C���

u
+43F:.,.+h1T/;�!Jp<-&X���5O�:.�!����,H��+h1B1T/;�A��,Q&

n
�! "�����p�zy�+43���3

R(n) > 0
3�:"O� e�! C���F1T/;�F��,Q&

i ∈ N
�! "�(3����F/�1�1T�;O���/;��3F/�1B<4��,.*��! 

n
+-,��! "�0Y",.+-����87/;��=

uiui+1 · · · ui+R(n)
O5/;+-,"O�+4=.�53F8G+-�! 

Ln(u)
UvK "�Xg-f 
;_��tk��;�!b �C�H_T��k���^Hf��z��3�/;J>���!+-J>�53�OL��<-<4�5= b�g �C�DbH¤�f�`�_T�Vk;�!^Hfz����/;,Z87/;��=.30+43�=.�zY","�5=��;31T/;<-<4/L8$3LU�¶C/;�S� 87/(8S/;��=.3

u, v
��87�F3t�L&|�! C���

u
+43S<4�53�3B+-,q<4�zyD+4O5/;*��t��E. .+4OA/;��=.���K�! C��,

v
��=.��,"/;���5='Q&

u < 3�4(5 v �{+h1 u +430�VE.��/;E����0E.���zY.ye/�1 v /;�¢+h1G�! "�����|�zyD+43!�A1c�;O���/;�!+-�M���!+4/;,"3 u = wau′
��,"=

v = wbv′
8G+-�! 

a, b ∈ A
��,"=

a < b
U6 ,P�! "�¢3����Q:"��<c�D87�¢8G+-<-<u'��F:"3�+-,.*p�! "�A�! .���5�F1T/;<-<4/L8G+-,.*I/;E)���t���!+4/;,"3@/;,P8S/;��=.3LU

• vK "�p�t�H_ �z`7k �.fz�!b�`ck;�
σ
�;O���3$/;,

AN
'Q&

σ(u0u1 · · · ) = u1u2 · · ·
U

• ¶C/;�F�(8S/;��=
w = w1 · · ·wkwk+1 · · ·

8G+-�! ´�>E.���zY.y
v = w1 · · ·wk

8S��=.�zY","�
v−1w :=

wk+1wk+2 · · ·
U
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• I�,��! "��3���� A∗ /;,"�0=.�zY","�53F�! "��/;E)���t���!+4/;, ∼ 8G .+4O� e��/q�>Y",.+-���08S/;��=
w = w1 · · ·wn�;3t3�/QO�+w�����53

w̃ = wn · · ·w1
��OL��<-<4�5=>�! "�0�!f�l�fz����b;g{/�1

w
U %\Y",.+-���@87/;��=

w ∈ A∗ 1T/;�B8G .+4Ot 
w = w̃

+43@OL��<-<4�5=X� �Db;g£_�i�^;��k�±>f5U
%�<-<2,"/;�!+4/;,"3@3�/�1c���$=.�zY","�5=q1T/;�G�!+-*� H�$+-,DY",.+-���¢87/;��=.3@OL��,X'��¢��,C��<4/;*%/;:"3!<-&R+-,H�!��/�=D:"O5�5=P1T/;�g4f �z`9_ai ��i"_�`sf$87/;��=.3

u ∈ AN
�H8G�!+-�!����,|+-,I�! "�K1�/;�!J

u = · · · u2u1u0
�Q��,"=p1T/;�@` �Bk � ��_T^Hf!^�_ai ��i"_�`sf87/;��=.3

u = · · · u−2u−1u0u1u2 · · ·
���! "��3t���}/�1B� 87/�rs3!+4=.�5=�+-,DY",.+-���(8S/;��=.3F+43F=.��,"/;���5=�'H&

AZ
U6s1u1�/;�G�0�s8S/�rs3!+4=.�5=q+-,DY",.+-���F87/;��=.3K�! "�}E)/�3!+-�!+4/;,P/�1{�! "�}<4���!�����G+-,"=.�zyD�5=R'H&

0
+43S+-JpE)/;�!�t��,H�L�D8S�+-,H�!��/�=D:"O5� �.k;_�ij`sf!^q�s8S/�rs3!+4=.�5=�+-,DY",.+-���A87/;��=.3L�

u = · · · u−2u−1|u0u1u2 · · ·
U

��� �%� � � � � ��+.- � +��������	� �(��
 ����!�������#��! - +�� � ��� +��������	� �(��

vK "� �5b%�5`ck;�¢��k;±
�jg4f�
;_�`��I1a:.,"O��!+4/;,q+43$��O�<w�;3�3!+4OL��<28K�5&R��/ �Q:C��,H�!+h1�&|�! "�A=D+-#%����3�+-�s&q/�1���,q+-,DY",.+-���3����Q:"��,"O5��U�vK "�SO5/;JpE.<4�zyD+-�s&A1�:.,"O��!+4/;, Cu : N → N

/�1C�@3����Q:"��,"O5�
u
�;3�3�/�O�+w�����53���/���,H&�E�/�3!+-�!+-#%�+-,H����*%���

n
�! "�AOL����=D+-,C��<-+-�s&

#Ln(u)
�"�! C���$+43

Cu(n) := #{w ∈ L(u) | |w| = n} .
I�'Q#Q+4/;:"3!<-&%�D�! "�}O5/;JpE.<4�zyD+-�s&R+43K��,"/;,Drs=.�5O����L�;3!+-,.*(1�:.,"O��!+4/;,V��,"=|8S�}OL��,q')/;:.,"=|+-��3S#���<-:"�53�;3 Cu(1) ≤ Cu(n) ≤ (#A)n 1�/;�P��,H&¬E)/�3!+-�!+-#%��+-,H����*%���

n
U�vK "���zyD+43!����,"O5�´/�103����Q:"��,"O5�53�;=DJp+-�!�!+-,.*x')/;�! �zyD�!����J|��<F#;��<-:"�53q/�1��! "��O5/;JpE.<4�zyD+-�s&ª+43q=.��J>/;,"3!�!�t�����5= 'Q&¬�! "��1�/;<-<4/M8G+-,.*�zy"��JpE.<4�53LU

������������� �8%¬E����!+4/�=D+4OK3����H:"��,"O5�K/M#%���9�! "�S'.+-,C���!&(��<-E. C��'����
u = 010101 · · ·  C�;3�O5/;JpE.<4�zyD+-�s&

Cu(n) = 2
1T/;�$��#%���!&

n
U

������������� �0vK "� (7 C��JpE)���!,"/L87�´3����Q:"��,"O5�
v = 011011100101110 · · · �S/;'.�t��+-,"�5=¬'Q&¬O5/;,DrOL������,C���!+-,.*P�! "��'.+-,C���!&��zyDEC��,"3!+4/;,"3F/�1B+-,H����*%����3

0, 1, 2, . . .
�� C�;3AO5/;JpE.<4�zyD+-�s& Cu(n) = 2n 1T/;���#%���!&

n
U

(S/;,"O5���!,.+-,.*V�! "�p��'.+-<-+-� &´/�1S�! "��O5/;JpE.<4�zyD+-�s&´1�:.,"O��!+4/;,���/qJ>�L�;3!:.�����! "�p=D+43�/;��=.���¢/�1S�R3��zr
�Q:"��,"O5��8S�� C�L#%���! "��1�/;<-<4/M8G+-,.*q���53!:.<-�}/;,��! "�0O5/;JpE.<4�zyD+-�s&�/�1�E����!+4/�=D+4O03t���H:"��,"O5�53�'H& (S/M#%��,��,"=V�}�5=D<-:.,"=2U
�����BE8�	#��=���
�	� � � , ��� ��� � � � �	��·�f�`

u ∈ AN � �{�Dfzie`a�Df �5k;g�g-k ��_aiQ�R��k;ij^;_�`�_Tk;i.��b;��f�f�µ��Q_alnb;g4fziC`
�c_ �

u
_w�0fzl;fziC`��.b;g�g£� �.fz�z_�kL^�_�� �

�s_�_ � Cu(n)
_��AbP¤!k;��ij^Hf�^ ����ij�5`�_Tk;i �

�c_a_�_ �[`a�Df��!fpf�
�_w��`a�0b;i�_aiC`sfT�Qfz�
n
�z�D�z�V`a��b%` Cu(n) ≤ n �

5S&´�! "�(E.����#Q+4/;:"30����/;E�/�3�+-�!+4/;,o�! "�(<4/L8S�53!��E)/�3�3!+-'.<4�(#���<-:"�p/�1S�! "�pO5/;JpE.<4�zyD+-�s&�1T/;���R,"/;,
6���#%��,H�!:C��<-<-&G70E)���!+4/Q=D+4Oq3����Q:"��,"O5�|+43 Cu(n) = n + 1

1�/;�>��<-<
n ≥ 1

U�vK .+43(+43�E.��/;'C��'.<-&[/;,"�/�1��! "�A1c�;O���3$�! C���}*H�5#%�0�!+43��A��/R� �Q:.+-�����zyD����,"3!+-#%��3!�!:"=D&P/�1��! "�A1c��Jp+-<-&V/�1�3t���H:"��,"O5�53� C�5#�+-,.*�! .+43�E.���5O�+43��R#;��<-:"�R/�1�O5/;JpE.<4�zyD+-�s&%�73��5�>1T/;�(�zy.��JpE.<4� (7 C��E.����� &X+-,R@'N �7BsU�vK "�53��R3����Q:"��,"O5�53�����>?�,"/L8G,©'H&e�! "�I,C��J>�|/�1A�`��Q�z±(_�b;i[�5f�µ��.f�ij�tf�� � �Bk���^�� ���9*�+-#%��,Z��/X�! "��J 'Q&oW�/;��3t�I��,"=



����� � ��� ��� � � � ����������
 ����� ����� 
 ��)

�}�5=D<-:.,"=I@'N�O BsU��Q+-,"O5��1T/;�A�R�Q�!:.�!Jp+w��,e8S/;��= Cu(1) = 2
�u��,H&e�Q�!:.�!Jp+w��,´8S/;��=�+43},"�5O5�53�3t���!+-<-&/M#%�������s8S/><4���!��������<-E. C��')���LUvK "�����R+43p�X,C���!:.�t��< �Q:"�53!�!+4/;,u����#%/;?%�5=©'Q&Z����/;E)/�3!+-�!+4/;, ��U'&DU �C�p8G C���>�����R�! "�>1�:.,"O��!+4/;,"31���/;J

N
��/

N
8G .+4O� RJ|�5&I'��@�! "��O5/;JpE.<4�zyD+-�s&|1a:.,"O��!+4/;,q/�19��3����H:"��,"O5�

u
U��}/�=.�zY",.+-���A��,"3!8S�����/|�! .+43 �Q:"�53!�!+4/;,X+43@?Q,"/M8G,u�C'.:.�F�>O5/;:.E.<4��/�1�,"�5O5�53t3t���!&V��,"=X3!:D~|O�+4��,Q�}O5/;,"=D+-�!+4/;,"3} C�;3�'��5��,��<-���L�;=D&R1T/;:.,"=2U7��/;J>�¢3!:D~|O�+4��,Q��O5/;,"=D+-�!+4/;,"3}�53!�t��'.<-+43! "�5=P'Q&R<-+43��!+-,.*|�zy.��JpE.<4�53@OL��,V'��}1T/;:.,"=+-, @ �.9 Bs�D�! "�>i�f!�tf�����b;�z�P��k;ij^;_�`�_Tk;i.�������

• Cu(n)
+43G,"/;,Drs=.�5O����L�;3!+-,.*"�

• Cu(n+m) ≤ Cu(n)Cu(m)
1�/;�@��,Q&

n,m ∈ N
�

• 8G "��,"��#%��� Cu(n+ 1) = Cu(n)
1T/;�$3�/;J>�

n
�! "��, Cu(n)

+43K')/;:.,"=.�5=2�
• Cu(n) ≤ (#A)n ��+h1 Cu(n) < (#A)n 1T/;�03t/;J>� n �u�! "��,©�! "�����|�zyD+43!��30�V���L��<B,Q:.J�')���
κ < #A

3!:"O� X�! C��� Cu(n) ≤ κn �
• +h17�! "�����p�zy�+43!��3

a
3!:"O� ��! C��� Cu(n) < an

1T/;�F��<-<
n
���! "��,e�! "��Y"��3��F=D+��2������,"O5�p/�17O5/;J(rE.<4�zy�+-� &

∆Cu(n) = Cu(n + 1) − Cu(n) ≤ Ka3 1�/;�>��<-< n ��1�/;�>��:.,.+-#%����3t��<GO5/;,"3!�t��,Q�
K

@ *�9��"*?N Bs�
• +h1

∆Cu(n) = Cu(n + 1) − Cu(n)
+43@')/;:.,"=.�5=2�)�! "��3����}/�1

n
3!:"Ot ��! C���

∆Cu(n + 1) >
∆Cu(n)

 C�;3$=.��,"3!+-� &q�L����/ @'N BsU
5K�z1T/;���G+-,H�!��/�=D:"O�+-,.*��! "�$EC��<-+-,"=D��/;Jp+4O}O5/;JpE.<4�zy�+-� &><4����:"3B=.��,"/;����'H& Pal(u) �! "�$3����S/�1{��<-<EC��<-+-,"=D��/;J>�53�O5/;,H�t��+-,"�5=[+-,Z�q87/;��=

u
U>vK "� �Db;g£_�ij^���k;±(_T�I�tk;±
�jg-f 
;_a`��e/�1

u
�{+43A�! "�(1�:.,"O��!+4/;,

Pu : N → N
�! C���0�;3t3�/QO�+w�����53F��/��R,"/;,.,"��*H���!+-#%�p+-,H����*%���

n
�! "�p,Q:.J�')����/�1KEC��<-+-,"=D��/;J>�53�/�1<4��,.*��! 

n
+-, L(u)

�
Pu(n) := #{w ∈ Pal(u) | |w| = n} .

I�'Q#Q+4/;:"3!<-&%��87�I C�5#%� Pu(n) ≤ Cu(n)
1�/;�p��<-<

n ∈ N
U (7<4/�3��I����<w���!+4/;,�'���� 87�5��,�1c�;O���/;�(��,"=EC��<-+-,"=D��/;Jp+4O0O5/;JpE.<4�zy�+-� &R8K�;3$*�+-#%��,V'Q& %@<-<4/;:"Ot "�¢������<cU

�����BE �B#��=���
�	� � � , � , ��� $����	��·{f5`
u = u0u1u2 · · ·

¤�f´b;iª_ai ��iC_a`sfPijk;i � fzl�fziC`��.b;gag²� �.fz�z_�kM^;_���Lf!µ��"fzij�tfpk�i�b���i"_�`sf0b;g �j��bH¤�f�` � �{�Dfzi � �5k;��b;gag n ≥ 1 �
�7fF��b�l�f

Pu(n) ≤ 16

n
Cu

(
n+

⌊n
4

⌋)
.

  "��,e�! "�����(+43F,"/q��/�/;J�1�/;�AO5/;,D1�:"3!+4/;,e87�(8G+-<-<�:"3!:C��<-<-&�/;Jp+-�A�! "�p3!:.'"3�O��!+-E.�
u
+-,e')/;�! 

Cu(n)
��,"= Pu(n)

U
% E)/L87����1�:.<$��/�/;<G1T/;�p�! "�P=.�������!Jp+-,C���!+4/;, /�1F�! "�PO5/;JpE.<4�zy�+-� &ª�����P�! "�P3�/�rsOL��<-<4�5=x<4�z1��|/;��!+-*� Q�|3!E)�5O�+w��<71c�;O���/;��3L�B+-,H�!��/�=D:"O5�5=¬'H& (K�;3�3t��+-*�,"� @ *?N BsU�¹u���

w
'��V�X1c�;O���/;�>/�1A�´3����Q:"��,"O5�

u ∈ AN
�
w ∈ L(u)

U % �z_h�;�Q`@f�
�`sfzi"��_Tk;i 6a���53!E)�5O��!+-#%��<-&Zg4f ��`@f�
�`sfzi"��_Tk;i�7�/�1B�! "�01c�;O���/;�
w
+43F�8S/;��=

wa
6a���53!E)�5O��!+-#%��<-&

aw
7z�H8G "�����

a ∈ A
�H3!:"Ot |�! C���

wa
6a���53!E��5O��!+-#%��<-&

aw
7�+43S��<43�/¢��<4��J>��,Q�/�1 L(u)

U�vK "�(,H:.J0'�����/�1K�!+-*� H� 6a���53�E��5O��!+-#%��<-&´<4�z1a�17}�zyD����,"3!+4/;,"3¢/�1G�|1T�;O���/;�
w
+43AOL��<-<4�5=��! "��z_h�;�Q` 6a���53!E��5O��!+-#%��<-&xg4f ��` 7(^HfT�;��f�fP/�1

w
��=.��,"/;���5=o'Q&

degR(w)
6a���53!E)�5O��!+-#%��<-&

degL(w)
7zU o�3t�L&��! C���

w
+43��´g4f �z`$� �.f���_�b�g �5b%�5`ck;�q/�1S�! "�(+-,DY",.+-���|87/;��=

u
+h1S+-��3¢<4�z1a�¢=.��*����5�p+430���A<4�L�;3!� &DU
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�Q+-Jp+-<w���!<-&%��+h1��! "���!+-*� Q�}=.��*����5��/�17�(1c�;O���/;�

w
+43F����<4�L�;3�� &D�j�! "��,

w
+43F�P�z_h����`B� �.f!��_Tb;g �5b%�5`ck;�/�1

u
U
%�<-<{�! "�53��@��:"3!�@+-,Q�!��/Q=D:"O5�5=´,"/;�!+4/;,"3FOL��,�')�¢:"3t�5=V��/RO� C���t�;O������!+-�L�>�Q�!:.�!Jp+w��,�87/;��=.3LU�¹u���

u
')�¢�('.+-,C���!&R+-,DY",.+-���¢87/;��=2UBvK "�F1�/;<-<4/M8G+-,.*R�����¢���Q:.+-#���<4��,H�
6a+=7

u
+43��Q�!:.�!Jp+w��,u�

6a+-+=7 Cu(n) = n+ 1
1T/;����<-<

n ∈ N
�

6a+-+-+=7I1�/;�K��,H&
n ∈ N

�! "�������zyD+43!��3B�zy"�;O��!<-&|/;,"�@�!+-*� H�G��,"=I/;,"��<4�z1a�S3!E)�5O�+w��<"1c�;O���/;�S/�12<4��,.*��! 
n
�

6a+-#G7R�! "�����¢+43$�zy"�;O��!<-&V/;,"�AEC��<-+-,"=D��/;J>��/�1�<4��,.*��! 
n
1T/;����,H&

n
��#%��,u����,"=V�! "�����0�������zy.�;O��!<-&�s8S/>EC��<-+-,"=D��/;J>�53@/�1�<4��,.*��! 

n
1T/;�@��,H&

n
/Q=.=2U

vK "�GO� C���t�;O������!+-�M���!+4/;,R:"3!+-,.*AEC��<-+-,"=D��/;J>�53B+43�=D:"�K��/A§���/;:.'C�L&>��,"=p��+-�!+-<-<4/2@ ��**BsU8I��! "�������H:.+-#Qr��<4��,H�IO5/;J�'.+-,C����/;�!+w��<�=.�zY",.+-�!+4/;,"3I/�1F�o�Q�!:.�!Jp+w��,¬8S/;��=x'H&[J>�L��,"3>/�1F'C��<w��,"O5���BJ>�5Ot C��,.+4OL��<87/;��=.3�/;�$�����!:.�!,V8S/;��=.3@OL��,V')�}1�/;:.,"=R1T/;�@�zy"��JpE.<4�A+-,V3!:.�!#%��&REC��E�����3@'H& 5K����3!����< @')�)D�BN � BsU6 ,DY",.+-���X8S/;��=.3q8G .+4O�  C�5#%�X1T/;�R�L�;Ot 
n ∈ N

���IJ>/�3��R/;,"��<4�z1a�q3!E)�5O�+w��<}��,"= ���IJ>/�3��/;,"�q�!+-*� H�I3!E��5O�+w��<S1c�;O���/;�|�����POL��<-<4�5=«f �j_��z`����z±�_Tb;i\87/;��=.3L�7�! .+43pO�<w�;3�3p8K�;3p+-,H�!��/�=D:"O5�5=ª�;3>�*%��,"���t��<-+-�M���!+4/;,�/�1��Q�!:.�!Jp+w��,V8S/;��=.3@��/>��,´���!'.+-�!�t���!&P��<-E. C��')���$'Q&R§}��/;:.'C�5&V���@��<cU @ ��) BsU° �zijk;� 
 � �$b;��³5�Z8S/;��=.3 6 ° � �Bk���^��37 @ ��9 BG/�1}/;��=.���
d
�����q3!E)�5O�+w��<GOL�;3��53p/�1}��E.+43��!:.�!Jp+w��,87/;��=.3	OQ�! "��&R�����@=.�zY","�5=P�;3S��E)���!+4/�=D+4O@8S/;��=.3S/M#%���K�

d
rc<4���!�����G��<-E. C��'����K3!:"Ot I�! C���71�/;�S�L�;O� 

n�! "�������zy�+43!���zy.�;O��!<-&X/;,"��<4�z1a�}3!E)�5O�+w��<u1c�;O���/;�
w1

��,"=��zy.�;O��!<-&V/;,"�0�!+-*� H�F3!E)�5O�+w��<
w2

1c�;O���/;��/�1<4��,.*��! 
n
����,"=2�)J>/;���5/M#%���L�u�! "�53��(3!E)�5O�+w��<�1T�;O���/;��3A3t���!+43!1a&

degL(w1) = degR(w2) = d
UAvK .+43=.�zY",.+-�!+4/;,X+-JpE.<-+4�53@�! C���$�! "�AO5/;JpE.<4�zyD+-�s&V/�1 %@�!,"/;:Dy�r ����:.�5&R87/;��=X+43$���H:C��<2��/

(d− 1)n+ 1
UvK "�}EC��<-+-,"=D��/;Jp+4OFO5/;JpE.<4�zy�+-� &I/�1�%��!,"/;:Dy�r ����:.�5&>8S/;��=.37+43G��<43�/�?Q,"/M8G, @ 9 �.� ��& B �9�! "�����}+43�zy"�;O��!<-&|/;,"�@EC��<-+-,"=D��/;J>�A/�1�<4��,.*��! 

n
+h1
n
+43K��#%��,q��,"=q�zy"�;O��!<-&

d
EC��<-+-,"=D��/;J>�53G/�1u<4��,.*��! 

n
+h1

n
+43$/�=.=2U
%�,"/;�! "���A*%��,"���t��<-+-�M���!+4/;,[/�1K�Q�!:.�!Jp+w��,Z87/;��=.3A��/R87/;��=.3�/L#%�����

d
rc<4���!��������<-E. C��')���A+43F�! "�+-,DY",.+-���A8S/;��=.3@O5/�=D+-,.*p�! "�

d �
_aiC`sfz�zlnb;g9f 
%�z��b;i��Hf�`���b�i.� �5k;�z±pb%`�_�k;i @ 9 OD� ��& BsU�6 ,P��*%��,"���!+4O�OL�;3���! "��1T�;O���/;�$O5/;JpE.<4�zyD+-�s&R+43K�! "�F3t��J>�A�;3S1�/;� % � 87/;��=.3�@ 9 O Bs��,C��J>��<-& C(n) = (d− 1)n+ 1

1T/;�
n ≥ 1

U8I�,��! "�K/;�! "���� C��,"=(�! "�SEC��<-+-,"=D��/;Jp+4O$3!�!�!:"O��!:.���G/�1��! "�53��S87/;��=.3�+439J>/;���GO5/;JpE.<-+4OL�����5=2UvK "�P�zyD+43!����,"O5�V/�1�EC��<-+-,"=D��/;J>�53I/�1A���!'.+-�!�t���!&©<4��,.*��! ª=.��E)��,"=.3>/;,x�! "�qE)���!J�:.�t���!+4/;,ª8G .+4Ot �zy.O� C��,.*%�53$�! "�¢+-,H�����!#���<43LU�¶"/;�
d = 3

�! "�F���53!:.<-�$+43$*�+-#%��,V+-, @ ��& Bs��1T/;�G*%��,"���t��<
d
+-, @'& � BsU

%�,C��<4/;*�+4OL��<-<-& ��/¬�! "�[OL�;3��Z/�1(1c�;O���/;�´O5/;JpE.<4�zyD+-�s&%�¢1�/;���! "�Z3!�!:"=D& /�1p�! "�ZEC��<-+-,"=D��/;Jp+4OO5/;JpE.<4�zyD+-�s&x+-�|+43|+-JpE�/;�!�t��,Q�|��/[=.�zY","�V�! "�PEC��<-+-,"=D��/;Jp+4O´�zy�����,"3�+4/;,uU 6s1}1�/;�I�eEC��<-+-,"=D��/;J>�
p ∈ Pal(u) �! "�����(�zy�+43!��3A�I<4���!����� a ∈ A

3!:"Ot e�! C���
apa ∈ Pal(u) �2�! "��,�87�pOL��<-<��! "��87/;��=

apa
� �Db;g£_aij^;�!k;±(_��pf�
�`sf�i.��_Tk;ie/�1

p
U

��� �%��� �����&0 � ����� � ��+ �'0
¹u���}:"3@���5OL��<-<9�! C����±pk�� �C�Q_w�z± /;,´�>1����5�¢J>/;,"/;+4=

A∗ +43��|J|��E.E.+-,.* ϕ �! C���@1a:.<hY"<-<43 ϕ(uv) =
ϕ(u)ϕ(v)

1T/;�7��<-<
u, v ∈ A∗ U I�'Q#Q+4/;:"3�<-&%��1T/;�B=.�������!Jp+-,.+-,.*��! "�GJ>/;�!E. .+43�J +-�B3!:D~|O5�53���/¢=.�zY","�

ϕ(a)
1T/;����<-<

a ∈ A
U�vK "���;O��!+4/;,>/�12��J>/;�!E. .+43!J OL��,p')�K,C���!:.�t��<-<-&(�zy�����,"=.�5=>/;,p�!+-*� Q��+-,DY",.+-���87/;��=.3@'H&q�! "�FE.���53�O��!+-E.�!+4/;,

ϕ(u0u1u2 · · · ) := ϕ(u0)ϕ(u1)ϕ(u2) · · · .



����� � � ����� � � � � ���

%�,�+-,DY",.+-���p3����H:"��,"O5�
u ∈ AN

+43}OL��<-<4�5=[��� 
Hf!^ �Dk;_aiC`�/�1
ϕ
+h1
ϕ(u) = u

U % J>/;�!E. .+43!J�1�/;�8G .+4Ot 
ϕ(a) 6= ε

1�/;�>��<-<
a ∈ A

+43(OL��<-<4�5=x�[ijk;i � fz��b;��_aiQ�e±>k;� �C�H_���±pU�6c1!��J>/;���5/L#%���L�7�! "������zyD+43!��3I�e<4���!�����
a ∈ A

3!:"Ot ª�! C���
ϕ(a) = aw

1�/;�|3t/;J>�V,"/;,Drs��JpE.�s&¬8S/;��=
w ∈ A∗ �S�! "�,"/;,Drs���t�;3!+-,.*�J>/;�!E. .+43!J

ϕ
+437OL��<-<4�5=R�(���"¤���`�_a`��D`�_�k�iCU %@,Q&>3!:.'"3!�!+-�!:.�!+4/;,| C�;3K���B<4�L�;3��7/;,"�GY.y.�5=E)/;+-,H�L�.,C��J>��<-&

limn→∞ ϕn(a)
U¶C/;�}�p3!:.'"3��!+-�!:.�!+4/;,

ϕ
/L#%���F�

d
rc<4���!�����A��<-E. C��')���

A = {a0, . . . , ad−1}
8S��=.�zY","��+-��3¢_aij��_ �^Hf�ij�tf@±>b�`���_ 
>�;3��

d×d +-,Q����*%����J|���!�!+hy Mϕ
*�+-#%��,p'H&

(Mϕ)ij := |ϕ(aj)|ai

�;+cU ��U;�! "�S��<4��J>��,Q�
(i, j)

/�1K�! "�(+-,"O�+4=.��,"O5�pJ|���!�!+hye+43A���Q:C��<���/q�! "�(,H:.J�')���0/�1K/QO5O�:.�!����,"O5�530/�17�! "�(<4���!�����
ai
+-,

ϕ(aj)
U�}/;���´�! C���q1�/;�P��,H& J>/;�!E. .+43!J

ϕ
�! "��J|��E.E.+-,.*

ϕn +43V��<43�/x�[J>/;�!E. .+43!J ��,"=\1�/;�q+-��3+-,"O�+4=.��,"O5��J|���!�!+hyR8S�A C�5#%�
Mϕn = (Mϕ)n

U
%¨3!:.'"3!�!+-�!:.�!+4/;,

ϕ
/L#%���|��,¬��<-E. C��'����

A
+43pOL��<-<4�5= �j��_a±(_a`�_al�fR+h1}�! "�����q�zy�+43!��3>��E)/�3!+-�!+-#%�+-,Q����*%���

k
3!:"Ot X�! C���G1T/;�@��#%���!&PEC��+-�@/�1�<4���!������3

(ai, aj) ∈ A2 �! "�¢<4���!����� ai
/�O5O�:.��3$+-,

ϕk(aj)
U

�	�Q:C��<-<-&%��87��OL��,e3t�5&P�! C���A�|3�:.'"3!�!+-�!:.�!+4/;,
ϕ
+43@E.�!+-Jp+-�!+-#%��+h1��! "�����(�zyD+43!��3}�>E�/�3�+-�!+-#%��+-,Q����*%���

k
3!:"Ot V�! C���

Mk
ϕ

+43@��E�/�3�+-�!+-#%�AJ|���!�!+hy)U�Q+-Jp+-<w���!<-&%�S/;,"�VOL��,¬�zyD����,"=��! "�V�;O��!+4/;,ª/�1F�´J>/;�!E. .+43�J ��/´<4�z1a�p+-,DY",.+-���P8S/;��=.3LU�¶"/;�I�E)/;+-,H���5=ª�s87/�rs3�+4=.�5=ª+-,DY",.+-���X87/;��=
u = · · · u−2u−1|u0u1u2 · · ·

8S�X=.�zY","�V�! "���;O��!+4/;,\/�1��J>/;�!E. .+43!J
ϕ
'Q&

ϕ(u) = · · ·ϕ(u−2)ϕ(u−1)|ϕ(u0)ϕ(u1)ϕ(u2) · · ·
U I�,"��OL��,®��<43�/[=.�zY","���,C��<4/;*�+4OL��<-<-&q�! "�A,"/;�!+4/;,X/�1���Y.y.�5=qE�/;+-,Q�LU

����� �  " 	 � 	H" 	

vK "�GO�<w�;3�3�+4OL��<.���zy��!')/Q/;?�/;,p�! "�G�! "�5/;�!&(/�1)��:.��/;J|���t�A+43��! "�K8S/;�!?p/�13��+-<4��,Q'����!* @ ��� Bs���! "�GJ>/�3!����5O5��,Q��3�:.JpJ|���!&A'�/�/;?¢/;,¢Y",.+-���K��:.��/;J|���t��8S�;398G�!+-�!����,('H&0�D��?�����/L#�+-��O� @ ��O Bs����:.��/;J|���t�}/L#%���+-,DY",.+-���A8S/;��=.3������¢O5/M#%�����5=V'Q&R�9���!�!+-,´��,"=V��+-, @'N��.�B(7 C��EuU � BsU
%�,´b���`ck;±>b�`ck�iX/L#%���$��,P��<-E. C��'����

A
��=.��,"/;���5= A = 〈A,Q,E, I, F 〉 �.+43K�0=D+-���5O����5=I*��t��E. 8G+-�! q<w��')��<43K+-,X��,P��<-E. C��')���

A
U�vK "�A3t���

Q
+43G3t���K/�19+-��3K#%���!�!+4O5�53L�.OL��<-<4�5=´�z`cb%`sf��z�

I ⊂ Q
+43G3t���/�1{+-��3}_ai"_�`�_�b;gj�z`cb%`sf��z�

F ⊂ Q
+43K3����G/�1 ��i�b;gC��`cb�`sf��¢��,"=

E ⊂ Q×A×Q
+43S�! "�F3����G/�1{<w��')��<4�5=�5=D*%�53L��OL��<-<4�5=©`���b;i"��_�`�_�k;i"�zU$6s1

(p, a, q) ∈ E
/;,"�0:"3!:C��<-<-&P8G�!+-���53

p
a−→ q

U$vK "�(��:.��/;J|����/;,�+433t��+4=q��/>'�� ��iC_a`sfA+h19+-��3$3t���$/�1�3!�t�����53$+43KY",.+-����U
%���k;±
�j�D`cb�`�_Tk;i 6�/;� �Db�`a�B7

c
+-, A +43��0Y",.+-���¢3����Q:"��,"O5�¢/�19�!�t��,"3�+-�!+4/;,"3@3!:"Ot V�! C���

c = q0
a1−−→ q1

a2−−→ q2
a3−−→ · · · an−−→ qn .

�Q:"Ot ´�(EC���! �+43G:"3!:C��<-<-&P=.��,"/;���5=V'Q&
c = q0

a−→ qn
�C8G "�����A�! "�AY",.+-����87/;��=

a := a1a2 · · · an+43K�! "�pg-bH¤�f�g9k��A`a�Df���k;±
�j�D`cb�`�_Tk;i
c
U�vK "��O5/;JpE.:.�t���!+4/;,X+43F�z�D����f��t� ����g�+h1�+-�$3!�t���!��3$+-,���,P+-,.+-�!+w��<3!�t�����¢��,"=X��,"=.3G+-,��0Y",C��<{3!�t������UBvK "�I¤�f���b�lL_�k��>/�1 A ��=.��,"/;���5=X'H& |A| �.+43��(3!:.'"3����$/�1 A∗ /�1<w��')��<43$/�1�3!:"O5O5�53�3�1�:.<uO5/;JpE.:.�t���!+4/;,"3�/�1 A UB��/;J>���!+-J>�53�+-�G+43@��<43�/p3���+4=P�! C������,X��:.��/;J|����/;, A���5O5/;*�,.+-�L�53}�(<w��,.*�:C��*%� L(A) ⊂ A∗ �D8G "����� L(A) = |A| U%�,X��:.��/;J|����/;, A +43$OL��<-<4�5=Z�Qijb�±>¤�_h�;�.k;�Q��+h191�/;����<-<

p, q ∈ Q
��,"=P1T/;�@��<-<u8S/;��=.3

w ∈ A∗�! "�����¢�zyD+43!�����@J>/�3!�@/;,"�AEC���! �+-, A *%/;+-,.*|1a��/;J
p
��/
q
<w��'���<4�5=X'H&

w
U %@,X��:.��/;J|����/;, A +43OL��<-<4�5=©^Hf�`sfz�z±(_�i"_��z`�_T�A+h1�1T/;����,H&qEC��+-�

(p, a) ∈ Q×A
�! "�����0�zy�+43!��3����@J>/�3!�@/;,"�03!�t�����

q ∈ Q3!:"Ot V�! C���
p

a−→ q
+43@�(�!�t��,"3�+-�!+4/;,X/�1 A U



��O ����� � ��������� ��� ���!�	� � ��� ��� � 

������������� ��¹u����:"3{+-<-<-:"3��!�t�����B�! "�7E.����#Q+4/;:"39=.�zY",.+-�!+4/;,"3�/;,��! "�K��:.��/;J|����/;, A ���

+-,(¶�+-*�:.��� ��U ��U
A ���

 C�;3 &p3!�t�����53L�"=.��,"/;���5=
0
��,"=

1
�.')/;�! X/�1��! "��Jº�����AY",C��<c�"�! "�¢3!�t�����

0
+43@��<43�/p+-,.+-�!+w��<cUK6 �+43��P=.�������!Jp+-,.+43��!+4OI��:.��/;J|����/;,x��,"=e+-��3A')�� C�5#�+4/;� |A ��� | = 0∗ ∪ 0∗1(00∗1)∗0∗

+43A�! "�>3����¢/�1Y",.+-���A8S/;��=.3@/L#%��� {0, 1} ,"/;�@O5/;,H�t��+-,.+-,.* 11
�;3@��1c�;O���/;�LU

0 1

0 1

0

¶9+-*�:.��� ��U �C�BvK "�A¶�+-')/;,C�;O5O�+���:.��/;J|����/;, A ���
U

%�,���:.��/;J|����/;, T = 〈A∗×B∗, Q,E, I, F 〉 /M#%�����$J>/;,"/;+4= A∗×B∗ +439OL��<-<4�5=0�¢`��!b;i.�5^;�.�tfz�1���/;J
A∗ ��/ B∗ U96 ��3��!�t��,"3!+-�!+4/;,"3K�����$<w��')��<4�5=>'Q&(EC��+-��37/�1287/;��=.3 (u, v) ∈ A∗×B∗ � u +437OL��<-<4�5=_ai �j�D` �Bk;�!^R��,"=

v
+43KOL��<-<4�5=ek;�D` �j��` �Bk;�!^�U�6c1

(p, (u, v), q) ∈ E /;,"�}:"3!:C��<-<-&|8G�!+-���53
p

u|v−−→ q
U

%«�!�t��,"3�=D:"O5���$+43$3t��+4=V��/('��}Y",.+-���A+h1��! "�¢/�1�+-��3$�5=D*%�53
E
+43KY",.+-����U

%�O5/;JpE.:.�t���!+4/;,
c
+-, T +43@�0Y",.+-���¢3����Q:"��,"O5�

c = q0
u1|v1−−−−→ q1

u2|v2−−−−→ q2
u3|v3−−−−→ · · · un|vn−−−−→ qn .

vK "��<w��'���<}/�1�O5/;JpE.:.�t���!+4/;,
c
+43

(u, v) := (u1u2 · · · un, v1v2 · · · vn)
U vK "�X'��� C�L#Q+4/;�q/�10��!�t��,"3�=D:"O5��� T +437=.�zY","�5=P�;3K��'�/M#%�����! C���S+43M���;37�! "��3t���7/�1�3!:"O5O5�53t3�1a:.<�O5/;JpE.:.�t���!+4/;,"3G/�1 T U�6 ,�! .+43}OL�;3��¢+-��+43}�>����<w���!+4/;,

R ⊂ A∗ × B∗ ��,"= T +43�3t��+4=X��/���k�± ����`sf �c��f!b;g£_-³nf �
R
UG6s1�1�/;�F��,H&87/;��=

u ∈ A∗ �! "�����|�zyD+43!��3����AJ>/�3!��/;,"�>87/;��= v ∈ B∗ 3�:"O� o�! C��� (u, v) ∈ R
�! "��,

R
+43��1�:.,"O��!+4/;,uU

%��!�t��,"3�=D:"O5���}+43@OL��<-<4�5=[��f!b;g � `�_a±>f(+h1�+-,.E.:.�}87/;��=.3F/�1B��<-<{+-��3��!�t��,"3!+-�!+4/;,"3A�����¢<4���!������3�+-, A6a+cU ��UD�! "�F�!�t��,"3!+-�!+4/;,"3}�����F<w��'���<4�5=q+-,
A×B∗ 7zU�vK "�(��ij^Hfz�zg£��_aiQ�|_�i��j��` 6a���53!E)�5O��!+-#%��<-&ok;��` ����` 7b;�D`ck;±>b�`ck;i�/�1@�R�!�t��,"3�=D:"O5��� T +43¢/;'.�t��+-,"�5=e'H&e/;Jp+-�!�!+-,.*��! "�>/;:.�!E.:.� 6a���53!E)�5O��!+-#%��<-&�+-,.E.:.�17<w��')��<43$/�1��L�;Ot X�!�t��,"3!+-�!+4/;,�/�1 T U6 ,��! "�I:"3�:C��<K3t���!�!+-,.*Z�V�!�t��,"3�=D:"O5��� T +43(�;3t3!:.J>�5=©��/´/;E)���t����� L �;3(87�q=./&�t�B�! C����+43M��+-�+43¢���L�;=D+-,.*�+-��3¢+-,.E.:.� 6T��,"=e8G�!+-�!+-,.*�+-��30/;:.�!E.:.�17}1���/;J�<4�z1��¢��/P�!+-*� H�LUV��/;J>���!+-J>�53�+-�¢J|�L&´')�J>/;���>3!:.+-�t��'.<4�|��/q����#%����3��p�! "�>=D+-���5O��!+4/;,©/�1G�! "�>O5/;JpE.:.�t���!+4/;,u�9�! C���¢+43L�2��/P C�L#%�I�RJ|�;Ot .+-,"����L�;=D+-,.* � 8G�!+-�!+-,.*q1���/;J¨�!+-*� H�F��/|<4�z1a�LU$6 ,X�! "��<w���!�����}OL�;3t��8S�03!�!���53t3$�! .+43@1T�;O��}'H&V3t�L&Q+-,.*R�! C���

T +43��R��_-���Q`S`���b�i.��^;�.�tfz��U
% �!�t��,"3�=D:"O5���A+43A3t��+4=´��/R'��I�5f�µ��.f�iC`�_�b�g7+h1S+-�}+43F���L��<hrc�!+-J>���u+-�} C�;3¢�I:.,.+ �Q:"�(+-,.+-�!+w��<�3!�t�������,"=�+-��3�:.,"=.���!<-&�+-,.*R+-,.E.:.�A��:.��/;J|����/;,�+43}=.�������!Jp+-,.+43!�!+4O�U %�1�:.,"O��!+4/;,�+43}OL��<-<4�5=[�5f!µ��"fziC`�_Tb;g7+h1+-�(OL��,©')�I���L��<-+-�L�5=['Q&[�´3����Q:"��,H�!+w��<K�!�t��,"3�=D:"O5���LU %��z�.¤��Lf!µ��"fziC`�_Tb;g@�!�t��,"3t=D:"O5���

(T , ρ) +43(�EC��+-�¢/�1$�q3����H:"��,Q�!+w��<��!�t��,"3�=D:"O5��� T /L#%���
A∗ × B∗ ��,"=e/�1G�I1�:.,"O��!+4/;, ρ : F → B∗ �uOL��<-<4�5=��ijb�g�����ij�5`�_Tk;iC�D8G "�����

F
+43G�! "�¢3����$/�19Y",C��<{3!�t�����53$/�1 T U8% EC��+-� (u, v) ∈ A∗ ×B∗ +43G+-,V�! "�')�� C�5#�+4/;�0/�1@�P3!:.'"3����Q:"��,H�!+w��<7�!�t��,"3�=D:"O5���

(T , ρ) +h1G�! "�����|�zyD+43!��3��V3!:"O5O5�53�3�1�:.<BO5/;JpE.:.�t���!+4/;,
p

u|v1−−→ q
+-, T ��,"=��|87/;��=

v2 ∈ B∗ � v2 = ρ(q)
3!:"Ot ��! C���

v = v1v2
U %�1�:.,"O��!+4/;,�+43}OL��<-<4�5=���"¤��Lf!µ��"fziC`�_Tb;g�+h19+-�$OL��,X'��F���L��<-+-�L�5=X'H&P�p3!:.'"3����Q:"��,H�!+w��<u�!�t��,"3t=D:"O5���LU



����� � � ����� � � � � ��9

������������� �}v{�t��,"3�=D:"O5��� Tbin
+-,o¶9+-*�:.��� ��U'&R+43��R�!+-*� Q��3!:.'"3����Q:"��,H�!+w��<B�!�t��,"3�=D:"O5���¢8G+-�! e�! "�Y",C��<G1�:.,"O��!+4/;,

ρ
*�+-#%��,ª'H&

ρ(0) = ε
��,"=

ρ(1) = 1
Uª6s�p���L��<-+-�L�53R�;=.=D+-�!+4/;,¬+-,¬�! "�q'.+-,C���!&,Q:.J>���t���!+4/;,ª3!&D3!����JV���! C���p+43�1T/;�p��,�+-,.E.:.�p8S/;��=

u
/L#%���>�! "�P��<-E. C��')���

A = {0, 1, 2} �! "�O5/;�!���53!E)/;,"=D+-,.*P/;:.�!E.:.�F87/;��=´+43A�>8S/;��=
v
/M#%���}�! "�p��<-E. C��')���

B = {0, 1}  C�5#�+-,.*R�! "�(3t��J>�,Q:.J>���!+4OL��<{#���<-:"�A+-,P�! "�AE)/�3!+-�!+4/;,C��<{3!&D3!����J�8G+-�! V'C�;3��
2
U

0 1

|1

0 |0
1 |1

1 |0
2 |1

2 |0

0 |1

¶9+-*�:.��� ��U'&:��v{�t��,"3�=D:"O5��� Tbin
���L��<-+-�5+-,.*R�;=.=D+-�!+4/;,X+-,P�! "�¢'.+-,C���!&R,Q:.J>���t���!+4/;,�3!&D3!����JVU

vK "�>,"/;�!+4/;,[/�1$��,[��:.��/;J|����/;, 6T��,"=Z/�1$�R�!�t��,"3t=D:"O5���17AOL��,Z')�(*%��,"���t��<-+-�L�5=[��/P�! "�>OL�;3��/�1�+-,DY",.+-���¢8S/;��=.3LU % ���.�z�H_Kb;�D`ck;±>b�`ck;i A = 〈A,Q,E, I, F 〉 +43@��,���:.��/;J|����/;,´3!:"O� ��! C�����O5/;JpE.:.�t���!+4/;,
c
+-, A +43@��,P+-,DY",.+-���03����H:"��,"O5�A/�1�O5/;,"3��5O�:.�!+-#%���!�t��,"3!+-�!+4/;,"3

c = q0
a1−−→ q1

a2−−→ q2
a3−−→ · · · .

% O5/;JpE.:.�t���!+4/;,I+43B3t��+4=(��/A')�$3!:"O5O5�53�3�1�:.<.+h1)+-�B3!�t���!��3�+-,I�}+-,.+-�!+w��<�3!�t�������
q0 ∈ I

�Q��,"=p+h1)+-��#�+43!+-��3+-,DY",.+-����<-&P/�1�����,V�! "�A3����$/�19Y",C��<{3!�t�����53LU
%��!�t��,"3t=D:"O5���}/M#%���}+-,DY",.+-���087/;��=.3}+43}=.�zY","�5=X+-,e�>3�+-Jp+-<w����8K�5&%�2�;3}� 5��"O� .+���:.��/;J|����/;,/M#%������J>/;,"/;+4=

AN ×BN
U¶C/;�(��:.��/;J|���t�´��,"=Z�!�t��,"3t=D:"O5����3L���! "�I3t���0/�1@3!�t�����53

Q
OL��,['��R��<43�/V+-,DY",.+-���qO5/;:.,Q�t��'.<4���3��5� @'N�� BsU
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6 ,V�! .+43@Ot C��E.������8S�¢*�+-#%����,X+-,H�!��/�=D:"O���/;�!&X/M#%���!#Q+4��8�/�1��! "��E�/�3�+-�!+4/;,C��<{,H:.J>���t���!+4/;,e3!&D3!����J>3'C�;3��5=ª/;,¬�! "�X3�/�rsOL��<-<4�5=
β
rs�zy�EC��,"3!+4/;,"3M�SY"��3!�>+-,"3!E)�5O����5=x'H& �?
�,H&�+�@ ��*CBsUª6 ,¬�! "�qY"��3��>EC���!�8S�qE.���53���,H�>'C�;3�+4OI,"/;�!+4/;,"3|O5/;,.,"�5O����5=x8G+-�! x�! "�q����E.���53���,H�t���!+4/;, /�1����L��<G,Q:.J�')����3>+-,x�! "�53��3!&D3!����J>3L���! "��,P8S�¢=D+43�O�:"3�3KE.��/;'.<4��J>3$O5/;,.,"�5O����5=X8G+-�! P�! "�¢���!+-�! .J>���!+4O��"�! C���G+43L���! "�.�Q:"�53!�!+4/;,/�1u8G "���! "���S�! "��3t���7/�12Y",.+-��������E.���53���,H�t���!+4/;,"3K+-,q�¢*�+-#%��,q3!&D3!����J  C�;3K�A�!+-,.*(3!�!�!:"O��!:.���}/;�B,"/;���,"=X��<43t/p�! "�AE.��/;'.<4��J /�1��! "�A,Q:.J�')���}/�191a�t�;O��!+4/;,C��<9=D+-*�+-��3����!+43!+-,.*|:.,"=.���@�! "�����!+-�! .J>���!+4O0/�1+-,Q����*%����3LU�vK "�@<w�;3��B3��5O��!+4/;,R*�+-#%�53S��3!:.�!#%��&p/�1{O5/;J�'.+-,C����/;�!+w��<2E.��/;E)���!�!+4�537/�12�! "�53��}3!&D3!����J>3��8S�0���5OL��<-<����53�:.<-��3}/;,��! "�(3!�!�!:"O��!:.���(/�17�! "�(3����F/�1B+-,Q����*%����3L�2�! "�(=.�zY",.+-�!+4/;,o/�1B�! "�(OL��,"/;,.+4OL��<3!:.'"3��!+-�!:.�!+4/;,I�;3�3�/�O�+w�����5=(8G+-�! >�! "�53��G3!&D3!����J>3���,"=p�! "�K?�,"/L8G,|#;��<-:"�53�/�123!:.'Q87/;��=|O5/;JpE.<4�zyD+-�s&/�1�+-,DY",.+-���A87/;��=.3@*%��,"���t�����5=V'Q&R�! .+43@3!:.'"3!�!+-�!:.�!+4/;,uU

� ��� � � " 	�� ���
	�	�� � � 	 �D�
���#����� � � $&�'�(� ��+ ��0
¹u���

β > 1
'��¢�p���L��<u,H:.J0'����LU % ��f �j��f��5f�iC`cb�`�_Tk;ie_�ie¤!b��Lf

β
6�/;�$3!+-JpE.<-&V�

β
r���f �j��f��5fzij`cb�`�_�k�i�7/�1������L��<u,H:.J0'����

x ≥ 0
+43$��,V+-,DY",.+-����3����H:"��,"O5�

(xi)i≤k
�.3!:"O� V�! C���

xi ∈ N
��,"=

x = xkβ
k + xk−1β

k−1 + · · · + x1β + x0 + x−1β
−1 + x−2β

−2 + · · ·1T/;�F�RO5���!�t��+-,
k ∈ Z

U o��=.��,"/;���>�
β
rc����E.���53t��,H�t���!+4/;,Z/�1G�|,Q:.J�')���

x
'H&

(x)β
��,"=´87�(:"3��:"3!:C��<2�t�;=D+hyV3�OL��<4�}1T/;�G+-�

(x)β = xkxk−1 · · · x1x0 •x−1x−2 · · ·
+h1
k ≥ 0

�
(x)β = 0 • 00 · · · 00︸ ︷︷ ︸

−k−1 ����� ���
xkxk−1 · · ·

+h1
k < 0

�
�! "��3!&�J�')/;<

•

+43}OL��<-<4�5=��! "�
�z��b%�L`�_�k;i�b;g �.k;_�ij`TU@6s17�
β
rc����E.���53���,Q�t���!+4/;,o/�1

x
��,"=.3}+-,�+-,DY",.+-����<-&J|��,Q&R�L����/�3M�D+-�$+43$3t��+4=q��/p')� ��i"_�`sf¢��,"=V�! "�¢��,"=D+-,.*>�L����/�3@�����¢/;Jp+-�!���5=2UvK "�

β �
lnb�g²�"f(+43}�(1�:.,"O��!+4/;,

πβ
=.�zY","�5=�/;,X�! "�03�����/�1

β
rc����E.���53���,Q�t���!+4/;,"3

(xi)i≤k
'H&P�! "�E.���53�O��!+-E.�!+4/;,

πβ(xkxk−1 · · · ) :=
∑

k≤i

xiβ
i .
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&�: ��� � � ��� � � � � � � ��� ����� ����� ��� ���
%�EC���!�!+4O�:.<w���

β
rc����E.���53���,H�t���!+4/;,�� OL��<-<4�5=

β �
f�
 �Db;i"��_Tk;i�@ ��**Bu� +43@O5/;JpE.:.���5=�'H&P�! "�03�/�rOL��<-<4�5=P*����5�5=D&V��<-*%/;�!+-�! .JVU

< �=�	�B� �=��>�� , ��� ��� ��·�f�`
x ∈ R

¤�f�b|��f!b;g�i"��±>¤tfz� � ^Hfzijk%`sf�¤�� bxc � ��f�� �.f!�5`�_al�fzg£��¤z� {x} � `a�Df_aiC`sfT�Hfz� �Db;��` � �!fz� �.f!�L`�_�l�f�g²�V`a�Df �z��b%�L`�_�k;i�b;g �Db;��` � k��¢`a�.fAi"��±|¤�fz� x �
� � �B_aij^ k ∈ Z

���.�z�V`a��b�`
βk ≤ x < βk+1 �

� � 2f�` xk := bx/βkc b;i�^ rk := {x/βk} �
� � �{k;� i < k �

g4f�`
xi = bβri+1c

b;ij^
ri = {βri+1} �

�{�Dfzi
(xi)i≤k

_��A`a�.f
β �
f�
 �Db�i.��_Tk;iok��

x �
^Qfzijk�`sf!^V¤�� 〈x〉β �

vK "�
β
rs�zyDEC��,"3!+4/;,o/�1S�I,H:.J0'����

x
+43F�! "��*����L�����53!�A/;,"�p��J>/;,.*P+-��3

β
rc����E.���53���,H�t���!+4/;,"3�+-,�! "�HL 3�<-+-*� H�!<-&pJ>/�=D+hYC�5= �$<4�zy�+4O5/;*��t��E. .+4OL��<2/;��=.���L�Q:"3!:C��<-<-&>OL��<-<4�5=V�!b%^;_ 
>k;�!^Hfz�:��¹u���

(yi)i≤l
')�@�

β
rc����E.���53���,Q�t���!+4/;,�/�1B�(E)/�3!+-�!+-#%��,H:.J�')���

x
8G+-�! 

yl 6= 0
��,"=

(xi)i≤k
')�A�! "�

β
rs�zyDEC��,"3!+4/;,�/�1

x
USvK "��,X��+-�! "���

l < k
/;�
l = k

��,"=
ykyk−1 · · ·

+43G<4�zyD+4O5/;*��t��E. .+4OL��<-<-&X3!J|��<-<4���@�! C��,´/;�@���Q:C��<��/
xkxk−1 · · ·

UvK "��=D+-*�+-��3
xi
/;'.�t��+-,"�5=X'Q&P�! "�¢*����5�5=D&���<-*%/;�!+-�! .J ��������<4��J>��,Q��3A/�1��! "����<-E. C��')���

Aβ =
{0, 1, . . . , dβe − 1} �"OL��<-<4�5=P�! "�|�tb;ijk;i"_T��b;g�b;g �C��bH¤�f5`TU�}/;���F�! C���K:.,.<-+-?%�F�! "�FE�/�3!+-�!+4/;,C��<u3�&�3!����J>3S8G "/�3��}'C�;3��F+43G��E)/�3!+-�!+-#%�}+-,H����*%���L�D1T/;�K*%��,"���t��<
β > 1

�
β
rc����E.���53t��,H�t���!+4/;,�/�1

x
+43K,"/;�$:.,.+ �H:"����#%��,X/;,

Aβ
U¶"/;�

x ∈ [0, 1)
�! "�

β
rs�zyDEC��,"3!+4/;, 〈x〉β

OL��,P')�F*%��,"���t�����5=V:"3!+-,.*|�! "�
β �
`��!b;i.� ��k;�z±>b�`�_Tk;i�/�1�! "�A:.,.+-�$+-,Q�����!#;��<c�"8G .+4O� X+43���E.+4�5O5��8G+43��A<-+-,"�L���@J|��E

Tβ : [0, 1] → [0, 1)
*�+-#%��,X'H&

Tβ(x) := {βx} .
vK "��3����Q:"��,"O5�

dβ(x) = x1x2 · · ·
�$8G "������O5/��z~|O�+4��,H��3

xi
������/;'.�t��+-,"�5= 'Q&ª+-�����t���!+-,.*x�! "�

β
rc�!�t��,"3�1T/;�!J|���!+4/;,´�;3

xi = bβT i−1
β (x)c ,

O5/;+-,"O�+4=.�P1T/;�|�L�;Ot ª���L��<
x ∈ [0, 1)

8G+-�! ¬�! "�
β
rs�zyDEC��,"3!+4/;,\/�1

x
*%��,"���t�����5=ª'H&��! "�V*����5�5=D&��<-*%/;�!+-�! .JVUvK "�}=D+��)������,"O5��')���s87�5��,q�! "�53����s8S/�J>���! "/�=.3G��E.E��L����37+-,|�! "�}OL�;3���/�1u�! "�@,Q:.J�')���

x = 1
UvK "��,C���!:.�t��<��zy�EC��,"3�+4/;,�/�1

1
+-,0��,0���!'.+-�!�t���!&AE)/�3!+-�!+4/;,C��<Q3!&D3!����JV����,"=0��<43�/G�! "�B�zy�EC��,"3!+4/;,0*%��,Dr���t�����5=0'H&A�! "��*����5�5=D&���<-*%/;�!+-�! .JV�;+43 〈1〉β = 1•0ω U�I�,��! "�7/;�! "���� C��,"=2���! "� β rc�!�t��,"3�1�/;�!J|���!+4/;,*%��,"���t�����53

dβ(1) = t1t2 · · · ,
8G "�����

ti = bβT i−1
β (1)c .

dβ(1)
+43�OL��<-<4�5=(�! "�@�$��i"�;_uf 
 �Db;i.�z_�k�iqk��G��i"_�`���U I�'Q#Q+4/;:"3!<-&%�%�! "�K,H:.J�')����3

ti
�����K,"/;,Drc,"��*H���!+-#%�+-,H����*%����3}3!J|��<-<4���G�! C��,

β
�
t1 = bβc ��,"=

1 =
∞∑

i=1

tiβ
−i .
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vK "�¢,"/;�!+4/;,X/�1 �?
�,H&�+{�zyDEC��,"3!+4/;,X/�1�:.,.+-�s&q+43G#%���!&R+-JpE�/;�!�t��,Q�$1T/;�$+-�GE.<w�5&D3��(O5��,Q�!�t��<{��/;<4�+-,P�! "�A�! "�5/;�!&P/�1
β
rs�zy�EC��,"3�+4/;,"3LU85G�;3��5=P/;,

dβ(1)
87�¢=.�zY","�

d∗
β(1)

'Q&IE.:.�!�!+-,.*

d∗
β(1) =

{
dβ(1)

+h1
dβ(1)

+43G+-,DY",.+-�����
(t1 · · · tm−1(tm − 1))ω +h1

dβ(1) = t1 · · · tm
+43KY",.+-����U

������������� ��¹u���
τ
')�S�! "�K*%/;<4=.��,pJ>�L��,u���! C����+43L�

τ = 1+
√

5
2

U�6 �����t���!+-,.*A�! "�
β
rc�!�t��,"3�1T/;�!J|���!+4/;,��,"=P'Q&I�! "�¢E.����#Q+4/;:"3$=.�zY",.+-�!+4/;,´/;,"�A C�;3

dτ (1) = 11
��,"=

d∗
τ (1) = (10)ω .

I�,P�! "�¢/;�! "���@ C��,"=2�D1�/;�$�zy"��JpE.<4�A+-,V�! "��OL�;3��A/�1
β = 3+

√
5

2

'�/;�! V3t���H:"��,"O5�53$O5/;+-,"O�+4=.�
dβ(1) = d∗

β(1) = 21ω .¹{���
dβ([0, 1))

')�F�! "�¢3����$=.�zY","�5=��;3G1�/;<-<4/M8$3
dβ([0, 1)) := {dβ(x) | x ∈ [0, 1)} .vK "�>3t���H:"��,"O5�

d∗
β(1)

+43¢�! "�I3!:.E.����J�:.J /�1G�! .+43�3����LURvK "�>3����
dβ([0, 1))

+4303! .+h1a��+-,H#����!+w��,H�L��! C���¢+43M�{+-�¢+43¢+-,H#����!+w��,H��8G+-�! Z���53!E)�5O��¢��/P�! "�I3! .+h1a�0/;E����t����/;�
σ
��,"=Z87�| C�5#%�>�! "�p1�/;<-<4/M8G+-,.*O5/;JpJ0:.�t���!+-#%�0=D+w��*��t��J

[0, 1)
Tβ−−−−→ [0, 1)

dβ(1)

y
ydβ(1)

dβ([0, 1)) −−−−→
σ

dβ([0, 1)) .

5S&X=.�zY",.+-�!+4/;,e8S�� C�5#%�
πβ ◦ dβ(x) = x

�2��,"=� "��,"O5�
[0, 1) ⊂ πβ(AN

β )
UA�}/L8S��#%���L�

AN

β 6⊂
dβ([0, 1))

U76s1���87/;��=
a1a2 · · · ∈ AN

β

+43$O5/;,H�t��+-,"�5=�+-,
dβ([0, 1))

�C+-�G+43$3���+4=q��/p'��>bH^;±(_w����_c¤zg-f5UvK "�¢��')/L#%�¢J>��,H�!+4/;,"�5=V��/;<4��/�1
dβ(1)

6�/;�G')���!�����$3t��+4=P/�1
d∗

β(1)
7K+43K�! C���$+-�GE����!Jp+-��3$:"3G��/=D+43!�!+-,.*�:.+43� 

β
rs�zyDEC��,"3!+4/;,"3�1���/;J ,"/;,Dr �;=DJp+43t3!+-'.<4�

β
rc����E.���53���,H�t���!+4/;,"3S'H&>Ot C���t�;O������!+-�5+-,.*p�! "/�3��8S/;��=.3L�.8G .+4O� ������¢�;=DJp+43�3!+-'.<4��U�vK .+43@+43$=./;,"�A'Q&I�! "�¢3t/�rsOL��<-<4�5=�dGb;�z���q��k;ij^�_a`�_Tk;iCU

� >H��B���� , ��� � , �����/� � �	� °
β �
�!f �j�!fz�5fziC`cb%`�_�k;i

(xi)i≤k
k��Ib´��f!b;g7i"��±>¤tfz�

x ≥ 0
_��>_a`a�

β �f�
 �Db;i.�z_�k;iP_ �}b�ij^(k;i"g£�0_ � �5k;�}b;gag
j ≤ k

`a�Df@�5f!µ5�.fzi��tf
xjxj−1xj−2 · · ·

_w�$��`���_T�5`�g£��g4f�
;_T��k��;�!b �C� �_T��b;gag²�>��±>b;gag-fz�¢`a�Db;ie`a�DfF�Lf!µ��"fzij�tf
d∗

β(1) �vK "�@E.����#Q+4/;:"3�<-&p��<-<-:"=.�5=|+-JpE�/;�!�t��,Q�7��/;<4��/�1)��+43�/;�B,Q:.J�')����37+-,|�! "�GYC��<4=>/�1
β
rc,H:.J>���t���!+4/;,

6T��,"=X+-,�3�/;J>�03���,"3�����<43�/|�! "��3!+-JpE.<-+4O�+-� &X/�1���+43�/;��,H:.J�')����317$+-,X�! .+43��! "�5/;�!&P+43$*�+-#%��,�'H&P�! "�1T/;<-<4/L8G+-,.*|vK "�5/;����Jº=D:"�A��/ 5K���!�!�t��,"=2U
� >H��B���� , ��� � ; ��� ; ��� ; � ���	�7·{f�`

β
¤�f}bFdS_w�5k�`2i"��±|¤�fz� � �{�Dfzi dβ(1)

_��@fzl�fziC`��.b;gag²� �.fz�z_�kM^;_��b;i�^|`a�Df¢�Lf�`
dβ([0, 1))

_��F��f!��kt�;i"_4³Mf!^X¤��Rb ��i"_�`sf�b;�D`ck;±>b�`ck;i �¹{���
C
')�R�XY",.+-���q��<-E. C��'����>/�1@=D+-*�+-��3LUevK "�´ijk���±>b;g£_-³Mb�`�_Tk;ix/;,

C
+43��! "�I1a:.,"O��!+4/;,

νC8G .+4Ot RJ|��E"3G�
β
rc����E.���53���,H�t���!+4/;,

(wi)i≤k
/�1������L��<j,Q:.J�')���

x
8G+-�! q=D+-*�+-��3

wi ∈ C
�Q��/��! "�

β
r�zyDEC��,"3!+4/;,P/�1

x
U 5S&>���53!:.<-�G/�1�¶.��/;:.*�,H&%�.+-�K+43S?�,"/L8G,q�! C���G�! "�},"/;�!J|��<-+-�M���!+4/;,V+43KO5/;JpE.:.�t��'.<4�'Q&q��Y",.+-����3!�t�����¢��:.��/;J|����/;,X+h1

β
+43@�p��+43t/;�G,H:.J�')���LU
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� >�?�	�30� , �
� � � ��� �� ���	�}» �

β
_w��b(dS_���k�`Bi"�Q±|¤�f�� � `a�Dfzi�`a�Df�ijk;�z±pb�g²_4³Lb�`�_Tk;i ����ij�5`�_Tk;i νC

_����k;±
�j�D`cbH¤zg4f>¤z�Rb �Bi"_a`sfAg-f5`T`sfz� � `ck � g4f�`T`sfz�(`��!b;i.��^��D�tf��(k;ieb;i"� ��i"_�`sf�b;g �C��bQ¤�f�` C k���^�_h�;_�`a� �
vK "�A���5O�+-E.��/�OL��<u C�;3@'��5��,PE.��/M#%�5=V'H& 5K������,"=X��,"=V¶.��/;:.*�,Q&%U

� >�?�	�30� , ��� � � ��� , $ ���	� �{�Df�ijk���±>b;g£_-³Mb�`�_Tk;i
νC

_�i�¤!b��5f
β
_����tk;±
�j��`cbQ¤zg-f�¤z�ªb ��i"_�`sf`��!b;i.��^��D�tf���k;ieb;i"� �Bi"_a`sf0b;g �C��bH¤tf�`Gk���^;_-�;_a`a�

C
_ ��b�ij^Ik�i"g²�|_ �

β
_w��b(dS_���k�`Bi"�Q±|¤�f�� �

vK "�q3����(/�1}��<-<S���L��<S,Q:.J�')����3
x
1�/;��8G .+4O� ��! "�

β
rs�zyDEC��,"3!+4/;,

(xi)k≥i
/�1 |x| +430Y",.+-���R+43=.��,"/;���5=�'H&

Fin(β)
U�¶"/;�

x ≥ 0
�! "��,H:.J�')��� ∑k

i=0 xiβ
i +43AOL��<-<4�5=��! "� β � _aiC`sfT�Hfz� �.b;�z`F/�1 x��,"= ∑

i≤−1 xiβ
i +43$OL��<-<4�5=P�! "� β � �z��b%�L`�_�k;i�b;g �Db;��`K/�1 x Uo��=.�zY","����<43t/>�! "��3�/�rsOL��<-<4�5=

β �
_�ij`sfT�Hfz���p�;3��! "�¢���L��<9,H:.J0'�����3F8G "/�3t�

β
rs�zyDEC��,"3!+4/;,´ C�;3,"/(1��t�;O��!+4/;,C��<uEC���!�L�.�! "�¢3t���$/�1

β
rc+-,Q����*%����3@+43$=.��,"/;���5=V'H&

Zβ
�

Zβ :=
{
x ∈ R | 〈|x|〉β = xk · · · x1x0•

}
.

������������� �$¹{���
τ
'��F�! "�F*%/;<4=.��,�J>�L��,uU�vK "��,V�! "�A3�����/�1

τ
rc+-,Q����*%����3$+43

Zτ = {. . . ,−τ 3,−τ2 − 1,−τ2,−τ,−1, 0, 1, τ, τ 2, τ2 + 1, τ3, . . .} ,
�;3$=D�t�L8G,X+-,V¶9+-*�:.��� &DU ��U

0 1 τ τ2 τ2 + 1−1−τ−τ2−τ2 − 1

¶9+-*�:.��� &DU �C�7��/;J>�¢��<4��J>��,Q��3�/�1��! "�A3����
Zτ
U

¶"/;�
x ∈ Fin(β)

87�}=.�zY","�@�! "�@<4��,.*��! R/�1u�! "�$1a�t�;O��!+4/;,C��<�EC���!�K�;3B�! "�@Jp+-,.+-J|��<
l ∈ N

3!:"Ot �! C���
βlx ∈ Zβ

U�vK .+43
l
+43$=.��,"/;���5=P'Q&

fp(x)
U�¶.��/;J¨�! .+43@=.�zY",.+-�!+4/;,V8S�A C�5#%�¢1�/;�

x ∈ Fin(β)

6a+=7
fp(x) = 0

+h1���,"=V/;,.<-&q+h1
x ∈ Zβ

�
6a+-+=7

fp(x) = l ≥ 1
+h1���,"=P/;,.<-&q+h1 〈|x|〉β = xk · · · x0•x−1 · · · x−l

�D8G+-�! 
x−l 6= 0

U
�����.� � ������0 0 ��$ � � � ��+ � +���� ��- - 
 � � � � � -/0
%GO5O5/;��=D+-,.*©��/o�! "�P1T/;�!J /�1 �?
�,H&�+��zyDEC��,"3!+4/;,\/�1¢:.,.+-� &x87�´=.�zY","�V�s8S/[3�:.'�O�<w�;3�3t�53|/�1¢���L��<,H:.J0'�����3M���;3�+-,H�!��/�=D:"O5�5=o'Q&o�9���!�!& @'N.9	BsU % ���L��<

β > 1
+43�OL��<-<4�5=©�XdGb;�z����i"��±>¤tfz�26�/;�

β �i"��±|¤�fz�.7K+h1
dβ(1)

+43KY",.+-���0/;�@��#%��,H�!:C��<-<-&PE)���!+4/Q=D+4O0��,"=P+-�$+43$OL��<-<4�5=X�q��_a± ��g-f}dGb;�z���Ii"��±>¤tfz�
6�/;�0��_a± ��g-f

β �
i"��±>¤tfz��7�+h1

dβ(1)
+43$Y",.+-����UF�}��,"O5���)'H&XvK "�5/;����J &DU ��U')D�u�I��+43�/;�},H:.J�')���A+43F������!�!&R,Q:.J�')���LU

(7<4�L���!<-&��|�9���!�!&X,H:.J�')���F+43���,e��<-*%��'.�t��+4O�+-,Q����*%���LU I�,´�! "��/;�! "���} C��,"=2�C+-��+43}�|=D+h~|O�:.<-��t�;3!?>��/(Ot C���t�;O������!+-�L�¢�9���!�!&R,H:.J0'�����3���J>/;,.*��! "�A��<-*%��'.�t��+4OF+-,Q����*%����3L�D "/L8S��#%���@3�/;J>�}EC���!�!+w��<���53!:.<-��3G C�L#%�¢')�5��,X��<-���L�;=D&R1�/;:.,"=2U o�¢*�+-#%�F+-,V�! .+43$3��5O��!+4/;,��(3�:.JpJ|���!&q/;,X�! .+43G��/;E.+4O�UvK "�}J>/�3!�S*%��,"���t��<)���53!:.<-�S/;,R�! "� �H:"�53!�!+4/;,q/�1{�! "�F��<-*%��'.�t��+4O},C���!:.���}/�1{�����!�!&|,Q:.J�')����3G+43*�+-#%��,V'Q&I1T/;<-<4/L8G+-,.*|�! "�5/;����J 6aE.��/L#%�5=���U *"U.+-, @'N �7B
7zU



� � ��� � � � ��� ��� � � �.
 ����� 
 &�)

� >H��B���� , �
� �  ��·{f5`
β > 1

¤�f(b(dGb;�z���>iC�Q±|¤�fz� � �{�Df�i β _w��bpd$fz�z�!k;i�i"�Q±|¤�f�� �
vK "��1T/;<-<4/L8G+-,.*(���53!:.<-�G/;,q��+43�/;�K,H:.J0'�����3G C�;3S')�5��,IE.��/M#%�5=q+-,"=.��E���,"=.��,Q�!<-&I'Q& 5K���!�!�t��,"=�rW����! .+43@��,"=P'Q&P��Ot .Jp+4=D�LU

� >H��B���� , ��� � � ��� ; � � � � $ �����	��» �
β
_��Ab(dS_���k�`�iC�Q±|¤�fz�0`a�Dfzi�f�b%�z��fzg4fz±|fziC`Kk��

Q(β) ∩ [0, 1)��b;�¢b�iefzl;fziC`��.b;g�g£� �.fz�z_�kL^�_��
β �
f 
 �Db;i.�z_�k�i �

��Ot .Jp+4=D�$1�:.�!�! "���$*�+-#%�53@�(EC���!�!+w��<�O5/;,H#%����3���'H&RE.��/L#�+-,.*|�! "�}1T/;<-<4/L8G+-,.*|�! "�5/;����JVU
� >H��B���� , ��� � � ��� $ �����	�}·{f5`

β > 1
¤�fpbI��f!b;g9i"�Q±|¤�f�� � b;ij^qb��t�z�Q±|f�`a��b%`Kf!bH�z��fzg4fz±|fziC`Gk��

Q ∩ [0, 1)
��b��0b�iof�l�fziC`��.b;gag²� �.fz�z_�kM^;_��

β �
f�
 �Db;i.�z_�k;i � �{�Dfzi β _���f�_a`a�Df���bpdS_���k�`Kk;��b|�b�g-fz±i"��±|¤�fz� �

¶9+-,C��<-<-&%�D��O� .Jp+4=D�7��<43�/AO5/;,;�!�5O��!:.���53��! C����vK "�5/;����J &DU ��U 9�+43��!�!:"�$��<43�/�1�/;�7�D��<4��J ,Q:.J�')����3L��! C����+43L��+h1
β
+43����D��<4��J ,H:.J0'����p�! "��,��L�;O� x��<4��J>��,H�>/�1

Q(β) ∩ [0, 1)
 C�;3p��,���#%��,H�!:C��<-<-&E)���!+4/Q=D+4O

β
rs�zyDEC��,"3!+4/;,uU

������������� �76 ��+43�8S/;�!�! IE)/;+-,H�!+-,.*(/;:.�B�! C���7�! "�����������@�����!�!&>,Q:.J�')����37�! C���K�����$,"��+-�! "���S��+43�/;�,"/;�}�D��<4��JVUG¶C/;�$+-,"3!�t��,"O5�A1T/;�$�! "����/Q/;�
β ∼ 3.616

/�1��! "�0���H:C���!+4/;,
x4 − 3x3 − 2x2 − 3

�! "�
�?
�,H&�+u�zy�EC��,"3!+4/;,�/�19:.,.+-� &R+43

dβ(1) = 3203
�j��,"=

β
 C�;3��pO5/;,;� :.*H�����

α ∼ −1.096
U

�9���!�!&q,H:.J0'����

����/;E����!� & 6�¶ 7��+43�/;�G,H:.J0'����

�Q+-JpE.<4�}�9���!�!&,Q:.J�')��� �D��<4��J,Q:.J�')���

�

¶�+-*�:.��� &DU'&:��vK "�¢O�<w�;3�3!+hYCOL���!+4/;,�/�1������!�!&P,H:.J0'�����3
vK "�S3!�!:"=D&�/�1

β
rs�zy�EC��,"3!+4/;,"39+-,(�! "�SOL�;3��7/�12�D��<4��J«,Q:.J�')����39� ��/M8S����=.3��! "�SO5/;,;�!�5O��!:.���S/�1��Ot .Jp+4=D��� 8K�;3�E.:.��3!:"�5=p'Q& 5S/M&�= @ * ����*?& BsU����G*H�L#%�@��,I�n~>�!J|���!+-#%�}��,"3!87���7��/��}EC���!�!+4O�:.<w���#%����3!+4/;,�/�19�! .+43$O5/;,;�!�5O��!:.���A+-,V�! "��OL�;3��A/�1��D��<4��J¨,H:.J�')����3}/�1�=.��*����5�

4
U



&�* ��� � � ��� � � � � � � ��� ����� ����� ��� ���
� >�?�	�30� , �
� � $ ��� � � ���	��]GbH�z�P�b;g4fz± i"��±|¤�fz�0k��0^HfT�;��f�f

4
_w��b(dGb;�z���|i"�Q±|¤�f�� �

¶.:.�!�! "���L�� "�G*H�L#%��@ *?& B)�F "��:.�!+43!�!+4O$E.��/;'C��'.+-<-+43��!+4O}���!*�:.J>��,Q�7�! C���7E.���5=D+4O���3��! C���S��<-J>/�3��S��<-<�D��<4��J ,H:.J�')����3S/�1{=.��*����5�
6
�������9���!�!&>,Q:.J�')����3LU�W´/;���5/L#%���L�Q+-�BE.���5=D+4O���3S�! C����1T/;�B�L�;Ot |Y.y.�5=��#%��,�=.��*����5�

d ≥ 8
�! "������3� "/;:.<4=X')�0�>E�/�3!+-�!+-#%��E.��/;E�/;�!�!+4/;,�/�17�D��<4��J ,Q:.J�')����3F/�1B=.��*����5�

d8G .+4O� ´�����A�9���!�!&q,H:.J0'�����3M�C�;3K87��<-<��;3$�0E)/�3!+-�!+-#%�FE.��/;E)/;�!�!+4/;,V�! C���@�����F,"/;�$�9���!�!&q,Q:.J�')����3LUvK "�A<w�;3!�GE.���5=D+4O��!+4/;,�*�+-#%��,X3��5��J>3G��/>+-JpE.:.*�,��(<4��*�+-�!+-J|�;O�&P/�1���Ot .Jp+4=D��� 3�O5/;,;�!�5O��!:.����U
� � � ����� , ��� ����� � 5K/M&�= � 3GO5/;,"3!+4=.���t���!+4/;,V/�19/;,.<-&I��<-*%��'.�t��+4OF,H:.J0'�����3$/�19��#%��,R=.��*����5�F+43K=D:"���/I�! "�����53!:.<-�A/�1S�D��<4��J @ �.9 B�3!�t���!+-,.*q�! C�����! "�(=.��*����5�

d
/�1K��,H&´�D��<4��J�,H:.J0'����A+43}��#%��,o��,"=

d ≥ 4
U
%®,.+4O5��Y"*�:.���}'H& %@?�+-&H��J|�G@ �*B)3!:.JpJ|���!+-�5+-,.*(�! "�FO�<w�;3�3!+hYCOL���!+4/;,P/�1������!�!&|,Q:.J�')����3K*�+-#%��,+-,��! .+4393t�5O��!+4/;,0+43�+-,�¶9+-*�:.��� &DU'& 6�vK "�7¶9+-,.+-����,"�53�39E.��/;E)���!�s& 6�¶872+439=D+43tO�:"3�3��5=¢+-,>���5O��!+4/;,@&DU'&DU ��7zU

� ��� � � ��"������ " ���	 � 	D� 	 	 � ��" �&���
��� �%��� ���#����� � � � 0 0 �'- + � � -���
�� �
	
vK "�A3�/�rsOL��<-<4�5=P¶9+-,.+-����,"�53�3GE.��/;E)���!�s& 6�¶877/�1�,H:.J>���t���!+4/;,´3!&D3!����J>3K+43GO�<4/�3���<-&|����<w�����5=q,"/;�$/;,.<-&��/����!+-�! .J>���!+4O53p/;,©�! "�53t�I3!&D3!����J>3L�9'.:.�01�/;�(�zy"��JpE.<4�R��<43�/���/��! "�R=D:C��<K��+43�/;�(�!+-<-+-,.*´*%��,"����r�����5=['H&o�! "�53��R3!&D3!����J>3L��3��5�IEC��E�����30'H&�%@?�+-&H��J|� @'&"�F*CBs� %�?Q+-&H��J|�´��,"=¬�D�;="�� .+-��/ @'O B$��,"=vK H:.��3���/;, @ ��:�*CBsU����/;E)���!�s& 6�¶8778K�;3$+-,H�!��/�=D:"O5�5=V'Q&R¶"��/;:.*�,H&X��,"=���/;<4/;J0&H��? @'O�� Bs�.8G "��,V�! "��&P�;3!?%�5=P+h1

Fin(β) = Z[β−1]
6 &DU'&.7

 "/;<4=.3�1�/;�F�>*�+-#%��,
β
U o�03t�L&V�! C���A�p,H:.J0'����

β
3t���!+43�1�&�+-,.* 6 &DU'&.7$ C�;3F����/;E)���!�s&�6�¶87zU�I��! "���8S�L&>��/¢+-,Q�����!E.�����S����/;E����!� & 6�¶87�+43���/��;3!?(8G "���! "���7�! "��3����

Fin(β)
 C�;3K�¢3��!�!:"O��!:.���@/�1��F�!+-,.*"U

(7<4�L���!<-&%�Q/;,"�S/�1��! "�S+-,"O�<-:"3!+4/;,"3L��,C��J>��<-&
Fin(β) ⊂ Z[β−1]

�% "/;<4=.3�'H&��! "�G=.�zY",.+-�!+4/;,>/�1��! "�3����
Fin(β)

1T/;�@��,H&V��<-*%��'.�t��+4O¢+-,Q����*%���
β
U (S/;,"O5���!,.+-,.*R�! "�A/;�! "����=D+-���5O��!+4/;,u����:.�! "/;��3@3! "/M87�5=+-, @'O�� Bu�! "�A,"�5O5�53t3t���!&RO5/;,"=D+-�!+4/;,uU

� >�?�	�30� , � , ��� ���  � ���	�}·{f�`
Z[β−1] ⊂ Fin(β) �

�{�Dfzi
β
_w�0bpdS_���k%`Bi"��±|¤�fz�(b;ij^

dβ(1)
_w�

��i"_�`sf �
�}/L8S��#%���L�D�! "�}O5/;,Q#%����3��}+43B,"/;�K�!�!:"�COD�zy"��JpE.<4�53SOL��,q')�G1T/;:.,"=|'Q&|J>�L��,"3K/�1u�! "��1�/;<-<4/M8G+-,.*����/;E)/�3!+-�!+4/;,uU

�����BE8�	#��=���
�	� , � , � , ���
� ���	�(·�f�`
β > 1

¤�f�bZ�!f!b�g}b;g �HfL¤z�!b;_T��_aiC`sfT�Hfz����_a`a�¬b �Dk��z_a`�_al�fX�!f�b;g��k;iM¦����%b�`sf � �{�Dfzi β ^%knf��¢ijk�`���b;l�fFdS�!k �.fz��`�� �a��� �
v�/�Y","=ª�e3!+-JpE.<4����<-*%��'.�t��+4OXO� C���t�;O������!+-�M���!+4/;, /�1¢��+43�/;�p,Q:.J�')����3I3t���!+43!1a&�+-,.* 6�¶87�+43|��,/;E)��,XE.��/;'.<4��Jº:.EX��/>,"/M8¢�j��#%��,��! "/;:.*� ��! "������+43}��,���<-*%/;�!+-�! .J 'Q& %@?�+-&H��J|�p��/I=.�������!Jp+-,"�8G "���! "���F����/;E����!� &�6�¶87K "/;<4=.3�1T/;���p*�+-#%��,���+43�/;�},H:.J0'����

β
/;��,"/;�LU$6s��3}�53�3���,"O5��+43$*�+-#%��,´'H&��,"/;�! "���@���53�:.<-�$/�1H@ � BsU



� ��� � � ������� � � ������� � ��� ���	��� ��� ��
 &��

� >H��B���� , � , � ; ���
� ���	�@·{f5`
β
¤�f0b0dK_w�5k�`�i"��±|¤�fz��k��¢^HfT���!f�f

m � �{�Dfzi β ��b��@dS�!k �.fz��`������ �_ �¢b;ij^qk;i"g£�p_ �0f�l�fz�z�Pfzg4fz±|fziC`Kk��
C(β) :=

{
x ∈ Z[β]

∣∣∣∣ 0 < x = x(1) < 1, |x(j)| ≤ bβc
1 − |β(j)| j = 2, 3, . . . ,m

}

��b;�¢b ��i"_�`sf
β �
f�
 �.b;i.��_Tk;i � ¡�fz��f x(i) ��_�`a� i = 2, . . . ,m

b;��f0`a�Df���k;iL¦z�;�Hb�`sf���k��
x ∈ Q(β) �6 ,"=.�5�5=2�;�! "�S3����

C(β)
+43�Y",.+-����U�vK "�����z1�/;���S��/}O� "�5Ot?0����/;E)���!�s& 6�¶872+-�9+43���,"/;:.*� p��/�+-,"3!E)�5O���! "�

β
rs�zyDEC��,"3!+4/;,"3@/�19Y",.+-����<-&qJ|��,H&P��<4��J>��,H��3}/�1

Z[β]
U

¹{���
β
'��¢�>��+43�/;�G,H:.J0'�����8G+-�! VJp+-,.+-J|��<{E)/;<-&�,"/;Jp+w��<

Mβ(x) = xd − ad−1x
d−1 − · · · a1x− a0 .

6 &DU').7
����#%���t��<���:.�! "/;��3@ C�L#%�A1T/;:.,"=V3�/;J>��3�:D~|O�+4��,H��O5/;,"=D+-�!+4/;,"3}+-,V�����!J>3�/�1�O5/Q�z~|O�+4��,Q��3@+-,

Mβ(x)1T/;�
β
��/p C�5#%������/;E����!� & 6�¶87zU o�A<-+43!�G�! "��J ')��<4/L8¢U

� >H��B���� , � , � � ���  � ���	�A» ��`a�Dfp��knf�1ª��_cfziC`a�0_ai 6 &DU').7	�z��g ��gag
ad−1 ≥ ad−2 ≥ · · · ≥ a0 > 0 �`a�Df�i

β
��b���dS�!k �.fz��`�� �a��� �

� >H��B���� , � , � � ��� ��� ���	�K» �$`a�Df}��knf�1ª��_cfziC`a�@_ai26 &DU').7 �z��g ��gag
ad−1 > ad−2 + · · ·+a1+a0 > 0��_�`a�

ai ≥ 0 �
`a�Dfzi

β
�Db���dS��k �.fz��`�� ��� � �

� >H��B���� , � , �  ��� ; ���	�K·{f5`
β
¤�fFb(���"¤z_��$dK_w�5k�`{��i"_�` ��_�`a�p±�_ai"_a±>b;g��Dk;g£��i�k;±(_�b;g

x3−a2x
2−

a1x− a0 �
�{�Dfzi�`a�Df ��k;gag-k ��_�i��p��`cb�`sfz±|fziC`a��b;��f(f!µ���_�lnb�g-fzij`

�c_ �
β
��b��}dS�!k �.f��z`�� �a��� �

�s_�_ �
a0 = 1 � a2 ≥ 0

b;i�^ −1 ≤ a1 ≤ a2 + 1 �
�c_a_a_ �

dβ(1)
_�� ��i"_�`sf �

������� � � ��� � � -�+�� ��- � � � ��+ ��� � !'��� ����0
vK "�03��5O5/;,"= �Q:"�53!�!+4/;,e���!+43!+-,.*|8G "��,´87��O5/;,"3!+4=.���}�! "�����!+-�! .J>���!+4O53F/;,

β
rs�zy�EC��,"3�+4/;,"3@+43}O5/;,Dr,"�5O����5=���/|�! "�¢1T�;O��}�! C���}+h1

β
+43�,"/;�F��,´+-,H����*%���}�! "�03t���

Zβ
+43�,"/;�}O�<4/�3t�5=X:.,"=.���A���!+-�! .J>���!+4O/;E)���t���!+4/;,"3LU�6 ,PEC���!�!+4O�:.<w���L� bβc ∈ Zβ

�D'.:.� bβc + 1 /∈ Zβ
U

������������� �K¹{���
τ
')�}�! "�F*%/;<4=.��,PJ>�L��,uU o�} C�5#%� bτc = 1

��,"=q�! "�F,H:.J0'����
2
6�3��5��,V�;3K�! "��;=.=D+-�!+4/;,

1 + 1
7GOL��,P'��A�zyDEC��,"=.�5=��;3

2 = 1• + 1• = 1• + 0•11 = 1•11 = 10•01 ,

8G "�����A�! "�����H:C��<-+-� &
1•0 = 0•11

O5/;J>�53G1���/;J �! "�AJp+-,.+-J|��<uE)/;<-&�,"/;Jp+w��<
τ 2 = τ + 1

U
�}��,"O5���Q'��53!+4=.�53B�! "� �Q:"�53!�!+4/;,|8G "���! "���S�! "�G���53!:.<-�S/�1u��,q���!+-�! .J>���!+4O�/;E)���t���!+4/;,I/;,

Fin(β) C�;3B��Y",.+-���
β
rs�zy�EC��,"3!+4/;,u�Q3!�!:"=D+4�5=p+-,pE.����#�+4/;:"3�3��5O��!+4/;,u�H87�@�����@��<43t/F+-,H�������53!���5=p+-,I=.�53�O��!+-'.+-,.*�! "�´J|�nyD+-J|��<}<4��,.*��! /�10�! "�����53!:.<-�!+-,.*©1a�t�;O��!+4/;,C��<AEC���!�LU �Q+-,"O5��+-�R+43qE)/�3�3!+-'.<4����/©O5/;,Q#%���!�

x, y ∈ Fin(β)
'Q&>J�:.<-�!+-E.<-+4OL���!+4/;,P'Q&I�¢O5/;JpJ>/;,q3!:.+-�t��'.<4��1T�;O���/;�

βk +-,H��/(��<4��J>��,Q��3S/�1 Zβ
�H1�/;�



&�O ��� � � ��� � � � � � � ��� ����� ����� ��� ���
�! "�¢=.�53�O��!+-E.�!+4/;,�/�1�1��t�;O��!+4/;,C��<{EC���!��3$/�1����53!:.<-��3$/�1��;=.=D+-�!+4/;,´��,"=VJ�:.<-�!+-E.<-+4OL���!+4/;,´+-�G+43$��,"/;:.*� ��/>3!�!:"=D&R�! "�}1T/;<-<4/L8G+-,.* �Q:C��,H�!+-�!+4�53MU

L⊕ = L⊕(β) := max
{

fp(x+ y) | x, y ∈ Zβ, x+ y ∈ Fin(β)
}
,

L⊗ = L⊗(β) := max
{

fp(x · y) | x, y ∈ Zβ, x · y ∈ Fin(β)
}
.

vK "�FJ|�nyD+-J�:.J /�1���,R:.,Q'�/;:.,"=.�5=X3����K+43S=.�zY","�5=V��/0')�
+∞ U�6s, @'& B2+-�K+43G3! "/L8G,P�! C���S1T/;��P��+43t/;��,H:.J0'����

β
�{/;,"�| C�;3

L⊕(β) < +∞.
6s, @'O�� B7�! "�>3t��J>�>���53!:.<-��+43�*�+-#%��,e1�/;�

L⊗(β)
UvK "�AJ>/�3!�G���5O5��,Q�@���53!:.<-��/;,qY",.+-����,"�53�3@/�1��! "�53��A')/;:.,"=.3G8S�;3@*�+-#%��,V'H& 5K���!,C���LU

� >�?�	�30� , � , �2� ��� ; � ���	� �{�DfRµ��.b;iC`�_�`�_Tfz�
L⊕(β)

b;ij^
L⊗(β)

b;��f���i"_�`sf|_ �
β
_��Ibqd@fz���!k;ii"��±|¤�fz� �

vK "�����F�zyD+43!��3S�¢J>���! "/Q=|1T/;�S=.�������!Jp+-,.+-,.*(:.E.E)���S�53!�!+-J|�����53K/;,R�! "��O5/;,"3��t��,H��3
L⊕(β)

��,"=
L⊗(β)

U�6 �73!����J>371���/;J �¢�! "�5/;����J�*�+-#%��,q'H& �}:.+-J>/;,"=q���K��<cU�@'O�� BsU�vK "�}+4=.�L��/�1��! "���! "�5/;����J+43	�Q:.+-���G3!+-JpE.<4�$��,"=(+-,>3�/;J>�K8K�5&(+-�� C�;3���<-���L�;=D&('��5��,p:"3��5=('Q&�W´�53�3t�;/;:"=D+ @'N�) Bs�Q��,"= �A���L�L��:��,"= �����!*%����r �A��:.*��!& @'O�O BsU
� >�?�	�30� , � , ��� ��� 	$����	��·{f�`

β
¤�fGb�i|b;g �QfL¤z�!b;_��@i"��±|¤�fz� � β > 1 �

��_�`a�0b�`�g4f!b��z`uk�i�fK��k;iL¦z���%b�`sf
β′
�5b�`�_�� �z��_aiQ�

H := sup {|z′| | z ∈ Zβ} < +∞ ,

K := inf {|z′| | z ∈ Zβ \ βZβ} > 0 ,

���Dfz��f
z′
^Hfzijk�`sfz�0`a�Df0_a±pbM�Hf(k��

z ∈ Q(β)
�Qi�^Hfz�0`a�.f �Sfzg-^|_���k�±pk�� �C�Q_w�z± ′ : Q(β) → Q(β ′) ��{�Dfzi

(
1

|β′|

)L⊕(β)

<
2H

K

b;i�^ (
1

|β′|

)L⊗(β)

<
H2

K
.

6 ,��! "��vK "�5/;����J���'�/M#%��87�0�����H:.+-���0�! "�(�zy�+43!����,"O5��/�17���}<4�L�;3!�}/;,"��O5/;,;��:.*H������/�1
β
3!:"Ot �! C���@�! "��O5/;,"3!�t��,Q�

H
+43GY",.+-���(��,"=

K
+43�E�/�3�+-�!+-#%��UGv{/|=.�5O�+4=.�08G "���! "���

K > 0
/;�
K = 0

+43
�Q:.+-���SO5/;JpE.<-+4OL�����5=2U %ª3!:D~|O�+4��,H�BO5/;,"=D+-�!+4/;,(1T/;���@,Q:.J�')���

β
3�/@�! C���

K = 0
8G+-<-<D'��S=D+43�O�:"3�3t�5=<w�������L�"Oz1!U�3��5O��!+4/;, )DU'&DU *"U

I�,P�! "�¢/;�! "���G C��,"=2�j�(3!:D~|O�+4��,H�@O5/;,"=D+-�!+4/;,V1�/;�@��O5���!�t��+-,XO�<w�;3�3@/�1
β
3�/��! C���

K > 0
8S�;3*�+-#%��,o'Q& %�?Q+-&H��J|�Q@'& BsU(�}�(E.��/L#%�5=e�! C���F1T/;�

β
�q��+43�/;�A:.,.+-�¢3����!+43�1a&�+-,.*V����/;E)���!�s& 6�¶87z�)�! "�/;�!+-*�+-,©+43���,[+-,.,"���0E)/;+-,H��/�1$�! "�IO5��,Q�!�t��<7�!+-<4�I+-,Z�! "�IO5/;,;� :.*H�����5=[E.<w��,"����+cU ��U{/�1$�! "�RO�<4/�3!:.���/�1G�! "�|3���� {z′ | z ∈ Zβ}

UqvK .+430+-JpE.<-+4�53��! C���
K
+43�E)/�3!+-�!+-#%�(1T/;����<-<7O5/;,;� :.*H�����53(/�1$3!:"O� ��,H:.J0'����

β
U¹u���@:"3$3!:.JpJ|���!+-�L��3t/;J>�F?Q,"/M8G,V���53!:.<-��3@/;,P�! "�¢#;��<-:"�53$/�1

L⊕(β)
��,"=

L⊗(β)
U

• =F,Q:.�! @ 9 � B �
L⊗(β) = 2

1�/;�
β > 1

��/Q/;�$/�1
x2 = x+ 1

U
• 5S:.��=:+-?P���@��<cU @ *�*CB

L⊕(β) = L⊗(β) = 1
1�/;�

β
��/Q/;�@/�1����Q:C���!+4/;,

x2 = mx− 1
�
m ≥ 3 ,

L⊕(β) = L⊗(β) = 2
1�/;�

β
��/Q/;�@/�1����Q:C���!+4/;,

x2 = mx+ 1
�
m ≥ 1 .



� ��� � ��� ��� � � � �������	� � ��� ���	��� ��� � 
 &.9

• �F:.+-J>/;,"=V������<cU @'O�� B
6a+=7

β
��/Q/;�@/�1

x2 = xm− n
�D8G "�����

m,n ∈ N
��,"=

m ≥ n+ 2
U

L⊕(β) ≤ 3m lnm,

L⊕(β) ≤ 4m lnm.

6a+-+=7
β
��/Q/;�@/�1

x2 = xm+ n
�D8G "�����

m,n ∈ N
��,"=

m ≥ n
U

L⊕(β) = 2m
1T/;�

m = n ,

2
⌊

m+1
m−n+1

⌋
≤ L⊕(β) ≤ 2

⌈
m

m−n+1

⌉ 1�/;�
m > n ,

��,"=
L⊗(β) ≤ 4L⊕(β) log2(m+ 2) .

• W´�53�3t�;/;:"=D+ @'N�*(B �
L⊗(β) ≤ 5

1T/;�
β
���L��<2��/�/;�@/�1��! "�A���H:C���!+4/;,

x3 = x2 + x+ 1
U

� ��� �
	 ��������	H" 	 �
��	 � 	D� 	 	 � ��" �����
��� ����� � - + � � -�� ��� 0 +��

Zβ

5K�53!+4=.�53I�! "�V1c�;O��|�! C���R�! "�´3����
Zβ

+43I,"/;�IO�<4/�3��5=\:.,"=.���P���!+-�! .J>���!+4O´/;E)���t���!+4/;,"3L�G�! "������+43��,"/;�! "���G=D+��2������,"O5�@1���/;J �! "��OL�;3���8G "�����
β
+43G��,R+-,H����*%���LU�vK "�����}+437J>/;���}�! C��,q/;,"��E)/�3�3!+-'.<4�*H��E 6a+-,e�����!J>3¢/�1K�! "�(<4��,.*��! 	7}')���s8S�5��,Z,"��+-*� H')/;��3¢+-,

Zβ
6�3��5�p¶9+-*�:.���@&DU ��7zUpvK "��1�/;<-<4/M8G+-,.*�! "�5/;����J¨=D:"�¢��/>vK H:.��3!��/;,XE.��/L#�+4=.�53��pO5/;JpE.<4�����¢Ot C���t�;O������!+-�M���!+4/;,e/�19�! "�53��F*H��E"3MU

� >H��B���� , � ; ��� ���
��� � ���	�(·�f�`
β > 1

¤tf�b´dGb����z�Zi"��±|¤�fz� � �{�Dfzi `a�DfXg4fziQ��`a�%��k��|�%b �C�¤�f5` �7f�fziei�fz_-���D¤�k;�t�0_�i
Zβ

`cb�¯;f�lnb;g£�"f���_ai�`a�Df¢�5f5` {∆0,∆1, . . .}
���Dfz��f

∆i =

∞∑

k=1

tk+i

βk
,

��k��
i ∈ N .

¶"��/;J �! "��=.�zY",.+-�!+4/;,[/�1
dβ(1)

+-�F+43A/;'H#�+4/;:"3A�! C���F�! "�(<w���!*%�53!�A=D+43!�t��,"O5�(')���s87�5��,Z,"��+-*� Dr')/;�!+-,.*
β
rc+-,H����*%����3@+43

∆0 =

∞∑

k=1

tk
βk

= 1 .

I�'Q#Q+4/;:"3�<-&%�H'Q&>vK "�5/;����J &DU')DU ���Q�! "�����$+43S/;,.<-&>�FY",.+-���$,Q:.J�')���S/�1{=D+��2������,H�7*H��E"3B')���s8S�5��,,"��+-*� Q'�/;��3@+-,
Zβ

1T/;�
β
')��+-,.*I�(�9���!�!&q,Q:.J�')���L�C3!+-JpE.<4�¢/;�G,"/;�LU¹{���¢:"3¢=.��,"/;���p�! "�p<4��,.*��! "30/�1S*H��E"3�'H&´<4���!������3

ai := ∆i
UpvK "��,o�! "�>3t���H:"��,"O5�>/�1K*H��E"3')���s8S�5��,x�! "�|,"��+-*� Q'�/;��3(+-,x3����

Z+
β

:.,.+ �Q:"��<-&[=.�zY","�53>��, _�i ��i"_�`sf �Bk���^ob;�t��kM��_�b%`sf!^ ��_�`a�
β
�=.��,"/;���5=P'Q&

uβ
�./M#%���@�! "�¢��<-E. C��')��� {a0, a1, . . .}

U
��� ��� � � 0 0 + � ��� ��� ! 0 ���&0 � ����� � ��+ �
 +-�! R��#%���!&I�9���!�!&I,H:.J�')���$/;,"�}OL��,P�;3t3�/QO�+w�����F�0OL��,"/;,.+4OL��<)3�:.'"3!�!+-�!:.�!+4/;,

ϕβ = ϕ
�D3!:"O� R�! C����! "�F��'�/M#%�F=.�zY","�5=q87/;��=

uβ
+43G�0:.,.+ �H:"�@Y.y.�5=IE)/;+-,H�G/�1

ϕ
UB�Q:.'"3!�!+-�!:.�!+4/;,

ϕ
+43S=.�zY","�5=R+-,R�! "�1T/;<-<4/L8G+-,.*>8K�5& @ ��O BsU



&�N ��� � � ��� � � � � � � ��� ����� ����� ��� ���
-F�
� E��
 �.!"#� � ¹u���

β
'��K�}3!+-JpE.<4�K�9���!�!&�,H:.J0'����7��,"=�<4���

dβ(1) = t1 · · · tm
U�vK "�G��<-E. C��')���/�1��! "�¢3!:.'"3!�!+-�!:.�!+4/;,V+43

Aϕ = {a0, . . . , am−1}
��,"=V87�¢=.�zY","�

ϕ(ai) = a
ti+1

0 ai+1
1T/;�@��<-<

0 ≤ i < m− 1 ,
6 &DU *H�.7

ϕ(am−1) = atm
0 .

6 &DU *�'	7
� ����/C#���� E��
 �.!"#� � ¹u���

β
')�$�F,"/;,Drs3!+-JpE.<4�$�����!�!&p,H:.J0'����K��,"=(<4���

m, p
')�KJp+-,.+-J|��<j3!:"Ot �! C���

dβ(1) = t1 · · · tm(tm+1 · · · tm+p)
ω U�vK "�¢��<-E. C��')��� Aϕ

+43
Aϕ = {a0, . . . , am+p−1}

��,"=87��=.�zY","�
ϕ(ai) = a

ti+1

0 ai+1
1T/;�@��<-<

0 ≤ i < m+ p− 1 ,
6 &DU ���.7

ϕ(am+p−1) = a
tm+p

0 am .
6 &DU ��'	7

%}3B�AO5/;,"3����Q:"��,"O5�@/�12�! .+437O� C���t�;O������!+-�M���!+4/;,q87�G C�L#%�$�! "�$1T�;O����! C���B�! "�G+-,"O�+4=.��,"O5�@J|���!�!+hy
Mϕ

/�19�! "�AOL��,"/;,.+4OL��<93!:.'"3!�!+-�!:.�!+4/;,X/�1���,H&P�����!�!&P,H:.J�')���$ C�;3�/;,"�A/�19�! "�F1T/;<-<4/L8G+-,.*|1�/;�!J>3

Mϕ =




t1 t2 · · · · · · · · · tm
1 0 · · · · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . .
. . .

...
0 · · · · · · 0 1 0




Mϕ =




t1 t2 · · · · · · · · · tm+p

1 0 · · · · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 1

...
. . .

. . .
. . .

...
0 · · · · · · 0 1 0




6 �$ C�;3$')�5��,VE.��/M#%�5=X'Q& (K��,Q�����!+-,.+���,"=��Q+4��*%��<A@ *?O B{�! C���F��,H&V3!:.'"3��!+-�!:.�!+4/;,�/�1���+43�/;�@� &QE)�
6a�! C����+430�P3!:.'"3!�!+-�!:.�!+4/;,e1T/;�¢8G .+4Ot Z�! "�>Ot C���t�;O������!+43!�!+4O|E)/;<-&�,"/;Jp+w��<7/�1K+-��3A+-,"O�+4=.��,"O5�|J|���!�!+hy+43G�! "�FJp+-,.+-J|��<�E�/;<-&�,"/;Jp+w��<{/�1��(��+43�/;�$,H:.J0'����17G+43GE.�!+-Jp+-�!+-#%��U o�F*�+-#%�¢'���<4/M8«��E.��/Q/�1��! C����! "�¢3t��J>�F+43$�!�!:"�F1�/;�@��<-<��9���!�!&q,H:.J0'�����3MU
�����BE8�	#��=���
�	� , � ; � , �@·{f�`

ϕ
¤�f�bR��b;i�k;i"_T��b;g)���"¤���`�_a`��D`�_�k�i�b�����kL�5_�b�`sf�^I`ckIb0dGb����z�>i"��±|¤�fz�

β ��{�Dfzi
ϕ
_�� �j��_a±(_a`�_al�f �

dS�!kLk�� � ¹u��� G = (V,E)
'��>�R*��t��E. e8G+-�! 

n
#%���!�!+4O5�53MU�6 ��3¢�;=����;O5��,"O�&�J|���!�!+hye+43A=.�zY","�5=e��/')�F�

n× n
J|���!�!+hy

B = (bij)n×n
8G+-�! P��/M8$3@��,"=PO5/;<-:.Jp,"3G<w��')��<4�5=R'H&R*��t��E. P#%���!�!+4O5�53LU�vK "���<4��J>��,H�

bij = 1
+h1u�! "�����@+437��,R�5=D*%�@*%/;+-,.*�1a��/;J #%���!���zy

i
��/¢#%���!���zy

j
��,"=

bij = 0
/;�! "���!8G+43t��UvK "�����I+43��V���53!:.<-�01a��/;J *��t��E. [�! "�5/;�!&Z3��5&�+-,.*��! C����+h1

B = (bij)n×n
+43��! "�q�;=��!�;O5��,"O�&J|���!�!+hy[/�1}�X*��t��E. 

G
���! "��,

Bk = (b′ij)n×n
=D+43!E.<w�5&D301�/;�p��<-<

i, j ≤ n
�! "�R,Q:.J�')���

b′ij
/�18S��<-?D3A/�17<4��,.*��! 

k
1���/;Jº�! "��#%���!���zy

i
��/R�! "�(#%���!���zy

j
U �@�5OL��<-<��! C�����I8S��<-?�/�1S<4��,.*��! 

k
+-,�X*��t��E. 

G = (V,E)
+43��X3����Q:"��,"O5�I/�1@#%���!�!+4O5�53p��,"=©�5=D*%�53

v1e1v2e2 · · · ekvk+1
3!:"O� ��! C���

vi ∈ V
�
ei ∈ E

��,"=
vi

ei−→ vi+1
+43@��,��5=D*%�F+-,

G
1T/;�@��<-<

i = 1, . . . , k
U

(S/;,"3!+4=.���K*��t��E. "3S+-,q¶�+-*�:.��� &DU')���,"=|�! "��+-�$�;=����;O5��,"O�&>J|���!�!+4O5�53
B1

��,"=
B2

U�6 ,|�! "�@Y"��3!�OL�;3��F�! "�����A+43$��8K��<-?P/�19<4��,.*��! X���$J>/�3��
n− 1

1���/;J #%���!���zy
1
��/>��,Q&P/;�! "���G#%���!���zyV��,"=V��<43t/�R8S��<-?�/�1K<4��,.*��! Z���AJ>/�3!�

n − 1
1a��/;J ��,Q&�#%���!���zye��/q#%���!���zy

1
UK57&�#Q+-�!�!:"�p/�1K�! "�(<4/�/;Ee+-,#%���!���zy

1
6a�! C���G+43G��/p3t�5&R'H&R:"3!+-,.*p�! .+43G<4/�/;EP����E)�L�����5=D<-&P�;3KJ|��,Q&q�!+-J>�53@�;3G,"�5�5=.�5=B7S8S�¢OL��,



� ��� � ��� ��� � � � �������	� � ��� ���	��� ��� � 
 &��

1

2

3

4

n-2

n-1

n

HEI ,/I�)������B� %-6��;2!� ����� %B�����	�
B1

I

1

2

m-1

m

m+1

n-1

n

HEI ,/I H
�����B� %-6��72!� ����� %B�����	�
B2

I
¶9+-*�:.��� &DU'):� �}�t��E. "3$ C�5#�+-,.*R�;=����;O5��,"O�&IJ|���!�!+4O5�53

B1

��,"=
B2

Y","=V��8K��<-?q/�19<4��,.*��! X�zy"�;O��!<-&
2n− 2

'���� 87�5��,���,H&REC��+-�$/�19#%���!�!+4O5�53LUBvK .+43G+-JpE.<-+4�53G�! C���G1T/;���<-<
i, j ≤ n

�! "�A��,H�!�!&
b′ij

/�1
B1

2n−2 +43 b′ij ≥ 1
U�����,"O5�

B1
2n−2 > 0 .

6 &DU'O.7
6 ,>�! "��3��5O5/;,"=IOL�;3t�G�! "�����@+43S�A8K��<-?>/�1u<4��,.*��! q���7J>/�3!�

n−1
1���/;J #%���!���zy

1
��/0��,Q&>/;�! "���#%���!���zyX��,"=X��<43�/>�p8S��<-?P/�19<4��,.*��! ´���$J>/�3!�

k := max{n−m+ 1,m+ 1} 1���/;J¨��,H&q#%���!���zy��/p#%���!���zy
1
U �}3!+-,.*>�! "��3���J>�����!*�:.J>��,H�¢�;3$+-,X�! "�¢E.����#�+4/;:"3@OL�;3����C'H&P#�+-�!�!:"�¢/�1��! "�¢<4/�/;EX+-,#%���!���zy

1
87�>OL��,�Y","=[�R8S��<-?e/�1S<4��,.*��! [�zy.�;O��!<-&

n + k − 1
'���� 87�5��,©��,Q&�EC��+-�0/�1S#%���!�!+4O5�53LUvK .+43G+-JpE.<-+4�53@�! C���G1T/;�@��<-<

i, j ≤ n
�! "�¢��,Q�!�!&

b′ij
/�1

B2
n+k−1 +43 b′ij ≥ 1

U�����,"O5�
B2

n+k−1 > 0 .
6 &DU 9�7

¹{���
β
')�|�X3!+-JpE.<4�|�����!�!&o,H:.J0'����L�

ϕ
+-��3�OL��,"/;,.+4OL��<G3!:.'"3!�!+-�!:.�!+4/;,uUP¹u���0:"30=.��,"/;���|�! "�=D+-J>��,"3!+4/;,�/�1

Mϕ
'H&

n× n
6a+cU ��U

n = m
7zU�vK "��,

Mϕ =




t1 t2 · · · · · · · · · tm
1 0 · · · · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . .
. . .

...
0 · · · · · · 0 1 0




≥




1 0 · · · · · · 0 1
1 0 · · · · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . .
. . .

...
0 · · · · · · 0 1 0




= B1

��,"=P "��,"O5�
M2n−2

ϕ > 0
'H& 6 &DU'O.75U



)�: ��� � � ��� � � � � � � ��� ����� ����� ��� ���
¹u���

β
'��(�p,"/;,Drs3!+-JpE.<4�(�����!�!&X,Q:.J�')���}8G+-�! 

dβ(1) = t1 · · · tm(tm+1 · · · tm+p)
�2��,"=�<4���

ϕ
'��$+-��3BOL��,"/;,.+4OL��<)3!:.'"3!�!+-�!:.�!+4/;,uUB�Q+-,"O5�

m, p
�����@Jp+-,.+-J|��<CE)/�3�3!+-'.<4�G�! "��,R��+-�! "���

tm+p > 0
/;�

tm+p = 0
��,"=

tm ≥ 1
U�6s,I�! "�@Y"��3��SOL�;3���87�} C�L#%�

Mϕ ≥ B1

/�1�O5/;�!���53!E)/;,"=D+-,.*(=D+-J>��,"3�+4/;,"3L�+cU ��U
n = m+ p

U�vK "�FE.�!+-Jp+-�!+-#�+-�s&P+43$/;'.�t��+-,"�5=V'H&
M 2n−2

ϕ > 0
�;3G+-,V�! "�¢3�+-JpE.<4�AOL�;3���U6 ,P�! "�A<w���!�����@OL�;3��@6a+cU ��U

tm+p = 0
��,"=

tm ≥ 1
7S8S�A C�5#%�

Mϕ =




t1 t2 · · · tm · · · tm+p

1 0 · · · · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 1

...
. . .

. . .
. . .

...
0 · · · · · · 0 1 0




≥




1 0 · · · 1 · · · 0
1 0 · · · · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 1

...
. . .

. . .
. . .

...
0 · · · · · · 0 1 0




= B2

8G "�����
n = m+ p

U�vK "�����z1T/;���
Mn+k−1

ϕ > 0
'H& 6 &DU 9�7z�.8G .+4Ot XO5/;JpE.<4�����53��! "�FE.��/Q/�1!U

�����%��� ����� ) +.- ! � +��������	� �(��

vK "�´E.��/;'.<4��J /�1��! "��3!:.'H8S/;��=®O5/;JpE.<4�zy�+-� & /�1�+-,DY",.+-���´8S/;��=.3

uβ
�;3�3t/QO�+w�����5=\8G+-�! ®�9���!�!&,H:.J0'�����3V+43P3�/[1T���R,"/;�VO5/;JpE.<4������<-& 3t/;<-#%�5=2�@ "/M87��#%���L�¢���q<4�L�;3!�V��, �;3!&QJpE.��/;�!+4O�')/;:.,"= +43?�,"/L8G,u�G3!+-,"O5�´��<-<$�! "�53��V8S/;��=.3R�����PY.yD�5=ªE�/;+-,Q��3|/�1AE.�!+-Jp+-�!+-#%��3�:.'"3!�!+-�!:.�!+4/;,"3L�K�! "��+-�>1c�;O���/;�O5/;JpE.<4�zyD+-�s&©+43(���(J>/�3!�(<-+-,"�L��� @ � �7BsU (S/;,"O5���!,.+-,.*o�! "�q�zy"�;O��(#;��<-:"�53(/�1 Cuβ

��/;'Q#Q+4/;:"3�<-&Z�! "�3!+-JpE.<4�53!�K�t�;3!?p+43S��/(=.�������!Jp+-,"�F+-��3S#;��<-:"�5371T/;�78S/;��=.3
uβ
8G .+4Ot X��������<4��J>��,Q��3$/�1�3�/;J>��?Q,"/M8G,O�<w�;3�3$/�1�+-,DY",.+-���A8S/;��=.3LU

%�J>/;,.*Z�! "�X87/;��=.3
uβ

/L#%���q�e'.+-,C���!&ª��<-E. C��')���L�K+cU ��U�+-,¬�! "��OL�;3��53
dβ(1) = t1t2

��,"=
dβ(1) = t1t

ω

2

�9+-�¢+43�3!+-JpE.<4�>��/V=.�������!Jp+-,"����8G .+4Ot 
uβ

O5/;�!���53!E�/;,"=Z��/´�Q�!:.�!Jp+w��,©87/;��=.3p��,"= "��,"O5�� C�5#%�}O5/;JpE.<4�zy�+-� & Cuβ
(n) = n+1

U�vK "�$J|���!�!+4O5�53K/�1{OL��,"/;,.+4OL��<�3�:.'"3!�!+-�!:.�!+4/;,"3S+-,|�! "�53���s8S/|OL�;3��53������
Mϕ =

(
t1 t2
1 0

) ��,"=
Mϕ =

(
t1 t2
1 1

)

6 �$+43K1T/;<-<4/L8$3@1a��/;J @'N��*B{�! C���$+h1B�|�Q�!:.�!Jp+w��,X8S/;��=X+43���Y.yD�5=XE�/;+-,Q�@/�1B�p3!:.'"3!�!+-�!:.�!+4/;,
ϕ
8G+-�! ��J|���!�!+hy

Mϕ
�! "��,

Mϕ ∈
{
A ∈ N2×2 | det A = ±1

}
.vK "�����z1T/;���

uβ
')��+-,.*X�P�Q�!:.�!Jp+w��,e87/;��=e+-JpE.<-+4�53F�! C���

dβ(1) = t11
/;�

dβ(1) = t1(t1 − 1)ω
UvK "�¢O5/;,Q#%����3��A+43$/;'Q#Q+4/;:"3$1a��/;J �! "�}1T/;�!J¨/�1�O5/;�!���53!E)/;,"=D+-,.*|OL��,"/;,.+4OL��<�3!:.'"3��!+-�!:.�!+4/;,"3

ϕ
UvK "�q3��5O5/;,"=xO�<w�;3�3(/�1@+-,DY",.+-���q8S/;��=.3(8G+-�! x?Q,"/M8G,�#;��<-:"�53p/�1�O5/;JpE.<4�zyD+-�s&©+43��! "�q/;,"�R/�1

%��!,"/;:DyQr �}��:.�5&ª87/;��=.3�6�% � 8S/;��=.317zU ¹u���P:"3q���5OL��<-<A�! C���V��, % ��8S/;��= /�10/;��=.���
m
 C�;3O5/;JpE.<4�zyD+-�s& Cuβ

(n) = (m − 1)n + 1
U[6 �( C�;3('��5��,x3! "/M8G, @'O�) BG�! C���(1�/;�>�´3!+-JpE.<4�P�����!�!&,H:.J0'����

β
�.�! "�F87/;��=

uβ
+43 % �®+h1���,"=X/;,.<-&R+h1

dβ(1) = sm−11
OC�(3!+-Jp+-<w���$���53!:.<-�$O5/;,"O5���!,.+-,.*,"/;,Drs3!+-JpE.<4�0�9���!�!&V,Q:.J�')����3@+43}�;3G1T/;<-<4/L8$3LU��@�5OL��<-<{�! C���@�! "�A<w��,.*�:C��*%��/�1B��, %@�!,"/;:Dy�r ����:.�5&87/;��= +43qO�<4/�3��5= :.,"=.���q����#%����3t��<cU 5S&\�[���53!:.<-�P/�1 5K���!,C��� @')�& B}8S�� C�5#%���! C���V�[87/;��=

uβ�;3�3�/�O�+w�����5=�8G+-�! ª�´,"/;,Drs3!+-JpE.<4�V�����!�!&�,H:.J0'����
β
+43|O�<4/�3��5=�:.,"=.���>����#%����3t��<G+h1A��,"=¬/;,.<-&[+h1

dβ(1) = stω
U



� ��� � ��� ��� � � � �������	� � ��� ���	��� ��� � 
 ) �

I��! "�������53!:.<-��3(/;,©�! "�IO5/;JpE.<4�zyD+-�s&©/�1$�! "�I3����Q:"��,"O5�53
uβ

1T/;�
β
'���+-,.*e�X�����!�!&o,Q:.J�')���8S�����R/;'.�t��+-,"�5=©'Q&Z¶.��/;:.*�,H&©���(��<cUH@'O�) BsU´vK "��+-�(���53!:.<-��3L��O5/L#%���!+-,.*o��O�<w�;3�3(/�1@3!+-JpE.<4�q�9���!�!&,Q:.J�')����3L�C�������;3K1T/;<-<4/L8$3MU

� >H��B���� , � ; � ; ���  ; ���	�>·�f�`
β > 1

�z�D��� `a��b�`
dβ(1) = t1t2 · · · tm �

b�ij^ªfz_�`a�Dfz�
t1 >

max{t2, . . . , tm−1}
k;�
t1 = t2 = · · · = tm−1 �

� � C��� �Dk��5f0`a��b%` tm = 1 �
�{�Dfzi �7f¢��b;l�f

C(n) = (m− 1)n+ 1 .

� � C��� �Dk��5f0`a��b%` tm > 1 �
�{�Dfzi�`a�Df���k;±
�jg4f�
;_�`��Pk��¢`a�Df�_�i ��i"_�`sf �Bk;�!^

uβ
��b%`�_w� �Sf��

(m− 1)n+ 1 ≤ C(n) ≤ mn .

6 ,>�! "�@<w�������7OL�;3��@�! "����:.�! "/;��37*H�5#%�$�! "�@E.���5O�+43��$#���<-:"�$+-,I�����!J>3B/�1u�! "�$O5/��z~|O�+4��,H��3K/�12�! "�<-+-,"�L���$���5O�:.�!����,Q��3!&D3!����J¨�;3�3t/QO�+w�����5=q8G+-�! 
β
�C3��5� 5K���!�!�t��,"= @')�� BsU

(S/;,"O5���!,.+-,.*��! "�>3!:.'Q87/;��=©O5/;JpE.<4�zy�+-� &�/�1
uβ

�;3�3�/�O�+w�����5=e8G+-�! o,"/;,Drs3�+-JpE.<4�|�����!�!&e,H:.J(r')����3L�"J0:"O� �<4�53�3�+43$?�,"/L8G,uU ��y.�;O��}#���<-:"�53�/�1BO5/;JpE.<4�zyD+-�s&������¢?�,"/L8G,�/;,.<-&q1�/;�}3�/;J>�03�E��5O�+w��<OL�;3��53M�.Oz1�U @'O�)D�B&�&D�GO�*(BsU
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� �������	��
 �

� � �{��� � 
 ����� � ���
β

�|
��	� º� � ���º� �

vK .+43>Ot C��E.�����>E.:.��3!:"�53(1�:.�!�! "���p�! "�V���!+-�! .J>���!+4OV+43t3!:"�53p/�1��! "�
β
rc,Q:.J>���t���!+4/;, 3!&D3!����J>3LU %K�Y"��3!�(8S�P+-,"3!E)�5O��p�! "�P¶�+-,.+-����,"�53t3pE.��/;E����!� & 6�¶87zU o�P/;'.�t��+-,¬,"��8 ,"�5O5�53t3t���!&©��,"=x3!:D~|O�+4��,Q�O5/;,"=D+-�!+4/;,"3$3t/��! C���

β
3t���!+43�YC�53S+-��OD�! "�53��FO5/;,"=D+-�!+4/;,"3@�����F�zyDE.���53�3��5=R+-,I�����!J>3G/�19�! "�F3�/�rsOL��<-<4�5=Jp+-,.+-J|��<21T/;�!'.+4=.=.��,X8S/;��=.3LUvK "��,R87���!:.�!,I/;:.��3t��<-#%�537��/��! "�$E.����#�+4/;:"3!<-&|=D+43�O�:"3t3��5=>E.��/;'.<4��J�/�1u�! "�$J|�nyD+-J|��<j,Q:.J�')���/�191a�t�;O��!+4/;,C��<9=D+-*�+-��3}���!+43�+-,.*>:.,"=.���}���!+-�! .J>���!+4O�/;E����t���!+4/;,"3}/�1

β
rc+-,H����*%����3LUM%K�$Y"��3��L�.87��:"3����J>���! "/�=I=D:"�}��/ �}:.+-J>/;,"=P���G��<cU�6�vK "�5/;����J &DU'&DU'N.7zU o�A��E.E.<-&>+-�K��/�/;'.�t��+-,R:.E.E)���K�53!�!+-J|�����53+-,e�! "�>OL�;3t�(8G "�����

β
+43��R*%��,"���t��<-+-�L�5=[vu�!+-')/;,C�;O5O�+B,H:.J0'����L�9�! C���A+43L�{�! "�|��<-*%��'.�t��+4Op+-,Q����*%���8G+-�! xJp+-,.+-J|��<$E)/;<-&�,"/;Jp+w��<$/�1��! "�R1T/;�!J

x3 − mx2 − x − 1
�
m ≥ 2

U�6s,��! "�Pvu�!+-')/;,C�;O5O�+OL�;3�� 6
m = 1

7z�u87�|/;'.�t��+-,Z�! C���
5 ≤ L⊕(β) ≤ 6

��,"=
4 ≤ L⊗(β) ≤ 5

U>vK "�>�zy"�;O��A'�/;:.,"=
L⊕(β) = 5

 C�;3@'��5��,V/;'.�t��+-,"�5=X'H& 5K���!,C����@') �7BsU�¶"/;�
m ≥ 2

87�A*%���
5 ≤ L⊕(β) ≤ 6

1�/;�
m = 2 ,

4 ≤ L⊕(β) ≤ 5
1�/;�

m ≥ 3 ,

4 ≤ L⊗(β) ≤ 6
1�/;�

m ≥ 2 .

o���! "��,qO5/;,"3!+4=.���K�! "��OL�;3��}/�1u��/;�t��<-<-&>���L��<)O�:.'.+4OF��+43�/;�S:.,.+-��378G+-�! RJp+-,.+-J|��<)E�/;<-&�,"/;Jp+w��</�1��! "�}1�/;�!J
x3 − ax2 − bx+ 1

�
a ≥ 2

��,"=
1 ≤ b ≤ a− 1

U o�¢3! "/L8 �! C���
L⊕(β) ≤ 2

1T/;����<-<
a ≥ a0

1T/;�$3�/;J>�
a0 ,

L⊗(β) ≤ 3
1T/;�

a ≥ 2 .

o�(��<43�/|Y","=´�zy"�;O��}#;��<-:"�53�1T/;���! "��Ls')/;:.,"="���!&�OL�;3��53���/�17�! .+43}O�<w�;3t3L���! C���}+43M�"1T/;�
b = 1

��,"=1T/;�
b = a− 1 1T/;�

b = 1
�
a ≥ 3 L⊕(β) = 2

��,"=
L⊗(β) = 3 ,1T/;�

b = a− 1
�
a ≥ 3 L⊕(β) = 1

��,"=
L⊗(β) = 2 .

��#%��,V�! "/;:.*� X�! "���;3t3!:.JpE.�!+4/;,"3$/�1�vK "�5/;����J &DU'&DU'N|�����F,"/;�@#%���!&q3��!�!+4O��L�.+-�G+43$�L�;3!&R��/>3��5��! C���(�! .+43(J>���! "/�=[+43�,"/;�|��'.<4�R��/´E.��/L#�+4=.�P�53!�!+-J|�����53(+-,¬��<-<K�! "�ROL�;3t�53LU o�q=D+43�O�:"3�3(�! "�53��E.��/;'.<4��J|���!+4O¢OL�;3t�53@��,"=q�! "��,P87�FE.��/M#Q+4=.����,"/;�! "���@J>���! "/Q=2�DEC���!�!<-&q3�/;<-#�+-,.*p�! "�53��}+43�3!:"�53�6�/;,�! "�A/;�! "���� C��,"=q�! .+43@3��5O5/;,"=PJ>���! "/�=q+43G<-+-Jp+-���5=X��/p��+43�/;�$,Q:.J�')����3�/;,.<-&G7zU
)�)



)�* ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


%K�9�! "�7��,"=�/�1"�! "�SO� C��E.������87�S3!�!:"=D&¢�! "�K��<-*%/;�!+-�! .J�E�����1T/;�!Jp+-,.*F�;=.=D+-�!+4/;,(+-,(��,(���!'.+-�!�t���!&��+43�/;��,H:.J>���t���!+4/;,o3!&D3!����JVUK�}/;���¢�! C���@�! .+43F��<-*%/;�!+-�! .J� C�;3$')�5��,X+-JpE.<4��J>��,Q���5=�+-,X�! "�A1T/;�!J/�1��! "�AE.��/;*��t��J ���+!("(#&%$' � # *j�.3��5��%�E.E)��,"=D+hy 5FU
vK "�|Y"��3!�(3��5O��!+4/;, 6JI�,©�! "�R¶�+-,.+-����,"�53t30E.��/;E)���!�s& 6�¶87 7���,"=[�! "�|�! .+-��=©3��5O��!+4/;, 6�5K/;:.,"=.3/;,
L⊕(β)

�
L⊗(β)

1�/;�p��+43t/;�p,H:.J�')����3 6J(7:.��r ��,"=�rcE.��/��!�5O��>J>���! "/�=B7 7(/�1��! .+43pOt C��E.�����> C�5#%�')�5��,PE.:.'.<-+43! "�5=P+-,V�! "� 5S:.<-<4���!+-,X/�1��! "� 5K��<-*�+w��,XW´���! "��J|���!+4OL��<���/QO�+4��� & @ �+**BsU8% EC���!�@/�1��! "�3��5O5/;,"=R3��5O��!+4/;,u�Q,C��J>��<-&p�! "�}��E.E.<-+4OL���!+4/;,P/�12�! "�$Y"��3��BJ>���! "/�=p1T/;��Y","=D+-,.*��! "�@:.E.E)���B')/;:.,"=.3/;,
L⊕(β)

��,"=
L⊗(β)

1�/;�I�! "�X*%��,"���t��<-+-�L�5= vu�!+-')/;,C�;O5O�+F'C�;3����G+43|�! "��3!:.'D�!�5O��q/�1¢�ZEC��E)����;O5O5��E.���5=P1T/;�GE.:.'.<-+4OL���!+4/;,X+-, 	H/;:.�!,C��<�/�1 %@:.��/;J|���t�D�j¹{��,.*�:C��*%�53���,"= (S/;J0'.+-,C����/;�!+4O53 @ ��O BsU
� ��� � � "�� ��� �����4"���� ����� 	D� 	 	 � ��"����	��


6 ,I�! .+43G3��5O��!+4/;,q8S�A3! C��<-<)+-,H#%�53!�!+-*H�����A3�/;J>�},"�5O5�53�3����!&R��,"=q3�/;J>�F3!:D~|O�+4��,H�$O5/;,"=D+-�!+4/;,"3S1T/;�
β
�+-,>/;��=.�����! C���

Fin(β)
+43B���!+-,.*"U�%GO5O5/;��=D+-,.*���/F�! "�G=.�zY",.+-�!+4/;,u�

Fin(β)
O5/;,H�t��+-,"3�')/;�! pE�/�3�+-�!+-#%���,"=�,"��*H���!+-#%��,Q:.J�')����3LU@vK "�����z1T/;����8S�¢Y"��3�����:"3!�!+h1a&P8G Q&%�C+-,�/;��=.���@��/R=.�5O�+4=.�(��'�/;:.�

Fin(β)')��+-,.*I���!+-,.*"�.+-�G+43$��,"/;:.*� ���/p3!�!:"=D&R/;,.<-&q�! "�.�Q:"�53!�!+4/;,X/�1��;=.=D+-�!+4/;,�/�19E�/�3!+-�!+-#%�¢,H:.J�')����3LU
�����BE8�	#��=���
�	� ; �
� ��� ��·{f5`

β > 1 �
�c_ �e» �

dβ(1)
_��F_ai ��iC_a`sf � `a�Df�i Fin(β)

_w�Fijk�`Sb|�z_aiQ� �
�s_�_ ��» �

dβ(1)
_�� ��i"_�`sf � `a�Dfzi Fin(β)

_��Kb}�z_�iQ�A_ �Kb;ij^¢k;iCg²�}_ �
Fin(β)

_w�S�5ghk��Lf!^A��ij^Hf��GbH^%^;_�`�_�k;ik�� �.k���_�`�_�l;f�f�g-fz±|fzij`a� �
dS�!kLk�� � 6a+=7K¹u��� dβ(1) = t1t2t3 . . .

')�F+-,DY",.+-����U�vK "��,�6 &DU ��7K+-JpE.<-+4�53
1 − 1

β
=
t1 − 1

β
+
t2
β2

+
t3
β3

+ · · · 6 )DU ��7
�Q+-,"O5�

(t1 − 1)t2t3 . . . < 3�4�5 dβ(1)
���! "�|�zyDE.���53�3!+4/;,[/;,Z�! "�>�!+-*� H�0 C��,"=Z3!+4=.�|/�1 6 )DU ��7F+43��! "�

β
rs�zyDEC��,"3!+4/;,X/�1

1 − β−1 8G .+4Ot V�! "�����z1T/;���¢=./Q�53$,"/;�$'���<4/;,.*|��/ Fin(β)
U

6a+-+=7K¹{���
1 =

t1
β

+
t2
β2

+ · · · + tm
βm

,
6 )DU'&.7

��,"=e<4���
Fin(β)

')�>O�<4/�3��5=o:.,"=.�����;=.=D+-�!+4/;,[/�1GE)/�3!+-�!+-#%�p,Q:.J�')����3LU (S/;,"3�+4=.�������!'.+-�!�t���!&
x ∈

Fin(β)
��,"=����!'.+-�!�t���!&

` ∈ Z
3!:"O� ��! C���

x > β` USvK "��,X�! "� β rs�zy�EC��,"3�+4/;,�/�1 x  C�;3@�! "�A1T/;�!J
x =

∑n
i=−N xiβ

i ��8G "����� n ≥ `
U ����E��L�����5=¬��E.E.<-+4OL���!+4/;,ª/�1 6 )DU'&.7(��<-<4/L8$3>:"3(��/eO����L�����V�

����E.���53���,Q�t���!+4/;,´/�1
x
�.3t�L&

x =
∑`

i=−M x̃iβ
i 3!:"O� X�! C��� x̃` ≥ 1

U�vK "��,

(x̃` − 1)β` +
`−1∑

i=−M

x̃iβ
i

+43K�FY",.+-���
β
rc����E.���53���,H�t���!+4/;,V/�1

x−β` U��Q:"O� V�¢����E.���53���,H�t���!+4/;,POL��,R'��@+-,H�����!E.�������5=P�;3S��3!:.J/�1{��Y",.+-���$,Q:.J�')���7/�12E�/�3�+-�!+-#%�$��<4��J>��,H��3S/�1
Fin(β)

�H8G .+4O� |+43M�Q�;O5O5/;��=D+-,.*���/¢�! "�@�;3�3!:.JpE.�!+4/;,u���*H��+-,V+-,
Fin(β)

U



� � ��� ��� ��� � � � �;�����	� ��
 
���� ���	��� ����� ��� )��

6 ��3!:D~|O5�53���/V���L��<-+-�L�|�! C���03!:.'.�!�t�;O��!+4/;,
x − y

/�1@���!'.+-�!�t���!&
x, y ∈ Fin(β)

�
x > y > 0+43A�>Y",.+-���0,Q:.J�')���¢/�173!:.'.�!�t�;O��!+4/;,"3A/�173t/;J>�0E)/L8S����3A/�1

β
UFvK "�����z1�/;���

Fin(β)
'���+-,.*qO�<4/�3��5=:.,"=.���q�;=.=D+-�!+4/;,\/�1AE�/�3�+-�!+-#%�V��<4��J>��,H��3I+-JpE.<-+4�53|')��+-,.*ZO�<4/�3��5=ª:.,"=.���R�;=.=D+-�!+4/;, /�1¢���!'.+-�!�t���!&

x, y ∈ Fin(β)
U�Q+-,"O5��J�:.<-�!+-E.<-+4OL���!+4/;,�/�1�,H:.J�')����3

x, y ∈ Fin(β)
+43G'Q&R�! "�0=D+43!�!�!+-'.:.�!+-#%�¢<w�L8��;=.=D+-�!+4/;,�/�1�0Y",.+-���A,Q:.J�')����/�1�3!:.JpJ|��,"=.3G1���/;J

Fin(β)
�.�! "�FE.��/;E)/�3!+-�!+4/;,X+43KE.��/M#%�5=2U

¹{���S:"3SJ>��,Q�!+4/;,V�! C���
dβ(1)

+-,DY",.+-���A=./Q�53S,"/;�G�zyDO�<-:"=.�
Fin(β)

O�<4/�3��5=R:.,"=.���$�;=.=D+-�!+4/;,V/�1E)/�3!+-�!+-#%�A��<4��J>��,H��3M�C3��5�.����J|���!? )DU ��U'ODU
¶"��/;J ,"/L8 /;,u�)8S�(1�/�O�:"3F/;,Z�;=.=D+-�!+4/;,

x + y
1�/;�

x, y ∈ Fin(β)
�
x, y ≥ 0

U %�3F8S�( C�5#%���<-���L�;=D&��zy�E.<w��+-,"�5=�')�z1T/;�����23!+-,"O5�(�! "�(3!:.J ��,"=��! "��E.��/Q=D:"O��¢/�1S�s87/V,H:.J�')����3F1���/;J
Fin(β)OL��,P')�FO5/;,H#%���!���5=V'Q&IJ0:.<-�!+-E.<-+4OL���!+4/;,X'Q&q�(3!:.+-�t��'.<4�}1c�;O���/;�

βk +-,H��/(�! "�A3!:.J /;�G�! "�FE.��/�=D:"O��/�1��s8S/
β
rc+-,H����*%����3L�C+-�@3!:D~|O5�53G��/|O5/;,"3!+4=.���

x, y ∈ Zβ
U¹{���

x, y ∈ Zβ
�
x, y ≥ 0

8G+-�! 
β
rs�zyDEC��,"3!+4/;,"3

x =
∑n

k=0 xkβ
k � y =

∑n
k=0 ykβ

k U�vK "��,
∑n

k=0(xk + yk)β
k +43$� β rc����E.���53t��,H�t���!+4/;,�/�1��! "�F3!:.J x+ y

U�6s1��! "�A3����Q:"��,"O5�F/�1�O5/��z~|O�+4��,H��3
(xn + yn)(xn−1 + yn−1) · · · (x0 + y0)

#%���!+hYC�53��! "�|�����!�!&ZO5/;,"=D+-�!+4/;, 6�vK "�5/;����J &DU ��U'&.7z��8S� C�L#%�}=D+-���5O��!<-&|�! "�
β
rs�zyDEC��,"3!+4/;,P/�1

x+ y
U�6s,R�! "��/;E.E)/�3!+-���}OL�;3����Q�! "�}3t���H:"��,"O5��J�:"3!�KO5/;,H�t��+-,��,"/;,Dr �;=DJp+43�3�+-'.<4� 6T��<43�/pOL��<-<4�5= �5k;�L¤z_T^%^HfziF7S87/;��=2U�QE)�5O�+w��<u��/;<4�A+-,V/;:.��O5/;,"3!+4=.���t���!+4/;,XE.<w�L&R�! "�A3t/�rsOL��<-<4�5=PJp+-,.+-J|��<u1T/;�!'.+4=.=.��,V87/;��=.3MU

� �	��
��������
 �¢¹u���
β > 1

U %¨1�/;�!'.+4=.=.��,ª87/;��=
ukuk−1 · · · u0

/�1F,"/;,Drc,"��*H���!+-#%�V+-,Q����*%����3>+43OL��<-<4�5=e±(_ai"_a±pb�g£��+h1
6a+=7

uk−1 · · · u0
��,"=

uk · · · u1
�����¢�;=DJp+43�3�+-'.<4���j��,"=

6a+-+=7
ui ≥ 1

+-JpE.<-+4�53
uk · · · ui+1(ui − 1)ui−1 · · · u0

+43@�;=DJp+43t3!+-'.<4���D1T/;�@��<-<
i = 0, 1, . . . , k

U
I�'Q#Q+4/;:"3�<-&%���PJp+-,.+-J|��<S1�/;�!'.+4=.=.��,©87/;��=

ukuk−1 · · · u0
O5/;,H�t��+-,"3p���0<4�L�;3!��/;,"�|,"/;,Drc�L����/=D+-*�+-�L�K3t�L&

ui ≥ 1
U¬vK "�P8S/;��=¬+43|�

β
rc����E.���53t��,H�t���!+4/;,®/�1}�! "���;=.=D+-�!+4/;,ª/�1}� 87/

β
rc+-,H����*%����3

z = ukβ
k + · · · + ui+1β

i+1 + (ui − 1)βi + ui−1β
i−1 + · · · + u0

��,"=
w = βi UZvK "� β r�zyDEC��,"3!+4/;,q/�1��¢,Q:.J�')���S+43S<4�zyD+4O5/;*��t��E. .+4OL��<-<-&|�! "��*����L�����53!�G��J>/;,.*p��<-<�+-��3
β
rc����E.���53���,H�t���!+4/;,"3L���,"=R�! H:"3K+h19�! "�F3!:.J

z+w
'���<4/;,.*%3K��/

Fin(β)
�D�! "��,q�! "�����A�zy�+43!��3G��Y",.+-���

β
rc����E.���53���,H�t���!+4/;,/�1

z+w
<4�zyD+4O5/;*��t��E. .+4OL��<-<-&(3��!�!+4O��!<-&0*����L���������! C��,

ukuk−1 · · · u0
�	6a�! "�

β
rs�zy�EC��,"3�+4/;,|/�1

z+w
7zU

o�¢ C�5#%�A�! Q:"3@3! "/M8G,V�! "�F1T/;<-<4/L8G+-,.*>,"�5O5�53�3����!&qO5/;,"=D+-�!+4/;,uU
�����BE �B#��=���
�	� ; ��� � , � �����BE8������ � �	�F» �

Fin(β)
_�����g-k��5f!^P�Qij^Qfz�(bH^%^;_�`�_�k;iZk��0` �Bk �Dk��z_a`�_al�fi"��±|¤�fz��� � `a�.fzi β ±(�H��`��5b�`�_w� ���>`a�.f �5k;gaghk���_�iQ� �j�!k �.fz��`����

�{k;�Ifzl�fz�z�´±�_ai"_a±>b;g ��k;�L¤z_T^%^Hfzi �Bk;�!^
ukuk−1 · · · u0

`a�Dfz��fRf 
;_w��`a�Ib �Bi"_a`sfp�5f�µ��.f�ij�tf
vn · · · v`k��Ai�k;i � i)fT�%b�`�_al�f0_aiC`sfT�Hfz��� � ���.�z�V`a��b�`

� � k, ` ≤ n �
� � vnβ

n + · · · + v`β
` = ukβ

k + · · · + u1β + u0 �
� � vnvn−1 · · · v` >lex 00 · · · 0︸ ︷︷ ︸

(n−k) ���������
uk · · · u0 �



)�O ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


vK "�7����8G�!+-�!+-,.*¢/�1"�! "�
β
rc����E.���53t��,H�t���!+4/;,

z = ukβ
k+· · ·+u1β+u0

/;,p�G<4�zyD+4O5/;*��t��E. .+4OL��<-<-&3!�!�!+4O��!<-&q*����L�������
β
rc����E.���53���,Q�t���!+4/;,

z = vnβ
n + · · · + v`β

` 8G+-<-<u')�AOL��<-<4�5=X�P`��!b;i.���5��_ ��`�_Tk;iCU6 ,�*%��,"���t��<�8S�03! C��<-<���E.E.<-&X�! "�0�!�t��,"3�O��!+-E.�!+4/;,e/;,o�
β
rc����E.���53���,Q�t���!+4/;,Z/�1S�>,H:.J�')���

z
+-,�! "�}1T/;<-<4/L8G+-,.*p8S�L&%U ��#%���!&

β
rc����E.���53���,H�t���!+4/;,´/�1

z
8G .+4Ot XO5/;,H�t��+-,"3@��1T/;�!'.+4=.=.��,V87/;��=POL��,q')�8G�!+-�!����,Z�;3¢�q3!:.J /�1K�IJp+-,.+-J|��<�1T/;�!'.+4=.=.��,e87/;��=
βj(ukβ

k + · · · + u1β + u0)
��,"=e/�1G�

β
r����E.���53���,Q�t���!+4/;,|/�1�3�/;J>�S,Q:.J�')���

z̃
U�vK "�7,"��8x�!�t��,"3tO��!+-'��5=

β
rc����E.���53���,Q�t���!+4/;,|/�1

z
+43�/;'.�t��+-,"�5='H&�=D+-*�+-��rc8G+43��G�;=.=D+-�!+4/;,p/�1C�! "�S�!�t��,"3�O��!+-E.�!+4/;,

βj(vnβ
n+· · ·+v`β

`)
/�1C�! "�SJp+-,.+-J|��<�1T/;�!'.+4=.=.��,87/;��=´��,"=q�! "�

β
rc����E.���53���,Q�t���!+4/;,´/�1

z̃
U

I�'Q#Q+4/;:"3!<-&%�"�! "���!�t��,"3tO��!+-'��5=
β
rc����E.���53���,Q�t���!+4/;,�/�1

z
+43K<4�zy�+4O5/;*��t��E. .+4OL��<-<-&P3!�!�!+4O��!<-&I*����L��������! C��,Z�! "�I/;�!+-*�+-,C��<S/;,"��UPvK .+430�!�t��,"3�O��!+-E.�!+4/;,©J|�5&o')�p����E)�L�����5=Z:.,Q�!+-<B�! "�

β
rc����E.���53���,H�t���!+4/;,=./��53�,"/;�7O5/;,Q�t��+-,R��,Q&(1�/;�!'.+4=.=.��,I87/;��=2U�6 ,>*%��,"���t��<c�Q+-�BOL��,| C��E.E)��,|�! C���7�! "�GE.��/QO5�5=D:.����J|�5&')�7����E)�L�����5=�+-,DY",.+-����<-&0J|��,Q&��!+-J>�53LU�¶"/;<-<4/M8G+-,.*¢�s8S/F�! "�5/;����J>3�E.��/L#�+4=.�G3!:D~|O�+4��,Q��O5/;,"=D+-�!+4/;,"3L�+-,X/;��=.���$�! C���G�! .+43�3!+-�!:C���!+4/;,V+43@�L#%/;+4=.�5=2U

� >�?�	�30� ; ��� � ; �0·{f�`
β > 1

�5b�`�_�� �z�PdS�!k �.f��z`�� � � b;ij^´�z��� �Dk��5fX`a��b�` �5k;�Vfzl�fz�z�o±(_ai"_�±>b;g
�5k;�5¤�_�^%^Qfzi �Bk;��^

ukuk−1 · · · u0
�7f¢��b;l�f0`a�Df �5k;gaghk ��_aiQ�R��k;ij^�_a`�_Tk;i �

» �
vnvn−1 · · · v`

_��G`a�Df@g-f�
�_���kt�;��b �C�H_T��b;gag²�¢�;��f!b�`sfz�
�Bk;�!^0��k�����f�� �.k;ij^;_aiQ�(`ck
ukuk−1 · · · u0

_�iR`a�Df�5f�i.�5f�k���dS�!k �.f��z`�� � � `a�Dfzi
vn + vn−1 + · · · + vl ≤ uk + uk−1 + · · · + u0 .

�{�Df�i
Fin(β)

_w����ghk;�5f!^ª�Qi�^Hfz�ob%^%^;_�`�_Tk;i«k�� �Dk��z_a`�_al�fZf�g-fz±|fzij`a� � �´k;��f!k;l�fz� � ��k��efzl;fz���
�Dk��z_a`�_al�f

x, y ∈ Fin(β) �
`a�.f

β �
f�
 �.b;i.��_Tk;i|k��

x+y
��b;iI¤�fKkQ¤�`cb;_ai�f!^ �z��k�±�b;i"�

β �
��f �j��f��5f�iC`cb�`�_Tk;ik��

x+ y
�Q��_aiQ����i"_�`sfzg£�p±>b;i"�|`��!b;i.�5����_ ��`�_Tk;i.� �dS�!kLk�� � \+-�! "/;:.�S<4/�3�3S/�1)*%��,"���t��<-+-� &%�D+-�S3�:D~|O5�53B��/0=.�5O�+4=.�}��')/;:.�BY",.+-����,"�53t37/�1u�! "�}3!:.J x+ y

�8G "�����
x, y ∈ Zβ

� 〈x〉β = xn · · · x1x0•

��,"= 〈y〉β = yn · · · y1y0•

U
o�FE.��/M#%�A�! "�F�! "�5/;����J 'H&qO5/;,H�!�t�;=D+4O��!+4/;,u�C+cU ��U.3!:.E.E)/�3��}�! C���G87�¢OL��,X��E.E.<-&q���!�t��,"3�O��!+-EDr�!+4/;,V��/(�! "�

β
rc����E.���53t��,H�t���!+4/;,

(x+ y)β
+-,DY",.+-����<-&RJ|��,Q&q�!+-J>�53LU

o�7Y","=
M ∈ N

3!:"O� ��! C���
x+y < βM+1 U�vK "��,(�! "� β rc����E.���53���,H�t���!+4/;,I/�1 x+y

/;'.�t��+-,"�5=�n1������$�! "�
k
rc�! V�!�t��,"3�O��!+-E.�!+4/;,X+43@/�19�! "�F1T/;�!J

x+ y =
M∑

i=`k

c
(k)
i βi ,

8G "�����
`k
+43F�! "�(3!J|��<-<4�53!�F+-,"=.�zy´/�1S,"/;,Drc�L����/PO5/Q�z~|O�+4��,Q�¢+-,��! "�

β
rc����E.���53t��,H�t���!+4/;,©�n1������F�! "�

k
rc�! X3!����EuU�Q+-,"O5��1T/;�I��#%���!&ª�zyDE�/;,"��,Q�

i ∈ Z
�! "�������zyD+43!��3q�e,"/;,Drc,"��*H���!+-#%��+-,H����*%���

fi
3!:"O� �! C���

x+ y ≤ fiβ
i �.87�¢ C�5#%�A�! C��� c(k)

i ≤ fi
1�/;�$��#%���!&P3!����E

k
U

���L��<-+-�L�0�! C����1T/;�}��#%���!&V+-,"=.�zy
p ∈ Z

�
p ≤ M

���! "�����������(/;,.<-&PY",.+-����<-&XJ|��,H&�3t���H:"��,"O5�53
cMcM−1 · · · cp

3t���!+43�1�&Q+-,.*
0 ≤ cp ≤ fi

1T/;�}��<-<
i = M,M − 1, . . . , p

U��Q+-,"O5�¢+-,���#%���!&V3!����E
k�! "�A3����Q:"��,"O5�

c
(k)
M c

(k)
M−1 · · ·

<4�zy�+4O5/;*��t��E. .+4OL��<-<-&q+-,"O����L�;3��53L�D8S�¢OL��,qY","=R1T/;�K��#%���!&R+-,"=.�zy
p
�! "�

3!����E
κ
�D3�/0�! C���7�! "�}=D+-*�+-��3

c
(k)
M

�
c
(k)
M−1

��U5U5U5�
c
(k)
p
�����FO5/;,"3!�t��,H�S1T/;�

k ≥ κ
U�¶"/;�!J|��<-<-&%�D87�} C�5#%�

(∀p ∈ Z, p ≤M)(∃κ ∈ N)(∀k ∈ N, k ≥ κ)(∀i ∈ Z, M ≥ i ≥ p)(c
(k)
i = c

(κ)
i )

6 )DU').7



� � ��� ��� ��� � � � �;�����	� ��
 
���� ���	��� ����� ��� ).9

�Q+-,"O5�('Q&e�;3t3!:.JpE.�!+4/;,o/�1S�! "�(E.��/�/�1!�2�! "�(�!�t��,"3�O��!+-E.�!+4/;,[OL��,e')�(E)����1�/;�!J>�5=�+-,DY",.+-����<-&�J|��,H&
�!+-J>�53L��+-�}+43},"/;�}E)/�3�3!+-'.<4�0�! C���}�! "��=D+-*�+-��3

c
(κ)
i

1�/;�
i < p

�����(��<-<����Q:C��<9��/ :DUF¹u���F:"3F=.��,"/;���'Q&
r
�! "�AJ|�nyD+-J|��<u+-,"=.�zy

r < p
8G+-�! X,"/;,Drc�L����/|=D+-*�+-�L�.+cU ��U

cκr ≥ 1
U

6 ,[/;��=.���0��/�/;'.�t��+-,©�! "�|O5/;,Q�!�t�;=D+4O��!+4/;,u��8S�|:"3��|�! "�I��')/L#%�I+4=.�L��6 )DU').7A����E��L�����5=D<-&%U�¶"/;�
p = 0

8S�FY","=
κ =: κ1

��,"=
r =: r1

3t���!+43�1�&Q+-,.*

x+ y =

M∑

i=0

c
(κ1)
i βi + c(κ1)

r1
βr1 +

r1−1∑

i=`κ1

c
(κ1)
i βi .

6 ,ª1�:.�!�! "���V3!����E"3
k ≥ κ1

�! "�e=D+-*�+-�q3�:.J ∑M
i=0 c

(k)
i

����J|��+-,"3PO5/;,"3!�t��,H�L�F3!+-,"O5�´�! "��=D+-*�+-��3
c
(k)
i

����J|��+-,ªO5/;,"3!�t��,H�LU\vK "�P=D+-*�+-�|3!:.J ∑(−1)
i=r1

c
(k)
i ≥ 1

�B')�5OL��:"3��q�! "�V3����Q:"��,"O5�V/�1F=D+-*�+-��3<4�zyD+4O5/;*��t��E. .+4OL��<-<-&P+-,"O����L�;3��53LU�¶C/;�@��#%���!&
k ≥ κ1

8S�A�! "�����z1�/;���¢ C�5#%�
M∑

i=r1

c
(k)
i ≥ 1 +

M∑

i=0

c
(k)
i .

o�}����E)�L���K�! "�}3���J>��O5/;,"3!+4=.���t���!+4/;,"3G1�/;�
p = r1

U %�*H��+-,u�D87��Y","=R�! "�F3!����E
κ =: κ2 > κ1��,"=P�! "�FE)/�3!+-�!+4/;,

r =: r2 < r1
�.3�/(�! C���G1T/;�$��#%���!&

k ≥ κ2

M∑

i=r2

c
(k)
i ≥ 1 +

M∑

i=r1

c
(k)
i .

6 ,¬�! "�X3���J>�V8S�L&x87�´��E.E.<-& 6 )DU').7>��,"=¬Y","=ª3!����E"3
κ3 < κ4 < κ5 < · · · ��,"=ªE�/�3�+-�!+4/;,"3

r3 > r4 > r5 > · · · 3!:"Ot ��! C���}�! "�(=D+-*�+-�¢3!:.J ∑M
i=rs

c
(κs)
i

+-,"O����L�;3t�53F8G+-�! 
s
���F<4�L�;3!�F'Q& ��U�Q+-,"O5���! "�����p������+-,DY",.+-����<-&�J|��,Q&�3!����E"3L���! "�(=D+-*�+-�¢3!:.Jº+-,"O����L�;3��53F8G+-�! 

s
��/I+-,DY",.+-�s&%�28G .+4Ot O5/;,Q�!�t�;=D+4O���3��! "��1c�;O��¢�! C���¢8S�>3!�t���!���5=e8G+-�! e�! "�(Y",.+-���|=D+-*�+-��3!:.J ∑n

k=0(xk + yk)
��,"=��! "��!�t��,"3�O��!+-E.�!+4/;,�87�A:"3t�A=./(,"/;�$+-,"O����L�;3��A�! "�¢=D+-*�+-��3!:.JVU

¹{����:"3�O5/;JpJ>��,H�S/;,p�! "�$O5/;,"3����Q:"��,"O5�53�/�1��! "�KE.��/�/�1�1�/;�
β
3t���!+43!1a&�+-,.*F�! "�@�;3�3!:.JpE.�!+4/;,"3�/�1�! "�}�! "�5/;����JVUBvK "�

β
rs�zyDEC��,"3!+4/;,V/�19�! "�}3�:.J /�1��s8S/

β
rc+-,H����*%����3�OL��,P'��F/;'.�t��+-,"�5=P'Q&>Y",.+-����<-&J|��,Q&|�!�t��,"3�O��!+-E.�!+4/;,"3G8G "�����F�! "�F/;��=.���G+-,q8G .+4O� P8S�}�!�t��,"3�O��!+-'��F�! "��1T/;�!'.+4=.=.��,P87/;��=.3K+-,q�! "�

β
rc����E.���53���,Q�t���!+4/;,ª/�1

x + y
+43(,"/;�(+-JpE�/;�!�t��,Q�LUo�}/L87��#%���L�7�! "�RE.��/Q/�1}=./Q�53�,"/;�(E.��/L#�+4=.�V��,�53!�!+-J|������/;,|�! "�@,H:.J�')���K/�1{3!����E"3�,"�5�5=.�5=2U����5OL��<-<C�! C���71�/;���t���!+4/;,C��<�+-,H����*%����3S�! "�@,H:.J�')���K/�13!����E"37=.��E���,"=.3S/;,.<-&p/;,|�! "�@,H:.J�')���K/�12=D+-*�+-��3S/�12�! "�@3!:.JpJ>�5=I,H:.J0'�����3MU�6s��+43S��,|+-,Q�������53!�!+-,.*/;E)��,PE.��/;'.<4��J¨��/p=.�������!Jp+-,"���! "�¢O5/;JpE.<4�zy�+-� &P/�19�! "�¢3�:.JpJ|���!+4/;,´��<-*%/;�!+-�! .J 1T/;�

β
rc+-,H����*%����3LU

6 ,�/;��=.���}��/qOt "�5O�?´8G "���! "���
β
3t���!+43!YC�53A����/;E����!� &�v�87�� C�L#%�(��/I?�,"/L8 ��<-<��! "��Jp+-,.+-J|��<1T/;�!'.+4=.=.��,o87/;��=.3MU \ "��,

dβ(1) = t1t2 · · · tm
�{�RJp+-,.+-J|��<B1�/;�!'.+4=.=.��,o8S/;��=o C�;3¢/;,"�p/�1K�! "�1T/;�!J>3

(t1 + 1), t1(t2 + 1), t1t2(t3 + 1), . . . , t1t2 . . . tm−2(tm−1 + 1), t1 . . . tm−1tm.�}/;���$�! C���7,"/;�S��<-<C�! "�}��'�/M#%�G1T/;�!'.+4=.=.��,I8S/;��=.3BJ0:"3!�B')�$Jp+-,.+-J|��<cU�¶C/;�S�zy"��JpE.<4�$+h1
β
 C�;3B�! "�

�?
�,H&�+B�zy�EC��,"3�+4/;,Z/�1S:.,.+-��'���+-,.*
dβ(1) = 111

���! "�|��')/L#%�|<-+43!�¢/�1G87/;��=.3¢+430���H:C��<B��/
2
�
12
�

111
U��}/L87��#%���L�

12
+43G,"/;�GJp+-,.+-J|��<cU



)�N ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


vK "�5/;����J &DU'&DU *¢/;,>O�<4/�3���,"�53�3�/�1
Fin(β)

:.,"=.���7�;=.=D+-�!+4/;,>+-,p�! "�GOL�;3��K8G "�����
dβ(1)

+439Y",.+-���8G+-�! X=.�5O����L�;3!+-,.*I=D+-*�+-��3L�.+43@�(O5/;,"3����Q:"��,"O5��/�1�/;:.�$vK "�5/;����J )DU ��U')DU
� �B���	���
!"�)� ; ��� � � ���  � ���	�}·{f�`

dβ(1) = t1 · · · tm � t1 ≥ t2 ≥ · · · ≥ tm ≥ 1 �
�{�Df�i

Fin(β)
_����g-k��5f�^R�Qij^Qfz�0b%^%^�_a`�_Tk;iek�� �Dk��z_a`�_al�f(fzg4fz±|fziC`a� �dS�!kLk�� � o�A3! C��<-<)#%���!+h1a&I�! "�F�;3t3!:.JpE.�!+4/;,"3$/�19vK "�5/;����J )DU ��U')DU (S/;,"3!+4=.���G�! "�}1�/;�!'.+4=.=.��,P8S/;��=

t1t2 · · · ti−1(ti + 1)
�D1�/;�

1 ≤ i ≤ m− 1
U (7<4�L���!<-&%�.�! "�F1T/;<-<4/L8G+-,.*R���H:C��<-+-� &R+43$#%���!+hYC�5=

t1β
i−1 + · · · + (ti−2)β

2 + ti−1β + (ti + 1) =

= βi + (t1 − ti+1)β
−1 + (t2 − ti+2)β

−2 + · · · + (tm−i − tm)β−m+i+

+ tm−i+1β
−m+i+1 + · · · + tmβ

−m .vK "���;3t3!:.JpE.�!+4/;,V/�19�! "�AO5/;��/;<-<w���!&P�;3�3!:.���53$�! C���G�! "�AO5/Q�z~|O�+4��,Q��3@/;,P�! "�A�!+-*� Q�$ C��,"=P3!+4=.������A,"/;,Drc,"��*H���!+-#%��U7vK "�¢=D+-*�+-�@3!:.J /;,V�! "�¢<4�z1a�@��,"=V/;,P�! "�¢�!+-*� H�$+43G�! "��3t��J>��U�vK H:"3
1 0 0 · · · 0︸ ︷︷ ︸

i ��� �����

(t1 − ti+1)(t2 − ti+2) · · · (tm−i − tm)

+43G�! "�¢=.�53�+-���5=qY",.+-���A87/;��=V<4�zy�+4O5/;*��t��E. .+4OL��<-<-&V3!�!�!+4O��!<-&q*����L�������$�! C��,
0 t1t2 · · · ti−1(ti + 1)

U6 ������J|��+-,"3F��/R�!�t��,"3�O��!+-')���! "��87/;��=
t1t2 . . . tm−1tm

+-,H��/R�! "��<4�zy�+4O5/;*��t��E. .+4OL��<-<-&´*����L�������87/;��=
1 0 0...0︸ ︷︷ ︸

m ��� �����

U
vK "�}O5/;,"=D+-�!+4/;,"3G/�1{vK "�5/;����J )DU ��U')0������ "/L8S��#%���$3t���!+43�YC�5=q��<43�/A1T/;�S/;�! "���S+-�!�t���!+4/;,C��<43K�! C���=./R,"/;�F1a:.<hY"<��;3�3�:.JpE.�!+4/;,"3A/�1M)DU ��U *"U %}3A��,e�zy.��JpE.<4�(8S�(J|�5&�O5/;,"3�+4=.���A�! "�0Jp+-,.+-J|��<7��+43�/;�,H:.J0'����LU�6 ��+43�?�,"/L8G,©�! C�����! "�R3!J|��<-<4�53!�(��J>/;,.*o��<-<S��+43t/;�0,Q:.J�')����3(+43

β
3�/;<-:.�!+4/;,�/�1@�! "����Q:C���!+4/;,

x3 = x+ 1
�C��,"=

dβ(1) = 10001
USvK "�A,H:.J0'����

β
�! H:"3�3t���!+43�YC�53G�! "�¢����<w���!+4/;,"3

β3 = β + 1
��,"=

β5 = β4 + 1 .vK "��Jp+-,.+-J|��<@1T/;�!'.+4=.=.��,\8S/;��=.3P�����
2
�

11
�

101
�

1001
�@��,"=

10001
U«vK "��+-�R�!�t��,"3�O��!+-E.�!+4/;,�;O5O5/;��=D+-,.*|��/p����/;E����!� &Vv +43G�! "�F1T/;<-<4/L8G+-,.*1�

2 = β2 + β−5

β + 1 = β3

β2 + 1 = β3 + β−3

β3 + 1 = β4 + β−5

β4 + 1 = β5

vK "�|=D+-*�+-��3!:.J�+-,Z��#%���!&e�!�t��,"3tO��!+-E.�!+4/;,[+4303!J|��<-<4�����! C��,©/;�����H:C��<B��/V�! "�|=D+-*�+-��3!:.J /�1G�! "�O5/;�!���53!E)/;,"=D+-,.*�Jp+-,.+-J|��<.1T/;�!'.+4=.=.��,>8S/;��=2U�vK "�����z1�/;���
Fin(β)

+437�;O5O5/;��=D+-,.*¢��/¢vK "�5/;����J )DU ��U')O�<4/�3��5=Z:.,"=.�����;=.=D+-�!+4/;,[/�1GE)/�3!+-�!+-#%�p,Q:.J�')����3LUX�Q+-,"O5�
dβ(1)

+43AY",.+-�����9'H&e����/;E)/�3!+-�!+4/;, )DU ��U �
Fin(β)

+43@�(�!+-,.*"U�vK .+43$8S�;3@3� "/L8G,���<-���L�;=D&q+-, @') BsU
6 ,V�! "���;3�3�:.JpE.�!+4/;,"3�/�1�vK "�5/;����J )DU ��U')>�! "��O5/;,"=D+-�!+4/;,´/�1�,"/;,Drc+-,"O����L�;3�+-,.*R=D+-*�+-�}3!:.J¨OL��,')�$����E.<w�;O5�5=R'H&|��,"/;�! "���K�����Q:.+-����J>��,H�LU o�A3!�t�����@+-�B+-,R�! "�$1T/;<-<4/L8G+-,.*��! "�5/;����JVU�6 ��3BE.��/�/�1u:"3��53�! "�A+4=.�L�>��,"=q,"/;�t���!+4/;,´/�19�! "�¢E.��/Q/�1�/�1�vK "�5/;����J )DU ��U')DU
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� >H��B���� ; ��� � � ��·�f�`
β > 1

¤�fpb;iob;g �HfL¤���b;_T�(_aiC`sfT�Hf��¢��b%`�_w� ���;_aiQ��dK��k �"fz�z`�� � � b;i�^>�z��� �Dk��5f`a��b%`(b%`(g-f!b;�z`>k;i�fok���_�`a�´��k�iL¦����%b�`sfz� � �5b;� β′ � ¤�fzg-k;iQ���e`ck (0, 1) �
�{�Dfzi

Fin(β)
_��´��g-k��5f!^��ij^Hfz�XbH^%^;_�`�_�k;i k�� �Dk��z_a`�_al�f�fzg4fz±|fziC`a� � �´k��!f!k�l�fz� � �5k;��fzl;fz��� �Dk��z_a`�_al�f x, y ∈ Fin(β) �

`a�Df
β �
f�
 �Db;i"��_Tk;i[k��

x+ y
��b;i[¤�f|kH¤�`cb;_ai�f!^ �z��k�±�b;iC�

β �
��f �j��f��LfziC`cb�`�_Tk;i©k��

x+ y
�Q��_aiQ� ��i"_�`sfzg£�±>b;i"�>`��!b;i.�5���z_ ��`�_Tk;i.� �

dS�!kLk�� � 6c1S+-�A8S�;3AE)/�3�3!+-'.<4�(��/V��E.E.<-&o�R�!�t��,"3�O��!+-E.�!+4/;,[/;,o�! "� β rc����E.���53���,H�t���!+4/;,�/�1 x + y
+-,DrY",.+-����<-&qJ|��,H&q�!+-J>�53L�D�! "��,X87�¢/;'.�t��+-,��! "�A3����H:"��,"O5��/�1

β
rc����E.���53���,Q�t���!+4/;,"3

x+ y =

M∑

i=`k

c
(k)
i βi ,

8G "�����0�! "��3!J|��<-<4�53��@+-,"=D+4O5�53F/�1��! "��,"/;,Drc�L����/R=D+-*�+-��3
`k
3t���!+43�1�&

limk→∞ `k = −∞ UG�}�����¢8S� C�L#%�|:"3��5=[�! "�I,"/;�t���!+4/;,©/�1$�! "�IE.��/Q/�1@/�1@vK "�5/;����J )DU ��U')DU´��/M8 8S�|:"3t�>�! "�I+43�/;J>/;�!E. .+43!J')���s8S�5��,´��<-*%��'.�t��+4OFYC��<4=.3
Q(β)

��,"=
Q(β′)

��/p/;'.�t��+-,

(x+ y)′ = x′ + y′ =

M∑

i=`k

c
(k)
i (β′)i ≥ (β′)`k .

vK "�A<w�;3��G+-,"���H:C��<-+-� &I1T/;<-<4/L8$3$1a��/;J¨�! "�}1T�;O��$�! C���
β′ > 0

��,"=
c
(k)
i ≥ 0

1T/;����<-<
k
��,"=

i
US�Q+-,"O5�

β′ < 1
8S�A C�5#%�

limk→∞(β′)`k = +∞ �D8G .+4Ot X+43@�(O5/;,Q�!�t�;=D+4O��!+4/;,uU
� � � ����� ; ��� �  �@¹u���F:"3}E�/;+-,Q�¢/;:.���! C���¢��,o��<-*%��'.�t��+4O(+-,H����*%���

β
8G+-�! o���F<4�L�;3!�A/;,"�0O5/;,;��:Dr*H�����|+-,o�! "�>+-,Q�����!#;��<

(0, 1)
J�:"3!�0 C�5#%�R��,Z+-,DY",.+-��� �?
�,H&�+7�zyDEC��,"3!+4/;,[/�1G:.,.+-�LUV�Q:"O� 

β
 C�;3,"�5O5�53�3����!+-<-&P+-,DY",.+-����<-&XJ|��,H&XJp+-,.+-J|��<�1T/;�!'.+4=.=.��,´87/;��=.3LU}vK "�0/;,.<-&��zy.��JpE.<4�53�?Q,"/M8G,�:.E���/,"/M8 /�1

β
3t���!+43�1�&Q+-,.*�����/;E����!� &ov ��,"=e C�L#Q+-,.*��PO5/;,;� :.*H�����

β′ ∈ (0, 1)
 C�5#%�|'��5��,o�!���L�����5=+-, @'O�� Bs�D,C��J>��<-&q�! "/�3��¢8G .+4O� V C�L#%����#%��,H�!:C��<-<-&PE)���!+4/�=D+4O

dβ(1)
8G+-�! VE)���!+4/Q=P/�1�<4��,.*��! 

1
�

dβ(1) = t1t2 · · · tm−1(tm)ω ,
8G+-�! 

t1 ≥ t2 ≥ · · · ≥ tm−1 > tm ≥ 1 .
6 )DU *�7

6 ,I3!:"Ot q�0OL�;3�����#%���!&>Jp+-,.+-J|��<�1�/;�!'.+4=.=.��,q87/;��=I C�;3G�A�!�t��,"3�O��!+-E.�!+4/;,P8G+-�! q=D+-*�+-�K3!:.J 3��!�!+4O��!<-&3!J|��<-<4���q�! C��,®+-��3P/M8G, =D+-*�+-�q3�:.JVU vK H:"3VO�<4/�3�:.���e/�1
Fin(β)

:.,"=.���X�;=.=D+-�!+4/;, /�1�E�/�3�+-�!+-#%���<4��J>��,Q��3@1T/;<-<4/L8$3A��<-���L�;=D&V'Q&XvK "�5/;����J )DU ��U')DU�vK .+43�J>�L��,"3}�! C����8S�0=./;, � �}?Q,"/M8���,Q&
β
1T/;�8G .+4Ot XvK "�5/;����J )DU ��U �(8S/;:.<4=V')�F,"�5O5�53�3t���!&%U

¶"��/;J �! "����')/L#%�A����J|���!?P/;,"�¢O5/;:.<4=��zy�E)�5O��G�! C���$�! "�¢O�<4/�3!:.����/�1
Fin(β)

:.,"=.���}�;=.=D+-�!+4/;,1T/;��O5�53��! C�����! "�R=D+-*�+-��3!:.J /�1$�! "�I�!�t��,"3�O��!+-E.�!+4/;,"3p/�1$Jp+-,.+-J|��<S1�/;�!'.+4=.=.��,�87/;��=.3�+43�3!J|��<-<4����! C��,e/;�A���H:C��<���/R�! "�(=D+-*�+-�A3!:.J /�1B�! "�(O5/;�!���53!E�/;,"=D+-,.*q1T/;�!'.+4=.=.��,e87/;��=2U�6s�F+43},"/;�A3�/.UA¶"/;��zy"��JpE.<4�|<4���
β
'��|�! "�q3�/;<-:.�!+4/;,©/�1

x3 = 2x2 + 1
U´vK "��,

dβ(1) = 201
��,"=Z�! "�RJp+-,.+-J|��<1T/;�!'.+4=.=.��,V87/;��=

3
 C�;3G�! "�

β
rs�zyDEC��,"3!+4/;,

3 = β +
1

β2
+

1

β3
+

1

β4
,

vK "�V=D+-*�+-�R3!:.J /�1A�! .+43>�!�t��,"3tO��!+-E.�!+4/;,\/�1
3
+43|���Q:C��<$��/ *"U 6c1F�! "�����X�zyD+43!��3|��,"/;�! "���I�!�t��,Dr3�O��!+-E.�!+4/;,©/�1

3
8G+-�! Z=D+-*�+-�03!:.J ≤ 3

��+-�¢J0:"3!��')�(<4�zy�+4O5/;*��t��E. .+4OL��<-<-&[3!�!�!+4O��!<-&�<w���!*%�����! C��,
3•



*?: ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


��,"=R3!�!�!+4O��!<-&>3!J|��<-<4���S�! C��,
10•0111

��')�5OL��:"3��@�! "�
β
rs�zy�EC��,"3�+4/;,I+437<4�zy�+4O5/;*��t��E. .+4OL��<-<-&I*����L�����53!���J>/;,.*´��<-<7����E.���53���,H�t���!+4/;,"3(/�1��q,Q:.J�')���LUP6s�0OL��,Z')�>3! "/L8G,��L�;3!+-<-&��! C�����P87/;��=[8G+-�! Z�! "���')/L#%�pE.��/;E)���!�!+4�53¢=./��53F,"/;���zy�+43��LU06 ,e�! "�p3t��J>�(�!+-J>�

Fin(β)
+43AO�<4/�3��5=�:.,"=.���0�;=.=D+-�!+4/;,o'Q&vK "�5/;����J &DU'&DU �DU

I�,0�! "�B/;�! "���{ C��,"=2�;����/;E)���!�s&0vo+43u,"/;�93!:D~|O�+4��,H��1T/;�
Fin(β)

��/G')�BO�<4/�3��5=¢:.,"=.�����;=.=D+-�!+4/;,/�1�E�/�3!+-�!+-#%����<4��J>��,H��3LU %�3���,X�zy.��JpE.<4�¢87�¢OL��,VJ>��,Q�!+4/;,��
β
8G+-�! 

dβ(1) = 100001
U$�Q:"O� 

β3t���!+43�YC�53
β6 = β5 + 1

U %@J>/;,.*(�! "�FO5/;,;� :.*H�����53@/�1
β
�! "������+43$��EC��+-�$/�1�O5/;JpE.<4�zyqO5/;,;� :.*H�����53L�3t�L&

β′
�
β′′ = β′

�Q8G+-�! q��'"3t/;<-:.����#���<-:"� |β′| = |β′′| .= 1.0328
U7vK H:"3

β
+43B,"/;�G����+43�/;�K,H:.J�')�����,"=¬�;O5O5/;��=D+-,.*o��/�vK "�5/;����J &DU'&DU ���

Fin(β)
OL��,.,"/;�p')�qO�<4/�3��5=�:.,"=.���|�;=.=D+-�!+4/;,ª/�1}E�/�3!+-�!+-#%���<4��J>��,H��3MU�}/L8S��#%���L������/;E)���!�s&ov�+43�3t���!+43�YC�5=´1T/;�
β
U %@<-<�Jp+-,.+-J|��<�1T/;�!'.+4=.=.��,o8S/;��=.3�OL��,o')���!�t��,Dr3�O��!+-')�5=V�;3K1T/;<-<4/L8$3��

2 = β + β−6 + β−7 + β−8 + β−9 + β−10

β + 1 = β2 + β−6 + β−7 + β−8 + β−9

β2 + 1 = β3 + β−6 + β−7 + β−8

β3 + 1 = β4 + β−6 + β−7

β4 + 1 = β5 + β−6

β5 + 1 = β6

vK "���zy�E.���53�3�+4/;,"3�/;,´�! "���!+-*� Q�� C��,"=�3!+4=.�������0=.�53�+-���5=X�!�t��,"3�O��!+-E.�!+4/;,"3M��3�+-,"O5���! "��&������¢Y",.+-�����,"=q<4�zyD+4O5/;*��t��E. .+4OL��<-<-&R3!�!�!+4O��!<-&I*����L�������$�! C��,q�! "�AO5/;�!���53!E)/;,"=D+-,.*pJp+-,.+-J|��<)1�/;�!'.+4=.=.��,P8S/;��=.3LU
� ��� � 	  D�  � 	 �

L⊕(β)
	�� 

L⊗(β)
� � �D� � 	 ���1 � 	H"�� ��� "�� 	  


%}3�87�K C�5#%�$J>��,H�!+4/;,"�5=|�L���!<-+4���L�
Fin(β)

OL��,p')�G�}�!+-,.*¢/;,.<-&¢1T/;�
β
�F��+43�/;��,H:.J0'����LU��}/L8S��#%���L�+-�@+43@J>�L��,.+-,.*;1a:.<9��/|3��!:"=D&R:.E.E)���@')/;:.,"=.3}/;,V�! "�¢,Q:.J�')���F/�1�1��t�;O��!+4/;,C��<9=D+-*�+-��3@�! C���F��E.E)�L����;3¢�R���53!:.<-�¢/�1G�;=.=D+-�!+4/;,[��,"=eJ�:.<-�!+-E.<-+4OL���!+4/;,©/�1

β
rc+-,Q����*%����30��<43�/q+-,e�! "�pOL�;3��(�! C���

Fin(β)
+43,"/;�����!+-,.*"U6 ,e�! .+43¢3��5O��!+4/;,u�{87�|�;=.=D���53�3¢�! "�(J>���! "/Q=�1T/;�A=.�������!Jp+-,.+-,.*X:.E.E)�����53!�!+-J|�����53¢/;,

L⊕(β)��,"=
L⊗(β)

=D:"�¢��/ �}:.+-J>/;,"=V������<cU @'O�� Bs�D8G .+4Ot X8K�;3@3!�t�����5=q+-,V�! "�¢E.����#Q+4/;:"3$Ot C��E.�����LU
o�K:"3��7+-����/F/;'.�t��+-,p:.E.E������53!�!+-J|�����53�/;,

L⊕(β)
��,"=

L⊗(β)
1�/;�9�! "�Gvu�!+-')/;,C�;O5O�+.,H:.J0'����L�1T/;�9*%��,"���t��<-+-�L�5=|vu�!+-')/;,C�;O5O�+",H:.J0'�����3S��,"=�1�/;���FO�<w�;3�3�/�1���/;�t��<-<-&����L��<"O�:.'.+4OG��+43�/;��:.,.+-��3MU9�}/;����! C���$�! .+43GJ>���! "/�=P+43@��E.E.<-+4OL��'.<4�0��#%��,V+-,P�! "�¢OL�;3��F�! C���

β
+43G,"/;�@�p��+43t/;�G,H:.J�')���LU¶"/;�¢�IO5/;,H#%��,.+4��,"O5���{<4����:"3}���5OL��<-<��! "���! "�5/;����JºE.��/M#Q+4=D+-,.*P�! "�0J>���! "/�=X1T/;�F=.�������!Jp+-,.+-,.*�! "�A:.E.E)���$�53!�!+-J|�����53LU

� >�?�	�30� ; � , �
� ��� 	$����	��·{f�`
β
¤�fGb�i|b;g �QfL¤z�!b;_��@i"��±|¤�fz� � β > 1 �

��_�`a�0b�`�g4f!b��z`uk�i�fK��k;iL¦z���%b�`sf
β′
�5b�`�_�� �z��_aiQ�

H := sup {|z′| | z ∈ Zβ} < +∞ ,

K := inf {|z′| | z ∈ Zβ \ βZβ} > 0 ,



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � * �

���Df��!f
z′
^Hfzijk%`sf��0`a�Df0_a±>bL�Hf�k��

z ∈ Q(β)
��ij^Hfz��`a�.f �Sfzg-^R_w�5k;±>k;� �j�H_w�z± ′ : Q(β) → Q(β ′) ��{�Df�i

(
1

|β′|

)L⊕

<
2H

K

b�ij^ (
1

|β′|

)L⊗

<
H2

K
.

� � � ����� ; � , � , � I�,"�¢OL��,X=./(� 87/|#%���!&R3!+-JpE.<4��/;'"3����!#;���!+4/;,"3�/;,
H
��,"=

K
U

• �Q+-,"O5�
H ≥ sup{|β ′|k | k ∈ N} �B�! "�PO5/;,"=D+-�!+4/;, H < +∞ +-JpE.<-+4�53>�! C��� |β ′| < 1

UW�/;���5/M#%���L�"+-,P�! .+43@OL�;3t�F87�A C�L#%�

H ≤
∞∑

i=0

bβc|β′|i =
bβc

1 − |β′| .

• 6s1
β′ ∈ (0, 1)

��87�( C�L#%�(1�/;�
z ∈ Zβ \ βZβ

�! C��� |z′| =
∑n

i=0 zi(β
′)i ≥ z0 ≥ 1

U(vK "�#;��<-:"� �F+43��;O� .+4��#%�5=P1T/;�
z = 1

U�vK "�����z1T/;���
K = 1

U
6s1C�! "�GO5/;,"3!+4=.�����5=>��<-*%��'.�t��+4OGO5/;,;��:.*H�����

β′
/�1
β
+43�,"��*H���!+-#%�G/;��O5/;JpE.<4�zy2��+-��+43�O5/;JpE.<-+4OL�����5=��/R=.�������!Jp+-,"���! "�0#���<-:"��/�1

K
��,"=

H
U}��/M87��#%���L�)1T/;��/;'.�t��+-,.+-,.*P')/;:.,"=.3F/;,

L⊕(β)
�
L⊗(β)+-�@3�:D~|O5�53$��/p C�L#%���DLs���L�;3t/;,C��'.<4�����53!�!+-J|�����53@/;,

K
��,"=

H
U76s,X/;��=.������/>=.�������!Jp+-,"�(�(*%/Q/�=��E.E.��/Ly�+-J|���!+4/;,Z/�1

K
��,"=

H
8S�(+-,H�!��/�=D:"O5�p3�/;J>��,"/;�t���!+4/;,uU0¶C/;�

n ∈ N
87�p3! C��<-<�O5/;,"3!+4=.����! "�A3����

En := {z ∈ Zβ | 0 ≤ z < βn} .6 ,�1T�;O����! .+43�+43��! "�G3�����/�1)��<-<
a0+a1β+ · · ·+an−1β

n−1 8G "����� an−1 · · · a1a0
+43���,>�;=DJp+43�3!+-'.<4�

β
rs�zyDEC��,"3!+4/;,uU o�¢=.��,"/;���

Minn := min{|z′| | z ∈ En, z /∈ βZβ} ,
6 )DU ���.7

Maxn := max{|z′| | z ∈ En} .
6 )DU ��'	7

, �� � ! ; � , � ; �}·{f5`
β > 1

¤�fpb;iob;g �HfL¤���b;_T�piC�Q±|¤�fz� ��_a`a�Xb�`Sg4f!b���`Kk�i�f(��k;iL¦z���%b�`sf |β′| < 1 ��{�Df�i
�c_ �e�{k;��b;gag

n ∈ N
�7f¢��b;l;f

H ≤ Hn := Maxn
1−|β′|n �

�s_�_ �e�{k;�pb;g�g
n,m ∈ N

�7f0��b;l�f
K ≥ K̂n := Minn − |β′|nH b�ij^

K ≥ Kn,m := Minn −
|β′|nHm �

�c_a_a_ �
K > 0

_ ��b;ij^Rk;i"g£�>_ �¢`a�Dfz��fpf�
;_��z`a�
n,m ∈ N

�z�D���P`a�Db�`
Kn,m > 0 �

dS�!kLk�� � 6a+=7S¹u��� z ∈ Zβ
U�vK "��,

z =
∑N

i=0 biβ
i ��,"=P8S�¢OL��,V8G�!+-���

z ≤ (b0 + b1β + · · · + bn−1β
n−1) + βn(an + · · · + a2n−1β

n−1) + · · · .
�}3!+-,.*p�!�!+w��,.*�<4�A+-,"���Q:C��<-+-�s&P8S�A C�5#%�

|z′| ≤ (1 + |β′|n + |β′|2n + · · · )Maxn =
Maxn

1 − |β′|n =: Hn .



*?& ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


6a+-+=7K¹u���
z ∈ Zβ \ βZβ

U�vK "��,
z =

∑N
i=0 biβ

i � b0 6= 0
U %�*H��+-,u�.'Q&R�! "�F�!�!+w��,.*�<4��+-,"���H:C��<-+-� &

|z′| ≥
∣∣∣∣∣

n−1∑

i=0

biβ
′i
∣∣∣∣∣−
∣∣∣∣∣

N∑

i=n

biβ
′i
∣∣∣∣∣ ≥ Minn − |β′|n

∣∣∣∣∣

N∑

i=n

biβ
′i−n

∣∣∣∣∣ > Minn − |β′|nH = K̂n .

�}��,"O5���t��?�+-,.*(�! "�}+-,DY"J�:.J /;,q'�/;�! q3!+4=.�53K8S�}/;'.�t��+-,
K ≥ K̂n

U��}3!+-,.*0�! "�F3t��J>�}+-,"���Q:C��<-+-�s&��,"=P�! "�F1c�;O��G�! C���
Minn − |β′|nH ≥ Minn − |β′|nHm1T/;�@��<-<

m ∈ N
87�A C�L#%�

K ≥ Kn,m
U

6a+-+-+=7(¶.��/;J �! "�V=.�zY",.+-�!+4/;,\/�1
Minn

+-�(1T/;<-<4/L8$3|�! C���
Minn

+43|��=.�5O����L�;3�+-,.*[3����Q:"��,"O5�P8G+-�! 
limn→∞ Minn = K

U96c1C�! "�����K�zyD+43!��3
n,m ∈ N

3!:"Ot p�! C���
Minn−|β′|nHm > 0

8S�K C�5#%�
K >

0
1���/;J 6a+-+=7zU9vK "�B/;E.E)/�3!+-����+-JpE.<-+4OL���!+4/;,�1T/;<-<4/L8$39�L�;3!+-<-&F1���/;J �! "��1c�;O��u�! C���

limn→∞Kn,m = K1T/;�@��,H&
m
U

¶"/;�K�}Y.y.�5=
β
�%�! "�@=.�������!Jp+-,C���!+4/;,q/�1

Maxn
���53�EuU%/�1

Minn
1T/;�B3!J|��<-<

n
+43B����<w���!+-#%��<-&>�L�;3!&%U6 �(3�:D~|O5�53p��/�Y","=��! "�qJ|�ny�+-J0:.J����53!EuU�Jp+-,.+-J�:.J /�1A��Y",.+-���P3����(8G+-�! ¬3!J|��<-<K,H:.J0'����|/�1��<4��J>��,H��3MU96s1D1�/;�93!:"O� 

n
8S�B C�L#%�

K̂n = Minn−|β′|nH > 0
6�/;�

Kn,m = Minn−|β′|nHm > 01T/;�>3�/;J>�
m
7z��87�P/;'.�t��+-,ª�! "�q'�/;:.,"=.3>/;,

L⊕(β)
��,"=

L⊗(β)
:"3!+-,.*ovK "�5/;����J &DU'&DU'NDU o�+-<-<-:"3!�!�t�����X�! .+43>E.��/�O5�5=D:.���X/;,

β
3t/;<-:.�!+4/;,ª/�1

x3 = x2 + x + 1
�S�! "�V3�/�rsOL��<-<4�5=¬v{�!+-'�/;,C�;O5O�+,H:.J0'�����+-,P�! "�A,"�zyD�@3��5O��!+4/;,uU

��� �%���
L⊕(β) � L⊗(β)

��+.- ��� ��� - � � + ��� �	� � � � � � � -
¹u���

β
')���! "�@���L��<���/Q/;�K/�1

x3 = x2 +x+1
�Q�! C���S+43L�H�! "�}3�/�rsOL��<-<4�5=qvu�!+-')/;,C�;O5O�+),H:.J0'����LU7vK "����!+-�! .J>���!+4O53$/;,

β
rs�zy�EC��,"3�+4/;,"3K8S�;3$��<-���L�;=D&I3��!:"=D+4�5=I+-,Q@'N�*C�4N�) BsU�W��53t3t�;/;:"=D+�Y","=.37�! "�}:.E.E)���')/;:.,"=´/;,��! "��,H:.J0'����¢/�1

β
rT1a�t�;O��!+4/;,C��<�=D+-*�+-��3}1T/;�F�! "��v{�!+-'�/;,C�;O5O�+�J0:.<-�!+-E.<-+4OL���!+4/;,[�;3

9
��,"=<w�������F+-JpE.��/L#%�53F�! "���53!�!+-J|���!+4/;,���/

5
U %@�!,"/;:Dy2�)3��5� @'N�) Bs��O5/;,;�!�5O��!:.���53}�! C���

L⊗(β) = 3
U
o����z1�:.���A�! "�AO5/;,;���5O��!:.���0/�1 %��!,"/;:DyV��,"=P87�FY","=V�! "�A'�/;:.,"=R1T/;�

L⊕(β)
�j�;3$87��<-<cU6 ���!:.�!,"3�/;:.���! C�����! "�K')�53!���53!�!+-J|�����53�/;,

L⊕(β)
�
L⊗(β)

�����G/;'.�t��+-,"�5=p'Q&�vK "�5/;����J &DU'&DU'N8G+-�! ���E.E.��/Ly�+-J|���!+4/;,�/�1
K
'H&

K̂n
1T/;�

n = 9
U 57&R+-,"3!E)�5O��!+4/;,X/�1��! "�A3����

E9
87�¢/;'.�t��+-,

Min9 = |1 + β′2 + β′4 + β′7| .= 0.5465 ,

Max9 = |1 + β′3 + β′6| .= 1.5444 .

(S/;,"3!+4=.���
y ∈ Zβ

�
y =

∑N
k=0 akβ

k U�vK "��,V1a��/;J �! "�F�!�!+w��,.*�<4��+-,"���H:C��<-+-� &

|y′| ≤
∣∣∣∣∣

8∑

k=0

akβ
′k
∣∣∣∣∣+ |β′|9

∣∣∣∣∣

17∑

k=9

akβ
′k−9

∣∣∣∣∣+ |β′|18
∣∣∣∣∣

26∑

k=18

akβ
′k−18

∣∣∣∣∣+ · · ·

< Max9

(
1 + |β′|9 + |β′|18 + · · ·

)
=

Max9

1 − |β′|9 .6 ,P�! .+43G8S�L&P87�A C�L#%�¢/;'.�t��+-,"�5=���,P:.E.E)���@�53!�!+-J|�����¢/;,
H
�D+cU ��U

H ≤ Max9

1−|β′|9
U�vK .+43$+-JpE.<-+4�53

K̂9 = Min9 − |β′|9H ≥ Min9 − |β′|9 Max9

1 − |β′|9 .



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � *?)

�}��,"O5�
(

1

|β′|

)L⊕

<
2H

K
≤ 2

Max9

1 − |β′|9
(

Min9 − |β′|9 Max9

1 − |β′|9
)−1

.
= 7.5003 ,

(
1

|β′|

)L⊗(β)

<
H2

K
≤
(

Max9

1 − |β′|9
)2(

Min9 − |β′|9 Max9

1 − |β′|9
)−1

.
= 6.1908 .

�Q+-,"O5�
(

1

|β′|

)5
.
= 4.5880 ,

(
1

|β′|

)6
.
= 6.2222 ,

(
1

|β′|

)7
.
= 8.4386 ,

8S�¢O5/;,"O�<-:"=.�A�! C���
L⊕(β) ≤ 6

�
L⊗(β) ≤ 5

U6 ,V/;��=.���G��/p=.�������!Jp+-,"�¢�! "�F<4/M87����'�/;:.,"=.3$/;,
L⊕(β)

�
L⊗(β)

8S�F C�5#%�A:"3��5=V�(O5/;JpE.:.�����E.��/;*��t��J @ ��� B���/qE)����1T/;�!J �;=.=D+-�!+4/;,"30��,"=�J�:.<-�!+-E.<-+4OL���!+4/;,"3(/;,Z�I<w���!*%�>3����¢/�1
β
rs�zy�EC��,"3�+4/;,"3LU

%}3}�|���53!:.<-�}87�0 C�5#%�(/;'.�t��+-,"�5=e�zy"��JpE.<4�53}/�17�I3!:.Jº8G+-�! 
5
��,"=´E.��/Q=D:"O��}8G+-�! 

4
1��t�;O��!+4/;,C��<=D+-*�+-��3L�",C��J>��<-&$�

1001011010 + 1001011011 = 10100100100•10101

110100100101101 × 110100100101101 = 110010001000100001001001011011•0011

o�AOL��,V�! Q:"3@3!:.J :.E�/;:.�$���53!:.<-��3@�;3
5 ≤ L⊕(β) ≤ 6

��,"=
4 ≤ L⊗(β) ≤ 5 .

¹{���7:"37,"/;���@�! C���S���5O5��,H�!<-&I�! "���zy"�;O��S'�/;:.,"=|1�/;�K�;=.=D+-�!+4/;,u�
L⊕(β) = 5

��8S�;3K/;'.�t��+-,"�5=R'H&
5K���!,C����@') � BsU
������� �

L⊕(β) � L⊗(β)
�#� � � � � - � �#��� � ! � - � � + � � �	� � ����0 �

6 ,I�! .+43K3��5O��!+4/;,q8S�F8G+-<-<�*�+-#%�}���53!:.<-�G/;,
L⊕(β)

��,"=
L⊗(β)

+-,I�! "�FOL�;3��F/�1�O�:.'.+4O}:.,.+-��3
β > 1

���/�/;��3$/�1
x3 = mx2 + x+ 1 , m ≥ 1 .

o�qOL��<-<G3!:"O� �'C�;3��
β
�! "�R*%��,"���t��<-+-�L�5=¬vu�!+-')/;,C�;O5O�+G,H:.J0'����L�S3!+-,"O5�R�! "�qvu�!+-')/;,C�;O5O�+$OL�;3��R+43/;'.�t��+-,"�5=©1T/;�

m = 1
UovK "�q���H:C���!+4/;,

x3 = mx2 + x + 1
 C�;3(��:.,.+ �Q:"�R���L��<K3t/;<-:.�!+4/;,

β
U6 �>3t���!+43�YC�53

m < β < m + 1
U¬vK "�V/;�! "���>� 87/o��/�/;��3

β ′ ��,"= β′′ �����qJ�:.�!:C��<-<-&¬O5/;JpE.<4�zyO5/;,;��:.*H�����53 |β′| = |β′′| < 1
U I�'Q#Q+4/;:"3!<-&%�C87�A C�L#%�
ββ′β′′ = 1 , β + β′ + β′′ = m.

o�7 C�5#%�
dβ(1) = m11

U�vK "�����z1T/;���7�! "�S=D+-*�+-��39+-,(�
β
rs�zyDEC��,"3!+4/;,(�t��?%�S#;��<-:"�539+-, {0, 1, . . . ,m}��,"=P�! "�A�����!�!&VO5/;,"=D+-�!+4/;,V+-JpE.<-+4�53$1�/;�

a0, a1, . . . , ak ∈ N
�! C���

k∑

i=0

aiβ
i +43@�

β
rs�zyDEC��,"3!+4/;, ⇐⇒ aiai−1ai−2 < 3�4(5 m11

1T/;�@��<-<
i = 2, 3, . . . , k .

�Q:"Ot V,H:.J0'�����3
β
 C�5#%�0����/;E����!� &26�¶ 77'Q&PvK "�5/;����J &DU'&DU *|/;� &DU'&DU'ODU



*�* ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


I�:.����+-J +439��/}E.��/L#�+4=.�G�53!�!+-J|�����53�/;,(�! "���Q:C��,H�!+-�!+4�53
L⊕(β)

�
L⊗(β)

1T/;���! "�53��S*%��,"���t��<-+-�L�5=vu�!+-')/;,C�;O5O�+B,Q:.J�')����3
β
UR�Q+-,"O5�>�! "�>v{�!+-'�/;,C�;O5O�+SOL�;3��

m = 1
 C�;3���<-���L�;=D&�'��5��,Z3t/;<-#%�5=2�u87�O5/;,"3!+4=.���

m ≥ 2
U¹u/M87���F')/;:.,"=.3�/;,

L⊕(β)
�
L⊗(β)

OL��,X')�¢O�<4�L���!<-&X/;'.�t��+-,"�5=�'H&V=.�������!Jp+-,.+-,.*R�! "�¢<4��,.*��! /�1)�! "�S1a�t�;O��!+4/;,C��<"EC���!��/�1)�! "�G3!:.JV�����53�E��5O��!+-#%��<-&�E.��/Q=D:"O��L�Q/�1)3t/;J>�G3!:.+-�t��'.<-&�Ot "/�3���,|��<4��J>��,Q��3
x, y ∈ Zβ

U
�����BE8�	#��=���
�	� ; � , � � ��·{f5`

β
¤�f�`a�Df��!f�b;g{�!kLk�`Kk��

x3 = mx2 + x+ 1 �
�{�.fzi

L⊕(β) ≥
{

5
�5k;�

m = 2 ,

4
�5k;�

m ≥ 3 ,
L⊗(β) ≥ 4 ,

�5k;�
m ≥ 2 .

dS�!kLk�� � o�A C�5#%�F1T/;� m = 2
�

(β4 + β2 + 2β) − (β3 + 2) = 2β3 + 2 + β−3 + β−4 + β−5 ,

2 × (β6 + 2β5 + 2β3 + β2 + 2) = β7 + β6 + 2β4 + 2β + β−2 + 2β−3 + β−4 ,

��,"=q1T/;�
m ≥ 3

�
(mβ3 +m) + (mβ3 +m) = 2 × (mβ3 +m) =

= β4 + (m− 1)β3 + (m− 1)β2 + 2β +

+ (m− 3)β−1 + (m− 1)β−2 + 2β−3 + β−4 .

5K��<4/L8¢�K8S�������X*%/;+-,.*Z��/o=.���!+-#%���! "�V�53!�!+-J|�����53R/;,¬�! "�V:.E.E)���|')/;:.,"=.3|/�1
L⊕(β)

��,"=
L⊗(β)

U�vK "�RJ>���! "/Q=[:"3��5=[��/VY","=©�! "�53��R�53!�!+-J|�����53�+43��! "�I3t��J>�R/;,"�P�;3�+-,©�! "�RE.����#Q+4/;:"33��5O��!+4/;,u�Q:"3!+-,.*
Maxp

��,"=
Minq

�%8G+-�! |�! "�$�zy.O5��E.�!+4/;,|�! C���7 "�����G87��O5/;JpE.:.���$#���<-:"�53B/�1
Maxp��,"=

Minq
+-,´�|J>/;����*%��,"���t��<�8S�L&q� 1�/;�F�|O�<w�;3�3}/�1�,H:.J0'�����3¢��,"=�,"/;��1�/;�F�pY.y.�5=X,Q:.J�')���

β
U
���5OL��<-<D1a��/;J �! "�$=.�zY",.+-�!+4/;,I/�1

Maxp
��,"=

Minq
6����Q:C���!+4/;,"3 6 )DU ��'	7���,"= 6 )DU ���.7 7��! C����')/;�! /�1��! "��J¨�����AOL��<4O�:.<w�����5=V:"3!+-,.*p�! "�FJ>/�=D:.<-:"3 |z′| /�1��! "�F+-J|��*%�¢/�1 β rc+-,H����*%����3 |z| < βp :.,"=.����! "�qYC��<4=�J>/;�!E. .+43!JVUª6s�p�!:.�!,"3>/;:.�p��/o'��RJ>/;���VO5/;,Q#%��,.+4��,H�R��/e3!�!:"=D&[�! "�P3 �H:C�����P/�1F�! .+43

�Q:C��,H�!+-�s&%U¹u���S:"3SO5/;,"3!+4=.���K�
β
rc+-,H����*%���

z
��3!:"Ot I�! C��� |z| < βp �H+cU ��U z +43S/�1u�! "�$1T/;�!J z = a0 +a1β+

a2β
2+· · ·+ap−1β

p−1 �;8G "�����S�! "�7+-,Q����*%����O5/Q�z~|O�+4��,Q��3 ai
3t���!+43�1�&¢�! "�S�;=DJp+43t3!+-'.+-<-+-�s&(O5/;,"=D+-�!+4/;,

aiai−1ai−2 < 3�4�5 m11
U´�Q+-,"O5�I�! "�|O5/;,;��:.*H�����53(/�1

β
�����IJ�:.�!:C��<-<-&ZO5/;JpE.<4�zy©O5/;,;� :.*H�����53�87� C�5#%�

|z′|2 = z′z′′ =

p−1∑

i=0

aiβ
′i

p−1∑

j=0

ajβ
′′j =

p−1∑

i=0

p−1∑

j=0

aiajβ
′iβ′′j .

o�A:"3��F�! "�¢����<w���!+4/;,
ββ′β′′ = 1

��/>=.���!+-#%�F1T/;�
j > i

�
aiajβ

′iβ′′j + ajaiβ
′jβ′′i = aiajβ

′j−i 1

βi
+ aiajβ

′′j−i 1

βi
=
aiaj

βi
2<(β′j−i

) .



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � * �

�Q:.'"3!�!+-�!:.�!+-,.*I�! .+43G��/(�! "�¢�zyDE.���53�3!+4/;,q1T/;� |z′|2 �D87�¢/;'.�t��+-,
|z′|2 =

p−1∑

k=0

a2
k

βk
+

∑

0≤i<j≤p−1

aiaj

βi
2<(β′j−i

) .
6 )DU'O.7

vK "�����z1T/;����� |z′|2 +430�P���L��< �H:C�;=D�t���!+4O|1�/;�!J /�1K+-,Q����*%���0#����!+w��'.<4�53
a0, a1, . . . , ap−1

UI6 ,Z/;��=.�����/p�zyDE.���53�3K+-�G+-,X�(3!+-JpE.<4���G1T/;�!JV�D87�F,"�5�5=V��/p=.�������!Jp+-,"�A�! "�¢O5/��z~|O�+4��,H��3
2<(β′j−i)

UB¹u���G:"3=.��,"/;���
ck := 2<(β′k)

U�¶"/;�@OL��<4O�:.<w���!+4/;,´/�1
ck
87�FY","=������5O�:.�!����,H�$1T/;�!J�:.<w�D�

ckc1 = (β′k + β′′k)(β′ + β′′) = β′k+1 + β′kβ′′ + β′′kβ′ + β′′k+1

= ck+1 + β′β′′(β′k−1 + β′′k−1)

= ck+1 +
1

β
ck−1 .¹u���@:"3$��,H:.J>���t�����03���#%���t��<u+-,.+-�!+w��<{O5/��z~|O�+4��,H��3L�

c0 = 2 ,
6 )DU 9;�.7

c1 = −
(

1

β
+

1

β2

)
,

6 )DU 9n'	7

c2 = −
(

2

β
− 1

β2
− 2

β3
− 1

β4

)
,

6 )DU 9�O�7
c3 =

3

β2
+

2

β3
− 3

β4
− 3

β5
− 1

β6
,

6 )DU 9�=B7
c4 =

2

β2
− 4

β3
− 7

β4
+

6

β6
+

4

β7
+

1

β8
.

6 )DU 9���7
�}/;���F�! C���G1T/;�

m ≥ 3
�! "�¢O5/Q�z~|O�+4��,Q��3@3t���!+43!1a&

c1 < 0
�
c2 < 0

�
c3 > 0

��,"=
c4 > 0

U
I�:.����+-J +43A��/qY","=

Maxp
��,"=

Minq
1T/;�¢3!:.+-�t��'.<4�

p, q
3�/q�! C���A�! "�p')/;:.,"=.3¢/;,

L⊕(β)
�

L⊗(β)
/;'.�t��+-,"�5=�'Q&´vK "�5/;����J &DU'&DU'NP�����(�! "��')�53!�FE�/�3�3�+-'.<4��U (S/;JpE.:.�������zyDE����!+-J>��,Q��3¢3! "/M8�! C���F/;E.�!+-J|��<9O5/;,"3��t��,H��3¢�����

H3
�
K5,3

�j�! C���}+43@��/R3t�5&P�! "�0#���<-:"�53�/�1
Hn

��,"=
Km,n

Ot C��,.*%���/�/�<-+-�!�!<4�V8G+-�! ¬+-,"O����L�;3�+-,.*
n,m

��,"=¬=./e,"/;�>E.��/M#Q+4=.�X'����!�����|�53��!+-J|�����53|/;,¬�! "�P#���<-:"�53>/�1
L⊕(β)

��,"=
L⊗(β)

UBvK Q:"3$87�¢,"�5�5=P��/pOL��<4O�:.<w�����
Max3

��,"=
Min5

U�Q+-,"O5�087�(�����0+-,H�������53!���5=´+-,
Max3

�"�! "�0���L��<��Q:C�;=D�t���!+4O�1�/;�!J |z′|2 ��/|'��0�zy.��Jp+-,"�5=�3!+-J(rE.<-+hYC�53G��/
Q1(a2, a1, a0) := |z′|2 = a2

0 +
a2

1

β
+
a2

2

β2
+ a0a1c1 + a0a2c2 +

a1a2

β
c1 .

6 )DU'N.7
6 ,V/;��=.���@��/>OL��<4O�:.<w�������! "�A#���<-:"�¢/�1

Max3
87�� C�5#%�¢��/pY","=P�! "�AJ|�nyD+-J�:.J /�1��! "� �Q:C�;=D�t���!+4O1T/;�!J

Q1(a2, a1, a0)
/;,P�! "�¢3����

S1 := {(a2, a1, a0) ∈ Z3 | 0 ≤ ai ≤ m, a2a1a0 < 3�4�5 m11} . 6 )DU �.7
�Q+-Jp+-<w���!<-&%�"1�/;�$OL��<4O�:.<w���!+4/;,´/�1

Min5
�.8S�A:"3��F�! "� �Q:C�;=D�t���!+4OF1T/;�!J

Q2(a4, a3, a2, a1, a0) := |z′|2 = a2
0 +

a2
1

β
+
a2

2

β2
+
a2

3

β3
+
a2

4

β4
+ a0a1c1 + a0a2c2+

+ a0a3c3 + a0a4c4 +
a1a2

β
c1 +

a1a3

β
c2 +

a1a4

β
c3 +

a2a3

β2
c1 +

a2a4

β2
c2 +

a3a4

β3
c1 .

6 )DU ��:.7



*?O ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


o�A C�L#%�A��/(Y","=V�(Jp+-,.+-J0:.J /�1��! .+43 �H:C�;=D�t���!+4O¢1�/;�!J /;,X�! "�A3����
S := {(a4, a3, a2, a1, a0) ∈ Z5 | m ≥ ai ≥ 0, a0 > 0

��,"=
ak+2ak+1ak ≺ m11} . 6 )DU ����7

vK "�KO5/;,"=D+-�!+4/;,
a0 6= 0

+-,(�! "�K=.�zY",.+-�!+4/;,>/�1j3���� S O5/;�!���53!E)/;,"=.3���/@�! "�KO5/;,"=D+-�!+4/;, z ∈ Zβ\βZβ+-,V�! "�A=.�zY",.+-�!+4/;,´/�1
Minp

U¶"/;��Y","=D+-,.*@�! "�7�zy��!����J|��<�#���<-:"�53�/�1.�! "� �Q:C�;=D�t���!+4OB1�/;�!J>3L�n87�7+-,"3!E)�5O��{�! "��Y"��3!�{=D+��2������,"O5�53/�1B�! "� �H:C�;=D�t���!+4O01T/;�!J¨1T/;���L�;Ot �#;���!+w��'.<4�
ai
���L�;O� ��!+-J>�0Y.y�+-,.*P��<-<9&%���F��E.E)/;+-,H���5=�#���<-:"�53�/�1�! "�A#����!+w��'.<4�53LU�vK "�A=D+��2������,"O5�¢+-,X�(#����!+w��'.<4�
ai
8G+-<-<{'��A=.��,"/;���5=

∆ai := Q(. . . , ai + 1, . . . ) −Q(. . . , ai, . . . ) ,

8G "�����
ai ≤ m− 1

��,"=I�! "��#����!+w��'.<4�53
aj
�
j 6= i

�t��?%�@#���<-:"�53G���7J>/�3!�
m
U ��3�+-,.*0�! .+43SJ>���! "/�=87�¢E.��/L#%�¢�! "�}1T/;<-<4/L8G+-,.*I���53!:.<-�LU

�����BE8�	#��=���
�	� ; � , � � �¢·{f�`
β > 1

¤�fI`a�Df>�!f�b;g���kMk�`}k��(`a�.fIf!µ5�Db�`�_Tk;i
x3 = mx2 + x + 1

�5k;�
m ∈ N � m ≥ 2 �

�{�Dfzi
Max3 = max

{
|z′|

∣∣ z ∈ Zβ, |z| < β3
}

= m,

Min5 = min
{
|z′|

∣∣ z ∈ Zβ \ βZβ, |z| < β5
}

=

{
β−2(β + 1)

�5k;�
m ≥ 3

|1 + 2β′2 + 2β′4| ��k;�
m = 2 .

dS�!kLk�� ��� .��?� � �������H� Min5

�I6s,��! "�pOL�;3��
m = 2

�! "�(3���� S2
=.�zY","�5=�+-, 6 )DU ����7� C�;3A/;,.<-&

79
��<4��J>��,H��3MU>6s�A+43A�L�;3�&���/P��,Q:.J>���t�����|�! "��J�/;,"�p'Q&´/;,"�I��,"=���/qY","=��! "�p#���<-:"�p/�1

Min5
UvK "�����z1T/;�����.1���/;J ,"/L8 /;,V8S�A8G+-<-<{O5/;,"3!+4=.���

m ≥ 3
U

� �}§�+��2������,"O5�
∆a0

U�vK "�A+-,"3!E)�5O����5=qY"��3!�$=D+��2������,"O5�¢/�19�! "� �H:C�;=D�t���!+4OF1T/;�!J
Q2

+43
∆a0

= 2a0 + 1 + c1a1 + c2a2 + c3a3 + c4a4 .

�Q+-,"O5�
a0 ≥ 1

�
c1 < 0

�
c2 < 0

�
c3 > 0

�
c4 > 0

��,"=
a1, . . . , a4 ∈ {0, . . . ,m} 87�� C�5#%�

∆a0
≥ 3 +mc1 +mc2 = 3 −m

(
1
β + 1

β2

)
−m

(
2
β − 1

β2 − 2
β3 − 1

β4

)

≥ 3 − 3m
β > 0 ,

8G "�����A�! "�A<w�;3��G+-,"���H:C��<-+-� &q1�/;<-<4/M8$3K1a��/;J¨�! "�F1T�;O��G�! C���
m = bβc UvK "�����z1T/;�����C�! "�A1�/;�!J +43$+-,"O����L�;3!+-,.*I+-,V�! "�¢#����!+w��'.<4�
a0
��,"=X3�/>�! "�¢Jp+-,.+-J�:.Jº+43G���L�;Ot "�5=�����! "�$3�J|��<-<4�53!��E)/�3�3!+-'.<4�K#���<-:"�$/�1

a0
�%+cU ��UQ���

a0 = 1
U�¶.��/;J ,"/L8\/;,|87�G8G+-<-<�O5/;,"3!+4=.���

a0 = 1
U

, �}§�+��2������,"O5�
∆a1

U�vK "�A+-,"3!E)�5O����5=V=D+��)������,"O5�¢+43
∆a1

=
2a1 + 1

β
+ c1 + c1

a2

β
+ c2

a3

β
+ c3

a4

β
.

�Q+-,"O5�
c1 < 0

�
c2 < 0

�
c3 > 0

8S�A C�5#%�

∆a1
≥ 2a1

β
− 1

β2
− m

β

(
1

β
+

1

β2

)
− m

β

(
2

β
− 1

β2
− 2

β3
− 1

β4

)
2a1

β
− 3m+ 1

β2
.



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � *�9

vK "���!+-*� H�A3!+4=.��/�1��! "��+-,"���H:C��<-+-� &V+43}3!�!�!+4O��!<-&P*����L�������F�! C��,X�L����/|1�/;�
a1 ≥ 2

U@vK "��Jp+-,.+-J0:.J+43G�! "�����z1T/;���A���L�;Ot "�5=P1T/;�$��+-�! "���
a1 = 0

�
a1 = 1

/;�
a1 = 2

U
; �@§�+��2������,"O5�

∆a2

U�vK "�F+-,"3!E)�5O����5=V=D+��)������,"O5��+43

∆a2
=

2a2 + 1

β2
+ c2 + c1

a1

β
+ c1

a3

β2
+ c2

a4

β2
.

¶"/;�A�! "�p=D+��2������,"O5�
∆a2

:= Q2(a4, a3, a2 + 1, a1, a0) − Q2(a4, a3, a2, a1, a0)
/;,"�(,"�5�5=.3A��/O5/;,"3!+4=.����/;,.<-&

a2 ≤ m− 1
U7�Q+-,"O5�

c1, c2 < 0
�.8S�¢/;'.�t��+-,

∆a2
≤ 2m− 1

β2
+ c2 =

2m− 1

β2
− 2m− 1

β2
− 1

β4
= − 1

β4
< 0.

vK "� �H:C�;=D�t���!+4O@1T/;�!J +43S=.�5O����L�;3!+-,.*�+-,I�! "�@#;���!+w��'.<4�
a2
��,"=|�! "��Jp+-,.+-J�:.J�+437���L�;O� "�5=I1T/;�B�! "� .+-*� "�53!�@E�/�3�3�+-'.<4�@6a8¢U �LU �LU��9���!�!&�� 3@O5/;,"=D+-�!+4/;,	7G#;��<-:"��/�1
a2
U

� �@§�+��2������,"O5�
∆a3

U�vK "�F+-,"3!E)�5O����5=V=D+��)������,"O5��+43

∆a3
=

2a3 + 1

β3
+ c3 + c2

a1

β
+ c1

a2

β2
+ c1

a4

β3
.

o�K C�L#%�G3! "/L8G,|�! C�����! "�7Jp+-,.+-J0:.J /�1��! "���H:C�;=D�t���!+4OS1T/;�!J +43����L�;O� "�5=(1T/;�
a1 ∈ {0, 1, 2} U6 �G+43$3!:.+-�t��'.<4�A��/p=D+43tO�:"3�3G�! "�¢OL�;3��53

a1 ∈ {0, 1} ��,"= a1 = 2
3���EC���t������<-&%U

¹{���$:"3@�;3�3!:.J>�
a1 ∈ {0, 1} US�Q+-,"O5� a2, a4 ≤ m < β

��,"=
c1, c2 < 0

87�A C�L#%�

∆a3
≥ 1

β3
+ c3 +

c2
β

+
c1
β

+
c1
β2

=
2(m− 1)

β4
+

1

β6
> 0 .

vK .+43PJ>�L��,"3V�! C���P1�/;�
a1 ∈ {0, 1} �! "��Jp+-,.+-J�:.J¸/�1(�! "�´1T/;�!J +43q���L�;O� "�5=®1T/;�

a3 = 0
UW´/;���5/L#%���L�.8S�¢��<-���L�;=D&q?Q,"/M8®�! C���G�! "�FJp+-,.+-J�:.J +43G���L�;Ot "�5=q1T/;�S�! "�F .+-*� "�53��GE�/�3�3�+-'.<4�F#;��<-:"�/�1

a2
6a8¢U �LU �LUF�����!�!&$� 3FO5/;,"=D+-�!+4/;,	7z�2�! "�����z1T/;������87��8G+-<-<9+-,"3!E��5O���1T/;<-<4/L8G+-,.*VOL��,"=D+4="�����53}1T/;�@�! "�Jp+-,.+-J0:.J

(a4, 0,m− 1, 1, 1)
��,"=

(a4, 0,m, 0, 1)
UvK "��=D+43�O�:"3�3!+4/;,q1T/;�

a1 = 2
8G+-<-<2'��FE)/�3!�!E)/;,"�5=q1�/;�G�! .+43$J>/;J>��,H�LU

� �@§�+��2������,"O5�
∆a4

U�vK "�F+-,"3!E)�5O����5=V=D+��)������,"O5��+43

∆a4
=

2a4 + 1

β4
+ c4 + c3

a1

β
+ c2

a2

β2
+ c1

a3

β3
.

¶C/;�$�! "� �Q:.+-,H�!:.E.<4�
(a4, 0,m− 1, 1, 1)

87�¢/;'.�t��+-,

∆a4
≥ 1

β4
+ c4 + c3

1

β
+ c2

m− 1

β2
> 0 .

�}��,"O5�q87�P C�L#%�V�! "�qY"��3��>OL��,"=D+4="�����P1T/;�p�! "�PE�/;+-,Q�>8G "�����P�! "�R1T/;�!J
Q2(a4, a3, a2, a1, a0)���L�;Ot "�53$+-��3GJp+-,.+-J0:.J

q1 := (0, 0,m − 1, 1, 1) .



*?N ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


¶"/;�@�! "� �H:.+-,Q�!:.E.<4�
(a4, 0,m, 0, 1)

8S�¢/;'.�t��+-,
∆a4

≤ 2m+ 1

β4
+ c4 + c2

m

β2
< 0 .

���5O5/;,"=(OL��,"=D+4="�����S1�/;�9�! "�7E�/;+-,Q�98G "�����S�! "�71T/;�!J
Q2(a4, a3, a2, a1, a0)

���L�;O� "�53�+-��39Jp+-,.+-J�:.J+43
q2 := (m, 0,m, 0, 1) .

�}�������;87�S*%����'C�;O�?0��/@�! "�KOL�;3��
a1 = 2

U o�7+-,"3!E)�5O��9�! "�S=D+��2������,"O5�
∆a4

1�/;�9�! "� �H:.+-,Q�!:.E.<4�
(a4, a3, a2, 2, 1)

U7��/;���A�! C���$=D:"�¢��/p�! "�A�9���!�!&�� 3@O5/;,"=D+-�!+4/;,
a2 ≤ m− 1

U o�AOL��,X�53��!+-J|�����
∆a4

≥ 1

β4
+ c4 + c3

2

β
+ c2

m− 1

β2
+ c1

m

β3
=

2

β3
+

2m− 1

β4
− 3

β5
> 0 .

�}��,"O5�A87�A C�L#%�A��/p+-,"3!E)�5O��G�! "�¢OL��,"=D+4="�����
(0, a3, a2, 2, 1)

U
o�I�!���L����3t��EC���t������<-&o�! "�>�! "�ROL�;3��

a3 = m
�{8G .+4Ot �+-JpE.<-+4�53

a2 = 0
U´��/X87�I C�5#%�R�! "��! .+-��=VOL��,"=D+4="�����

q3 := (0,m, 0, 2, 1)��,"= �! "�oOL�;3��53
a3 ≤ m − 1

��8G "�����[�;O5O5/;��=D+-,.*¬��/��! "��,"��*H���!+-#Q+-� &®/�1
∆a2

�! "��#;��<-:"�e/�1O5/;�!���53!E)/;,"=D+-,.*I#����!+w��'.<4�¢+43
a2 = m− 1

USvK "��=D+��2������,"O5�
∆a3

1T/;�$�! "� �Q:.+-,H�!:.E.<4�
(0, a3,m−

1, 2, 1)
+43

∆a3
=

2a3 + 1

β3
+ c3 + c2

2

β
+ c1

m− 1

β2
=

2a3 − 2m+ 6

β3
+

1 −m

β4
− 2

β5
− 1

β6
.

6 �S+43G�L�;3�&I��/(3��5�F�! C���K1T/;�
a3 ≤ m− 3

�! "�
∆a3

< 0
��,"=q�! C���K1T/;�

a3 ≥ m− 2
�! "�

∆a3
> 0

UvK "�����z1T/;���A�! "�F1T/;:.�!�! XOL��,"=D+4="�����A1T/;�G�! "�FJp+-,.+-J�:.Jº+43
q4 := (0,m− 2,m− 1, 2, 1) .

5S&>O5/;JpE.:.�!+-,.*(�! "�@#���<-:"�53S/�1u�! "� �Q:C�;=D�t���!+4O$1T/;�!J
Q2

+-,I�! "�@E)/;+-,H��3
q1
�
q2
�
q3
��,"=

q4
8S�/;'.�t��+-,

(β + 1)2

β4
= Q2(q1) < min{Q2(q2), Q2(q3), Q2(q4)} .

vK "�����z1T/;�����
Min2

5 = β−4(β + 1)2
1�/;�

m ≥ 3
U

� ?��?� � ��������� Max3

�e�Q+-Jp+-<w���!<-&[�;3¢+-,Z�! "�>E.����#�+4/;:"3�EC���!��/�1K�! "�|E.��/Q/�1G8S�>8G+-<-<B,"/M8+-,"3!E)�5O��G�! "�FY"��3!�@=D+��2������,"O5�53@/�19�! "� �Q:C�;=D�t���!+4OF1�/;�!J
Q1

+-,V�! "�A+-,"=D+-#�+4=D:C��<u#����!+w��'.<4�53LU¶.��/;J �! "�$=.�zY",.+-�!+4/;,q/�1
Max3

8S�$,"�5�5=>��/0=.�������!Jp+-,"�@�! "�@J|�ny�+-J|��<j#;��<-:"��/�1
Q1

/L#%���S�! "�3���� S1
�"8G .+4O� e��<-<4/L8$3��! "��O5/��z~|O�+4��,H��3

a0, a1, a2
�t��?%����,H&P#���<-:"�53$+-, {0, 1, . . . ,m} 8G+-�! ��! "��;=DJp+43�3!+-'.+-<-+-� &IO5/;,"=D+-�!+4/;,uU��}/L8S��#%���L�D+-�B+43S3!:D~|O�+4��,H�K��/�O5/;,"3!+4=.���

a0 > 0
��3!+-,"O5�

Q1
���L�;O� "�53S+-��3J|�nyD+-J�:.J /;,V3�:"O� ��(E)/;+-,H�LU I��! "���!8G+43����.87�¢87/;:.<4=V C�L#%�

Max3 = |0 + a1β
′ + a2(β

′)2| = |β′||a1 + a2β
′| ≤ |β′|Max2 < Max2 ,8G .+4O� �+43G+-,VO5/;,H�!�t�;=D+4O��!+4/;,´8G+-�! 

Max2 ≤ Max3
U



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � * �

vK "�F+-,"3�E��5O��!+4/;,P/�1��! "�A=D+��2������,"O5�
∆a0

/�19�! "� �Q:C�;=D�t���!+4OF1T/;�!J
Q1

+43K#%���!&I3!+-Jp+-<w���G��/��! "�/;,"�A/�1
Q2

+-,P�! "�FY"��3��GEC���!�@/�19�! "�¢E.��/Q/�1!U o�A C�5#%�
∆a0

= 2a0 + 1 + a1c1 + a2c2 ,

a0 ≥ 1
�
c1 < 0

��,"=
c2 < 0

U��}��,"O5�
∆a0

≥ 3 +mc1 +mc2 ≥ 3 − 3m

β
> 0 ,

�! "�@1�/;�!J�+437+-,"O����L�;3!+-,.*p+-,R�! "�@#����!+w��'.<4�
a0
��,"=I3t/��! "�}J|�nyD+-J�:.J�+43S���L�;O� "�5=R1T/;�7�! "�� .+-*� "�53!�E)/�3�3!+-'.<4�F#���<-:"�A/�1

a0
6a8¢U �LU �LU������!�!&$� 3�O5/;,"=D+-�!+4/;,	7zU

�Q+-,"O5�
∆a1

=
2a1 + 1

β
+ c1a0 + c1

a2

β+43��@<-+-,"�L����1�:.,"O��!+4/;,(+-,0�! "�S#����!+w��'.<4�
a1
��,"=0�! "�KO5/��z~|O�+4��,H� 2

β

���
a1
+439E�/�3�+-�!+-#%���;�! "�S=D+��2������,"O5�

∆a1

+43$��+-�! "���@E)/�3!+-�!+-#%�F1T/;����<-<u#���<-:"�53@/�1
a1
/;�$,"��*H���!+-#%��1�/;�@��<-<�#;��<-:"�53�/�1

a1
/;�$,"��*H���!+-#%�¢1�/;�3�/;J>�F+-,.+-�!+w��<{#;��<-:"�53�/�1

a1
��,"=P�! "��,VE)/�3!+-�!+-#%���.����*H����=D<4�53�3$/�1��! "�A#���<-:"�53$/�1

a0
��,"=

a2
U

%�,H&�8S�L&%�C�! "��J|�ny�+-J0:.J +-,��! "�¢#����!+w��'.<4�
a1
+43$���L�;Ot "�5=V1T/;�@3�/;J>�0�zy��!����J|��<�#;��<-:"�0/�1

a1
UvK "�¢3���J>�F���L�;3�/;,.+-,.*>87/;�!?D3���<43t/�1�/;�G�! "�AJ|�nyD+-J�:.J +-,P�! "�A#����!+w��'.<4�

a2
U

I�,"��OL��,��L�;3!+-<-&q3��5�A�! C���$�! "�����������¢/;,.<-&P3!+hyVOL��,"=D+4="�����53$1�:.<hY"<-<-+-,.*>E.���5O5�5=D+-,.*qO5/;,"=D+-�!+4/;,"3/;,P�! "�A#���<-:"�53$/�1��! "�A#����!+w��'.<4�53
a2
�
a1
��,"=

a0
�

a2 a1 a0

q1 0 0 m
q2 0 m− 1 m
q3 0 m 1
q4 m− 1 m− 1 m
q5 m− 1 m 1
q6 m 0 m

¶9+-,C��<-<-&%��'H&�O5/;JpE.:.�!+-,.*R�! "�0#���<-:"�53�/�1��! "� �H:C�;=D�t���!+4O01T/;�!J
Q1(a2, a1, a0)

+-,X�! "�0E�/;+-,Q��3
q1, . . . , q6

87�A C�L#%�
��U
Q1(0, 0,m) = m2 U

&DU
Q1(0,m − 1,m) = m2 + (m−1)2

β −m(m− 1)
(

1
β + 1

β2

)
< m2 U

)DU
Q1(0,m, 1) = 1 + m2

β −m
(

1
β + 1

β2

)
< m2 U

*"U
Q1(m− 1,m− 1,m) = m2 + (m−1)2

β + (m−1)2

β2 −m(m− 1)
(

1
β + 1

β2

)
−

− (m− 1)2
(

1
β2 + 1

β3

)
−m(m− 1)

(
2
β − 1

β2 − 2
β3 − 1

β4

)
< m2 U

�DU
Q1(m− 1,m, 1) = 1 + m2

β + (m−1)2

β2 −m
(

1
β + 1

β2

)
−m(m− 1)

(
1
β2 + 1

β3

)
−

− (m− 1)
(

2
β − 1

β2 − 2
β3 − 1

β4

)
< m2 U



��: ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


ODU
Q1(m, 0,m) = m2 + m2

β2 −m2
(

2
β − 1

β2 − 2
β3 − 1

β4

)
< m2 U

vK "�����z1T/;�����
Max2

3 = m2 ��,"=V�! "�AE.��/;E�/�3�+-�!+4/;,V+43GE.��/L#%�5=2U

� � � ����� ; � , �  �$6 �G+43$,"/;����87/;�!�! Q&V�! C�����p3�+-Jp+-<w���@O5/;JpE.:.�t���!+4/;,��;3$+-,V�! "�AE.��/�/�1�/�1�����/;E)/�r3!+-�!+4/;, )DU'&DU ��:"3!+-,.*����L��< �Q:C�;=D�t���!+4O|1T/;�!J>3p��,"=Z�! "��+-�(=D+��2������,"O5�53(8S�;3��! "�|')/;�!�!<4��,"�5O�?©/�1D@'O B��,"= @'O.9 BC+-,I3!�!:"=D&�+-,.*¢��/;E)/;<4/;*�&>/�1uvK H:.��3!��/;,Dr �}��:.�5&p1a�t�;O��t��<43K�;3�3�/�O�+w�����5=p8G+-�! 
β
rs�zy�EC��,"3!+4/;,"3MU

�����5O5�5=D+-,.*x����/;E)/�3!+-�!+4/;, *�+-#%�53R:"3>�! "��#;��<-:"�53R/�1
Max3

��,"=
Min5

U %GO5O5/;��=D+-,.*[��/[�! "�=.�zY",.+-�!+4/;,"3}/�1
Hn

��,"=
Kp,q

87�¢ C�5#%�F1T/;�
m ≥ 3

�

H3 =
Max3

1 − |β′|3 =
mβ3/2

β3/2 − 1

��,"=
K5,3 = Min5 − |β′|5H3 =

β + 1

β2
− m

β(β3/2 − 1)
.

�}/L8¢�.8S�A8G+-<-<u:"3��F�! "�53��¢#;��<-:"�53G��/p/;'.�t��+-,�:.E.E����$�53��!+-J|�����53@/;,V�! "�F#���<-:"�¢/�1
L⊕(β)

U
� >�?�	�30� ; � , � � �7·{f�`

β > 1
¤�f}`a�Df@�!f�b;gC�!kLk�`�k��$`a�DfFf!µ5�Db�`�_Tk;i

x3 = mx2 +x+1
�5k;�

m ∈ N ��{�Dfzi
4 ≤ L⊕(β) ≤ 5

��k;�
m ≥ 3 ,

5 ≤ L⊕(β) ≤ 6
��k;�

m = 2 .

dS�!kLk�� � vK "�@:.E.E)���7')/;:.,"= L⊕(β) ≤ 6
1T/;�

m = 2
OL��,I')�@�L�;3�+-<-&>O� "�5O�?%�5=q,Q:.J>���!+4OL��<-<-&%U7�Q+-,"O5�

2H

K
<

2H3

K5,3
' 18.4596 <

(
1

|β′|

)7

' 26.3628 ,

�;O5O5/;��=D+-,.*|��/(�! "��vK "�5/;����J &DU'&DU'N(8S�A C�5#%�
L⊕(β) ≤ 6

U¹u���@:"3@�;3�3!:.J>�
m ≥ 3

U %�*H��+-,��;O5O5/;��=D+-,.*|��/(�! "��vK "�5/;����J &DU'&DU'N(8S�A C�5#%�
(

1

|β′|

)L⊕

<
2H

K
≤ 2H3

K5,3
.

o�A8G+-<-<uE.��/M#%�A�! "�A+-,"���Q:C��<-+-�s&
2H3

K5,3
=

2mβ3/2

β3/2 − 1

1
β+1
β2 − m

β(β3/2−1)

< β3 =
1

|β′|6 ,
6 )DU ��&.7

8G .+4O� �+-JpE.<-+4�53
L⊕(β) ≤ 5

U
%@1a�����@�(1���8 3!+-JpE.<4��/;E����t���!+4/;,"3@�! "�F+-,"���H:C��<-+-� &�6 )DU ��&.7S+43G�!�t��,"3�1T/;�!J>�5=P+-,Q��/

2mβ1/2 +mβ < (β + 1)(β3/2 − 1) .
6 )DU ��).7



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � � �

¶C/;�
m ≥ 4

�! "�RE.��/�/�1�/�1@�! "�R+-,"���H:C��<-+-� & 6 )DU ��).708G+-<-<S')�|'C�;3��5=�/;,©�! "�I1T�;O����! C���
β >

β1/2 + 2
�"8G .+4O� V "/;<4=.3�3!+-,"O5�

β > β1/2 + 2 ⇔ (β − 2)2 > β ⇔ mβ + 1 +
1

β
− 4β + 4 > β .

�}/L8 87�¢�53!�!+-J|�����¢�! "�A<4�z1a�G C��,"=X3!+4=.�A/�1 6 )DU ��).7
mβ1/2(2 + β1/2) < β1/2mβ < β1/2

(
mβ +

1

β

)
= β1/2(β2 − 1) =

= β1/2(β − 1)(β + 1) = (β + 1)(β3/2 − β1/2) < (β + 1)(β3/2 − 1) ,8G .+4Ot VE.��/L#%�53K6 )DU ��).7�U6 ,P�! "�¢/;Jp+-�!���5=VOL�;3t�
m = 3

�"�! "�A+-,"���H:C��<-+-� & 6 )DU ��).7GOL��,P')�FE.��/L#%�5=�=D+-���5O��!<-&%U
vK "�¢1�/;<-<4/M8G+-,.*|�! "�5/;����Jº&Q+4��<4=.3@�! "�¢J|��+-,����53!:.<-�$1T/;�$J�:.<-�!+-E.<-+4OL���!+4/;,�� �! "�¢�53!�!+-J|�����53}/�1�! "�F#���<-:"�¢/�1

L⊗(β)
U

� >H��B���� ; � , ��� �S·{f5`
β > 1

¤�f}`a�Df@��f!b;gC�!kLk�`�k��@`a�.f}f�µ��Db%`�_�k;i
x3 = mx2 +x+1

�5k;�
m ∈ N �

m ≥ 2 �
�{�Dfzi

4 ≤ L⊗(β) ≤ 6 .dS�!kLk�� � ¹u���$:"3@�;3t3!:.J>� m ≥ 3
U8%GO5O5/;��=D+-,.*|��/(�! "�¢vK "�5/;����J &DU'&DU'N(+-�$3!:D~|O5�53G��/|3! "/L8

H2

K
≤ H2

3

K5,3
=

m2

(1 − β−3/2)2
1

β+1
β2 − β−5/2 m

1−β−3/2

<
1

|β′|7 ,

8G .+4Ot XOL��,V')�F�!�t��,"3�1�/;�!J>�5=V+-,H��/
(1 +m)β3 + β2 + (m+ 2)β + 1 >

(
(m+ 2)β +m2 + 2

)
β3/2 .

6 )DU �+*�7
5S&

m ≤ β < m+ 1
87�¢OL��,V�53��!+-J|�����¢�! "�F<4�z1��G C��,"=V3!+4=.�¢/�1 6 )DU �+*�7G�;3

(1 +m)β3 + β2 + (m+ 2)β + 1 ≥
(1 +m)m3 +m2 + (m+ 2)m+ 1 ≥ m3(1 +m) +m2 ,8G "�����L�;3@�! "�F�!+-*� H�@ C��,"=X3!+4=.�¢�;3

(
(m+ 2)β +m2 + 2

)
β3/2 <

((m+ 2)(m+ 1) +m2 + 2)(m+ 1)3/2 ≤ 3m2(m+ 1)3/2 ,8G "�����}�! "�}<w�;3!�S+-,"���H:C��<-+-� &I "/;<4=.371T/;�
m ≥ 4

U�vK "�F/;Jp+-�!���5=qOL�;3��53K8G+-<-<�'��}�!���L�����5=q3���EC���t������<-&���G�! "�¢��,"=X/�19�! "�FE.��/�/�1�U
�}3!+-,.*p<w�;3!�G� 87/I�53!�!+-J|�����53$8S�A C�5#%�

3m2(m+ 1)3/2 ≤ m2 +m3(1 +m) .6 �G+43$�L�;3!&I��/>O� "�5Ot?P�! C���G�! .+43$+-,"���Q:C��<-+-�s&q "/;<4=.3G1T/;�
m ≥ 10

U�Q+-,"O5�R/;:.�0�53��!+-J|�����5308S�����|��/�/V��/;:.*� ©��/XOt "�5O�?[�! "�>#���<-+4=D+-�s&Z/�1 6 )DU �+*�7A1T/;�
m ≤ 9

�98S�#%���!+hYC�5=P�! "�¢E.��/;E�/�3!+-�!+4/;,X,H:.J>���!+4OL��<-<-&q1T/;�G�! "�53��AOL�;3��53@�;3G8S��<-<��;3K1T/;�G�! "�¢OL�;3��
m = 2

8G .+4O� 8K�;3@/;Jp+-�!���5=X���G�! "�A')��*�+-,.,.+-,.*I/�19�! "�AE.��/�/�1��.3��5� %@E.E)��,"=D+hy %�U



��& ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


¹u����:"3GJ>��,H�!+4/;,´�! C����O5/;JpE.:.�����}�zy�E)���!+-J>��,H��3}3!:.E.E)/;�!�$�! "�A Q&QE)/;�! "�53!+43$�! C���
L⊗(β) = 41T/;�

m ≥ 2
U

��� �%���
L⊕(β) � L⊗(β)

��+.-�� � ����0 0 + � ��+����� � 
 - � � � � � �'� � � �#0 +.� ������� 0
o�RO5/;,"O�<-:"=.�I�! "�R3!�!:"=D&Z/�1

L⊕(β)
�
L⊗(β)

'H&oJ>�L��,"3(/�1@�! "�IJ>���! "/Q= &DU'&DU'N�'H&oE.��/M#Q+4=D+-,.*���53!:.<-��3K1T/;�@3���#%���t��<u/;�! "����O�:.'.+4O¢��+43�/;�$:.,.+-��3MU¹u����:"3����5OL��<-<7���53�:.<-��30'Q&2%@?�+-&H��J|�´��,"=�5G�;3�3!+-,"/�*�+-#�+-,.*´O5/;JpE.<4�����qO� C���t�;O������!+-�M���!+4/;,¬/�1Jp+-,.+-J|��<{E)/;<-&�,"/;Jp+w��<43@��,"= � 
�,Q&Q+u�zyDEC��,"3!+4/;,"3�/�19:.,.+-� &I1T/;�$O�:.'.+4O¢��+43t/;�$:.,.+-��3LU
,80� � ! ; � , � $ � <�� � �	!G� ! � ; ���	��·{f�`

β > 1
¤�f�b|���"¤z_T�0i"�Q±|¤�f�� ��_a`a�R±�_ai"_a±>b;g��Dk�g²�;ijk;±(_Tb;g

M(β) = x3 − ax2 − bx− c.
6 )DU ���.7

�{�Dfzi
β
_w��b(dS_w�5k�`�iC�Q±|¤�fz��_ ��b;i�^Ik;iCg²�>_ �0¤!k�`a�P_ai�f!µ��.b;g£_a`�_cf��

|b− 1| < a+ c
b;ij^

(c2 − b) < sgn(c)(1 + ac)��k;g-^ �
�����BE8�	#��=���
�	� ; � , ����� � - !"#�#������ � , � ���	�G·�f�`

β > 1
¤tf¢b>���"¤z_T��dS_���k%`��Qi"_�` � �{�DfziX`a�Df@�$�zi"�;_f�
 �.b;i.��_Tk;iok��A��i"_�`�_��$��_�l�f�io¤��I`a�Df ��k�g�g-k ��_aiQ�|`cbQ¤zg-f �

��kMf 1ª��_Tf�iC`a��_ai
M(β) dβ(1)

c = 1 0 ≤ a b = a+ 1 (a+ 1)(0)(0)(a)(1)
1 ≤ a 0 ≤ b ≤ a (a)(b)(1)
2 ≤ a b = −1 (a− 1)(a− 1)(0)(1)
3 ≤ a −a+ 1 ≤ b ≤ −2 (a− 1)(a+ b− 1)(a + b)ω

c = −1 2 ≤ a 1 ≤ b ≤ a− 1 (a)((b − 1)(a− 1))ω

3 ≤ a −a+ 3 ≤ b ≤ 0 (a− 1)(a+ b− 1)(a + b− 2)ω

vK "�P���53�:.<-��3|/;'.�t��+-,"�5=¬+-,ª�! "�PE.����#Q+4/;:"3|�s8S/Z3��5O��!+4/;,"3|���z1����p��/e�! "�X3��5O5/;,"=x<-+-,"�V/�1A�! "��t��'.<4�p1���/;J�����/;E)/�3!+-�!+4/;, )DU'&DU ��:DU 5K��<4/L8 87�>=.���!+-#%�|�! "�>�53!�!+-J|�����53�/;,Z�! "�p#;��<-:"�530/�1
L⊕(β)��,"=

L⊗(β)
1T/;�$O�:.'.+4O¢��+43t/;�$,H:.J0'�����3

β
8G "/�3��FJp+-,.+-J|��<�E�/;<-&�,"/;Jp+w��<u+43$/�1��! "�F1T/;�!J

x3 − ax2 − bx+ 1
8G "�����

2 ≤ a
��,"=

1 ≤ b ≤ −2
U

�}/;�����! C���A3!+-,"O5�0�! "��E.��/Q=D:"O��A/�1�� 87/PO5/;JpE.<4�zy´O5/;,;��:.*H�����5=´,H:.J0'�����3F+43A�|,"/;,Drc,"��*H���!+-#%�,H:.J0'����L�C�! "�F1c�;O��G�! C���
c = −1

+-JpE.<-+4�53$�! C���$�! "�¢��<-*%��'.�t��+4O0O5/;,;� :.*H�����53
β′ � β′′ /�1 β �����A���L��<,H:.J0'�����3@ C�5#�+-,.*>=D+��)������,Q�$3!+-*�,u�D+cU ��U

β′ ∈ (0, 1)
�
β′′ ∈ (−1, 0)

UB�}��,"O5���Q'Q& ����J|���!? )DU'&DU'&D�,=
� �}1T/;�

β′
U

����/;E)/�3!+-�!+4/;,2)DU'&DU ��:I*�+-#%�53}:"3
dβ(1) = a((b − 1)(a − 1))ω U�¶"/;� z ∈ Zβ

�
z =

∑n
i=0 ziβ

i87�¢ C�5#%�
z′ =

n∑

i=0

zi(β
′)i ≤ a+ (a− 1)β ′ + · · · + (a− 1)(β ′)n <

< a+ (a− 1)β ′ + (a− 1)(β ′)2 + · · · = 1 + (a− 1)
1

1 − β′
= H .

6 )DU ��O.7



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � ��)

¶"��/;J �! "�0Jp+-,.+-J|��<�E)/;<-&�,"/;Jp+w��<M6 )DU ���.7@/;,"�0OL��,�=.���!+-#%�0+-,X�! "�0:"3!:C��<{8K�5&X�! "�¢1�/;<-<4/M8G+-,.*����<w���!+4/;,"3@'���� 87�5��,X��/�/;��3@��,"=VO5/��z~|O�+4��,H��3M�.,C��J>��<-&
β + β′ + β′′ = a ,

6 )DU ��9;�.7
ββ′ + ββ′′ + β′β′′ = −b , 6 )DU ��9n'	7
ββ′β′′ = −1 .

6 )DU ��9�O�7
¹{���7:"37���5OL��<-<)�! C���

a+1 > β > a
�
β ′ ∈ (0, 1)

��,"=
β′′ ∈ (−1, 0)

U�¶.��/;J 6 )DU ��9;�.7�87�} C�5#%�
β′ + β′′ = a− β < 0 ⇒ |β ′| < |β′′| ⇒ |β′|2 < |β′β′′| =

1

β
<

1

a
.

�}��,"O5�
lim

a→∞
β′(a, b) = 0 ,

6 )DU ��N.7
+-,"=.��E)��,"=.��,H�!<-&V/;,

b
U

� !"#�
b = 1

o�08G+-<-<�����Y"��3����!���L���F�! "�(OL�;3��
b = 1

3���EC���t������<-&�O2�! "�0Jp+-,.+-J|��<�E�/;<-&�,"/;Jp+w��<�/�1
β
+43}/�17�! "�1T/;�!J

x3 − ax2 − x+ 1 ,��,"=P�! "�����z1T/;���F1���/;J 6 )DU ��O.7S87��/;'.�t��+-,
H = 1 + (a− 1)

1

1 − β′
=

1

(β′)2
.

¶C/;�
a ≥ 3

�! "��E)/�3!+-�!+-#%����/Q/;�
β′ <-+4�53@+-, (0, 1

2)
U�vK "�����z1T/;���0:"3!+-,.*I�! "��vK "�5/;����J &DU'&DU'N>8S�OL��,P8G�!+-���

2

(
1

β′

)L⊕(β)−1

<

(
1

β′

)(
1

β′

)L⊕(β)−1

=

(
1

β′

)L⊕(β)

< 2H = 2
1

(β′)2 "��,"O5�
L⊕(β) ≤ 2.¶"/;�

a = 2
8S�A C�5#%�

L⊕(β) ≤ 3
�"=D+-���5O��!<-&R1���/;J vK "�5/;����J &DU'&DU'NDUvK "��O5/;,"3!�t��,H�

L⊗(β)
OL��,V'��A�53��!+-J|�����5=P+-,"=.��E���,"=.��,Q�!<-&V/;,

a
�.3!+-,"O5�

(
1

β′

)L⊗(β)

< H2 =

(
1

β′

)4

,

 "��,"O5�
L⊗(β) ≤ 3.vK "�¢<4/L87����'�/;:.,"=.3������¢/;'.�t��+-,"�5=V=D:"�A��/

1T/;�
a ≥ 2 (a− 1) 1 + a = 1 0 0 • 0 1



��* ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


��,"=
1T/;�

a = 2 2 × 1 2 = 1 1 1 • 0 11T/;�
a ≥ 3 (a− 1) a× 1 0 (a− 1) 1 (a− 1) 0 (a− 1) (a− 1) =

= 1 0 (a− 2) 1 0 a 0 (a− 2) 0 2 • 0 (a− 3) 1

vK "�A���53�:.<-��3@�����¢3!:.JpJ|���!+-�L�5=X+-,P�! "�F1�/;<-<4/M8G+-,.*|�t��'.<4�
dβ(1) = a(0(a − 1))ω

L⊕(β) L⊗(β)

a = 2 2 ≤ L⊕ ≤ 3 2 ≤ L⊗ ≤ 3
a ≥ 3 L⊕ = 2 L⊗ = 3

� !"#�
2 ≤ b ≤ a − 1vK "�A+-,"���Q:C��<-+-�!+4�53G1���/;J vK "�5/;����J &DU'&DU'ND�.:"3�+-,.* 6 )DU ��O.771T/;�

H
�

(
1

β′

)L⊕(β)

< 2
a− 1

1 − β′
+ 2

��,"= (
1

β′

)L⊗(β)

<

(
a− 1

1 − β′
+ 1

)2

OL��,V')�F�!�t��,"3�1T/;�!J>�5=X�;3K1T/;<-<4/L8$3

L⊕(β) <
'.,"=

⊕(β′) :=
ln
(
2a−β′

1−β′

)

ln
(

1
β′

) ��,"=
L⊗(β)) <

'.,"=
⊗(β′) :=

ln
(

(a−β′)2

(1−β′)2

)

ln
(

1
β′

) .

(S/;,"O5���!,.+-,.*|#���<-:"�53$/�1�'.,"=
⊕(β′)

��,"=P'.,"=
⊗(β′)

87�A C�L#%�A1T/;<-<4/L8G+-,.*>���53�:.<-��3LU
�����BE8�	#��=���
�	� ; � , ���	� ��·{f�`

dβ(1) = a((b − 1)(a − 1))ω ¤�fq`a�Dfp�$��i"�;_Ff�
 �.b;i.��_Tk;iªk��I�QiC_a`
��_�`a�

a ≥ 2
b�ij^

2 ≤ b ≤ a − 1 �
�{�.fzi[`a�Df��!fqf�
;_��z`a�

a0
���.�z�e`a��b�` �5k;�>b;gag

a ≥ a0
�7f���b;l;f

L⊕(β) ≤ 2 �

dS�!kLk�� � ��3!+-,.* 1
β′2 > a

8S�¢OL��,X�53!�!+-J|�����

'.,"=
⊕(β′) =

ln
(
2a−β′

1−β′

)

ln
(

1
β′

) <
ln
(
2a−β′

1−β′

)

1
2 ln(a)

=
ln 2 + ln a+ ln

(
1−β′/a
1−β′

)

1
2 ln(a)

=

=

ln 2
lna + 1 +

ln
“

1−β′/a

1−β′

”

ln(a)

1/2

a→∞−−−−−→ 2 .

�����BE8�	#��=���
�	� ; � , ��� , �¢·{f�`
dβ(1) = a((a − 2)(a − 1))ω ¤�fR`a�.fp�$�zi"�;_}f�
 �Db;i.�z_�k;iªk��>�QiC_a`

��_�`a�
a ≥ 2

b;i�^
2 ≤ b ≤ a− 1 �

�{�Dfzi
L⊗(β) ≤ 3

��k;��b�g�g
a ≥ 2 �



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � ���

dS�!kLk�� � v{/pE.��/M#%�A�! "�AE.��/;E)/�3!+-�!+4/;,V+-�$+43@��,"/;:.*� V��/p3! "/L8 �! C���$'.,"=
⊕ ≤ 4

�.+cU ��U

ln

(
(a− β′)2

(1 − β′)2

)
≤ 4 ln

(
1

β′

)
=⇒ a− β′

1 − β′
≤ 1

(β′)2
.

6 )DU ���.7
�Q+-,"O5�

β′ ∈ (0, 1)
8S�A C�5#%�

a− β′

1 − β′
<

a

1 − β′��,"=P+h1987�03! "/L8®�! C���
a

1 − β′
<

1

(β′)2
,

6 )DU'&�:.7
�! "�F+-,"���Q:C��<-+-�s&�6 )DU ���.7K8G+-<-<u'��FE.��/M#%�5=2UvK "�(+-,"���Q:C��<-+-�s& 6 )DU'&�:.7��u/;�����Q:.+-#;��<4��,Q�!<-&

a(β′)2 ≤ 1 − β′ �uOL��,o')�p3! "/M8G,o'H&´:"3!+-,.*P�! "�Jp+-,.+-J|��<uE)/;<-&�,"/;Jp+w��<{/�1
β′
�D+cU ��U

a(β′)2 + β′ − 1 = (β′)3 − (b− 1)β′ = β′((β′)2 − (b− 1)) ≤ β ′((β′)2 − 1) < 0 .

vK "�R')/;:.,"=.3p/;'.�t��+-,"�5=x+-,x����/;E)/�3!+-�!+4/;,"3 )DU'&DU ���V��,"= )DU'&DU ��&e��'�/M#%�V�����R,"/;�p��<-8K�5&D3p�! "�')�53!�$/;,"�53LU o�A C�L#%�¢3��5��,���<-���L�;=D&q�! C���K1T/;�
b = 1

+-,���<-J>/�3!����<-<uOL�;3��53$#;��<-:"�53$/�1
L⊕(β)

��,"=
L⊗(β)

�;O��!:C��<-<-&p���L�;O� R�! "�$�53!�!+-J|�����53LU I�,I�! "�$/;�! "���7 C��,"=|+-,>�! "�@3t�5O5/;,"=|�zyD�!����J|��<jOL�;3����H+cU ��U
b = a− 1

�"�! "�¢/;E.E�/�3�+-���F+43G�!�!:"��U
� !"#�

b = a − 1

o�F8G+-<-<{3� "/L8
L⊕(β) ≤ 1

�"�! C���$+43L�D'.,"=
⊕ < 2

/;�

2
a− β′

1 − β′
<

1

(β′)2
.

6 )DU'& ��7
¶.��/;J 6 )DU ��9n'	7S87�¢OL��,��53!�!+-J|�����

β(−β′ − β′′) +
1

β
= a− 1

−β′ − β′′ =
1

β

(
a− 1 − 1

β

)
>

1

a+ 1

(
a− 1 − 1

a

)

1 > −β′′ >
1

a+ 1

(
a− 1 − 1

a

)
+ β′

 "��,"O5�

β′ < 1 − 1

a+ 1

(
a− 1 − 1

a

)
=

2 + 1
a

a+ 1
.

6 )DU'&�&.7



��O ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


vK "�A�����!J>3�/;,P'�/;�! V3!+4=.�53@/�1 6 )DU'& ��7KOL��,V')�A�53!�!+-J|�����5=X�;3

2
a− β′

1 − β′
<

2a(a + 1)(
a− 1 − 1

a

) ��,"= (
a+ 1

2 + 1
a

)2

<
1

(β′)2
.

��,"=V3!+-,"O5�F�! "�¢+-,"���H:C��<-+-� &
2a(a+ 1)(
a− 1 − 1

a

) <
(
a+ 1

2 + 1
a

)2

2a(a + 1)

(
2 +

1

a

)2

< (a+ 1)2
(
a− 1 − 1

a

)

8a+ 8 +
2

a
< a2 − 2 − 1

a

0 < a2 − 8a− 10 − 3

a "/;<4=.3@/;,P�! "�¢+-,H�����!#���<
[10,∞)

�C�! "�¢�53!�!+-J|�����
L⊕(β) ≤ 1

+43$#;��<-+4=R1T/;�@��<-<
a ≥ 10

Uv�/|3�/;<-#%�A�! "������J|��+-,.+-,.*IOL�;3��53@87��,H:.J>���!+4OL��<-<-&XOt "�5O�?%�5=��! "�A+-,"���H:C��<-+-� & 6�/;'.�t��+-,"�5=V1���/;JvK "�5/;����J &DU'&DU'N.7
(

1

β′

)L⊕

≤
(

1

β′

)
<

2H

K
,

1T/;�
a = 3, . . . , 9

�"3��5� %�E.E)��,"=D+hy %�UvK "���53!�!+-J|�����e/;,
L⊗(β) ≤ 2

��+cU ��US'.,"=
⊗ < 3

+43q/;'.�t��+-,"�5= +-, �[3�+-Jp+-<w���R8K�5&%U vK "�+-,"���Q:C��<-+-�s&q��/p')�FE.��/L#%�5=V+43
(
a− β′

1 − β′

)2

<
1

(β′)3
.

%�*H��+-,u�H:"3!+-,.* 6 )DU'&�&.7��Q�! "�$�����!J�/;,|�! "��<4�z1��L�H���53!E)�5O��!+-#%��<-&>/;,R�! "�$�!+-*� H�G3!+4=.��/�1u�! "�$+-,"���Q:C��<-+-�s&OL��,V')�A�53!�!+-J|�����5=P'Q&
(
a− β′

1 − β′

)2

<
a2(a+ 1)2
(
a− 1 − 1

a

)2
��,"= (

a+ 1

2 + 1
a

)3

<
1

(β′)3
.

vK "�A+-,"���Q:C��<-+-�s&
a2(a+ 1)2
(
a− 1 − 1

a

)2 <
(
a+ 1

2 + 1
a

)3

a2

(
2 +

1

a

)3

< (a+ 1)

(
a− 1 − 1

a

)2

8a2 + 12a+ 6 +
1

a
< a3 − a2 − a+ 3 +

3

a
+

1

a2

0 < a3 − 9a2 − 13a − 3 +
2

a
+

1

a2



� ��� � � � ���7� 
 ���
L⊕(β)

� �7�
L⊗(β)

� ��� � ������� � � � ��� � � ������� � �.9

 "/;<4=.3K/;,|�! "��+-,H�����!#���<
[11,∞)

��,"=I�! "�����z1T/;���@�! "�}�53!�!+-J|�����
L⊗(β) ≤ 2

 "/;<4=.371�/;�G��<-<
a ≥ 11

U
%}3K')�z1�/;�����.��/p3t/;<-#%�A�! "�F����J|��+-,.+-,.*IOL�;3��53$�! "�A+-,"���H:C��<-+-� &26�1a��/;J¨vK "�5/;����J &DU'&DU'N.7

(
1

β′

)L⊗

≤
(

1

β′

)2

<
H2

K
,

8K�;3@O� "�5Ot?%�5=V,Q:.J>���!+4OL��<-<-&q1�/;�
a = 3, . . . , 10

�"3��5� %�E.E���,"=D+hy %0U
vK "�A1�/;<-<4/M8G+-,.*|�zy.��JpE.<4�53�/�1��;=.=D+-�!+4/;,

1T/;�
a = 2 1 + 1 2 = 1 0 0 • 0 11T/;�
a ≥ 3 a (a− 2) + 1 = 1 0 0 • 1

��,"=PJ0:.<-�!+-E.<-+4OL���!+4/;,
1T/;�

a ≥ 2 a× (a− 1) a = (a− 1) 1 (a− 1) • 0 1

*�+-#%�A:"3$<4/L87����'�/;:.,"=.3@/;,V#;��<-:"�53@/�1
L⊕(β)

��,"=
L⊗(β)

U
vK "�¢���53!:.<-��3@�����¢3!:.JpJ|���!+-�L�5=V+-,V�! "�F1T/;<-<4/L8G+-,.*>�t��'.<4�

dβ(1) = a((a− 2)(a− 1))ω

L⊕(β) L⊗(β)

a = 2 2 ≤ L⊕ ≤ 3 2 ≤ L⊗ ≤ 3
a ≥ 3 L⊕ = 1 L⊗ = 2

��������� � ��0 �
K = 0vK "��J>���! "/Q=R/�1{�53!�!+-J|���!+4/;,q/�1

L⊕(β)
��,"=

L⊗(β)
'C�;3��5=I/;,RvK "�5/;����J &DU'&DU'N0OL��,.,"/;�K'��@:"3��5=+-,´OL�;3����! C���

K = 0
U@6 �@+43� "/L8S��#%���¢=D+h~|O�:.<-����/IE.��/L#%�

K = 0
1�/;�F�>*�+-#%��,e��<-*%��'.�t��+4O

β
��,"=+-��3$O5/;,;��:.*H�����

β′
U������!�!+4O�:.<w���}3�+-�!:C���!+4/;,V+43$3�/;<-#%�5=q'Q&R�! "�A1�/;<-<4/M8G+-,.*>E.��/;E�/�3�+-�!+4/;,uU

�����BE �B#��=���
�	� ; � , ��� ; ��·{f�`
β > 1

¤�f(b;iob;g �HfL¤z�!b;_T�pi"��±|¤�fz��b�ij^
β′ ∈ (−1, 0)

_�`a����k;iL¦z�;�Hb�`sf�z�D�z�V`a��b%` 1
β′2

< bβc � �{�Df�i K = 0 �

dS�!kLk�� � ����� γ := β′−2 U�§}+-*�+-��3A+-,��! "� γ rs�zy�EC��,"3�+4/;,o�t��?%�(#;��<-:"�53F+-,e�! "�p3t��� {0, 1, . . . , bγc} U�Q+-,"O5� bγc ≤ bβc − 1
��,"=x�! "� �?
�,H&�+@�zyDEC��,"3!+4/;,¬/�1}:.,.+-�

dβ(1)
+43>/�1F�! "�R1�/;�!J

dβ(1) =
bβct2t3 · · ·

����#%���!&X3����Q:"��,"O5��/�1B=D+-*�+-��3�+-, {0, 1, . . . , bγc} +43@<4�zyD+4O5/;*��t��E. .+4OL��<-<-&´3�J|��<-<4�����! C��,
dβ(1)

��,"=q�! H:"3$+43���,��;=DJp+43�3!+-'.<4�
β
rs�zy�EC��,"3!+4/;,uU�Q+-,"O5�

1 < −β′−1 < γ
�.�! "�

γ
rs�zy�EC��,"3!+4/;,´/�1 −β′−1  C�;3G�! "�F1T/;�!J

−β′−1
= c0 + c1γ

−1 + c2γ
−2 + c3γ

−3 + · · · 6 )DU'&�).7
8G "��������<-<uO5/��z~|O�+4��,H��3

ci ≤ bβc − 1
U¹{����:"3�=.�zY","�|�! "�>3����Q:"��,"O5�

zn := 1 + c0β + c1β
3 + c2β

5 + · · · + cnβ
2n+1 U (7<4�L���!<-&%�

zn ∈ Zβ \ βZβ
��,"=

z′n := 1 + β′(c0 + c1β
′2 + c2β

′4 + · · · + cnβ
′2n)

U %GO5O5/;��=D+-,.*R��/ 6 )DU'&�).78S�A C�5#%�
limn→∞ z′n = 0 = limn→∞ |z′n|

U�¶9+-,C��<-<-&%�C�! .+43G+-JpE.<-+4�53
K = 0

U



��N ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


%}37��,R�zy.��JpE.<4��/�1u��,q��<-*%��'.�t��+4O@,Q:.J�')���G3t���!+43�1�&Q+-,.*0�;3t3!:.JpE.�!+4/;,"37/�1u����/;E)/�3!+-�!+4/;,"3M)DU'&DU ��)+43
β > 1

3�/;<-:.�!+4/;,�/�1$�! "�R���H:C���!+4/;,
x3 = 25x2 + 15x + 2

UXvK "�q��<-*%��'.�t��+4ORO5/;,;��:.*H�����53(/�1
β
.
= 25.5892

�����
β ′ .= −0.38758

��,"=
β ′′ .= −0.20165

����,"=e3�/
K = 0

1T/;�A'�/;�! e/�17�! "��JVU�}��,"O5�@vK "�5/;����J &DU'&DU'N¢OL��,.,"/;�S'��G:"3t�5=p1T/;�7=.�������!Jp+-,.+-,.*��! "�$')/;:.,"=.37/;,
L⊕(β)

�
L⊗(β)

U o��! H:"3�E.���53���,H����,"/;�! "���¢J>���! "/Q=e1�/;�FY","=D+-,.*V�! "�53t�p'�/;:.,"=.30��,"=�+-<-<-:"3!�!�t�����p+-�A1�:.�!�! "���¢/;,o�! "���')/L#%�AJ>��,Q�!+4/;,"�5=��zy"��JpE.<4��U�}/;���$�! C���K3!+-Jp+-<w���K3!+-�!:C���!+4/;,I C��E.E)��,"37+-,DY",.+-����<-&>J|��,H&>�!+-J>�53M�%1T/;�7�zy"��JpE.<4�$1T/;�S��O�<w�;3�3B/�1��/;�t��<-<-&P���L��<{O�:.'.+4O�,H:.J�')����3L�j3�/;<-:.�!+4/;,"3$��/
x3 = p6x2 + p4x+ p

�D1T/;�
p ≥ 3

U7vK "�5/;����J &DU'&DU'NOL��,.,"/;�$')�¢��E.E.<-+4�5=V��/>��,Q&q/�1��! "��J 8G .+4Ot >��:"3!�!+hYC�53G:.�!+-<-+-�s&P/�1���,"��8 J>���! "/�=2U
� ��� � 	  D�  � 	 �

L⊕(β) � L⊗(β)
� 	 ��� ��� 	 " �! �� � � ��� � �  �" � 	�� 
�

	 � 	 �1� � " ��� "$� 	  


vK "�V3��5O5/;,"=¬J>���! "/Q=�1T/;�|=.�������!Jp+-,.+-,.*[:.E.E����>')/;:.,"=.3>/;,
L⊕(β)

�
L⊗(β)

3!�!:"=D+4�5=x "�����X+43��E.E.<-+4OL��'.<4����/
β
'���+-,.*q�>��+43�/;�},H:.J0'����LU�vK .+43@J>���! "/�=�+43@'C�;3��5=�/;,X�! "��3�/�rsOL��<-<4�5=´O�:.��r ��,"=�rE.��/��!�5O��@3�O� "��J>��U¹u���

β > 1
')�I��,���<-*%��'.�t��+4OR+-,H����*%���p/�1@=.��*����5�

d
��<4���

β(2), . . . , β(s) ')�>+-��30���L��<SO5/;,;��:Dr*H�����53>��,"=©<4���
β(s+1) � β(s+2) = β(s+1)

�GU5U5U5�
β(d−1) � β(d) = β(d−1)

'��I+-��3(,"/;,Drc���L��<$O5/;,Dr��:.*H�����53LU vK "��, �! "�����´�zy�+43!��3q�Z'C�;3!+43
~x1
�
~x2
�¢U5U5U5�

~xd
/�1¢�! "�´3!EC�;O5�

Rd 3!:"O� �! C���R��#%���!&
~x = (a0, a1, . . . , ad−1) ∈ Zd  C�;3@+-,P�! .+43G'C�;3!+43G�! "�A1�/;�!J

~x = α1~x1 + α2~x2 + · · · + αd~xd ,8G "�����
α1 = a0 + a1β + a2β

2 + · · · + ad−1β
d−1 =: z ∈ Q(β)��,"=

αi = z(i) 1T/;�
i = 2, 3, . . . , s,

αj = <(z(j))
1�/;�

s < j ≤ d, j
/Q=.=2�

αj = =(z(j))
1�/;�

s < j ≤ d, j
��#%��,uU

v{�5Ot .,.+4OL��<�=.���t��+-<43�/�1��! "�BO5/;,"3!�!�!:"O��!+4/;,0/�1D�! "��'C�;3!+43
~x1
�
~x2
�QU5U5U5�

~xd
OL��,¢')�91�/;:.,"=¢+-,2@'&D��O��D��O�O BsU�}/;���S�! C���9�! "�7�!+-,.*

Z[β]
OL��,(')�B*%�5/;J>���!�!+4OL��<-<-&�+-,H�����!E.�������5=I�;3��@E.��/��!�5O��!+4/;,>/�1"�! "�7<w���!�!+4O5�

Zd /;,©�V3!:.+-�t��'.<4�>Ot "/�3���,[3��!�t��+-*� H��<-+-,"�p+-, Rd UIvK "�|O5/;�!���53!E)/;,"=.��,"O5� (a0, a1, . . . , ad−1) 7→
a0 + a1β + a2β

2 + · · · + ad−1β
d−1 +43@��'.+ �!�5O��!+4/;,X/�1��! "�A<w���!�!+4O5� Zd /;,X�! "�F�!+-,.* Z[β]

U6 ,(�! "�S1�/;<-<4/M8G+-,.*"�%87�G3� C��<-<DO5/;,"3�+4=.���
β
��,�+-�!�t���!+4/;,C��<j��+43�/;��,H:.J0'����LU�6 JpE)/;�!�t��,H��E.��/;E)���!�s&�! C���$8G+-<-<u')�F:"3��5=q+43G�! "�¢+-,"O�<-:"3!+4/;,

Zβ ⊂ Z[β] .
6 )DU'&�*�7

¹u���G:"3S���5OL��<-<2�! C���
Zβ

+43$��E.��/;E����$3!:.'"3t���S/�1
Z[β]

��3�+-,"O5�
Z[β]

+43K=.��,"3��F+-,
R
�;3K�0E.��/��!�5O��!+4/;,/�1��! "�A<w���!�!+4O5�

Zd �D8G "�����L�;3 Zβ
 C�;3G,"/I�;O5O�:.J�:.<w���!+4/;,´E�/;+-,Q��3LU7�Q+-,"O5�

Z[β]
+43@�p�!+-,.*"�

Zβ + Zβ ⊂ Z[β]
��,"=

Zβ × Zβ ⊂ Z[β] .
(S/;,"3!+4=.������,

x ∈ Zβ
8G+-�! V�! "�

β
rs�zyDEC��,"3!+4/;,

x =
∑n

k=0 akβ
k U�vK "��,

|x(i)| =

∣∣∣∣∣

n∑

k=0

ak(β
(i))k

∣∣∣∣∣ <
∞∑

k=0

[β]
∣∣∣β(i)

∣∣∣
k

=
[β]

1 − |β(i)| ,



� ��� � � � ���7� 
 ���
L⊕(β) � L⊗(β)

� ��� � � 
 �.� ����� � ��� 
 � ��� � �1� ��� ��� � ���

1T/;�$��#%���!&
i = 2, 3, . . . , d

U�vK "�����z1T/;���A87�¢OL��,�=.�zY","�
Hi := sup{|x(i)| | x ∈ Zβ}

6 )DU'&��.7
vK "�A+-,"O�<-:"3�+4/;,�6 )DU'&�*�7S�! H:"3�OL��,V')�FE.���5O�+43��5=P��/

Zβ ⊂ {x ∈ Z[β] | |x(i)| < Hi, i = 2, 3, . . . , d} .
%�,"/;�! "����+-JpE)/;�!�t��,H��E.��/;E����!� &e,"�5�5=.�5=e1T/;�0=.�������!Jp+-,C���!+4/;,�/�1G'�/;:.,"=.3�/;,

L⊕(β)
�
L⊗(β)

+43�! "�}Y",.+-����,"�53�3�/�19�! "��3����
C(l1, l2, . . . , ld) := {x ∈ Z[β] | |x| < l1, |x(i)| < li, i = 2, 3, . . . , d} ,

1T/;����#%���!&VOt "/;+4O5��/�1�E)/�3!+-�!+-#%�
l1, l2, . . . , ld

U %�E)/;+-,H�
a0 + a1β + · · · + ad−1β

d−1 '���<4/;,.*%3}��/
C(l1, l2, . . . , ld)

/;,.<-&X+h1B�! "�0E�/;+-,Q�
(a0, a1, . . . , ad−1)

/�1B�! "�0<w���!�!+4O5�
Zd  C�;3F��<-<�O5/�/;��=D+-,C�����53+-,��! "�¢'C�;3!+43

~x1
��U5U5U5�

~xd
+-,´�>'�/;:.,"=.�5=�+-,H�����!#���<

(−li, li)
�"+cU ��U

(a0, a1, . . . , ad−1)
'���<4/;,.*%3}��/�pO5��,Q�!�t��<-<-&X3!&�JpJ>���!�!+4OAEC���t��<-<4��<4��E.+-E)�5=2U ��#%���!&qEC���t��<-<4��<4��E.+-E��5=´O5/;,H�t��+-,"3F/;,.<-&RY",.+-����<-&PJ|��,H&<w���!�!+4O5�AE)/;+-,H��3MU¹{���}:"3}J>��,Q�!+4/;,e�! C���},"/;�t���!+4/;,

C(l1, l2, . . . , ld)
+43}?%��E.�}+-,e�;O5O5/;��="��,"O5�p8G+-�! I@'& Bs��8G "�����

%�?Q+-&H��J|�qY","=.3¢3�/;J>�>O5/;,"=D+-�!+4/;,"3¢1�/;�
Fin(β)

��/P')�>�q�!+-,.*��;O5O5/;��=D+-,.*���/q�! "�pE.��/;E)���!�!+4�53�/�1
C(l1, l2, . . . , ld)

U I�:.����+-J� "�����K+439��/}:"3��7�! .+43�3����{1T/;��=.�������!Jp+-,.+-,.*A�! "�S'�/;:.,"=.3�/;,(�! "�S<4��,.*��! /�1��! "�
β
rT1a�t�;O��!+4/;,C��<�EC���!�@/�1��! "�A���53!:.<-��3$/�1��;=.=D+-�!+4/;,"3���,"=PJ0:.<-�!+-E.<-+4OL���!+4/;,"3}+-,

Zβ
U

� >H��B���� ; � ; ��� �0·�f�`
β
¤�f´b´dK_w�5k�`¢i"��±|¤�fz�Xk��X^QfT�;��f�f

d �
b;ij^og-f�`

H2 � H3 � ����� � Hd
¤�f^Hf ��i�f!^P¤z� 6 )DU'&��.7 � �{�Df�i

L⊕(β) ≤ max{fp(r) | r ∈ Fin(β) ∩ C(1, 3H2, 3H3, . . . , 3Hd)} ,

L⊗(β) ≤ max{fp(r) | r ∈ Fin(β) ∩ C(1,H2
2 +H2, . . . ,H

2
d +Hd)} .dS�!kLk�� � (S/;,"3!+4=.��� x, y ∈ Zβ

3!:"O� X�! C���
x+ y > 0

�
x+ y ∈ Fin(β)

US�����
z := max{w ∈ Zβ |

w ≤ x+ y} USvK "��, r := x+ y − z
+43G�! "�

β
rT1a�t�;O��!+4/;,C��<�EC���!��/�1

x+ y
��,"=P�! Q:"3

r ∈ Fin(β)��,"=
fp(r) = fp(x+y)

�Q��,"=
0 ≤ r < 1

U��@:.J0'�����3
x, y, z

')��<4/;,.*¢��/A�! "�$�!+-,.*
Z[β]

��,"=p "��,"O5���<43�/
r ∈ Z[β]

U�¶.��/;J �! "�F�!�!+w��,.*�<4�¢+-,"���Q:C��<-+-�s&
|r(i)| = |x(i) + y(i) − z(i)| ≤ 3Hi1T/;�>��<-<

i = 2, 3, . . . , d
U�vK "�����z1�/;���

r
'���<4/;,.*%3(��/��! "�RY",.+-���P3����

C(1, 3H2, 3H3, . . . , 3Hd)
�8G .+4Ot \��/;*%���! "���R8G+-�! \�! "��=.�zY",.+-�!+4/;, /�1

L⊕(β)
*�+-#%�53|�! "�´3!�t������J>��,Q�R/�1¢�! "�X�! "�5/;����J 1T/;��;=.=D+-�!+4/;,uU7vK "�F:.E.E����$')/;:.,"=V/;,

L⊗(β)
+43@/;'.�t��+-,"�5=���,C��<4/;*�+4OL��<-<-&%U

��� ����� � � ���#� � � � ��+ � ��+
β
0 +�� � ����+ � +��

x3 = 25x2 + 15x + 2
o�F��E.E.<-&IvK "�5/;����J )DU')DU �F/;,

β > 1
3t/;<-:.�!+4/;,q/�1��! "�����Q:C���!+4/;,

x3 = 25x2 + 15x+ 2
U����5OL��<-<�! C���K3!:"O� 

β
3t���!+43�YC�537�! "��O5/;,"=D+-�!+4/;,"3K/�1�����/;E)/�3!+-�!+4/;, )DU'&DU ��)�1�/;�7'�/;�! qO5/;,;� :.*H�����53

β′
�
β′′

��,"=�! Q:"3@vK "�5/;����J &DU'&DU'NpOL��,.,"/;��'��F:"3t�5=R1�/;�$=.�������!Jp+-,.+-,.*I�! "�A'�/;:.,"=.3@/;,
L⊕(β)

�
L⊗(β)

UvK "� � 
�,Q&Q+{�zyDEC��,"3!+4/;,´/�1�:.,.+-��+43
dβ(1) = (25)(15)(2)

UA�Q+-,"O5�¢�! "�¢Jp+-,.+-J|��<�E)/;<-&Q,"/;Jp+w��</�1
β
3t���!+43�YC�53G�! "�0�;3�3!:.JpE.�!+4/;,"3@/�1�vK "�5/;����J )DU ��U')D�.�! "��3����

Fin(β)
+43@�(�!+-,.*"U



O�: ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


6 ,|OL�;3��G�! C���S3�/;J>�$/�12�! "�@��<-*%��'.�t��+4O}O5/;,;� :.*H�����537/�1
β
+437�F���L��<j,H:.J0'����L�Q�! "�$')/;:.,"=.3�1���/;JvK "�5/;����J )DU')DU �AOL��,P')�}���zY","�5=2U�6s,P/;:.�$OL�;3��

β
+43K��/;�t��<-<-&R���L��<cU�¹u���

x ∈ Zβ
�
x =

∑n
i=0 aiβ

i U�Q+-,"O5�
β′ < 0

�.8S�A C�5#%�

x′ =
n∑

i=0

ai(β
′)i ≤

n∑

i=0,
i 4�� 4��

ai(β
′)i <

∞∑

i=0

(25)(β′)2i =
25

1 − β′2
=: H1 .

vK "�A<4/M87���@')/;:.,"=V/;,
x′
+43
x′ =

n∑

i=0

ai(β
′)i ≥

n∑

i=0,
i � ���

ai(β
′)i > β′H1 .

�Q+-Jp+-<w���!<-&R1�/;�
x′′
8S�¢/;'.�t��+-,

β′′H2 < x′′ <
25

1 − β′′2
=: H2 .

(S/;,"3!+4=.���
x, y ∈ Zβ

3!:"O� ´�! C���
x + y > 0

U %�*H��+-,u�C�! "�
β
rT1��t�;O��!+4/;,C��<�EC���!�F/�1

x+ y
 C�;3}�! "�1T/;�!J

r = x+ y − z
1�/;�$3�/;J>�

z ∈ Zβ
U�vK Q:"3

(2β′ − 1)H1 = β′H1 + β′H1 −H1< r′ = x′ + y′ − z′ <H1 +H1 − β′H1 = (2 − β′)H1

(2β′′ − 1)H2<r
′′ = x′′ + y′′ − z′′< (2 − β′′)H2

o�@ C�5#%��:"3��5=|�¢O5/;JpE.:.�����S��/¢OL��<4O�:.<w�����}�zy�E.<-+4O�+-�!<-&p�! "��3����B/�12����J|��+-,"=.����3
r = A+Bβ+

Cβ2 � A,B,C ∈ Z
�D3t���!+43�1�&Q+-,.*

0< A+Bβ + Cβ2 < 1

(2β′ − 1)H1< A+Bβ′ + Cβ′2 < (2 − β′)H1

(2β′′ − 1)H2<A+Bβ′′ + Cβ′′2< (2 − β′′)H28G "�����A1T/;�
β′
�
β′′

87�¢:"3��A,H:.J>���!+4OL��<�#;��<-:"�53M�H6�3��5�0���5O��!+4/;, )DU'&DU *�7zUBvK "��3t���G C�;3
��)p��<4��J>��,Q��3L�8G .+4O� I87��3! C��<-<","/;�B<-+43��� "������U�¶"/;�7��#%���!&p��<4��J>��,H�K/�1)�! "�@3�����8S�G C�5#%�@1T/;:.,"=p�! "�$O5/;�!���53!E)/;,"=�r+-,.*
β
rs�zyDEC��,"3!+4/;,uU�vK "�AJ|�nyD+-J|��<u<4��,.*��! X/�1��! "�

β
rT1��t�;O��!+4/;,C��<{EC���!�G+43
�DU�vK H:"3

L⊕(β) ≤ 5
U

I�,V�! "��/;�! "���$ C��,"=2�D1T/;� 〈x〉β = 〈y〉β = (25)(0)(25)•
/;,"�A C�L#%�

〈x+ y〉β = (1)(24)(12)(11)•(23)(0)(14)(13)(2) .

vK H:"3@87�A C�L#%�A1T/;:.,"=q�! "�¢�zy"�;O��G#;��<-:"�
L⊕(β) = 5 .

6 ,I/;��=.���S��/0/;'.�t��+-,R')/;:.,"=.3S/;,
L⊗(β)

��87�� C�5#%�FO5/;JpE.:.���5=R�! "�$<-+43!�K/�1���<-<
r = A+Bβ+

Cβ2 � A,B,C ∈ Z
�D3t���!+43�1�&Q+-,.*p�! "�¢+-,"���H:C��<-+-�!+4�53

0< A+Bβ + Cβ2 < 1

β′H2
1 −H1< A+Bβ′ + Cβ′2 <H2

1 − β′H1

β′′H2
2 −H2<A+Bβ′′ + Cβ′′2<H2

2 − β′′H2
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 O �

6 ,(�! .+43�OL�;3��K87�K C�L#%�$/;'.�t��+-,"�5= N�* � �GOL��,"=D+4="�����537/;,p�! "�
β
rT1a�t�;O��!+4/;,C��<"EC���!�7/�1jJ�:.<-�!+-E.<-+4OL���!+4/;,uUvK "��<4/;,.*%�53!��/�1��! "��J¨ C�;3 9(=D+-*�+-��3LUKvK "��<4/L87���F')/;:.,"=V+43�/;'.�t��+-,"�5=V#�+w�pJ�:.<-�!+-E.<-&�+-,.* 〈x〉β =

〈y〉β = (25)•
'��5OL��:"3��

〈x× y〉β = (24)(10)•(21)(24)(16)(7)(16)(13)(2) .vK "�����z1T/;���
L⊗(β) = 7 .

¹{���@:"3$J>��,Q�!+4/;,��! C�����! "����')/L#%�¢J>���! "/�=XOL��,�'��0��E.E.<-+4�5=���<43�/>1�/;�@�zy"��JpE.<4�¢��/>�! "��OL�;3��/�17v{�!+-'�/;,C�;O5O�+B,H:.J�')���L�2'.:.�A�! "��')/;:.,"=.3A/;'.�t��+-,"�5=�+-,´�! .+43F8K�5&e������,"/;�A'����!�����F�! C��,e�! "/�3��1���/;J vK "�5/;����J &DU'&DU'NDU o�¢*%���
L⊕(β) ≤ 6

�
L⊗(β) ≤ 6

U
� ��� �   �4" � 	 � ��� � �&� 	 " �! ���� � 	H" � 	 � � ���,"�� ���

%}3(87�P C�L#%�X3��5��,¬�L���!<-+4���L�K3!:.E.E)/�3��q�! C���
β
3����!+43�YC�53p�! "�X�;3�3�:.JpE.�!+4/;,"3>/�1FvK "�5/;����J )DU ��U')DU

%}3>��O5/;,"3����Q:"��,"O5���B�! "�P3!:.J /�1F�s8S/
β
rc+-,H����*%����3IOL��,x'��P/;'.�t��+-,"�5=¬'H&x��Y",.+-���P,H:.J0'����|/�1�!�t��,"3�O��!+-E.�!+4/;,"3M�"�;3G=.�53�O��!+-'��5=R+-,q�! "�FE.��/�/�1�U8I�,q�! "�A/;�! "���K C��,"=2�D87�F?�,"/L8 6�vK "�5/;����J &DU ��U 9�7�! C���K��#%���!&

x ∈ Q(β)
 C�;37Y",.+-���F/;�S��#%��,Q�!:C��<-<-&|E)���!+4/Q=D+4O

β
rs�zyDEC��,"3!+4/;,R1�/;�K��,H&R��+43�/;�S,H:.J�')���

β
U0vK "�����z1�/;���(+-�F8S�;3 �H:.+-�������L�;3�/;,C��'.<4�p��/R�!�!&���/RY","=���,Z��<-*%/;�!+-�! .J E)����1T/;�!Jp+-,.*X�;=.=D+-�!+4/;,u�8G .+4Ot �8S/;:.<4=�O5/;JpE.<-&V8G+-�! ´��#%��,H�!:C��<-<-&VE)���!+4/�=D+4O0�zyDEC��,"3!+4/;,"3L����,"=2�CJ>/;���5/M#%���L�j8G .+4Ot �8S/;:.<4=8S/;�!?R+-,X��,Q&P��+43�/;�$,Q:.J>���t���!+4/;,�3!&D3!����JVU6 ,R�! .+43G3��5O��!+4/;,P87�}E.���53���,Q�$3!:"O� X��,V��<-*%/;�!+-�! .J � /;�G3!�!�!+4O��!<-&I3!E)�L��?�+-,.*�� 8S�FE.���53���,H�@�*%��,"���t��<�,"/;�!J|��<-+-�M���!+4/;,Z��<-*%/;�!+-�! .J�3!:.E.E.<4��J>��,Q���5=�'H&��|E.��/QO5�5=D:.��������<-<-+-,.*q "/L8���/qO5/;JpE.:.����
β
rc����E.���53���,Q�t���!+4/;,´/�1��! "�A���53!:.<-�G')�z1T/;���� C��,"=2U

��� � ��� � +���� � ���#� � �
β �
- � ��- � 0 � � � � � ��+ � + � ��� � 0 � �

%}3287�B C�5#%�BJ>��,H�!+4/;,"�5=(��'�/M#%���! "�7��<-*%/;�!+-�! .J«+43{O5/;JpE)/�3��5=¢/�1.�s8S/@EC���!��3	�2�! "��Y"��3!�{/;,"�7O5/;,"3!+43!�+-,VO5/;JpE.:.�!+-,.*q�
β
rc����E.���53���,H�t���!+4/;,´/�19�! "�F���53!:.<-� 6a:"3!:C��<-<-&I,"/;,Dr �;=DJp+43t3!+-'.<4����,"=P,"/;�$/M#%���$�! "�OL��,"/;,.+4OL��<���<-E. C��'����17z�.�! "��3��5O5/;,"=V/;,"�¢O5/;,"3!+43���3G+-,V,"/;�!J|��<-+-�M���!+4/;,�/�1�3!:"Ot �������E.���53���,Q�t���!+4/;,uUvK "�A "�L���!��/�19�! "�FE.��/�O5�53�3G:"3��5=X=D:.�!+-,.*>�! "�FY"��3!�$3!����EP<-+4�53@+-,P�! "�F1T/;<-<4/L8G+-,.*>� 87/p1c�;O���3LU

��!"�.� ; � � ��� �¢·{f�`
xk · · · x0•x−1 · · · x−m(x−m−1x−m−2 · · · x−m−p)

ω ¤tfqb
β �
�!f �j�!fz�5fziC`cb%`�_�k;ik��Abp��f!b;g2iC�Q±|¤�fz�

x �
�{�Df�i

xk · · · x0•x−1 · · · x−mx−m−1(x−m−2 · · · x−m−px−m−1)
ω _w�Ab;g²��kb

β �
��f �j��f��5f�iC`cb�`�_Tk;iZk��

x �
��!"�.� ; � � � , �¢·{f�`

xk · · · x0•x−1 · · · x−m(x−m−1x−m−2 · · · x−m−p)
ω ¤tfqb

β �
�!f �j�!fz�5fziC`cb%`�_�k;ik��qb´�!f�b;gKi"�Q±|¤�f��

x �
�{�.fzi

xk · · · x0•x−1 · · · x−m((x−m−1x−m−2 · · · x−m−p)
l)ω

_��Rb;g²��keb
β �
�!f ���!f��LfziC`cb�`�_Tk;iZk��¢`a�.f¢iC�Q±|¤�fz�

u �
�5k;�0b;i"� �.k���_�`�_�l;f¢_aiC`sfT�Qfz�

l ∈ N �
�}3!+-,.*¢E)���!+4/�=p�!�t��,"3�1T/;�!J|���!+4/;,"37=.�53�O��!+-')�5=p'Q&p'�/;�! >E.����#�+4/;:"3�1c�;O���3�8S�������@��'.<4�@��/¢/;'.�t��+-,�! "��=.�53!+-���5=�����E.���53���,H�t���!+4/;,o/�1

x + y
1T/;�}��,H&

x, y
8G+-�! ���#%��,H�!:C��<-<-&XE)���!+4/�=D+4O

β
rs�zyDEC��,"3!+4/;,"3LU¶9+-��3!�K87�A3� .+h1a�K�! "�FE)���!+4/Q=q/�1

x
/;�
y
3�/��! C���K�! "��&R3!�t���!�K8G+-�! X�(O5/��z~|O�+4��,H�$')��<4/;,.*�+-,.*p��/��! "�3t��J>�}E)/L8S���$/�1

β
U�vK "��,P87�F3!�!������Ot P�! "�FE����!+4/�=.3S��/��! "�F<4��,.*��! V���H:C��<)��/��! "�}<4�L�;3!�$O5/;JpJ>/;,J0:.<-�!+-E.<4�0/�1��! "��+-�}/;�!+-*�+-,C��<�<4��,.*��! "3LU@¶�+-,C��<-<-&%�j�! "�0���53!:.<-�@+43�/;'.�t��+-,"�5=X'Q&��p3!+-JpE.<4��=D+-*�+-��rc8G+43���;=.=D+-�!+4/;,uU



O�& ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


������������� �$¹{���
x
��,"=

y
 C�5#%�¢1�/;<-<4/M8G+-,.*>����E.���53���,H�t���!+4/;,"3

〈x〉β = 1•13(312)ω ,

〈y〉β = 2•0212(10)ω .

%GO5O5/;��=D+-,.*|��/(�! "�¢+-,"3!�!�!:"O��!+4/;,"3L�.8S�¢�! "�A3! .+h1��GE����!+4/�=P/�1 〈x〉β &(E�/�3�+-�!+4/;,"3G��/(�! "�A<4�z1��
〈x〉β = 1•1331(231)ω ,

〈y〉β = 2•0212(10)ω ,

��,"=V3!�!������Ot V')/;�! VE����!+4/�=.3G��/(�! "�A<4��,.*��! O
〈x〉β = 1•1331(231231)ω ,

〈y〉β = 2•0212(101010)ω .

�@��E.���53t��,H�t���!+4/;,�/�1
x+ y

+43G�! "��,X/;'.�t��+-,"�5=X'H&q=D+-*�+-��rc8G+43����;=.=D+-�!+4/;,
(x+ y)β = 3•1543(332241)ω .

������� � �*+.- � ���� � � ����+ � �� �.+.- ��� ���
¶"/;�q�! "��3!+-JpE.<-+hYCOL���!+4/;, /�1��! "��1T/;<-<4/L8G+-,.*¬=.�53�O��!+-E.�!+4/;, /�1��! "�e��<-*%/;�!+-�! .JV��87�o�;=.=D+-�!+4/;,C��<-<-&�����Q:"�53!�I� 87/��t���! "���q���5O� .,.+4OL��<0O5/;,"=D+-�!+4/;,"3P/;,\�! "�´����E.���53���,Q�t���!+4/;,u��,C��J>��<-&%��87�´8K��,H�P�! "�+-,.E.:.�K����E.���53���,H�t���!+4/;,´�;3B8S��<-<{�;37�! "�}/;:.�!E.:.�G�zy�EC��,"3�+4/;,R��/0 C�5#%�A��JpE.� &|+-,Q����*%���SEC���!�L�D8G .+4Ot OL��,V')�A3!+-JpE.<-&P�;O5O5/;JpE.<-+43! "�5=V'Q&RJ0:.<-�!+-E.<-+4OL���!+4/;,�'Q&q�>3!:.+-�t��'.<4�AE)/L87����/�1

β
U

< �=�	�B� �=��>�� ; � � � ; � ��������� �}b
β �
��f �j��f��5f�iC`cb�`�_Tk;i � `a��b%`�_�� � b(�Lf!µ��"fzij�tf s = 0•s1s2s3 · · ·

k;l;fz�b ��i"_�`sf�b;g �C��bQ¤�f�`Gk���^;_-�;_�`a� �
�����	����� � ° �5f�µ��.f�ij�tf

ŝ = 0•ŝ1ŝ2ŝ3 · · ·
k�l�fz�0`a�.f0�tb;ijk;i"_T��b;g9b;g �j��bH¤�f�`

Aβ
�z�D���P`a�Db�`

πβ(s) =
πβ(ŝ) ��¢k%`sf�`a�Db�` �5k;����g-b;�z_a`��I�!f!b;��k;i �7f�k;±(_a`

0•

_aio¤!k�`a�
s
b;ij^

ŝ �

 08��	���
� � >����= �H�B��������	�����������

(s)
���

�
s :=

��������� �
(s)
�

 ���!���"��#$�&%('&')�*#+#$���,'&�
(s)
�

- � >��
�
 ∃ i : si < 0
���

.
s :=

��������� �
(s)
�

/ ���!���"��#$�&%('&')�*#+#$���,'&�
(s)
�

0
ŝ := s

�
1 0�H�

�}/L8�87�08G+-<-<�3���EC���t������<-&�=.�53�O��!+-')�0�! "�¢1�:.,"O��!+4/;,"3A��E.E��L���!+-,.*q+-,´�! "����<-*%/;�!+-�! .JVUF¹u���
s(i)=.��,"/;���A�! "�A3����Q:"��,"O5�

s
+-,q+-��3$3!�t�����F')�z1T/;�����! "�

i
rc�! P�!�t��,"3�O��!+-E.�!+4/;, 6a�!�t��,"3�O��!+-E.�!+4/;,"3}�����F=./;,"�



� ��� � �;� � � ������� � � � � 
 �.� ����� ����� ��� ��� 
 �	
 ��� � 
 O�)

'Q&q1a:.,"O��!+4/;,"3���������� � ��,"= ��������� � 7zU�§}:.�!+-,.*|�! "��=.�53tO��!+-E.�!+4/;,´/�1��! "�A1�:.,"O��!+4/;,"3�87�08G+-<-<{:"3���! "�B1�/;<-<4/M8G+-,.*F,"/;�t���!+4/;, �{+h1
w = w1w2 · · ·

+43��@87/;��=��! "��,
s⊕k w

=.��,"/;���539�! "�B8S/;��=(/;'.�t��+-,"�5='Q&R=D+-*�+-�$8G+43t���;=.=D+-�!+4/;,X/�1
w
��/
s
3!�t���!�!+-,.*p1���/;J �! "�AO5/Q�z~|O�+4��,Q�

sk
�"�! C���$+43

s⊕k w := s1s2 · · · sk−1(sk + w1)(sk+1 + w2) · · · .

�F���������
�	� ��������� �
(s)

� ¹u���P:"3q,"/;�����! C���V=D:"�´��/��! "�´O5/;,"=D+-�!+4/;,«/;,®�! "��<-+-,"�
5
/�10�! "���<-*%/;�!+-�! .JV�)�! "�(3����Q:"��,"O5�

s(i)
 C�;3F/;,.<-&V,"/;,Drc,"��*H���!+-#%�pO5/��z~|O�+4��,H��3���#%���!&X�!+-J>�0+-�}+43}:"3��5=��;3�0EC���t��J>��������/�19�! "�}1a:.,"O��!+4/;, ��������� �0UDvK .+43G+-JpE.<-+4�53@�! C���G�! "�F,"/;,Dr �;=DJp+43�3!+-'.+-<-+-� &q/�1

s(i)
 C�;3��/(')�AOL��:"3��5=P'Q&P�01c�;O���/;�$�! C���$+43K<4�zyD+4O5/;*��t��E. .+4OL��<-<-&V*����L�������$�! C��,

d∗
β(1)

U¹{���
Ai
')�F�! "�¢3!J|��<-<4�53!�$+-,Q����*%���@3!:"Ot V�! C���

σAi(s(i)) ≥ 3�4(5 d∗
β(1) ,

6 )DU'&�O.7
�! "��,V�! "�F�!�t��,"3tO��!+-E.�!+4/;,X:"3��5=P��/('C��,.+43� V,"/;,Dr �;=DJp+43�3!+-'.+-<-+-� &�6 )DU'&�O.7K+43

s(i+1) := s(i) ⊕Ai 1 t1 t2 · · · .
6 )DU'&.9�7

I�'Q#Q+4/;:"3�<-&%�C�! "���!�t��,"3�O��!+-E.�!+4/;, 6 )DU'&.9�7GJ|�5&VO����L�����03�/;J>�¢,"��*H���!+-#%��O5/Q�z~|O�+4��,Q��3@+-,
s
USvK "���<-*%/;�!+-�! .J�=.�L��<43{8G+-�! ��! "��J�'H&A:"3!+-,.*F��,"/;�! "�����!�t��,"3�O��!+-E.�!+4/;,u�;*�+-#%��,�'H&A�! "�B1�:.,"O��!+4/;, ��������� �FU

I�,"�>OL��,[3��5� 6a<-+-,"� �P/�1K�! "�|��<-*%/;�!+-�! .J 7F�! C�����! .+43F1a:.,"O��!+4/;,[+43A:"3��5= 6T�n1��������L�;O� [�!�t��,"3�O��!+-EDr�!+4/;,�6 )DU'&.9�7C77����E��L�����5=D<-&V�;3G<4/;,.*I�;3$�! "�����������¢��,H&q,"��*H���!+-#%��O5/��z~|O�+4��,H��3MU
�F���������
�	� �)������� �

(s)
� ¹u���I:"3R+-,"3!E)�5O��|�! "�XY"��3!�q3!����E /�1¢�s&�E��

B
�G=D+-���5O��!<-&¬1T/;<-<4/L8G+-,.*¬�

3!����E¬/�1}�s&�E��
A
U�¹u���

Bi+1
')�q�! "�P3!J|��<-<4�53!�p+-,Q����*%���|3!:"Ot ¬�! C���

s
(i)
Bi+1+1 < 0

U�vK "��,x�! "��!�t��,"3�O��!+-E.�!+4/;,�:"3��5=q+43
s(i+2) := s(i+1) ⊕Bi+1

1 t1 t2 · · · .
6 )DU'&�N.7

I@1CO5/;:.��3t����/;,"�73!+-,.*�<4�7:"3��7/�1"�! .+43��!�t��,"3tO��!+-E.�!+4/;,(=./��53�,"/;�� C�L#%�7��/�'C��,.+43! p��<-<Q�! "�7,"��*H���!+-#%�O5/��z~|O�+4��,H��3L�H+-��OL��,>��#%��,>O����L�����$/;,"�K,"��8 6a,C��J>��<-&��! "�$O5/Q�z~|O�+4��,Q�7���
β−Bi+1

7zU9�}��#%���!�! "��<4�53�3L�+-�K1T/;<-<4/L8$3$1a��/;J 6 )DU'&�O.7G�! C���$�! "�����¢�zyD+43!��3
r ≥ Ai + 1

3!:"Ot V�! C���
s
(i)
Ai+1 · · · s

(i)
r−1 ≡ t1t2 · · · tr−Ai−1

��,"=
s(i)r > tr−Ai ,

 "��,"O5���C�n1������@��E.E.<-&�+-,.* 6 )DU'&.9�7S��/
s(i)

s
(i+1)
Ai+1 = 0, . . . , s

(i+1)
r−1 = 0

��,"=
s(i+1)
r > 0 ,

6 )DU'&��.7
8G "�����(,"�5O5�53�3����!+-<-&

Bi+1 ≥ r
U06c1S�! "�����(����J|��+-,"3��I,"��*H���!+-#%�>O5/Q�z~|O�+4��,Q�¢+-,

s(i+2) �! "��,e+-�F+43��+-�! "����/;,"�>/�1G�! "/�3��>O����L�����5=o+-, ��������� � 6�/;��3!�!�!+4O��!<-&e3!E)�L��?Q+-,.*X+-�¢+430�q,"��*H���!+-#%�IO5/Q�z~|O�+4��,Q�O����L�����5=©'H& 6 )DU'&.9�7���E)/�3�3!+-'.<-&Z+-,"O����L�;3��5=x�n1a�����!8K����=.3p'H&©3�/;J>�
tp
'H& 6 )DU'&�N.7 7z��/;�(+-�(+43(��O5/�r

�z~|O�+4��,Q� −1
���
β−Bi+1

6a�! .+43(+43�E)/�3�3!+-'.<4�R+-,��! "�qOL�;3��R8G "��,©8S�R C�;=
s
(i+1)
Bi+1

= 0
7zUZ6s,©�! "�<w�������BOL�;3t�$3���#%���t��<",Q:.J�')����37/�123!:"O5O5�53�3!+-#%����E.E.<-+4OL���!+4/;,"37/�1 6 )DU'&�N.798G+-<-<j'C��,.+43! >�! "�GJ>��,Q�!+4/;,"�5=O5/��z~|O�+4��,H� −1

UK�Q+-,"O5�A�! "���!�t��,"3�O��!+-E.�!+4/;, 6 )DU'&�N.7G8G+-<-<{��#%���!&q�!+-J>��3! .+h1��G�! .+43 −1
/;,"�¢E)/�3!+-�!+4/;,��/q�! "�p<4�z1��0�;3A<4/;,.*´�;3A�! "�����p+43��q�L����/V+-,�1a��/;,Q��/�1G+-�L�u�! "�p�zy"�;O��¢,H:.J0'�����/�1S�! "�53��|3!����E"3A+43



O�* ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


*�+-#%��,|'Q&0�! "�@,H:.J0'����S/�1��L����/�3B'���� 87�5��,
s
(i+1)
Bi+1+1

��,"=>+-��3�Y"��3!��,"/;,Drc�L����/�,"��+-*� H')/;�B��/A�! "�G<4�z1��LUvK "�¢�zyD+43!����,"O5�¢/�1�3!:"O� X�p,"/;,Drc�L����/>O5/Q�z~|O�+4��,Q�@+43$��,"3�:.���5=P'H& 6 )DU'&��.7�U¶9+-,C��<-<-&%�B3�+-,"O5�q87�qO����L�����5=¬/;,.<-&©�XY",.+-���q,Q:.J�')���>/�1�,"��*H���!+-#%�PO5/��z~|O�+4��,H��3>+-, ��������� ����n1������7�FY",.+-���@,H:.J�')���K/�1)��JpE.<4/M&QJ>��,Q�K/�1 ��������� ��8S�$8G+-<-<�/;'.�t��+-,R�A����E.���53t��,H�t���!+4/;,u�D3t�5&
s(j)

�1T/;�!J>�5=©/;,.<-&['H&o,"/;,Drc,"��*H���!+-#%�XO5/Q�z~|O�+4��,Q��3LU�(S/;,"3����Q:"��,H�!<-&%�
s(j)

+43(��+-�! "���|�;=DJp+43�3!+-'.<4�P��,"=�! "����<-*%/;�!+-�! .Jº3!��/;E"3 6a'H&R�! "�¢O5/;,"=D+-�!+4/;,´/;,P<-+-,"�
2
7z�"/;����,"/;�! "���@3!����EV/�1��s&�E)�

A
1T/;<-<4/L8$3MU

o�B*�+-#%��')��<4/L8©��,��zy.��JpE.<4�B+-<-<-:"3!�!�t���!+-,.*}�! "�B3�/K1c���{=.�53�O��!+-')�5=A1�:.,"O��!+4/;,"39/�1D�! "�7��<-*%/;�!+-�! .JVUvK "�A1�:.,"O��!+4/;, ���!���"��#$�&% '&')�*#+#$���,'&�M��8G .+4Ot �+43@:"3��5=V��/I3!��/;EV�! "�0�!:.,.,.+-,.*I/�1��! "�0��<-*%/;�!+-�! .Jº+-,J>/;���RO5/;JpE.<-+4OL�����5=[OL�;3��53M��+43�,"/;��,"�5O5�53�3����!&e "�������93t/V87�IE)/�3!�!E�/;,"�>+-��30=.�53�O��!+-E.�!+4/;,[1T/;���! "�J>/;J>��,H�LU
������������� ��¹{���

d∗
β(1) = 3(12)ω U�o�S8G+-<-<"�;=.=��! "�B,Q:.J�')����3 〈x〉β = 1

��,"= 〈y〉β = 312
U�vK "�

β
rc����E.���53���,Q�t���!+4/;,o/�1B�! "�����53�:.<-��+43

(x + y)β = s(1) = 0313
UFvK "��E.��/�O5�53�3F/�1��!�t��,"3�O��!+-E.�!+4/;,"31T/;<-<4/L8$3

��UG6 ,P�! "�FY"��3!�$3�����E
A1 = 2

�"��,"=V87�¢/;'.�t��+-,
s(2) = 1001(1 2)ω U

&DUGvK "�����7+43��G,"��*H���!+-#%�7O5/��z~|O�+4��,H�9+-,��! "�B����E.���53���,H�t���!+4/;,u�� "��,"O5�B�! "�BO5/;,"=D+-�!+4/;,(/;,�<-+-,"�
5
+43EC�;3t3��5=>��,"=(�! "�K,"�zy���3�����Ep+43�/�1j�! "�K�s&�E)�

B
U o�K C�5#%�

B2 = 4
��,"=

s(3) = 10002(11)ω U
)DU@�Q+-,"O5�R�! "�����I+43(3!�!+-<-<K�X,"��*H���!+-#%�qO5/Q�z~|O�+4��,Q� 6

s
(3)
6 = −1

7z���! "�RO5/;,"=D+-�!+4/;,x/;,[<-+-,"�
5
+43EC�;3t3��5=X��*H��+-,uU�vK .+43G�!+-J>�

B3 = 5
��,"=V "��,"O5�

s(4) = 100012(21)ω U
*"U�����E.���53���,H�t���!+4/;,

s(4)
O5/;JpE.:.���5=X+-,P�! "�AE.����#Q+4/;:"3�3!����EV=./��53G,"/;�$O5/;,H�t��+-,���,H&q,"��*H���!+-#%�O5/��z~|O�+4��,H�L�j��,"=2�QJ>/;���5/M#%���L�D+-�S=./��53S,"/;�7EC�;3t37�! "��,"/;,Dr �;=DJp+43�3!+-'.+-<-+-� &RO5/;,"=D+-�!+4/;,P/;,q�! "�<-+-,"�

2
UBvK "�����z1�/;���A+-�@+43G�! "�F8S��,Q���5=

β
rs�zyDEC��,"3!+4/;,X/�1

x+ y
U

�F���H�.���=��� ���!���"��#$�&%('&')�*#+#$���,'&�
(s)

� vK "�G��<-*%/;�!+-�! .J J|�5&�3!��/;E�+-,�� 87/FE)/�3�3!+-'.<4�78S�L&�3LU ��+-�! "���'H&(1�:.<hY"<-J>��,H�K/�1u�! "���;=DJp+43t3!+-'.+-<-+-�s&|O5/;,"=D+-�!+4/;,q/;,|�! "�@<-+-,"�
2
��/;�B'H&(Y","=D+-,.*p� Ls���zrs/�O5O�:.�!����,"O5���/;,V<-+-,"�

4
/;�

7
U�vK "�¢+4=.�L�p/�19�! "�¢���zrs/QO5O�:.�!����,"O5��+43K'C�;3��5=P:.E)/;,V�! "�}1�/;<-<4/M8G+-,.*>1c�;O��LU

��!"��� ; � � � � �K·{f5`
s(i)

b�ij^
s(j)

¤�f¢` �Bk
β �
��f �j��f��5f�iC`cb�`�_Tk;i.�FkQ¤�`cb;_ai�f!^(_aiX��k;���t�LfAk��}`a�Df�ijk;�z±>b;g �_4³Lb�`�_Tk;i � ���.�z�V`a��b�`

s(i) = w u vω ,

s(j) = w z u vω ,

���Dfz��f
w ∈ A∗

β

_���`a�DfAghk;i��Hf��z`��tk;±(±pk�i �j��f � 
|k��
s(i)

b;i�^
s(j) � u, v ∈ Z∗ � z ∈ A∗

β

b�ij^
Aj >

|wz| k�� Bj > |wz| � ^Hf �.fzij^;_aiQ��k;io`a�Df(`�� �.f|k��0`a�Df j � `a���z`sf � � � �{�Df�i �7f ��_ag�g{���"¤��5f!µ5�.fzij`�g²�kH¤�`cb�_�i
s(i+2(j−i)) = w z z u vω ,

s(i+3(j−i)) = w z z z u vω ,

...



� ��� � �;� � � ������� � � � � 
 �.� ����� ����� ��� ��� 
 �	
 ��� � 
 O��

�}��,"O5�R�! "�R���zrs/QO5O�:.�!����,"O5�P=D:.�!+-,.*e�! "�R,"/;�!J|��<-+-�M���!+4/;,¬8G+-<-<GO5/;J>�R+-,H��/�')��+-,.*�+h1$1�/;���s8S/3!����E"3M�.3t�5&
i
��,"=

j
8G+-�! 

i < j
��1T/;<-<4/L8G+-,.*I+43K1�:.<hY"<-<4�5=

• ')/;�! >3!����E"3������$/�1��! "�G3t��J>�K�s&�E)���%��+-�! "���B/�1)�! "�K�s&�E��
A
8G+-�! 

Ai < Aj
6T��,"=(8S�$=.��,"/;���

Hi = Ai
��,"=

Hj = Aj
7z�j/;�}/�1��! "��� &QE)�

B
8G+-�! 

Bi < Bj
6T��,"=�87��=.��,"/;���

Hi = Bi��,"=
Hj = Bj

7zU
• +h1

w
+43G�! "�F<4/;,.*%�53!�@O5/;JpJ>/;,�E.���zY.yq/�1

s(i)
��,"=

s(j)
�! "��,

s
(i)
|w|+1 s

(i)
|w|+2 · · · = s

(j)
Hj−(Hi−|w|)+1 s

(j)
Hj−(Hi−|w|)+2 · · ·

• �! "�¢87/;��=
ŝ := s

(j)
1 s

(j)
2 · · · s(j)|w|

(
s
(j)
|w|+1 · · · s

(j)
Hj−(Hi−|w|)

)ω
+43@�;=DJp+43�3!+-'.<4�A+-,P�! "�

β
rc,H:.J>���t���!+4/;,�3!&�3�����JVU

6s1{��<-<C�! .���5�}O5/;,"=D+-�!+4/;,"3K������3t���!+43�YC�5=|87�}OL��,R3!��/;EI�! "����<-*%/;�!+-�! .J ��,"=>�����!:.�!,
ŝ
�;3B�! "�@���53!:.<-�L��! C���$+43M�"�;3G�! "�

β
rs�zy�EC��,"3�+4/;,�/�1

πβ(s(1))
U

o�SE.��/M#Q+4=.�G "�����$��,"/;�! "�����zy"��JpE.<4�����! .+43��!+-J>�KJ>/;���GO5/;JpE.<-+4OL�����5=|��,"=(�����Q:.+-�!+-,.*A�! "�K���53!�/�1����zrs/QO5O�:.�!����,"O5�¢1�/;�G�! "�0��<-*%/;�!+-�! .J ��/p')�A3!��/;E.E��5=2U
������������� ��¹u���

dβ(1) = 2011
�%+cU ��U

d∗
β(1) = (2010)ω U o�S8K��,H����/�Y","=(�! "�K3!:.J /�1 〈1〉β = 1��,"= 〈y〉β = 2

UGvK "��3!�t���!�!+-,.*I����E.���53���,H�t���!+4/;,�+43
(x+ y)β = s(1) = 03

UGvK "�¢�!:.,.,.+-,.*q/�1��! "���<-*%/;�!+-�! .J +43G�! "�}1�/;<-<4/M8G+-,.*I/;,"�
s(1) = 03

A1 = 1 s(2) = 11(0 1 0 2 )ω

B2 = 3 s(3) = 111(1010)ω

B3 = 2 s(4) = 101(1112)ω

B4 = 5 s(5) = 10110(1221)ω

A5 = 6 s(6) = 101102(0201)ω

A6 = 5 s(7) = 101110(0101)ω

B7 = 9 s(8) = 101110011(1020)ω

B8 = 8 s(9) = 101110001(1122)ω

A9 = 11 s(10) = 10111000112(0201)ω

A10 = 10 s(11) = 10111000120(0101)ω

B11 = 14 · · ·
6 ,"=.�5�5=2�

s(11)
+43K,"/;�$��,P�;=DJp+43t3!+-'.<4�

β
rs�zy�EC��,"3!+4/;,u�D'.:.�K+h1987�}<4/Q/;?R���S�! "�

7.
3!����EP��,"=q�! "�

11.3!����EP8S�¢3��5�F�! C���
• ')/;�! X�����¢/�1��! "�¢3t��J>�F� &QE)���.8G+-�! 9 = B7 < B11 = 14

�



O�O ��� � � ����� � � � ������� � � ������
 ���
β
� � � � � � 
 �����.


• �! "�A<4/;,.*%�53��@O5/;JpJ>/;,VE.���zY.yV/�1 s(7) ��,"= s(11) +43 w = 1011100
�C+cU ��U |w| = 7

�
• ����<4��#���,H�}3!:D~pyD�53 s(7)8 s

(7)
9 · · · = (1010)ω ��,"= s(11)13 s

(11)
14 · · · = (1010)ω �����A+4=.��,H�!+4OL��<c�

• �! "�A8S/;��= ŝ = 1011100(01200)ω +43��;=DJp+43�3!+-'.<4��U
�Q+-,"O5����<-<u�! "�AO5/;,"=D+-�!+4/;,"3}/�1����zrs/QO5O�:.�!����,"O5�������}1a:.<hY"<-<4�5=2�

ŝ
+43G�! "�FY",C��<u���53�:.<-�LU

� �����=��0�H�#�# �BA���>� �H�	��� !G��� � !4���=��� !G�
�B�B� �=��>�� ��¹u���
s(i)

��,"=
ŝ
')�K�;3�+-,p�! "�G=.�53tO��!+-E.�!+4/;,/�1 %�<-*%/;�!+-�! .J )DU *"U')DU�vK "��,e87�p=.��,"/;���('Q&

R(i)
�! "�(<4/;,.*%�53!�¢O5/;JpJ>/;,eE.���zY.ye/�1

s(i)
��,"=

ŝ
��! C���$+43L�/Ls�! "�0��<-���L�;=D&qO5/;�!���5O��@EC���!�@/�19�! "�¢����E.���53���,H�t���!+4/;,�'��z1T/;���F�! "�

k
rc�! X3!����EuU �

o�¢OL��,�=./�1�/;<-<4/M8G+-,.*I/;'"3����!#����!+4/;,"3@/;,P�! "�A<4��,.*��! �/�1
R(i)

U
• %K�(�! "�I'���*�+-,.,.+-,.*e/�1��L�;Ot �3�����E©/�1$� &QE)� A ��8S�| C�L#%� Ai ≥ |R(i)| U2I��! "���!8G+43���� s(i)8S/;:.<4=V')�A/�19�! "�A1�/;�!J =D�t�L8G,X+-,V¶9+-*�:.��� )DU *"U'&DU

s
(i)
1 s

(i)
2 · · · s(i)Ai+1 · · · s

(i)
|R(i)|︸ ︷︷ ︸

��� 4 � 5�� ����� � ��	  ��
 ŝ

s
(i)
|R(i)|+1 s

(i)
|R(i)|+2 · · ·
-

,"/;,Dr �;=DJp+43t3!+-'.<4�A1c�;O���/;�

¶�+-*�:.��� )DU �C��vK "�A3!+-�!:C���!+4/;,X8G "�����
Ai < |R(i)|

�}/L8S��#%���L�%:.,"=.�����! "�G�;3�3!:.JpE.�!+4/;,(�! C�����! "�7O5/��z~|O�+4��,H��3�+-,
s(i)

�����S,"/;,Drc,"��*H���!+-#%�K'��z1T/;����L�;Ot Z��E.E.<-+4OL���!+4/;,e/�1B�! "���!�t��,"3�O��!+-E.�!+4/;,o/�1��! "���s&�E��
A
�2�|����E.���53���,H�t���!+4/;,Z/�1��! "�01T/;�!J=D�t�L8G,V+-,P¶9+-*�:.��� )DU *"U'&�+43K<4�zyD+4O5/;*��t��E. .+4OL��<-<-&R*����L�������G�! C��,P�! "�

β
rs�zyDEC��,"3!+4/;,

ŝ
U9vK .+43$+43+-,�O5/;,H�!�t�;=D+4O��!+4/;,´8G+-�! V�! "�A=.�zY",.+-�!+4/;,�/�1

β
rs�zy�EC��,"3�+4/;,"3LU

• 6 ,\�;=.=D+-�!+4/;,ª��/ZE.����#Q+4/;:"3>1T�;O��|87�XOL��,\�zyDO�<-:"=.�X�! "�VE)/�3�3!+-'.+-<-+-�s&
Ai = |R(i)| ���|�! "�')��*�+-,.,.+-,.*X/�1K�L�;O� Z3!����Eo/�1S�! "�(�s&�E��

A
U0¹{���¢:"3A3!:.E.E)/�3����! "�pO5/;,H#%����3�����+cU ��U)87�( C�L#%�3�����E"3

I
��,"=

J
��3!:"O� R�! C���

I < J
�H')/;�! R�����}/�12�! "�@� &QE)�

A
����<-<��! "�@3�����EI')���s8S�5��,I�! "��J������/�19�! "�A� &QE)�

B
�"��,"=

AI = |R(I)| U6 �S1�/;<-<4/M8$3K1���/;J �! "�F=.�53�O��!+-E.�!+4/;,�/�1��! "�A��<-*%/;�!+-�! .J �! C���K,"/p3!����EP/�1�� &QE)�
B
'���� 87�5��,

I��,"=
J
OL��,V� �)�5O��GO5/��z~|O�+4��,H��3G8G+-�! P+-,"=D+4O5�53K<4�53�3K�! C��,P/�1����H:C��<)��/

AI
U�����,"O5�}87�F C�L#%�

s(I) ��,"= s(J) /�1��! "�F1T/;�!J =D�t�58G,�+-,X¶9+-*�:.��� )DU *"U'&DU
%�*H��+-,u��=D:"�¢��/p�! "���;3�3!:.JpE.�!+4/;,�/�1��! "��,"/;,Drc,"��*H���!+-#Q+-� &X/�1B��<-<{�! "�0O5/Q�z~|O�+4��,Q��3�+-,

s(J) ��! .+43�����E.���53���,H�t���!+4/;,©+43A<4�zyD+4O5/;*��t��E. .+4OL��<-<-&o*����L���������! C��,
β
rs�zy�EC��,"3!+4/;,

ŝ
�u8G .+4Ot Z+43��! "�O5/;,Q�!�t�;=D+4O��!+4/;,uU

vK "�53��A� 87/>/;'"3t���!#;���!+4/;,"3}��<-<4/L8 :"3$��/�1�/;�!J0:.<w�����A1T/;<-<4/L8G+-,.*|<4��JpJ|�DU
,80� � ! ; � � � � �9·�f�`

i = 1, 2, . . .
¤tfK`a�Df7_aij^;_T�tf��7k��B`a�.fB�z`sf �C��_aip`a�DfBijk;�z±>b;g²_4³Lb%`�_�k;ipb;g �%k;�z_a`a�Q± �

�{�Dfzi�`a�Df�g4fziQ��`a�Xk��
R(i)

_w��b|ijk;i � ^Hf!����f!b��z_�iQ� ����ij�5`�_Tk;iek�� i ��}/L8S��#%���L�.��/�E.��/L#%�}�! C���G�! "�}��<-*%/;�!+-�! .J OL��,I')�F3!��/;E.E��5=q�n1������G��Y",.+-���},H:.J0'����$/�193!����E"3L�87�¢87/;:.<4=V,"�5�5=V��/(E.��/L#%�0�(3��!��/;,.*%���@3!�t������J>��,H�LU
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I : s
(I)
1 · · · s(I)

|R(I)|−1 s
(I)
|R(I)|︸ ︷︷ ︸

��� 4 � 5 � ����� � ��	  � 
 ŝ

s
(I)
|R(I)|+1 s

(I)
|R(I)|+2 · · ·

-

,"/;,Dr �;=DJp+43�3!+-'.<4�A1c�;O���/;�

J : s
(J)
1 · · · s(J)

|R(I)|−1 (s
(J)
|R(I)| + 1) s

(J)
|R(I)|+1 s

(J)
|R(I)|+2 · · ·

¶�+-*�:.��� )DU'&:��vK "�¢3!+-�!:C���!+4/;,V8G "�����
Ai = |R(i)|

� ��� � ?�������3 ; � � �  �@·�f�`9·�f�`
i = 1, 2, . . .

¤�f0`a�DfA_aij^;_T�tf���k��¢`a�.fF��`sf �C�A_�i´`a�Df¢ijk;�z±pb�g²_4³Lb�`�_Tk;ib;g �%k;�z_�`a�H± � �{�.fzio`a�Df0g4fziQ��`a�´k�� R(i)
_w�¢i�k�`$fzl�fziC`��.b;gag²�R��`cb�`�_�k�ijb;�z� � `a��b�`S_w� � `a�Df��!fp^HkMf��0i�k�`f�
�_w��`a�¢b�i´_aij^Hf 


I
���.�z�V`a��b�` |R(I)| = |R(i)| �5k;��b;gag i ≥ I �

(S/;,"O5���!,.+-,.*¬�oE�/�3�3�+-'.<4�VE.��/�/�1A/�1 (S/;,;�!�5O��!:.��� )DU *"U'OD�G,"/;���X�! C���q�L�;O� 3!����E /�1�v�&�E��
A<4�zyD+4O5/;*��t��E. .+4OL��<-<-&q+-,"O����L�;3��53G�! "�}�!�t��,"3�O��!+-')�5=

β
rc����E.���53���,H�t���!+4/;,uU76s,P�! "�FOL�;3��A/�1�Y",.+-���F����E.���zr3���,Q�t���!+4/;,"3B�! .+43B1c�;O���+43BO�<4�L���!<-&>��,"/;:.*� R��/AE.��/L#%���! C���B�! "�}��<-*%/;�!+-�! .J 8S/;:.<4=I��#%��,Q�!:C��<-<-&|3!��/;EuU�}/L8S��#%���L�.87�¢�����}87/;�!?�+-,.*p8G+-�! P����E.���53���,Q�t���!+4/;,V8G .+4O� ��������./;,qE.�!+-,"O�+-E.<4���.�!+-*� Q��rc+-,DY",.+-������,"=/;,"�0OL��,�+-J|��*�+-,"�(�>3!+-�!:C���!+4/;,´+-,´8G .+4O� ´�! "�0��<-*%/;�!+-�! .J�87/;:.<4=´E)����1�/;�!J �!�t��,"3�O��!+-E.�!+4/;,e��#%���!&�!+-J>�AJ>/;���A1T���G��/(�! "�A�!+-*� Q�$8G+-�! "/;:.�@�����!:.�!,.+-,.*I'C�;O�? Ls��/(�! "�¢��,"=V/�1

R(i)
��1T/;�$3�/;J>�

i
U

I�,P�! "�F/;�! "���$ C��,"=2�.O5/;,"3�+4=.���t��'.<4����J>/;:.,H�@/�1�O5/;JpE.:.�t���!+4/;,"3$8K�;3$=./;,"�F:"3!+-,.*p�! .+43$��<-*%/�r�!+-�! .J 6�Oz1!U %�E.E���,"=D+hy 5 7G��,"=q,"/>OL�;3��F8G .+4Ot X87/;:.<4=X,"/;�$��#%��,H�!:C��<-<-&V3!��/;EX8S�;3$/;'"3����!#%�5=2U�}/L8®<4���G:"3$�;3t3!:.J>�}�! C���G87�F87�����0��'.<4�F��/�3� "/L8®�! "�F#���<-+4=D+-�s&q/�1 (S/;,;�!�5O��!:.��� )DU *"U'ODU�vK .+438S/;:.<4=�J>�L��,´�! C���A�n1a�����A�pY",.+-���0,H:.J0'����A/�173�����E"3�/;,"�087/;:.<4=´ C�5#%� |R(i)| > m + p
�j8G "�����

m
��,"=

p
�����}<4��,.*��! "3$/�1{�! "�}E.���zrcE)���!+4/Q=2�D���53�E��5O��!+-#%��<-&R/�1{�! "�}E����!+4/�=q/�1 〈x+ y〉β

U�vK "�����z1T/;����! "�p��<-*%/;�!+-�! .J 87/;:.<4=��! "�����L�n1������AE.��/�=D:"O5�(�IE)���!+4/Q=D+4O(/;:.�!E.:.����,"=�3�/I+-�F87/;:.<4=�')��3���/;E.E��5='Q&|Y","=D+-,.*I�! "�F���zrs/QO5O�:.����,"O5��UvK .+43�+-JpE.<-+4�53��! C���(�! "�R��<-*%/;�!+-�! .J 8S/;:.<4=�87/;�!?[��<43�/X1T/;�
β
,"/;�0')��+-,.*e�X��+43t/;�0,Q:.J�')���E.��/M#Q+4=.�5=P�! C��� 〈x+ y〉β

+43GY",.+-���¢/;�@��#%��,H�!:C��<-<-&PE)���!+4/�=D+4O�U
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β
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 �����.
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6 ,I�! .+43KOt C��E.�����G87�F3!�!:"=D&I��,"/;�! "���KJ>/�=.��/�1{����E.���53t��,H�t���!+4/;,X/�1{,Q:.J�')����3L�.=D+��2������,H�S1a��/;J �! "�����E.���53���,Q�t���!+4/;,"3F'C�;3��5=´/;,
β
rs�zyDEC��,"3!+4/;,"3L��'.:.�F3!�!��/;,.*�<-&XO5/;,.,"�5O����5=´8G+-�! ��! "��JVU}6 ��+43}OL��<-<4�5=�! "�

α
r �;=D+4O>����E.���53���,Q�t���!+4/;,���,"=2�{��/;:.*� .<-&o3!E)�L��?Q+-,.*"�{+43��q����E.���53���,Q�t���!+4/;,©/�1$�PO5/;JpE.<4�zy 6�/;����L��<=7�,H:.J�')���K+-,R�}1T/;�!J /�1 6aE)/�3�3!+-'.<-&G79<4�z1��B+-,DY",.+-����E�/M87���K3����!+4�53�+-,

α
�Q8G "�����

α
+43S�¢O5/;JpE.<4�zy

6�/;�G���L��<=7S,Q:.J�')����/�1�J>/Q=D:.<-:"3@<4�53�3G�! C��,
1
U

o�� C�L#%�0� 87/P3�/;:.��O5�53A/�17+-,"3!E.+-�t���!+4/;,�� �! "�
β
rc,Q:.J>���t���!+4/;,Z3!&D3!����J>3F/;,´/;,"�� C��,"=e��,"=�! "�

p
r �;=D+4OF,Q:.J�')����3 6a����E.���53���,Q�t���!+4/;,"3�/�19,H:.J�')����3$+-,P�! "�}1T/;�!J /�19<4�z1��K+-,DY",.+-���AE)/L87����3����!+4�53+-,p�$E.�!+-J>�

p
7{/;,0�! "�S/;�! "���� C��,"=2U��}/L8S��#%���L�HO5/;,H�!�t���!&0��/@�! "�7:"3!:C��<

p
r �;=D+4O7,H:.J�')����3��! "�S'C�;3��/�1K�! "�

α
r �;=D+4O|3!&D3!����J +43A+-,oJ>/�=D:.<-:"3�3!J|��<-<4���¢�! C��,Z/;,"��URvK .+43A1c�;O��¢+-JpE.<-+4�530��,Z+-JpE�/;�!�t��,Q��;=D#���,H�t��*%��/L#%���q�! "��:"3!:C��<

p
r �;=D+4O��zyDEC��,"3!+4/;,"3L�$3�+-,"O5�V87��=./[,"/;�I C�L#%�X��/[+-,H�!��/�=D:"O5�e��,H&3!E)�5O�+w��<2#���<-:C���!+4/;,P1�/;�G�! "��3����!+4�53G��/>O5/;,Q#%���!*%��U

%}3�3t�5��,Z')�z1�/;�����9+-,Z�! "�
β
rc,H:.J>���t���!+4/;,�,H:.J0'�����3>�����|�!+-*� H��+-,DY",.+-���|E)/L8S����3t���!+4�53LUPvK "�=.��E.<4/M&QJ>��,Q�V/�1�<4�z1a�R+-,DY",.+-���´E�/M87���P3����!+4�53R C�;3R'��5��, :"3��5=\'H&ª3t��#%���t��<A��:.�! "/;��3R1T/;�I=D+��2����r��,Q�}E.:.�!E)/�3��53LU?������3! .+-? @ ��:�� B 6aE.��/;'C��'.<-&��! "�¢Y"��3���:"3���/�1B�! "�������!J Y"'C�;=D+4Op�zy�EC��,"3!+4/;,	7���,"=�Q+4=./;��/M#R��,"= ������3! .+-? @ ��: � B):"3��@� 87/�rs3!+4=.�5=q�zyDEC��,"3!+4/;,"3S��/03� "/L8 �¢O5/;,.,"�5O��!+4/;,P')���s8S�5��,q3�&QJ(r')/;<-+4O@=D&�,C��Jp+4O537/�12��/;�t��<)��:.��/;J>/;�!E. .+43!J>3$��,"=I���!+-�! .J>���!+4O}�zy�EC��,"3�+4/;,"3S�;3�3t/QO�+w�����5=|8G+-�! |�! "��+-���+-*%��,Q#;��<-:"�53p��,"=e1T/;�03��!:"=D&�/�1$�! "� ����=���30J>�L�;3!:.��� 6aJ>/;���|E.���5O�+43���<-&e�s8S/�rs3!+4=.�5=©*%��,"���t��<-+-�M�nr�!+4/;,Z/�1�����=���3�J>�L�;3!:.����7zU>vu8S/�rs3!+4=.�5=['����t�nrs3! .+h1���3A C�L#%�p'��5��,[3!�!:"=D+4�5=e+-,�1�:.<-<�*%��,"���t��<-+-�s&e'Q&��Ot .Jp+4=D� @ ��� BsU�6s��/R��,"= �}�;/ @ 9 ) Bs�)��,"= 5S���!�! 1
(��,"=´�Q+4��*%��< @')�O B�:"3��¢����E.���53t��,H�t���!+4/;,"3A/�1��s8S/�r3!+4=.�5=

β
rs3! .+h1a�@+-,V�! "��+-�@3!�!:"=D&P/�1�E.:.����<-&PE����!+4/�=D+4O¢�zyDEC��,"3!+4/;,"3$8G+-�! X��+43�/;�@:.,.+-����,"=V,"/;,Drc:.,.+-�'C�;3���U(vK "�p���L��<-+-�M���!+4/;,['H&e�IY",.+-���|��:.��/;J|����/;,Z/�1K�! "�p/Q=./;J>�������0/;,e�! "�p�s8S/�rs3!+4=.�5=

β
rs3! .+h1�� C�;3G')�5��,V3!�!:"=D+4�5=P'Q&P¶.��/;:.*�,H& @'O�& BsU

¹{�z1a��rs3!+4=.�5= �zyD����,"3!+4/;,"3e/�1R,H:.J>���t���!+4/;, 3�&�3!����J>3e=.�zY","�5=�'Q&�� 3����Q:"��,"O5��/�1I+-,Q����*%����3L�<-+-?%���! "�(¶9+-'�/;,C�;O5O�+�,Q:.J>���t���!+4/;,Z3!&D3!����JV�) C�5#%�(')�5��,�+-,H�!��/�=D:"O5�5=�'H& �F�t��'.,"���L�u¹2+w����=.������,"=vK+4Ot H&I@'O�N Bs�u��,"=e3!�!:"=D+4�5=�1a��/;J��! "��E�/;+-,Q�¢/�17#�+4��8 /�1B�! "�(/Q=./;J>�������F1�:.,"O��!+4/;,uU�vK "�(:"3�� 6T���<4�L�;3!�A+-JpE.<-+4O�+-�17A/�1S����E.���53���,Q�t���!+4/;,"3�+-,DY",.+-���>��/q�! "�(<4�z1a�A+43¢O5/;,Q�t��+-,"�5=o+-,o��#%���!&�3!�!:"=D&�/�17�! "�
�}��:.�5&�1��t�;O��t��<?@ ��) Bs�9�53!E)�5O�+w��<-<-&e+-,[�V3��!:"=D&�/�1G+-��3�'�/;��=.���L�93��5�|��U *"UH%@?�+-&H��J|� @'& Bs��%@?�+-&H��J|���,"=��D�;="�� .+-��/ @'O B{/;�$W��53t3t�;/;:"=D+ @'N�& BsU

¶9+-,C��<-<-&%�2�! "������+43¢�I���5O5��,H�AEC��E)���A'H&e�D�;="�� .+-��/ @ ��� B�/;,�J�:.<-�!+-E.<-&�O5/L#%�����5=eE)/;+-,H��3F+-,��! "�O5/;,;��:.*H�����5=pE.<w��,"�G+-,p�! "�$OL�;3t�G/�1)O�:.'.+4OG��+43t/;��:.,.+-��3� C�5#�+-,.*�O5/;JpE.<4�zy>O5/;,;��:.*H�����53LUB�D�;="�� .+-��/,� 3
O��
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��E.E.��/%�;O� q��/0�! "�$<4�z1��B+-,DY",.+-���F�zyDEC��,"3!+4/;,"3B+43K��J>/;,.*p��<-<jJ>��,Q�!+4/;,"�5=I8S/;�!?�37�! "�}O�<4/�3��53!�7/;,"����//;:.�@/M8G,uU

vK .+43FO� C��E.�����A+43F/;�!*H��,.+-�L�5=e�;3�1�/;<-<4/M8$3LUF¶9+-��3!��8S�(=.�zY","�
α
r �;=D+4O(�zy�EC��,"3!+4/;,"3}+-,��! "��OL�;3��8G "�����

α
+43¢��,o��<-*%��'.�t��+4O>O5/;,;��:.*H�����p/�1K�R��+43t/;�A,H:.J�')���

β
U �@�5OL��<-<��! C���L�2'Q&��! "�����53!:.<-��3A/�1

5K���!�!�t��,"=R��,"=P��O� .Jp+4=D�G�AE)/�3!+-�!+-#%�@���L��<j,Q:.J�')���7')��<4/;,.*%3B��/��! "���zyD����,"3!+4/;,|YC��<4=
Q(β)

+h1���,"=/;,.<-&V+h1B+-��3
β
rs�zyDEC��,"3!+4/;, 6a8G .+4O� e+43}�!+-*� H�F+-,DY",.+-����7@+43F��#%��,H�!:C��<-<-&´E����!+4/�=D+4O 6�vK "�5/;����J &DU ��U 9�7zUvK H:"3�+-�0+43�,C���!:.�t��<S��/V�!�!&e��/X*%���(�X3!+-Jp+-<w�������53!:.<-�01T/;���! "�

α
r �;=D+4OI�zyDEC��,"3!+4/;,"3LU o�|E.��/M#%��! C���G�A,H:.J0'����K')��<4/;,.*%3B��/0�! "�GYC��<4=

Q(α)
+h1���,"=|/;,.<-&|+h1u+-��3

α
r �;=D+4O��zyDEC��,"3!+4/;,R+437��#%��,Q�!:C��<-<-&E)���!+4/Q=D+4O@��/��! "�@<4�z1a�78G+-�! q�AY",.+-���$1��t�;O��!+4/;,C��<jEC���!�LU��}/;���$�! C���S�! "�GYC��<4=.3

Q(α)
��,"=

Q(β)
�����+4=.��,H�!+4OL��<c��'.:.�F/;:.�@���53!:.<-��+-,"O�<-:"=.�53A��<43�/>,"��*H���!+-#%�0,H:.J0'�����3L�j�! C���}J>�L��,"3�/;,"�0OL��,�����E.���53���,Q�'H&

α
r �;=D+4O(�zyDEC��,"3!+4/;,"3F8G+-�! �E�/�3!+-�!+-#%��=D+-*�+-��3¢��<43�/R,"��*H���!+-#%��,H:.J0'�����3A8G+-�! "/;:.�F:.�!+-<-+-�M���!+4/;,o/�1�! "�¢3!+-*�,uU¶.:.�!�! "���K/;,u�Q87�}O5/;,"3!+4=.���

α
r �;=D+4O��zyDEC��,"3!+4/;,"3S/�1u��<4��J>��,H��3K/�1u�! "�$�!+-,.*

Z[α−1]
+-,|�! "��OL�;3��8G "��,

β
3t���!+43!YC�53p�! "�V¶9+-,.+-����,"�53�3pE.��/;E)���!�s& 6�¶87zU o�P*�+-#%�q� 87/[��<-*%/;�!+-�! .J>3>1�/;�>O5/;JpE.:.�!+-,.*�! "�53��´�zy�EC��,"3�+4/;,"3>� /;,"�V1T/;�RE�/�3!+-�!+-#%����,"= /;,"�V1T/;�|,"��*H���!+-#%�´,H:.J0'�����3MU«¶9+-,C��<-<-&%�$+-, �! "�OL�;3��V/�1.�Q:C�;=D�t���!+4OV��+43�/;�>:.,.+-��3M�B8S�V3!�!:"=D&©�! "�P:.,.+4O�+-�s&x/�1F�! "�V�zy�EC��,"3�+4/;,"3|/�1A��<4��J>��,H��3|/�1�! "�P�!+-,.*
Z[α−1]

U o�q*�+-#%�X��,ª��<-*%/;�!+-�! .J 1T/;�>O5/;JpE.:.�!+-,.*[��,
α
r �;=D+4OP����E.���53���,Q�t���!+4/;,\/�1¢��t���!+4/;,C��<@,Q:.J�')���q��,"=¬87�X=D+43tO�:"3�3p,"/;�!J|��<-+-�M���!+4/;,®/�1F3�:"O� ª����E.���53t��,H�t���!+4/;, 'H&�J>�L��,"3|/�1��Y",.+-���A�!�t��,"3�=D:"O5���LU6 ,¢�! "��<w�;3��{3��5O��!+4/;,�8S�B=D+43�O�:"3t3u�! "�7���!+-�! .J>���!+4O539/�1"��#%��,H�!:C��<-<-&¢E)���!+4/�=D+4O

α
r �;=D+4OS�zy�EC��,"3�+4/;,"31���/;J��|J>/;����E.�t�;O��!+4OL��<�E)/;+-,H�A/�1�#�+4��8¢U o�0<-+-Jp+-�A/;:.��3���<-#%�53}��/I/;,"�0EC���!�!+4O�:.<w���F+-�!�t���!+4/;,C��<-+-�s&� �! "�K*%/;<4=.��,pJ>�L��,

τ
� ��,"=(8S�KE.��/L#�+4=.�$���!+-�! .J>���!+4O@��<-*%/;�!+-�! .J>3�/;,p�! "�S�!+-,.*¢/�1j<4�z1���+-,DY",.+-�����#%��,H�!:C��<-<-&[E����!+4/�=D+4OR�zy�EC��,"3!+4/;,"3MU´�Q+-Jp+-<w���!<-&o��/��! "�R�;=.=D+-�!+4/;,�+-,��V*%��,"���t��<K��+43�/;��'C�;3�������,��<-*%/;�!+-�! .J /�1B��,����!+-�! .J>���!+4O0/;E����t���!+4/;,�+43$O5/;JpE)/�3��5=V/�1��s87/|EC���!��3��7���$Y"��3!�G87�0O5/;JpE.:.���0��,

α
r �;=D+4O�����E.���53���,H�t���!+4/;,´/�19�! "�¢���53!:.<-�L�.8G .+4O� X+43G,"/;�!J|��<-+-�L�5=��n1������!8S����=.3LUvK "��,"/;�!J|��<-+-�M���!+4/;,�+43uOL���!�!+4�5=0/;:.�2'H&¢�K,"/;,Drs3����Q:"��,H�!+w��<Q�!�t��,"3�=D:"O5���L��8G .+4O� �+43{O5/;,"3!�!�!:"O����5=1T/;�9�! .+43�E.:.�!E)/�3���U�v{/F�! .+43��!�t��,"3t=D:"O5����/;,"�7�! "��,|��E.E.<-+4�53��! "�S=.�������!Jp+-,.+-�M���!+4/;,q��<-*%/;�!+-�! .J 6a�! "�:"3!:C��<.3!:.'"3�����O5/;,"3!�!�!:"O��!+4/;,	7z�H "/L8S��#%���L�H�! "�S���53!:.<-�!+-,.*AJ|�;Ot .+-,"�G+43���,(+-,DY",.+-���K�!�t��,"3�=D:"O5����8G+-�! �$O5/;:.,Q�t��'.<4�S,H:.J�')����/�1"3!�t�����53LU o�B3! "/M8[�! C����8G+-�! (�@3!:.+-�t��'.<4��E.����E.��/�O5�53�3!+-,.*F/�1"+-,.E.:.�{8S/;��=.3/;,.<-&V��Y",.+-���¢E)/;�!�!+4/;,X/�1��! "�A�!�t��,"3�=D:"O5���}+43G:"3��5=2USvK .+43���,"=V�! "�F1T�;O��@�! C���@�! "�¢/;:.�!E.:.��+43���,��#%��,H�!:C��<-<-&eE)���!+4/�=D+4Op87/;��=eE)���!Jp+-��3¢:"3¢��/V3!��/;Ee�! "�>O5/;JpE.:.�t���!+4/;,��n1a�����0�IY",.+-���>,H:.J�')���0/�13!����E"3LU
vK "�|Y"��3!��EC���!� 6a�! "�|1�/;:.�(3��5O��!+4/;,"3�O5/;,"O5���!,.+-,.*´�! "�q��<-*%��'.�t��+4ORE.��/;E����!�!+4�53(/�1

α
r �;=D+4OI�zy�rEC��,"3!+4/;,"317¢ C�5#%�R')�5��,[3!:.'.Jp+-�!���5=[1T/;��E.:.'.<-+4OL���!+4/;,�+-,�vK "�5/;�����!+4OL��< (S/;JpE.:.�����|��O�+4��,"O5�Q@ ��) Bs�8G .+-<4�0�pE.����<-+-Jp+-,C���!&P#%����3!+4/;,�/�1��! "�¢3t��J>�¢87/;�!?P C�;3$')�5��,VE.:.'.<-+43! "�5=X+-,V�! "�¢E.��/�O5�5�5=D+-,.*%3@/�1�! "�>O5/;,D1T������,"O5� o/;��=.3��':�� @ ��& BsU|vK "�p<w�;3���3��5O��!+4/;, 6a�! "�|���!+-�! .J>���!+4O53�/�1

τ
r �;=D+4OI�zy�EC��,"3�+4/;,"317 C�;3G')�5��,VE.:.'.<-+43! "�5=P+-,X�! "�FE.��/QO5�5�5=D+-,.*%3�/�19�! "�¢O5/;,D1T������,"O5� ( %}�}v &�:�:�O @ ��: BsU

� ��� ��� 	 � 	�� 	 ��������
	�	�� � � 	 �D�
< �3��!G�H�	�� ���� �qvK .��/;:.*� "/;:.���! "�p8G "/;<4�pOt C��E.�����

β
8G+-<-<�3!�t��,"=�1T/;�¢�P��+43�/;�A,Q:.J�')���03!:"Ot �! C���

dβ(1) = t1 · · · t`
��,"=

α
8G+-<-<u')�A/;,"�¢/�19+-��3���<-*%��'.�t��+4O¢O5/;,;� :.*H�����53MU



� ��� � �����	��� ��� � � � �	���7� ��� ���
α
� �;� � � � � � � �.
 � ���.
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� �	��
��������
 � %�,
α �
b%^�_��V�!f ���!f��LfziC`cb�`�_Tk;i /�1}��,H:.J0'����

x ∈ C
+43p��<4�z1a�(+-,DY",.+-���q3����Q:"��,"O5�

(xi)i≥−k
3!:"O� V�! C���

xi ∈ Z
��,"=

x = · · · + x2α
2 + x1α+ x0 + x−1α

−1 + · · · + x−kα
−k

1T/;�@�(O5���!�t��+-,
k ∈ Z

U�6 �G+43$=.��,"/;���5=
α(x) = · · · x1x0•x−1 · · · x−k

U
� �	��
��������
 � % 6�Y",.+-�������!+-*� H��+-,DY",.+-���|/;�¢<4�z1��A+-,DY",.+-����7A3����Q:"��,"O5�p+43¢3���+4=e��/P')� �7f!b�¯Mg£�´b%^ �±(_��t��_c¤zg4f�+h1{��<-<j+-��3BY",.+-���$1c�;O���/;��3K�����@<4�zyD+4O5/;*��t��E. .+4OL��<-<-&|<4�53�37�! C��,q/;�7���Q:C��<C��/

d∗
β(1)

��8G .+4O� R+43���Q:.+-#;��<4��,Q����/}�! "�B1c�;O����! C�����L�;O� (1c�;O���/;��/�1C<4��,.*��! 
`
+43�<4�53�39�! C��,

t1 · · · t`
+-,��! "�S<4�zyD+4O5/;*��t��E. .+4O/;��=.���LU6s1���,

α
r �;=D+4OA����E.���53���,H�t���!+4/;,

(xi)i≥−k
/�1���,H:.J0'����

x
+43G87�L��?�<-&P�;=DJp+43�3!+-'.<4�F+-�G+43$3t��+4=q��/(')���,

α �
b%^;_T�>f�
 �.b;i.��_Tk;i�/�1

x
�"=.��,"/;���5=

α〈x〉 = · · · x1x0•x−1 · · · x−k .

������������� �9¹u���
β
')���! "�B*%/;<4=.��,0J>�L��,u�;�! C����+43u�! "�S��+43�/;�{,Q:.J�')����8G+-�! �Jp+-,.+-J|��<�E�/;<-&�,"/;Jp+w��<

x2 − x − 1
U o�P C�5#%�

dβ(1) = 11
��,"=

d∗
β(1) = (10)ω Uª����,"O5�P�! "�X3����H:"��,"O5� (10)ω +43��1T/;�!'.+4=.=.��,¬1c�;O���/;�|/�1¢��,H&

β
rs�zy�EC��,"3�+4/;,uU I�,¬�! "�V/;�! "���I C��,"=2� ω(10)010•1

+43|��,
α
r �;=D+4O�zyDEC��,"3!+4/;,X/�1 −2

U
� � � ����� � ��� ��� �M%�<-�! "/;:.*� R�! "�

β
rs�zyDEC��,"3!+4/;,P/�1��¢,Q:.J�')���G+43S:.,.+ �H:"���.��,

α
r �;=D+4OF�zyDEC��,"3!+4/;,+43K,"/;�LU�¶"/;�G+-,"3��t��,"O5�F+-,R�! "�

α
r �;=D+4OA3!&D3!����J �;3�3�/�O�+w�����5=I8G+-�! P�! "�}*%/;<4=.��,PJ>�L��,u�.�! "�},Q:.J�')���

−1
 C�;3G� 87/

α
r �;=D+4O��zyDEC��,"3!+4/;,"3

α〈−1〉 = ω(10)•

α〈−1〉 = ω(10)0•1

%�,C��<4/;*%/;:"3$��/|�! "�¢OL�;3��¢/�1
β
rc����E.���53���,Q�t���!+4/;,"3}87��=.�zY","�¢1�/;�

α
r �;=D+4O¢����E.���53t��,H�t���!+4/;,"3}�! "�

α �
lnb;g£�"f�1a:.,"O��!+4/;,

πα
��,"=q�! "�A,"/;�!J|��<-+-�M���!+4/;,�1a:.,"O��!+4/;,

νC
/;,X�>=D+-*�+-����<-E. C��'����

C
U

� ��� ��� ���?"� �	 ��� � 	 � �
� 	  � �
α
� 	  � � ���
	�	��D� � 	 � �

6 ,P/;��=.���G��/0E.��/M#%�A�! "�}J|��+-,P�! "�5/;����J ��')/;:.�K��#%��,Q�!:C��<-<-&qE����!+4/�=D+4OA�zy�EC��,"3�+4/;,"3L��87�F,"�5�5=q�s8S/���5Ot .,.+4OL��<{<4��JpJ|�;3LU
, �� � ! � � , ��� �0·�f�`

y ∈ (0, 1)
¤�fXbe��f!b;gKi"��±>¤tfz� ��_a`a�[`a�.f �j���!fzg£� �.fz�z_TkL^;_T�

β �
f�
 �Db�i.��_Tk;i

〈y〉β = 0•(y−1 · · · y−p)
ω � �{�Dfzi α〈−y′〉 = ω(y−1 · · · y−p)•0 �dS�!kLk�� � �Q:.E.E�/�3t� y = y−1

β + · · · +
y−p

βp + y−1

βp+1 + · · · ��8G .+4O� «OL��,®'��e��<43�/�8G�!+-�!����,
y =

y−1

β + · · · + y−p

βp + y
βp

U�(S/;,;��:.*H���!+-,.*P�! "�(���H:C���!+4/;,�87�(/;'.�t��+-,
y′ = y−1

α + · · · + y−p

αp + y′

αp

U
�}��,"O5� −y′ = y−1α

p−1 + · · · + y−p − y′αp �! C���q+43
α〈−y′〉 = ω(y−1 · · · y−p)•0

�$8G .+4Ot O5/;JpE.<4�����53@�! "�AE.��/Q/�1!U
, �� � ! � � , � , �K·{f�`

x ∈ (0, 1)
¤tfFb�iC�Q±|¤�fz�
��_a`a� ��i"_�`sf

β �
f�
 �Db;i.�z_�k;i 〈x〉β = 0•x−1 · · · x−p �`a�Df�i

α〈x′〉
_w��k��¢`a�Df �5k;�z± ω(t1 · · · t`−1(t` − 1))un · · · u0•u−1 · · · u−m �



9 & ����� � ����� � � � � � ��� � �;�;��� � � � � �.
 � ���.

dS�!kLk�� � ¹u��� 〈x〉β = 0•x−1 · · · x−p

8G+-�! 
x−p 6= 0

U 57&VO5/;,;��:.*H���!+-,.*q+-�F��,"=�'H&VOt C��,.*�+-,.*P�! "�3!+-*�,(/�1"+-��3�O5/Q�z~|O�+4��,Q��3�87�K/;'.�t��+-,(��,
α
r �;=D+4O7����E.���53t��,H�t���!+4/;,>/�1 −x′ � α(−x′) = 0•x−1 · · · x−p

�8G "�����
d̄
=.��,"/;���53��! "�K3!+-*�,"�5=p=D+-*�+-� −d U96c1j87�G3!:.'.�!�t�;O�� −1

1a��/;J��! "�K<w�;3!�9,"/;,Drc�L����/¢O5/��z~|O�+4��,H�
x−p

��,"=©����E.<w�;O5�I+-��'H&©��,
α
r �;=D+4Oq�zy�EC��,"3!+4/;,�/�1 −1

�
α〈−1〉 = ω(t1 · · · t`−1(t` − 1))•

��87�/;'.�t��+-, ��,"/;�! "���I����E.���53���,H�t���!+4/;,u�@8G .+4O� \+43|��#%��,H�!:C��<-<-&ªE����!+4/�=D+4OP8G+-�! �eE.���zrcE����!+4/�=ª/�1A�! "�1T/;�!Jº/�17�>Y",.+-����8S/;��=�/L#%���F�! "����<-E. C��')��� {−bβc, . . . , bβc} UF¶9+-,C��<-<-&%�2��, α r �;=D+4O(�zy�EC��,"3!+4/;,/�1 −x′ +43F3!+-JpE.<-&´/;'.�t��+-,"�5=e'H&��! "�(,"/;�!J|��<-+-�M���!+4/;,Z/�17�! "��E.���zrcE)���!+4/Q= 6�Oz1!U�%�<-*%/;�!+-�! .J *"U')DU'&��,"= ��y"��JpE.<4� *"U').7zU
¹u��JpJ|�@*"U'&DU �0��,"= *"U'&DU'&I��<-<4/L8«:"3$��/>=.���!+-#%�¢1a��/;J¨vK "�5/;����J &DU ��U 9p�pOt C���t�;O������!+-�M���!+4/;,�/�1,H:.J0'�����3�8G+-�! o��#%��,H�!:C��<-<-&eE)���!+4/Q=D+4O

α
r �;=D+4O>�zyDEC��,"3!+4/;,"3LU(vK "�(J|��+-,o=D+��)������,"O5�>8G+-�! ovK "�5/�r����J &DU ��U 9A+43S�! C���S�! "�@#%����3!+4/;,I1T/;�

α
r �;=D+4O��zyDEC��,"3!+4/;,"3S+-,"O�<-:"=.�53G��<43�/�,"��*H���!+-#%�},Q:.J�')����3L�D�! C���+43(/;,"�IOL��,�����E.���53���,Q�('H&

α
r �;=D+4Oq�zy�EC��,"3!+4/;,"3�8G+-�! �E)/�3!+-�!+-#%�I=D+-*�+-��3p��<43�/�,"��*H���!+-#%�q,H:.J0'�����38G+-�! "/;:.�@�! "�F,"�5O5�53t3!+-�s&P/�1�:.�!+-<-+-�M���!+4/;,�/�1��! "�¢3!+-*�,uU

� >�?�	�30� � � , � ; �p·�f�`
α
¤�fob¬��k;iL¦z���%b�`sfok���bZdS_���k�`�i"��±|¤�fz�

β �
° i"��±|¤�fz�

x′
��b���b;ifzl�f�iC`��Db�g�g£� �"fz��_TkL^;_T�

α �
b%^;_T�>f�
 �Db;i"��_Tk;i�_ �¢b;ij^Rk;i"g£�>_ �

x′ ∈ Q(α) �dS�!kLk�� � ⇐:
¹u���

x′
 C�5#%����,V��#%��,H�!:C��<-<-&PE)���!+4/Q=D+4O

α
r �;=D+4O¢�zyDEC��,"3!+4/;,u�"3t�L&

α〈x′〉 = ω(xk+p · · · xk+1)xk · · · x0•x−1 · · · x−j .

¹u���
u′ :=

∑k
i=−j xiα

i ��,"= v′ :=
∑k+p

i=k+1 xiα
i U�vK "��, u′, v′ ∈ Z[α−1]

��,"=

x′ = u′ +
v′

1 − αp
,

8G .+4O� �E.��/L#%�53@�! "�A+-JpE.<-+4OL���!+4/;,uU
⇒:

¹u���
x ∈ Q(β) ∩ [0, 1)

U %GO5O5/;��=D+-,.*©��/ovK "�5/;����J &DU ��U 9��! "�
β
rs�zy�EC��,"3!+4/;, /�1

x
+43��#%��,H�!:C��<-<-&PE)���!+4/�=D+4O��"3t�5& 〈x〉β = 0•x−1 · · · x−n(x−n−1 · · · x−n−p)

ω UB6s,P�! "�¢OL�;3t�F8G "�����¢�! "�E)���!+4/Q=V/�1 〈x〉β +43@��JpE.�s&%�)��,���#%��,Q�!:C��<-<-&VE)���!+4/Q=D+4O α r �;=D+4O0�zyDEC��,"3!+4/;,´/�1 −x′ +43@/;'.�t��+-,"�5=�'H&¹u��JpJ|�@*"U'&DU'&DU¹u���$:"3��;3�3!:.J>�F�! C���$�! "�AE)���!+4/�=P/�1 〈x〉β +43G,"/;,Drs��JpE.� &X��,"=P<4���G:"3$=.��,"/;����+-��3G#;��<-:"�F'Q&
y := πβ(0•(x−(n+1) · · · x−(n+p))

ω) ,

�! "�����z1T/;���
x =

x−1

β
+ · · · x−n

βn
+

y

βn
.

(S/;,;��:.*H���!+-,.*|�! "�¢���Q:C���!+4/;,V87��/;'.�t��+-,

x′ =
x−1

α
+ · · · + x−n

αn
+

y′

αn
,

−x′ = − y′

αn
− x−1

α
− · · · − x−n

αn
.
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%GO5O5/;��=D+-,.*A��/A¹{��JpJ|� *"U'&DU �K87�S?Q,"/M8x "/L8x��/F/;'.�t��+-,|��,
α
r �;=D+4OG�zyDEC��,"3!+4/;,p/�1 −y′ �; "��,"O5���,

α
r �;=D+4O¢����E.���53���,Q�t���!+4/;,�/�1 −x′ OL��,V')�A/;'.�t��+-,"�5=V'Q&R=D+-*�+-�$8G+43t���;=.=D+-�!+4/;,

ω(x−(n+1) · · · x−(n+p))x−(n+1) · · · x−p • x−(p+1) · · · x−(n+p)

• (−x−1) · · · (−x−n)
ω(x−(n+1) · · · x−(n+p))x−(n+1) · · · x−p • (x−(p+1) − x−1) · · · (x−(n+p) − x−n)

vK "�����z1T/;���G87�$ C�5#%�
α〈−x′〉

/�1)�! "�K1T/;�!J ω(c1 · · · cp)u
�H8G "�����

u
+43B��Y",.+-���G8S/;��=2�Q/;'.�t��+-,"�5=|'H&�! "��,"/;�!J|��<-+-�M���!+4/;,X/�1u�! "�}E.���zrcE����!+4/�=

x−(n+1) · · · x−p•(x−(p+1) − x−1) · · · (x−(n+p) − x−n)
U�}/;���@�! C���K�! .+43SE.���zrcE)���!+4/Q=qOL��,R'��}3��5��,P�;3K�0=D+��2������,"O5�F'���� 87�5��,q�s8S/�Y",.+-���}�zyDEC��,"3!+4/;,"3G��,"=3�/(�! "�F,"/;�!J|��<-+-�M���!+4/;,´8G+-<-<u,"/;�G+-,Q������1�������8G+-�! V�! "�AE)���!+4/Q=2U�}/L8©<4���

x ≥ 1
�
x ∈ Q(β)

U96s,"=.�5�5=2�;�! "�����S�zy�+43���3��@E�/�3!+-�!+-#%�B+-,H����*%���
N
3!:"O� ��! C���

x < βN U�}��,"O5�
t := 1 − x

βN ∈ Q(β) ∩ [0, 1)
U %�3$87�A C�L#%�¢E.��/L#%�5=X'��z1T/;���F�! "�A,Q:.J�')��� −t = x′

αN − 1 C�;3���,[��#%��,H�!:C��<-<-&eE)���!+4/Q=D+4O
α
r �;=D+4O|�zyDEC��,"3!+4/;,uU>vK "�����z1T/;���I��,Z��#%��,Q�!:C��<-<-&eE����!+4/�=D+4O

α
r �;=D+4O�zyDEC��,"3!+4/;,

α〈x′〉
+43}3!+-JpE.<-&X/;'.�t��+-,"�5=�'Q&��;=.=D+-,.*

1
��/

α〈 x′

αN − 1〉 ��1T/;<-<4/L8S�5=�'H&X3! .+h1��!+-,.*R�! "�1��t�;O��!+4/;,C��<uE)/;+-,H�
N
E�/�3!+-�!+4/;,"3$��/p�! "�A<4�z1��LU

� ��� � �
	�	��D� � 	 � � ��� ��	 ����� � �4"�� � ��� ��"����D����� 	D� 	 	 � ��" � � � 


6 ,p�! "�GE.����#�+4/;:"3B3��5O��!+4/;,>8S�GE.��/L#%�5=R�}*%��,"���t��<C�! "�5/;����J O� C���t�;O������!+-�5+-,.*
α
r �;=D+4O$�zyDEC��,"3!+4/;,"3B/�1��<4��J>��,Q��3}/�1��! "�0�zy�����,"3�+4/;,VYC��<4=

Q(α)
U$6s1�87�(�;=.=X/;,"�(�;=.=D+-�!+4/;,C��<9O5/;,"=D+-�!+4/;,e/;,

β
�C,C��J>��<-&�! C���A+-�F1�:.<hY"<-<43¢����/;E)���!�s& 6�¶87z�)87�>�����|��'.<4�(��/POt C���t�;O������!+-�L�>�! "�p�zyDEC��,"3!+4/;,"3¢/�1G��<4��J>��,H��30/�1�! "�F�!+-,.*

Z[α−1]
J>/;���AE.���5O�+43���<-&%U

�����BE �B#��=���
�	� � � ; ��� �@·{f�`
α
¤tf0bI��k;iL¦z���%b�`sf�k��¢b�dK_w�5k�`�i"��±|¤�fz�

β
��b�`�_�� �z�;_�iQ�0dS��k �.fz��`�� �a��� ��{k;�}b;iC�

x ∈ Z[β−1]+
_a`a�}�tk;iL¦z�;�%b%`sf

x′
��b��Ab�`9g-f!b;�z`�k;i�f

α �
b%^�_���f 
 �Db;i.�z_�k�i � �{�H_w�}f 
 �Db;i.�z_�k�i_�� ��i"_�`sf¢b;ij^

α〈x′〉 = 〈x〉β �dS�!kLk�� � �Q+-,"O5� β  C�;30����/;E����!� & 6�¶87z� Fin(β) = Z[β−1]
��,"=���,H&

x ∈ Z[β−1]+
 C�;3(�qY",.+-���

β
rs�zyDEC��,"3!+4/;,u�"3t�L&

x =
∑k

i=−j xiβ
i U 57&qO5/;,;��:.*H���!+4/;,V87�A C�L#%� x′ =

∑k
i=−j xiα

i U
vK "��E.��/�/�1{/�1�����/;E)/�3!+-�!+4/;, *"U')DU �F3! "/M8$3S:"3S��8S�L&> "/L8 ��/�O5/;JpE.:.���F��,

α
r �;=D+4OF�zyDEC��,"3!+4/;,/�1���,H:.J0'����

x′
8G .+4O� V+43��pO5/;,;� :.*H������/�1

x ∈ Z[β−1]+
U�vK "�A3t��J>�¢�t�;3!?I+43���<-+-�!�!<4�A'.+-�$J>/;���O5/;JpE.<-+4OL�����5=|+-,p�! "�$OL�;3��G8G "�����

x′
+437�FO5/;,;� :.*H������/�12��,

x ∈ Z[β−1]−
U %@,

α
r �;=D+4O$�zyDEC��,"3!+4/;,/�1�3!:"O� ´��,"��*H���!+-#%�¢,H:.J0'����

x′
+43$O5/;JpE.:.���5=V'Q& %�<-*%/;�!+-�! .J *"U')DU'&p'���<4/M8¢U

< �
�B�B� �=��>�� � � ; � , �@·�f�`
x ∈ Z[β−1]− �

° i
α �
bH^;_��pf�
 �Db;i.�z_�k;iok��

x′
_��AkQ¤�`cb;_ai�f!^Pb�� �5k;g�g-k ��� �

� ��� �5f0`a�Df}�;��f�f!^��qb;g �%k;�z_�`a�H± `ck ��ij^I`a�Df
β �
f�
 �Db;i.�z_�k;iok�� −x � ��b;�

〈−x〉β = α〈−x′〉 = xk · · · x0•x−1 · · · x−j ,

��_a`a�
x−j 6= 0 �

�{�Q_w�0f�
 �.b;i.��_Tk;i�_�� ��iC_a`sfA��_aij�tf
β
��b�`�_�� �Sfz�$dS�!k �.f��z`�� �a��� �

� � �G� �z��b�iQ�;_aiQ�®`a�Df���_-�;i k��x��kMf�1ª��_cfziC`a��_ai `a�Df¬f�
 �.b;i.��_Tk;i � xi 7→ −xi �
�7fxkH¤�`cb;_aib;i

α �
b%^�_��[��f �j��f��5fzij`cb�`�_�k�i k��

x′
_ai«`a�Df �5k;�z± k��Zb �Bi"_a`sf �Bk;�!^ k�l�fz�Z`a�Df[b;g �C��bH¤tf�`

{−bβc, . . . ,−1, 0} �



93* ����� � ����� � � � � � ��� � �;�;��� � � � � �.
 � ���.

� � j�.¤�`��!b%�5` −1

���!k;±�`a�Df|�z_h����`�±pk;�z`Gijk�i � ³nfz��k���knf�1ª��_cfziC` x−j
b;ij^X�!f �jghbH�tfI_a`F¤z��b;i

α �bH^;_��(f�
 �.b;i.��_Tk;iek�� −1 � α〈−1〉 = ω(t1 · · · t`−1(t` − 1)) �
�{�DfF��f �j��f��5f�iC`cb�`�_Tk;iok��

x′
��b;�i�k �«b �.f���_TkL^;_T� �.b;�z` ω(t1 · · · t`−1(t` − 1))

b;ij^Xb �j��f � �"fz��_TkL^ � ���H_�����_��(b��Bi"_a`sf �Bk;��^k�l�fz�0`a�.f0b�g �C�DbH¤�f�` {−bβc, . . . , bβc} �
� � �B_aijb;gag²� � `a�Df α � b%^;_T�(f 
 �Db;i.�z_�k�i�k�� x′ _����z_�±
�jg£�|kH¤�`cb;_ai�f!^P¤z�I`a�Df�ijk;�z±pb�g²_4³Lb�`�_Tk;i�k��¢`a�Df���!f � �.fz�z_�kM^ � ��k�`sf¢`a�Db�`B`a�Df �j��f � �"fz��_TkL^P��b�io¤tfA�Lf�fzieb���bI^�_ ��fz��fzij��fp¤�f�` �7f�fzio` �Bk ��i"_�`sff 
 �Db;i.�z_�k�i.�0b;ij^>��kR`a�Df¢ijk;�z±>b;g²_4³Lb%`�_�k;i ��_ag�g)ijk�`B_�ij`sfz� �Lfz��f ��_a`a�P`a�Df �.fz�z_�kM^ �

������������� �7¹u���
β
')�K�! "�K*%/;<4=.��,>J>�L��,u�

α
+-��3�O5/;,;��:.*H������U��@�5OL��<-<.�! C����1T/;���zy.��JpE.<4�

α〈−1〉 =
ω(10)•

U o�(O5/;JpE.:.���|��,
α
r �;=D+4Op�zyDEC��,"3!+4/;,o/�17�! "��,H:.J0'���� −4

U�vK "�
β
rs�zy�EC��,"3�+4/;,o/�1

4
+43

101• 01
��3�/

1̄01̄• 01̄
+43}��,

α
r �;=D+4O0����E.���53���,Q�t���!+4/;,´/�1��! "�A,Q:.J�')��� −4

US��/M8 87�03!:.'.�!�t�;O�� −11���/;J �! "�F�!+-*� H�!J>/�3!��,"/;,Drc�L����/|O5/��z~|O�+4��,H�F��,"=q����E.<w�;O5�¢+-�G'H&
α〈−1〉 �;3K1T/;<-<4/L8$3

1̄ 0 1̄ • 0 1̄
• 1

ω(1 0) 1 0 1 0 • 1 0
ω(1 0) 1 1̄ 1 1̄ • 1 0

�Q+-,"O5�e�! "�e,"/;�!J|��<-+-�M���!+4/;,�/�1��! "��E.���zrcE)���!+4/�=
11̄11̄•10

*�+-#%�53
0100•001

�F�! "�o�zy�EC��,"3�+4/;, +43
α〈−4〉 = ω(10)0100•001

U
�����BE8�	#��=���
�	� � � ; � ; �@·{f�`

α
¤�f�bR��k;iL¦z���%b�`sf�k��¢b0dS_���k%`�i"��±>¤tfz�

β
�5b�`�_�� �z��_aiQ��dK��k �"fz�z`�� �a��� ��uk��0b;i"�

x ∈ Z[β−1]− �
_�`a����k;iL¦z���%b�`sf

x′
��b��0b%`Bg4f!b���`

`
^;_ ��f��!fzij`

α �
bH^;_��>f 
 �Db;i.�z_�k�i.� � ���H_����b;��f(fzl�fziC`��.b;gag²� �.fz�z_TkL^;_T�(`ck|`a�Df�g4f ��` ��_�`a�q`a�Df �.f���_TkL^ ω(t1 · · · t`−1(t` − 1)) �dS�!kLk�� � ¶�+-��3��L��87�P3! "/M8 �! C���(�! "�I,H:.J0'���� −1

 C�;3
`
=D+��)������,Q�

α
r �;=D+4Oq�zyDEC��,"3!+4/;,"3LU ���5OL��<-<�! C��� −1 + πβ(dβ(1)) = 0

�� "��,"O5� −α` + α`πα(dβ(1)) − 1 = −1
UFvK "�����z1T/;���08S�� C�5#%�(�! "�Y"��3!�$�zyDEC��,"3!+4/;,

α〈−1〉 = ω(t1 · · · t`−1(t` − 1)) .
6
*"U ��7

�}/L8 8S�¢3!:"O5O5�53�3�+-#%��<-&R:"3t�A�! "�����Q:C��<-+-�s& −αj + αjπα(dβ(1)) − 1 = −1
1T/;�

j = `− 1, . . . , 1��/>/;'.�t��+-,V�! "��/;�! "���
`− 1

����E.���53���,Q�t���!+4/;,"3LUS¶"/;�$*�+-#%��,
j
�! .+43@���Q:C���!+4/;,V+43

−αj + t1α
j−1 + · · · + tj+1α+ (tj − 1) + tj−1α

−1 + · · · + t`α
j−` = −1 .

6s1�87������E.<w�;O5�A�! "�¢O5/��z~|O�+4��,H� −1
���
αj 'H&R+-��3$�zyDEC��,"3!+4/;,�6
*"U ��7S8S�A C�5#%�

α〈−1〉 = ω(t1 · · · t`−1(t` − 1))t1 · · · tj+1(tj − 1)•tj−1 · · · t` .
6
*"U'&.7

�}/;���7�! C����E)���!+4/�=.39/�1)�zy�EC��,"3�+4/;,"3�/;'.�t��+-,"�5=p+-, 6
*"U'&.7������7J0:.�!:C��<-<-&�3� .+h1a���5=2���! "��&(�����K3!+-�!:C�����5=/;,���<-<2E)/�3�3!+-'.<4�
`
E�/�3!+-�!+4/;,"3MU�vK C���$+43G8G Q&q��<-<u�! "�53t�A�zy�EC��,"3!+4/;,"3}�����¢�53�3���,Q�!+w��<-<-&P=D+43!�!+-,"O��LUvK "�P/;,.<-&�=D+h~|O�:.<-�s&�87/;:.<4=ª���!+43t�q+h1

tj = 0
1T/;�>3�/;J>�

j
��,"=� "��,"O5�P8S�q87/;:.<4=¬/;'.�t��+-,ª�! "�O5/��z~|O�+4��,H� −1

���
α0 'H&e���Q:C���!+4/;, 6
*"U'&.7�UI6c1K�! .+43¢+43A�! "�IOL�;3��p8S�p�t��?%�>�! "�pE.���zrcE)���!+4/�=[��,"=,"/;�!J|��<-+-�L�¢+-�
t1 · · · tj+1(tj − 1)•tj−1 · · · t`

νC7→ u1 · · · uj•uj+1 · · · ui ,
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 9 �

8G "�����
C = {−1, 0, . . . , bβc} U %@, α r �;=D+4O¢�zyDEC��,"3!+4/;,X/�1 −1

�! "��,P8G+-<-<u')�
α〈−1〉 = ω(t1 · · · t`−1(t` − 1))u1 · · · uj•uj+1 · · · ui .vK "��,´87�0O5/;,"3!+4=.���A��,

x ∈ Z[β−1]−
U �}3!+-,.*>�! "�

`
=D+��2������,H�A�zyDEC��,"3!+4/;,"3�/�1 −1

+-, %�<-*%/�r�!+-�! .J *"U')DU'&p*�+-#%�53G:"3
`
=D+��2������,H�

α
r �;=D+4O��zy�EC��,"3!+4/;,"3�/�19�! "�¢,H:.J�')���

x′
U

�}/;���$�! C���L�DO5/;,Q#%����3���<-&%�D+h1���,I�zyDEC��,"3!+4/;,q/�1��¢,Q:.J�')���
z′
+437/�1u�! "�@1�/;�!J ω(t1 · · · t`−1(t` −

1))u•v
�D�! "��,

z
'���<4/;,.*%3G��/

Z[β−1]−
U

������������� ��¹u���
β
/�1�Jp+-,.+-J|��<¢E)/;<-&Q,"/;Jp+w��<

x3 − x2 − 1
O�3!:"Ot �©,H:.J0'����V+43P��+43�/;�X��,"=3t���!+43!YC�53}����/;E����!� & 6�¶87D@') BsU o�� C�5#%�

dβ(1) = 101
��,"=

d∗
β(1) = (100)ω UA¹u��� α ')��/;,"��/�1+-��3 6�O5/;JpE.<4�zyB7KO5/;,;��:.*H�����53LU�vK "�A,Q:.J�')��� −1

 C�;3@�! .���5�¢=D+��)������,Q�
α
r �;=D+4O0�zy�EC��,"3�+4/;,

α〈−1〉 = ω(100)•

α〈−1〉 = ω(100)0•01

α〈−1〉 = ω(100)01•00001�Q+-,"O5�
t2 = 0

�! "�A,"/;�!J|��<-+-�M���!+4/;,�/�1��! "�FE.���zrcE)���!+4/Q=P8K�;3$,"�5O5�53�3����!&I��/p/;'.�t��+-,���,X�;=DJp+43t3!+-'.<4��zyDEC��,"3!+4/;,P1T/;�
j = 2

U
� ��� �  	 ��
	H" ��� � ��� 	 "  D���4"��

vK .+43q3��5O��!+4/;, +43q=.��#%/;���5=\��/ �Q:C�;=D�t���!+4O´��+43�/;�I:.,.+-��3M�$+cU ��U7��/Z�! "����<-*%��'.�t��+4O�:.,.+-��3
β
�G8G+-�! Jp+-,.+-J|��<7E�/;<-&�,"/;Jp+w��<43�/�1K�! "�(1T/;�!J

x2 − ax − 1
�
a ∈ Z+

U>vK "��,
α = −β−1 UIvK "� � 
�,Q&Q+�zyDEC��,"3!+4/;,X/�1�:.,.+-�s&P+43

dβ(1) = a1
1T/;�$3!:"O� ��p,H:.J�')���

β
�"8G .+4O� �3����!+43�YC�53@����/;E)���!�s& 6�¶87z�.'Q&vK "�5/;����J &DU'&DU *"U7vK "�AOL��,"/;,.+4OL��<9��<-E. C��')���$+43 A = {0, . . . , a} U

� � � ��� � ��� � �(��
 +�� �	� ������0 ��+ ��0���� Z[β]
o�}Y"��3!���53!�t��'.<-+43! X�(���5Ot .,.+4OL��<{���53!:.<-�LU
�����BE �B#��=���
�	� � � � ��� �A·�f�`

α
¤�fR`a�.fI�tk;iL¦z�;�%b%`sfPk��|b´µ��DbH^;��b%`�_��|dK_w�5k�`$��i"_�`

β �
·�f�`

α#(x) :
R → N

¤�f�`a�Df ����ij�5`�_Tk;ie��k;��iC`�_�i��|`a�Df�i"��±|¤�fz�0k���^;_ ��f��!fzij`
α �
b%^�_��pf�
 �.b;i.��_Tk;i.��k���b|i"��±|¤�fz�

x �
�{�Df�i

α#(x) < +∞ �5k;��b;i"�
x ∈ R �dS�!kLk�� � ¹u��� x ∈ R

��,"=q<4���
α〈x′〉 = u•v

')�¢��,
α
r �;=D+4O0�zy�EC��,"3�+4/;,X/�1

x′
U�vK "��,

πβ(•v) ∈ Z[β] ∩ [0, 1) ,

|x′ − πα(•v)| = |πα(u•)| < bβc
1 − |α| .

6
*"U').7
¹u���

Dx := {(πβ(•v), πα(•v)) | α〈x′〉 = u•v} U (7<4�L���!<-&>'Q& 6
*"U').7�� Dx
+43K�¢3�:.'"3����7/�1

[0, 1)×R8G+-�! �:.,.+h1�/;�!Jp<-&P')/;:.,"=.�5=�OL����=D+-,C��<-+-� &%�)�! C���@+43@��/|3t�L&P�! "�����0�zyD+43!��3��|O5/;,"3!�t��,H�
B
3!:"O� ��! C���

#Dx ≤ B
1T/;�@��<-<

x ∈ R
U�}/L8 3�:.E.E�/�3��q�! C���|�! "�����q+43|�´,H:.J0'����

y ∈ R
3!:"O� x�! C���

y′
 C�;3|��,x+-,DY",.+-���P,Q:.J�')���/�1

α
r �;=D+4OR�zyDEC��,"3!+4/;,"3LU�6 ,"=.�5�5=2���! "�����q�zy�+43!��3(��O5/;,"3!�t��,H�

N
3!:"Ot ��! C���

α−Ny′
 C�;3

B + 1=D+��2������,H�}1��t�;O��!+4/;,C��<�EC���!��3LU}vK .+43�+43@+-,�O5/;,H�!�t�;=D+4O��!+4/;,e8G+-�! ´�! "����')/L#%��E.��/M#%�5=X1c�;O��@�! C���}�! "�,Q:.J�')����/�1�=D+��)������,Q�G1a�t�;O��!+4/;,C��<�EC���!��3G+43G:.,.+h1T/;�!Jp<-&q'�/;:.,"=.�5=q1T/;�
x ∈ R

U



9 O ����� � ����� � � � � � ��� � �;�;��� � � � � �.
 � ���.

¹u���A:"3},"/;�����! C���¢����/;E)/�3!+-�!+4/;, *"U *"U ��+43FO5/;,;���5O��!:.���5=e��/R')��#���<-+4=�1�/;�¢��<-<���+43�/;�F,Q:.J�')����38G+-�! �����/;E����!� & 6�¶87zU96s,©�! "�IOL�;3t�|�! C���

β
+43(��O�:.'.+4OI��+43t/;�0:.,.+-�(8G+-�! �O5/;JpE.<4�zy[O5/;,;� :.*H�����533t���!+43�1�&�+-,.*>����/;E����!� &26�¶ 7z���D�;="�� .+-��/ @ ��� Bu C�;3$E.��/M#%�5=P�! C���$�! "����')/L#%�¢���53!:.<-�$ "/;<4=.3G�!�!:"��U

�����BE8�	#��=���
�	� � � � � , �A·�f�`
β
¤tfqbeµ��DbH^;��b%`�_��|dK_w�5k�`@��i"_�` � ·�f�` x ∈ Z[β]+ �

�{�.fzi
x′
�Db��Ib��i"_�µ5�.f

α �
b%^;_T�pf�
 �Db�i.��_Tk;i � ���Q_��z�q_�� �Bi"_a`sf0b;ij^>���.�z�V`a��b�` α〈x′〉 = 〈x〉β �dS�!kLk�� � 57&¬����/;E�/�3!+-�!+4/;, *"U')DU ����,H&x,H:.J0'���� x′ ∈ Z[β]+

 C�;3q��Y",.+-���´�zy�EC��,"3!+4/;,
α〈x′〉 =

xk · · · x0•x−1 · · · x−j
UK¹u���@:"3�3!:.E.E)/�3��A�! C���

x′
 C�;3}��,"/;�! "���

α
r �;=D+4O��zy�EC��,"3!+4/;, 6a,"�5O5�53�3t���!+-<-&+-,DY",.+-����7

α〈x′〉 = · · · un · · · u0•u−1 · · · u−m .�Q:.'.�!�t�;O��!+-,.*|�! "�53t��� 87/>�zyDEC��,"3!+4/;,"3$/�1
x′
��,"=q,"/;�!J|��<-+-�5+-,.*>�! "�F���53!:.<-�G8S�A/;'.�t��+-,���,X�;=DJp+43�r3!+-'.<4�$�zyDEC��,"3!+4/;,|/�1)�L����/¢/�1)�! "�K1T/;�!J · · · uk+3uk+2vk+1 · · · v0•v−1 · · · v−p

�%8G+-�! 
v−p 6= 0

U 57&3! .+h1��!+-,.*I��,"=q����<w��')��<-+-,.*
0 =

∑

i≥0

αizi ,
6
*"U *�7

8G "�����
(zi)i≥0

+43���,>�;=DJp+43�3!+-'.<4�G3����Q:"��,"O5�K8G+-�! 
z0 6= 0

U�vK "�G�;=DJp+43�3!+-'.+-<-+-� &(O5/;,"=D+-�!+4/;,|+-JpE.<-+4�53
z1 ∈ {0, . . . , a− 1} U7�Q+-,"O5� α = −β−1 /;,"�¢OL��,V����8G�!+-��� 6
*"U *�7G�;3

z0 +
z2
β2

+
z4
β4

+ · · ·
︸ ︷︷ ︸

LS:=

=
z1
β

+
z3
β3

+
z5
β5

+ · · ·
︸ ︷︷ ︸

RS:=

.
6
*"U �.7

vK "�GO5/��z~|O�+4��,H��3
zi
1�/;�

i ≥ 1
')��<4/;,.*¢��/ {0, . . . , a} �% "��,"O5�$'H&(3!:.JpJp+-,.*¢�! "�K*%�5/;J>���!�!+4O$3����!+4�53/;,>')/;�! >3!+4=.�53�/�1 6
*"U �.798S�$/;'.�t��+-,

LS ∈ [1, a+ 1
β ]
��,"=

RS ∈ [0, 1− 1
β ]
8G .+4Ot |+43B��'"3�:.��=2U

v�/IE.��/M#%�p��,e��,C��<4/;*�:"�(/�17����/;E�/�3!+-�!+4/;, *"U *"U'&R3!�t���!+-,.*R�! "��:.,.+4O�+-�s&�/�1
α
r �;=D+4O(�zy�EC��,"3�+4/;,"31T/;�G�! "�¢��<4��J>��,H��3}/�1

Z[β]−
87�FY"��3!�G,"�5�5=V�! "�F1�/;<-<4/M8G+-,.*I¹u��JpJ|�DU

,80� � ! � � � � ; �}» �0bRi"��±|¤�fz�
z
��b���b;i[f�l�fziC`��.b;gag²� �.fz�z_TkL^;_T�

α �
b%^;_T�|f�
 �.b;i.��_Tk;iZ`a�.fziZb;gag{_�`a�

α �
b%^;_T�pf�
 �Db;i"��_Tk;i.�0b;��fpfzl�fzij`��Db;gag£� �.fz�z_TkL^;_T� �

dS�!kLk�� � o�p C�5#%�R��<-���L�;=D&o3! "/L8G,o�! C���0+h1G�P,H:.J�')��� x  C�;30�RY",.+-��� α r �;=D+4OI�zy�EC��,"3!+4/;,[�! "��,�! .+43$�zyDEC��,"3!+4/;,V+43G:.,.+ �Q:"��U¹u���@:"3$O5/;,"3!+4=.�����(,Q:.J�')���
x′
8G+-�! ���,V��#%��,Q�!:C��<-<-&PE����!+4/�=D+4O¢�zyDEC��,"3!+4/;,

α〈x′〉 = ω(xk+p · · · xk+1)xk · · · x0•x−1 · · · x−j .
6
*"U'O.7

¶"/;�S�! "�@3t��?%��/�1uO5/;,H�!�t�;=D+4O��!+4/;,P<4���B:"3S�;3�3!:.J>�@�! C���
x′
 C�;3S��,"/;�! "���

α
r �;=D+4O}�zy�EC��,"3�+4/;,u�H8G .+4Ot +43G+-,DY",.+-������,"=V,"/;,DrcE����!+4/�=D+4O

α〈x′〉 = · · · u1u0•u−1 · · · u−m .
6
*"U 9�7

��:.�
y′ := α−(k+1)x′ − πα(0•xk · · · x0x−1 · · · x−j)

U�����,"O5�A1a��/;J 6
*"U'O.7S8S�A C�5#%�
α〈y′〉 = ω(xk+p · · · xk+1)•0 .

6
*"U'N.7



� ��� ��� ���;� ��� ��� � � � 
 �.� ���;� ��
 9�9

¶.��/;J 6
*"U 9�7z�C=.�zY",.+-,.*
vk+1•vk · · · v0v−1 · · · v−q

�;3@�! "��87/;��=´/;'.�t��+-,"�5=X'Q&P,"/;�!J|��<-+-�M���!+4/;,e/�1�! "�����53!:.<-�G/�1�=D+-*�+-��rc8G+43��F3!:.'.�!�t�;O��!+4/;,
uk+1•uk · · · u1u0u−1 · · · u−m − 0•xk · · · x0x−1 · · · x−j

�8S�A C�5#%�
α〈y′〉 = · · · uk+3uk+2vk+1•vk · · · v0v−1 · · · v−q ,

6
*"U �.7
8G .+4Ot V+43G,"/;,DrcE)���!+4/Q=D+4O�U

� �H:C���!+4/;,�6
*"U'N.7K*�+-#%�53$:"3@��,"/;�! "���G1T/;�!J�:.<w�p1�/;�
y′
�D,C��J>��<-&

y′ = α−py′ − πα(0•xk+p · · · xk+1) .6 �����t���!+-,.*@�! .+43u1�/;�!J0:.<w�$/;,¢�! "�B,"/;,DrcE����!+4/�=D+4OB�zyDEC��,"3!+4/;, 6
*"U �.72&Q+4��<4=.3{+-,DY",.+-����<-&AJ|��,H&A=D+��)������,Q�
α
r �;=D+4O¢�zy�EC��,"3�+4/;,"3@/�1��! "�A,H:.J0'����

y′
U�vK .+43@+43G+-,V�! "�¢O5/;,Q�!�t�;=D+4O��!+4/;,�8G+-�! V�! "��3!�t������J>��,H�}/�1¹u��JpJ|� *"U *"U ��U

�����BE �B#��=���
�	� � � � � � ��·{f5`
β
¤�f�b[µ5�Db%^���b�`�_T�XdS_���k%`¢��i"_a` � ·�f�` x ∈ Z[β]− �

�{�Dfzi
x′
�Db��f�
Hb%�5`�g£�I` �BkPfzl�fzij`��Db;gag£� �.fz�z_TkL^;_T�

α �
bH^;_��pf�
 �Db;i.�z_�k;i"� ��_a`a� �.fz�z_�kM^ ω(a0) �dS�!kLk�� � %K��Y"��3!�L��8S�KE.��/L#%�G�! C�����! "�K,Q:.J�')��� −1

 C�;3�,"/A/;�! "���
α
r �;=D+4OG�zyDEC��,"3!+4/;,"3��! C��,|�! "/�3��1���/;J�����/;E�/�3!+-�!+4/;,K*"U')DU')DU��Q+-,"O5�G��<-<

α
r �;=D+4OK�zy�EC��,"3�+4/;,"3�/�1 −1

 C�L#%�S��/�')�S��#%��,H�!:C��<-<-&�E)���!+4/�=D+4O��8S�A8G+-<-<{=D+43�O�:"3�3G/;,.<-&q� 87/|OL�;3t�53���8G "��,V�! "�AE)���!+4/Q=q+43 ω(a0)
��,"=P8G "��,V+-�@+43$=D+��)������,Q�LU

��U (S/;,"3!+4=.������,
α
r �;=D+4O¢�zy�EC��,"3�+4/;,X/�1 −1

8G+-�! X�! "�AE����!+4/�= ω(a0)

α〈−1〉 = ω(a0)dk · · · d0•d−1 · · · d−j ,

−1 = −αk+1 + πα(dk · · · d0•d−1 · · · d−j) .vK "�0,Q:.J�')��� −1 + αk+1 +43F�! "�(O5/;,;��:.*H�����p/�1 βk+1 − 1 ∈ Z[β]+
��,"=o�;3F3!:"O� e C�;3¢�:.,.+ �H:"�

α
r �;=D+4O��zyDEC��,"3!+4/;,uU�vK "�����z1T/;���¢�! "�����¢OL��,.,"/;�@'��F� 87/|=D+��2������,H��E.���zrcE����!+4/�=.3G1T/;���*�+-#%��,VE�/�3�+-�!+4/;,X/�19�! "�¢E����!+4/�=2U

&DU@�Q:.E.E�/�3��¢�! C��� −1
 C�;3@��,

α
r �;=D+4O¢�zy�EC��,"3�+4/;,V8G+-�! ��(=D+��2������,H�@E)���!+4/�=

α〈−1〉 = ω(dk+p · · · dk+1)dk · · · d0•d−1 · · · d−j .¹u���
P ′ := πα(dk+p · · · dk+1)

U�vK "��,
−1 = αk+1 P ′

1 − αp
+ πα(dk · · · d0•d−1 · · · d−j) ,

��,"=P'H&R�t��?Q+-,.*|�! "�¢O5/;,;� :.*H�����¢87�¢/;'.�t��+-,
−1 = βk+1 P

1 − βp
+ πβ(dk · · · d0•d−1 · · · d−j) .

vK "�����z1�/;���
πβ(dk · · · d0•d−1 · · · d−j) + 1︸ ︷︷ ︸

∈Z[β]+

= βk+1 P

βp − 1︸ ︷︷ ︸
/∈Z[β]+

,

8G .+4O� X+43��(O5/;,H�!�t�;=D+4O��!+4/;,uU
�B��<-+4=D+-� &X/�1��! "��3!�t������J>��,Q�}1�/;�$,Q:.J�')����3

x′ ∈ Z[α]−
�
x′ 6= −1

�j+43$�! "��,´�|3!+-JpE.<4��O5/;,"3t�zr
�Q:"��,"O5�¢/�1 %@<-*%/;�!+-�! .J *"U')DU'&DU



9 N ����� � ����� � � � � � ��� � �;�;��� � � � � �.
 � ���.

� ����� � � � �'- � 0 � � ��� ����+ ��0 +�� - � � ��+ � �� � ��� � � - 0

6 ,R�! .+43G3�:.'"3��5O��!+4/;,P87�A+-,"3�E��5O��
α
r �;=D+4O��zy�EC��,"3!+4/;,"3G/�19�t���!+4/;,C��<u,H:.J0'�����3MU o�F*�+-#%�F'���<4/M8 ��,��<-*%/;�!+-�! .J 1�/;�@O5/;JpE.:.�!+-,.*V��,

α
r �;=D+4O�����E.���53t��,H�t���!+4/;,e/�1B�p�t���!+4/;,C��<{,Q:.J�')���

q ∈ Q
� |q| < 1

UvK "�F��<-*%/;�!+-�! .J 1T/;�7O5/;JpE.:.�!+-,.*
α〈q〉

+43S��3�/;�!�7/�1��¢�!+-*� H�S��/¢<4�z1��7,"/;�!J|��<-+-�M���!+4/;,I��+-�7O5/;,"3!+43!��3/�1A3!:"O5O5�53�3!+-#%�q�!�t��,"3�1T/;�!J|���!+4/;,"3R/�1A�´����E.���53���,Q�t���!+4/;, /�1
q
�7��,"=x+-�p*�+-#%�53R�;3|�´���53!:.<-�I�´<4�z1��+-,DY",.+-���¢3����Q:"��,"O5�¢/;,V�! "�AOL��,"/;,.+4OL��<���<-E. C��'���� A U¹u���

x1
�
x2
��,"=

x3
'��F�t���!+4/;,C��<�=D+-*�+-��3L�C��,"=V=.�zY","�A�! "�A1�/;<-<4/M8G+-,.*>�!�t��,"3�1T/;�!J|���!+4/;,

ψ : (x3)(x2)(x1) 7→ (x3 − (dx1e − x1))(x2 + a(dx1e − x1))(dx1e) .
6
*"U ��:.7

�}/;���A�! C���G�! .+43$�!�t��,"3�1T/;�!J|���!+4/;,VE.���53����!#%�53@�! "�
α
rc#���<-:"��U

< �=�	�B� �=��>�� � � � � � � ��������� �
q ∈ Q ∩ (−1, 1) ������	����� �Ab>�5f!µ5�.fzi��tf

s = (si)i≥0
k�� AN

���.�z�X`a��b�` ∑
i≥0 siα

i = q.
08��	���

s0 := q
�

A �	�
i ≥ 1

���
si := 0

�
i := 0;�3�E8?!4�

si+2si+1si := ψ(si+2si+1si)
�

i := i+ 1;����
�Q+-,"O5�A�! "�A3��t���!�!+-,.*>E�/;+-,Q�$/�19�! "�F8G "/;<4�¢E.��/QO5�53�3K+43��(3!+-,.*�<4�F�t���!+4/;,C��<u,H:.J0'����L���n1a�����$�L�;Ot 3!����Ex�! "�����q8G+-<-<G')�V���(J>/�3!�p�s8S/e,"/;,Drc+-,H����*%���RO5/Q�z~|O�+4��,Q��3(� �t���!+4/;,C��<$,Q:.J�')����3>8G+-�! x�! "�3t��J>�¢=.��,"/;Jp+-,C����/;�F�;3

q
U§F��,"/;���

s(i+1) �! "�����53!:.<-�!+-,.*x3����Q:"��,"O5�o�n1a�����P3!����E i
OA�! H:"3

s(0) = ω0q
��,"=2�@1�/;�

i ≥
0
�
s(i+1) = · · · s(i+1)

i+4 s
(i+1)
i+3 s

(i+1)
i+2 s

(i+1)
i+1 s

(i+1)
i · · · s(i+1)

0

8G "�����q�! "�P=D+-*�+-��3
s
(i+1)
0 = s0

�@U5U5U5�
s
(i+1)
i = si

�����I+-,Q����*%���>=D+-*�+-��3p/�1@�! "�q/;:.�!E.:.�L�B��,"=©�! "�I1T�;O���/;�
s
(i+1)
i+3 s

(i+1)
i+2 s

(i+1)
i+1

+43�:.,"=.���
O5/;,"3!+4=.���t���!+4/;,uU(�}/;���0�! C���F1T/;�

j ≥ i + 3
�)�! "�pO5/��z~|O�+4��,H��3

s
(i+1)
j

�����p��<-<����H:C��<���/
0
U�vK H:"3

�! "�A,"�zyD�G+-�����t���!+4/;,�/�1��! "����<-*%/;�!+-�! .J *�+-#%�53
ψ(s

(i+1)
i+3 s

(i+1)
i+2 s

(i+1)
i+1 ) = s

(i+2)
i+3 s

(i+2)
i+2 s

(i+2)
i+1

U
,80� � ! � � � �  � ° �z`sf��0fzl�fz�z�|��`sf �

i
k��¢`a�.f0b�g �%k���_�`a�H± � `a�Df���kMf�1ª�5_Tfzij`a�¢��b�`�_�� �z���

• s
(i+1)
0 = s0 � ����� � s

(i+1)
i = si

¤�f�ghk;i��q`ck A
• s

(i+1)
i+1 ∈ (−1, a)

• s
(i+1)
i+2 ∈ (−1, 0] �

dS�!kLk�� � o��8G+-<-<%E.��/L#%�B�! "��3!�t������J>��,Q�{'H&F+-,"=D:"O��!+4/;,�/;,¢�! "��,H:.J0'����9/�1D3�����E"3u/�1.�! "����<-*%/;�!+-�! .JVUvK "�¢3!�t������J>��,Q�@+43G#���<-+4=R1T/;�
i = 0

=D:"�A��/p�! "�¢�;3�3�:.JpE.�!+4/;, |q| < 1
U
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 9 �

5S&qvu�t��,"3�1T/;�!J|���!+4/;, 6
*"U ��:.7K87�A C�L#%�
ψ(s

(i+1)
i+3 s

(i+1)
i+2 s

(i+1)
i+1 ) = s

(i+2)
i+3 s

(i+2)
i+2 s

(i+2)
i+1

�D�! H:"3
s
(i+2)
i+1 = ds(i+1)

i+1 e ∈ Z ∩ [0, a] ,

s
(i+2)
i+2 = s

(i+1)
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)
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ŵ
¤�f(`a�.f0_�±>bL�Hf(k��

w
��ij^Hfz��`a�Df�ijk;�z±>b;g£_-³Mb�`�_�k�i �z�Qi��5`�_�k�i � νA(w) = ŵ �
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ŵ
8G+-<-<A C�5#%��,"/1��t�;O��!+4/;,C��<¢EC���!�X��,"= �! C���V8S�eOL��, E�����1T/;�!J ,"/;�!J|��<-+-�M���!+4/;,«3��t���!�!+-,.*x1a��/;J �! "�´1��t�;O��!+4/;,C��<E)/;+-,H����,"=V�! "��,(� :"3!�G���L�;=���,"=P8G�!+-���F1���/;J �!+-*� H�@��/(<4�z1��LU

o�@ C�5#%�}3! "/L8G,R�L���!<-+4���7�! C���B1�/;�K�A*�+-#%��,I�t���!+4/;,C��<j,Q:.J�')���
q
�! "�@,H:.J�')���K/�12O5/;,"3t�5O�:.�!+-#%�<4���!������3

a
� 30+-,¬��,x/;:.�!E.:.�p87/;��=

w
+430')/;:.,"=.�5=2��J>/;���5/M#%���p�! "�qE.��/Q/�1}/�1�����/;E)/�3!+-�!+4/;, *"U *"U'N*�+-#%�53S:"3S�! .+43S:.E.E����K')/;:.,"=2U o�@*�+-#%�} "�����A��O5/;,"3��!�!:"O��!+4/;,V/�19�¢�!+-*� Q�G3����H:"��,Q�!+w��<2�!�t��,"3�=D:"O5���

T E�����1T/;�!Jp+-,.*>�! "�F,"/;�!J|��<-+-�M���!+4/;,�/�1�3!:"Ot ���87/;��=
w
U§F�zY","� A∅ := A \ {0} �C��,"=q<4��� C ')�}�! "�F'�/;:.,"=V/;,P�! "�F,Q:.J�')����/�1�O5/;,"3��5O�:.�!+-#%�A<4���!������3

a
+-,e�>8S/;��=

w
U 5S�5OL��:"3t�0�! "�0���53!:.<-�F/�1B�! "�0,"/;�!J|��<-+-�M���!+4/;,o/�1B,"/;,Dr �;=DJp+43�3!+-'.<4�01c�;O���/;��3}/�1

w=.��E)��,"=.3�/;,>�! "�GEC���!+-� &p/�1)�! "�$<4��,.*��! |/�1�'.<4/�O�?D3�/�1uO5/;,"3��5O�:.�!+-#%�
a
� 3L�%�! "�$�!�t��,"3�=D:"O5��� T  C�;3���/O5/;:.,Q�G�! .+437EC���!+-� &%UBvK .+43K+43K=./;,"�}'H&IJ>��J>/;�!+-�5+-,.*>�! "�A�;O��!:C��<-<-&|E.��/�O5�53�3��5=I1�/;�!'.+4=.=.��,q1c�;O���/;��3�O�! "�A3!�t�����53�/�19�! "�F�!�t��,"3t=D:"O5���}�����F<w��')��<4�5=P'H&q�! "�53��FJ>��J>/;�!+-�L�5=V1T�;O���/;��3LUv{�t��,"3�=D:"O5��� T +43$O5/;,"3!�!�!:"O����5=X�;3G1�/;<-<4/M8$3

• vK "�¢+-,.+-�!+w��<{3!�t�����A+43K<w��')��<4�5=P'H&q�! "�¢��JpE.� &q87/;��=
ε
�C��,"=P�! "�����A+43@��<4/�/;E

ε
0|0−−→ ε

U
• vK "�����¢�����A3��t�����537<w��')��<4�5=q'H&P��3!+-,.*�<4�}<4���!�����

h ∈ A∅
O5/;,.,"�5O����5=q8G+-�! P�! "�F+-,.+-�!+w��<u3!�t�����

'H&e�5=D*%�53
ε

h|ε−−→ h
��,"=

h
0|0h−−→ ε

UIvK "�53t�>3!�t�����530�����I��<43�/VO5/;,.,"�5O����5=©/;,"�p8G+-�! [�L�;Ot 
/;�! "���@'H&V�5=D*%�53

i
j|i−→ j

8G "�����
i, j ∈ A∅

�
j 6= a

UG¶9+-,C��<-<-&P�! "������+43��p<4/�/;E
h

h|h−−→ h
/;,�L�;O� X3!�t�����

h ∈ A∅
�
h 6= a

U
• ¶C/;�B�L�;O� 

h ∈ A∅
�! "�����G+43B�AOt C��+-,|/�12O5/;,"3��5O�:.�!+-#%�@3!�t�����53

akh
�%8G "�����

k = 1, . . . , C−1
�

<-+-,.?%�5=e'H&e�5=D*%�53
akh

a|ε−−→ ak+1h
U>W´/;���5/L#%���L���! "�����I�����p�5=D*%�53

akh
i|u−→ i + 1

8G "�����
u = (0a)m0(h− 1)

1�/;�
k = 2m+ 1

��,"=
u = (0a)m0(a− 1)h

1�/;�
k = 2m+ 2

U
vK "�q�5=D*%�53

akh
a|ε−−→ al+1h

�����q�! "�53t�I8G .+4Ot ¬O5/;:.,H�p�! "�q,Q:.J�')���>/�1}O5/;,"3��5O�:.�!+-#%�q<4���!������3
a+-,o�I1T/;�!'.+4=.=.��,�1T�;O���/;�L�28G "�����L�;3¢�! "�p�5=D*%�53

akh
i|u−→ i + 1

�����(�! "�53���8G .+4O� u��=.��E���,"=D+-,.*�/;,�! "�PEC���!+-� &¬/�1}�! "�V<4��,.*��! 
k
/�1¢���!:.,

ak �7����E.<w�;O5����1�/;�!'.+4=.=.��,x1c�;O���/;�|'Q&�+-��3p,"/;�!J|��<-+-�L�5=���Q:.+-#;��<4��,Q�LU
I�,"�eOL��, �L�;3�+-<-&\O� "�5Ot? �! C���P�! "���!�t��,"3t=D:"O5���V+43q+-,.E.:.�V=.�������!Jp+-,.+43!�!+4O��¢��,"= �! H:"3V�!+-*� H�3����Q:"��,H�!+w��<cU (7<4�L���!<-&��! "�V/;:.�!E.:.�|8S/;��=¬+43R�;=DJp+43�3!+-'.<4��U �Q+-,"O5�X�! "�P+-J|��*%�V'Q&¬�e3����Q:"��,H�!+w��<1�:.,"O��!+4/;,X/�1B��,X��#%��,H�!:C��<-<-&PE)���!+4/�=D+4OA87/;��=X+43@��#%��,H�!:C��<-<-&PE)���!+4/�=D+4O 6�Oz1�U @ ��� B
7z�.�! "�A+-J|��*%�

ŵ
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′
0

+h1
ak +(d0 +d1τ) =

bk + (d′0τ + d′0τ
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10 = {(00(a), ?), (11̄(a) , ?), (1̄2, ?)}
P

(i)
11 = {(11̄(c), ?), (01(d) , ?)}
P

(i)
12 = {(00(a), ?), (00(b) , ?), (1̄2, ?), (12̄, ?)}
P

(i)
13 = {(11̄(a), ?), (01(a) , ?)}
P

(i)
14 = {(00(a), ?), (11̄(a) , ?), (1̄2, ?), (11̄(b) , ?)} .
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P
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1|ε−→ P
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10 P

(i)
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P
(i)
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0|ε−→ P
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(i)
13

1|ε−→ P
(i+1)
13

P
(i)
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w2 =

{
(k−2)(0 1) 0 0 1

1�/;�
i = 2k

(k−1)(0 1) 0 0
1T/;�

i = 2k + 1

w3 =

{
(k−2)(0 1) 0 0

1T/;�
i = 2k

(k−2)(0 1) 0 0 1
1�/;�

i = 2k + 1

w4 =

{
0 (k−2)(0 1) 0 0 1

1�/;�
i = 2k

0 0 (k−2)(0 1) 1 0 0
1�/;�

i = 2k + 1 .
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00|ε−→ P0 = {q1, 00} ε

P0
0|0−→ P1 = {(00(a), 00), (00(b) , 00), (1̄1, 10), (12̄, 01)} 0

P1
2|ε−→ P3 = {(11̄(c), 100), (01(d) , 001)} 0
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< �
�B�B� �=��>�� � � � �  �F·�f�`
x, y ∈ Fep(τ ′) �

�{�Df
τ �
b%^�_��Rf�
 �Db;i"��_Tk;i[k�������±

x + y
_w�(kH¤�`cb;_ai�f!^b�� �5k;gaghk ��� �

� � ��k;±
�j��`sf�b τ � b%^;_T�0�!f �j�!fz�5fziC`cb%`�_�k;iZk�� z = x+ y �
�H�z_�i��(�{b%�5`a� � � � � � b;i�^ � � � � � �

� � ���Df!�z¯ ���Df�`a�.fz�¢`a�Df �j�!f � 
Ik��¢`a�Df¢kH¤5`cb;_�i)f!^I�!f ���!f��LfziC`cb�`�_Tk;i´_w�¢k;i�f0k��A`a�Df �j��f � 
Hf���`��z_-� ��Hfz�z_�iQ��_ai ��i"_�`sf���f!b%^;_aiQ� �a·�fz±(±>b � � � � � � � » ����k � �j��f � �j��kM�tf��t�q`a�Df �j��f � 
X_�i�`a�DfI��k;�z�!f �� �Dk;i�^;_�i�� �Bb;� �
� � ���Df!�z¯ ���Df�`a�Dfz�(`a�Df���f �j��f��LfziC`cb�`�_Tk;i�¤tfT�;_ai.� ��_�`a� 00 �

k%`a�Dfz� ��_w�Lfpb � �.f�ij^|³Mf���k���_�i �z�!k;iC`k��A_a` �
� � �¢k;�z±>b;g²_4³Mf@`a�Df$�!f �j�!fz�5fziC`cb%`�_�k;i � �Q��_aiQ�0^Qf�`sfz�z±�_ai"_��z`�_T�$`��!b;i.�5^;�D��fz� Tdet �

C_aij�tf@`a�Df$�!f��z�Qgh`
��_�gag2¤tf�fzl�f�iC`��Db�g�g£� �.fz�z_TkL^;_T� � `a�DfA��k�± ����`cb�`�_Tk;i�^%k;i�f0¤z�>`a�DfA`��!b;i.�5^;�.�tfz����b;ie¤�f}��`ck � �.f�^b��z`sf��0b �Bi"_a`sf¢i"��±|¤�fz�0k��F��`sf �C� �
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x, y ∈ Fep(τ ′)
U o�>8K��,H�(��/qY","=[�! "�

τ
r �;=D+4O|�zyDEC��,"3!+4/;,©/�1

x − y
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τ
r �;=D+4OP����E.���53���,H�t���!+4/;, /�1

x − y
�B=.��,"/;���5=ª'H&

z = τ ′(x − y)
U I�'H#�+4/;:"3!<-&%�B�! "�O5/��z~|O�+4��,H��3(/�1

z
�����>1���/;J �! "�q��<-E. C��'���� {−1, 0, 1} U  +-�! "/;:.��<4/�3�30/�1$*%��,"���t��<-+-� &%��87�ROL��,3!:.E.E)/�3��0�! C���

z
 C�;3},"/I1a�t�;O��!+4/;,C��<�EC���!�LUA�}/;�!J|��<-+-�M���!+4/;,e+43}�! "��,´=./;,"��:"3!+-,.*q�! "��1�/;<-<4/M8G+-,.*��<-*%/;�!+-�! .JVU

< �
�B�B� �=��>�� � � � �2� �@·�f�`
z
¤�f�b

τ �
b%^�_��0��f �j��f��5fzij`cb�`�_�k�iek��

x− y �

� ��� f �Bi�f}b �Db��z`�_�`�_�k�iRk�� z _�ij`ck¢`a�H��f�fFk�`a�Df��$�!f �j�!fz�5fziC`cb%`�_�k;i"� u � vodd
b;ij^

veven �
���.�z�>`a��b�``a�H_w� �Db��z`�_�`�_�k�i �j��f��5f���l�fz��`a�Df@i"��±>f���_T��b;g"l�b;g²�"f

πτ ′(z) = πτ ′(u)+πτ ′(vodd)+πτ ′(veven)b;ij^
• u

_���kH¤�`cb;_ai�f!^
�z��k;±
z
¤z� �j�D`T`�_�iQ�Rb;gagu`a�Df�i�fT�%b%`�_�l�f(�tkMf�1ª��_cfziC`a�(f�µ��Db�g9`ck(³Mfz�!k



��& ����� � ����� � � � � � ��� � �;�;��� � � � � �.
 � ���.


• vodd
_��0kH¤�`cb;_ai�f!^ �z��k�±

z
¤z�|¯;f�f �j_aiQ��k;i"g£�|i�fT�Hb�`�_�l;fp��kMf�1ª�5_Tfzij`a� ���H_T�z�´¤�fzg-k;iQ�V`ck`a�.f0kM^%^ �Dk �7fz���0k��

τ ′

• veven
_��AkH¤5`cb;_�i)f!^ �z�!k;±

z
¤��p¯;f�f ��_�iQ�Pk�i"g²�pi)fT�%b�`�_al�f���kMf�1ª�5_Tfzij`a� ���H_T�z�V¤tfzghk�iQ�R`ck`a�.f�f�l�fzi �Dk �7f��t�0k��

τ ′

� � ��kL^;_ ��� vodd
b;ij^

veven
¤z�R`���b�i.� �5k;�z±pb%`�_�k;i

v̂odd := vodd + ω(10)•11
b�ij^

v̂even := veven + ω(01)•1 ,
6
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���Q_��z�Z^%knf��>ijk�`@����b;iQ�HfIiC�Q±|fz�z_��tb;g�lnb;g£�"f��Ik��>`a�Df>�!f �j�!fz�5fziC`cb%`�_�k;i"� � �z_�i��tfq¤!k�`a�Zb%^%^Hf�^�Lf!µ��"fzij�tfz�Ib;�!f(�!f ���!f��LfziC`cb�`�_Tk;i.�>k��A³Mfz�!k � ¡0fzij�tf �7f0��b;l�f u, v̂odd, v̂even ∈ {0, 1}N
b�ij^

πτ ′(u), πτ ′(v̂odd), πτ ′(v̂even) ∈ Fep(τ ′) �

� � ° τ �
b%^;_T�If 
 �Db;i.�z_�k�i[k��

x − y
_���kH¤5`cb;_�i)f!^�¤z� �.f�� �5k;�z±�_aiQ�P` �BkX��k;i.�Lf!���D`�_�l�fRb%^H^;_a`�_Tk;i.�

(u+ v̂odd) + v̂even �

������������� �F¹u���
τ ′〈x〉 = ω(0100)10•0

��,"=
τ ′〈y〉 = ω(0100)1•0

UpvK "��,Z'H&�=D+-*�+h��8G+43��p3!:.'Dr�!�t�;O��!+4/;,X8S�¢/;'.�t��+-,
τ ′(x− y) = z = ω(011̄0)11̄•0

U�vK "�¢EC���!�!+-�!+4/;,X+43K1T/;<-<4/L8G+-,.*|/;,"��U
u = ω(0100)10•0

vodd = ω(001̄0)00•0

v′odd = ω(1000)10•11

veven = 1̄•0

v′even = ω(01)0•1 .

� �B���	���
!"�)� � � � � � � �{�.f �Db;��`�_a`�_Tk;iZ��k�i.�z`��z�D�L`�_�k;i[_�i ° g �%k���_�`a�H± � ��� ��� b�g�g-k �����Q�(`ckX��k;±
�j�D`sfb
τ �
b%^;_T�ef�
 �Db�i.��_Tk;i ���!k;±�b;i®f�l�fziC`��.b;gag²� �.fz�z_�kM^;_��

τ �
b%^;_T���!f ���!f��LfziC`cb�`�_Tk;i k;l;fz�´b;iC� ��i"_�`sfb;g �C��bH¤tf�`Gk���^;_-�;_a`a� �

� � � _�� �Db;��`S`a�Df τ � b%^;_T�0�!f ���!f��LfziC`cb�`�_Tk;ie`ckP¤�f�ijk;�z±>b;g²_4³Mf�^|_aiC`ck u � v ����� b;ij^ v �����
	 �
� � � �5f|`���b�i.� �5k;�z±pb%`�_�k;i 6
*"U ���.7>k�i v �
��� b;i�^ v �
����	 b;�(±>b;iC�q`�_a±|f��>b���i)f�f!^Hf!^�`ckI�Hf�`@��_T^k���b;g�g{i�fT�%b�`�_al�f(��knf�1ª��_cfziC`a� �
� � �{�.fF��f�����g£`7_��FkH¤�`cb�_�i�f�^R¤z�Rb%^%^;_aiQ� (u+ v̂ �
��� ) + v̂ �
���
	 �

f!b%���Pk��A`a�Df�±��5f�fzieb��¢b(�z�Q± k��
�Bi"_a`sf¢i"��±|¤�fz��k��0fzg-f�±>f�iC`a� ���!k;±¨`a�.fA�Lf�` Fep(τ ′) �

� ���%��� � � �(� � ����� � � ����+ �
vK "�G/;E)���t���!+4/;,|/�1jJ0:.<-�!+-E.<-+4OL���!+4/;,I+43�=D+��2������,H��1���/;J �;=.=D+-�!+4/;,I��,"=>3�:.'.�!�t�;O��!+4/;,uU���#%��,>�! "/;:.*� �! "�F:"3!:C��<),C��+-#%�F8S�L&I��/�E)����1�/;�!J �! "�}J0:.<-�!+-E.<-+4OL���!+4/;,P� ��3����!+4�53G/�193�:"O5O5�53�3!+-#%�A�;=.=D+-�!+4/;,"3S�3��5��J>3���/>')����,´+-,DY",.+-����E.��/�O5�53�3L�C+-,X�! "��OL�;3t��/�1���#%��,H�!:C��<-<-&�E����!+4/�=D+4O��zyDEC��,"3!+4/;,"3�+-��OL��,X')�:"3��5=2�.'.:.�G+-�@,"�5�5=.3GJ>/;���¢OL�����z1�:.<u+-,H#%�53!�!+-*H���!+4/;,uU

o�K3!�t���!��8G+-�! (�! "�G3!+-JpE.<4�53!��OL�;3��K/�1j� 87/FE.:.����<-&�E)���!+4/�=D+4O
τ
r �;=D+4OK�zyDEC��,"3!+4/;,"3L�%3t�L&

τ ′〈x〉 =
ω(xk . . . x0)•

��,"=
τ ′〈y〉 = ω(yl . . . y0)•

U



� ��� � � ������� � � ������
 ��� � � � � �7� ��� � � � � �.
 � ���.
 ��)

%K��Y"��3!�L��<4���¢:"3��;3t3!:.J>�p�! C�����! "�����|+43�/;,.<-&o/;,"�|,"/;,Drc�L����/XO5/��z~|O�+4��,H��+-,
τ ′〈y〉 �93t�L& yn

�
0 ≤ n ≤ l

U�6 ,Z�! .+43(OL�;3��I�! "�IJ0:.<-�!+-E.<-+4OL���!+4/;,¬8G+-<-<KO5/;,"3!+43!�(/�1�3!:"O5O5�53�3!+-#%�R3!:.JpJ|���!+4/;,x/�1
xJ0:.<-�!+-E.<-+4�5=�'H&

(τ ′)n+li 1T/;� i ≥ 0
6a+cU ��U�3!:.JpJ|���!+4/;,¬/�1�O5/;E.+4�53p/�1

τ ′〈x〉 ��#%���!&Z�!+-J>�q3! .+h1����5=
l
E�/�3�+-�!+4/;,"3p��/��! "�P<4�z1��17zUxvK .+43pE.��/QO5�53t3pE.��/Q=D:"O5�53I������E.���53���,H�t���!+4/;,\8G+-�! \� Ls���zrs/�O5O�:.�!�!+-,.*EC���!�����!,D���}�n1������A3!:.JpJ|���!+4/;,o/�1

k
3! .+h1a���5=�O5/;E.+4�53¢/�1

τ ′〈x〉 �)�! "�(E)���!+4/Q=´/�1 (k + 1) ��� O5/;EH&´/�1
τ ′〈x〉 +43}�zy.�;O��!<-&���<-+-*�,"�5=´8G+-�! ��! "�0E����!+4/�=�/�1��! "� 1 � � O5/;EH&%�)8G .+-<4��+-,´�! "�0O5/;E.+4�53F+-,Drc')���s8S�5��,+-�I��E.E)�L����3>+-, ��<-<@/;�! "���>E)/�3�3!+-'.<4� L 3! .+h1��pE)/�3!+-�!+4/;,"3��&OG�! "�XE����!+4/�=x/�1A�! "�

(k + 2)
� � O5/;EH&�+43��<-+-*�,"�5=|8G+-�! |�! "�GE)���!+4/Q=|/�1)�! "�

2
� � O5/;EQ&|��,"=>3�/¢/;,uU�vK "�����z1T/;�����H�! "��3!:.J 8G+-<-<"')�$O5/;JpE)/�3��5=/�1G'.<4/�O�?D30/�1G�! "�><4��,.*��! 

m
�{8G "�����

m = lcm(k, l)
�93�:"O� Z�! C���(�L�;O� �O5/��z~|O�+4��,H��+-,©�P'.<4/�O�?+43}'H&

ς
*����L�������A�! C��,e�! "��O5/��z~|O�+4��,H�����}�! "�p3���J>�0E)/�3!+-�!+4/;,e/;,"�('.<4/�O�?X��/R�! "�(�!+-*� Q�L�28G "�����

ς = xk + · · · + x0
+43$�! "�A3!:.J¨/�1��! "�AO5/Q�z~|O�+4��,Q��3@+-,P�! "�AE)���!+4/�=P/�1

τ ′〈x〉

τ ′(xy) = · · · (zm + 2ς) · · · (z1 + 2ς)︸ ︷︷ ︸
3 �
����� ���
	

(zm + ς) · · · (z2 + ς)(z1 + ς)︸ ︷︷ ︸
2 �
����� ��
	

zm · · · z2z1︸ ︷︷ ︸
1 ���

��� ���
	
•
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������������� �F¹{���
τ ′〈x〉 = ω(10010)

��,"=
τ ′〈y〉 = ω(01)

UevK "��,
ς = 2

��,"=©�! "�|E.��/�O5�53�3�/�1O5/;JpE.:.�!+-,.*R/�1���'.<4/�O�?Qrc����E.���53���,H�t���!+4/;, 6
*"U ��O.7K3!�t���!��3}�;3K1T/;<-<4/L8$3LU
. . . 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

��: : ��:
1 0 0 1 0 1 0 0 1 0

. . . 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
��: : ��:

. . . 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 1 0 1 0 0 1 0 1 0 0 1 0

. .
.

. . . 6 6 5 6 5 5 5 4 5 4 4 4 3 4 3 3 3 2 3 2 2 2 1 2 1 1 1 0 1 0

5K/5y.�53A��JpE. C�;3!+-�L�(�! "�>��<-+-*�,.J>��,Q��/�17E)���!+4/Q=.3A/�1S�! "�
1 � � ��,"=e/�1S�! "� 6 ��
 O5/;EH&´/�17�! "�(����E.���zr3���,Q�t���!+4/;,uU

���5OL��<-<2�! C���$87�F C�L#%�A�s8S/>,"/;,Dr �;=DJp+43�3�+-'.<4�
τ
r �;=D+4OA����E.���53���,H�t���!+4/;,"3}/�1��L����/ 6�/;'.�t��+-,"�5=V'H&�;=.=D+-,.* �A��/p����E.���53���,Q�t���!+4/;,"3}/�1 −1

7z�C,C��J>��<-& ω(10)•11
��,"= ω(01)•011

UK�}��,"O5�A�! "��+-��=D+-*�+-��r8G+43���3!:.J � �;3787��<-<2�;3S��,Q&>J�:.<-�!+-E.<4�F/�1u�! .+43S3!:.J 'Q&|��O5/;,"3��t��,H�S+-,H����*%���7��+43S��<43�/(�
τ
r �;=D+4O����E.���53���,Q�t���!+4/;,�/�1��L����/.U8%�J>/;,.*|/;�! "����3

τ ′(0) = ω(ςς)•ς(2ς)ς
U¹{���B:"37�t��?%�$�! "��'.<4/QOt?Hrs3! C��E)�5=>����E.���53t��,H�t���!+4/;,26
*"U ��O.7B��,"=I3!:"O5O5�53�3!+-#%��<-&>3�:.'.�!�t�;O��B1���/;J +-�3! .+h1����5=A����E.���53���,Q�t���!+4/;,"3

σmi(ω(ςς)•ς(2ς)ς)
1T/;�

i ≥ 1
U I�,"�BOL��,0�L�;3�+-<-&¢3��5���! C���{�! "��1a�t�;O��!+4/;,C��<E)/;+-,H�@/�1��! "�

i
rc�! X3�:.'.�!�t�;O����5=P����E.���53���,H�t���!+4/;,´+43@��<-+-*�,"�5=P8G+-�! X�! "�A'C���!�!+4���$')���s87�5��,�'.<4/QOt?�3

i��,"=
i+ 1

�.1�/;�@��<-<
i ≥ 1

U
%@1������AY"��3!��3!:.'.�!�t�;O��!+4/;,u�9�! "�>Y"��3!�¢'.<4/�O�? 6a�! "�>�!+-*� Q��J>/�3!�0'.<4/QOt?"7}8G+-<-<7'��|O� C��,.*%�5=[+-,H��/

(zm − ς)(zm−1 − 2ς)(zm−2 − ς)(zm−3) · · · (z1)
���! "�I3t�5O5/;,"=['.<4/�O�?Z+-,H��/

zm · · · z2z1
6a�! Q:"3
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 � ���.

+-,H��/´�! "�I1T/;�!J /�1@�! "�IY"��3!��'.<4/�O�?oE.�!+4/;�(��/��! "�R3�:.'.�!�t�;O��!+4/;,	7z���! "�I�! .+-��=['.<4/�O�?[+-,H��/

(zm +
ς) · · · (z2 + ς)(z1 + ς)

��,"=V3�/p/;,uUvK "�o3t�5O5/;,"= 3!:.'.�!�t�;O��!+4/;, 8G+-<-<¢,"/;�´� �)�5O��P�! "��Y"��3��P'.<4/QOt?��F�! "�e3��5O5/;,"= '.<4/QOt? 8G+-<-<A')�O� C��,.*%�5=�+-,Q��/
(zm−ς)(zm−1−2ς)(zm−2−ς)(zm−3) · · · (z1)

���! "�B�! .+-��=0'.<4/�O�?A+-,H��/
zm · · · z2z1��,"=P3�/p/;,uU�6 ,"=.�5�5=2�C�n1������@��<-<2�! "�A3!:.'.�!�t�;O��!+4/;,"3$8S�A8G+-<-<2 C�5#%����,V��#%��,Q�!:C��<-<-&qE����!+4/�=D+4O

τ
r �;=D+4O����E.���53���,Q�t���!+4/;,

τ ′(xy) = ω
(
(zm − ς)(zm−1 − 2ς)(zm−2 − ς)(zm−3) · · · (z2)(z1)

)
• ,

8G .+4O� \/;'H#�+4/;:"3!<-&x3!�!+-<-<$=./Q�53(,"/;�| C�5#%�P��/�')�V��,ª�;=DJp+43�3!+-'.<4�
τ
r �;=D+4OP�zyDEC��,"3!+4/;,uUx�}/L87��#%���L�,"/;�!J|��<-+-�M���!+4/;,�/�1�3!:"Ot X�(����E.���53���,Q�t���!+4/;,�OL��,V')�A=./;,"���;3$3!�t�����5=V+-, (S/;��/;<-<w���!& *"U �DU'NDU

������������� ��� �	����������!4���
�	� �	�¢¹u���(:"3��t��?%�R�! "�I����E.���53���,H�t���!+4/;,¬/;'.�t��+-,"�5=©+-,©�! "�|E.����#�+4/;:"3�zy"��JpE.<4����,"=V3!:"O5O5�53�3�+-#%��<-&R3!:.'.�!�t�;O��
σmi(ω(2)•2(4)2)

�
i ≥ 1

1���/;J +-�LU
. . . 6 6 5 6 5 5 5 4 5 4 4 4 3 4 3 3 3 2 3 2 2 2 1 2 1 1 1 0 1 0
. . . 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 4̄ 2̄

. . . 4 4 3 4 3 3 3 2 3 2 2 2 1 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0

. . . 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 4̄ 2̄

. . . 2 2 1 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0

. . . 2̄ 4̄ 2̄

. . . 0 2̄ 1̄ 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0
ω(0 2̄ 1̄ 2 1 1 1 0 1 0)

�}/L8 3!:.E.E)/�3��F�! C���G�! "�����������FJ>/;���F�! C��,V/;,"�¢,"/;,Drc�L����/>O5/Q�z~|O�+4��,Q�$+-,
τ ′〈y〉 U�6 ,"=.�5�5=2�D87�OL��,(�!���L�����! "��J /;,"�7'H&�/;,"�7�L�;Ot ��!+-J>�SE.:.��3!:.+-,.*F�! "�K��'�/M#%�K=.�53�O��!+-'��5=(��<-*%/;�!+-�! .J�1T/;���! "�SOL�;3��8G "�����

τ ′〈y〉  C�;3G/;,.<-&R/;,"�F,"/;,Drc�L����/pO5/Q�z~|O�+4��,Q�LUB§F/;+-,.*p�! .+43K87�F�!�t��,"3�1T/;�!J �0J�:.<-�!+-E.<-+4OL���!+4/;,/�1��s87/I��<4��J>��,H��3$1�/;�!J Fep
+-,Q��/|�p3!:.J /�1��0Y",.+-���A,Q:.J�')����/�1���<4��J>��,H��3@1a��/;J Fep

U¶9+-,C��<-<-&%�9<4����:"303!:.E.E�/�3t�p�! C���
x
/;�
y
6�/;��')/;�! 	7A�����>,"/;�0E.:.����<-&eE����!+4/�=D+4O�UI6 ,o�! "�IOL�;3��8G "�����

y
+43�,"/;�@E.:.����<-&XE����!+4/�=D+4O¢8S�$��:"3!�$ C�L#%�0��/R�;=.=��>Y",.+-���¢,Q:.J�')���F/�1B3� .+h1a���5=�O5/;E.+4�53�/�1

x
6a+cU ��U./�1���<4��J>��,H��3@/�1 Fep(τ ′)

77��/(�! "�F���53!:.<-�L�D8G "�����L�;3G+-,P�! "�AOL�;3��F8G "�����
x
+43K,"/;�GE����!+4/�=D+4O87�|OL��,o�!���L���¢+-��3¢E.���zrcE)���!+4/�=Z��,"=e+-��3AE)���!+4/Q=e3t��EC���t������<-&%�{�! C���¢+43M�u�! "�(E)���!+4/Q=e+43¢�!���L�����5=Z�;3=.�53�O��!+-')�5=[��')/L#%����8G "�����L�;3��! "�|E.���zrcE����!+4/�=o+430=./;,"�p'H&Z�;=.=D+-,.*��RY",.+-���>,Q:.J�')����/�1$3! .+h1����5=O5/;E.+4�53@/�1

y
U
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 �

�  	 ��� � � �º� ��� �®��� � 	�
�� �{��� ��� �����¸� �{�Z

� � � � �  � ����� �  �Z
�� � �{��� � ��� � 	�
 �  � � �
� � � � 
 � �

I�,"�G/�1C�! "�K���L�;3t/;,"3�J>/;�!+-#;���!+-,.*A�! "�G3��!:"=D&0/�1�O5/;J0'.+-,C����/;�!+w��<CE.��/;E)���!�!+4�53�/�1C+-,DY",.+-���G8S/;��=.3B�;3�r3�/�O�+w�����5=p8G+-�! 
β
rc,H:.J>���t���!+4/;,P3!&D3!����J>3�+43��! "�$1T�;O��B�! C���L�H+-,I*%��,"���t��<c�H+-,DY",.+-���}��E����!+4/�=D+4O$8S/;��=.3/M#%���(�PY",.+-���R��<-E. C��')���(�����R3!:.+-�t��'.<4�IJ>/Q=.��<43�1T/;�0/;,"�zrs=D+-J>��,"3!+4/;,C��<��Q:C�;3!+4O��!&�3��t��<43L�9+cU ��Uu,"/;,DrO��!&D3!�t��<-<4/;*��t��E. .+4O�J|�������!+w��<439=D+43!E.<w�L&Q+-,.*�<4/;,.*;rc�t��,.*%�7/;��=.���L�;3!+-,"O5���! "��&A=.�zY","�7/;,"�zrs=D+-J>��,"3!+4/;,C��<§F��<w��:.,C�5&P3�����3$8G+-�! PY",.+-���A<4/�OL��<uO5/;JpE.<4�zy�+-� &%U¶C/;�S�! "�F=.�53�O��!+-E.�!+4/;,V/�1�E. H&D3!+4OL��<2E.��/;E����!�!+4�53G/�1��! "�53��}J|�������!+w��<43K+-�S+43S+-JpE)/;�!�t��,H�G��/�?�,"/L8�! "�$O5/;J0'.+-,C����/;�!+w��<)E.��/;E����!�!+4�53S/�1��! "�@+-,DY",.+-������E)���!+4/Q=D+4O@87/;��=.3L��3!:"Ot I�;3��! "�K1c�;O���/;�7O5/;JpE.<4�zy�r+-� &%�)8G .+4O� oO5/;�!���53!E)/;,"=.3}��/I�! "��,Q:.J�')���¢/�1B<4/QOL��<�O5/;,DY"*�:.�t���!+4/;,"3¢/�1S����/;J>3F+-,��! "�0J|�������!+w��<c�/;�F�! "�(EC��<-+-,"=D��/;Jp+4O>3!�!�!:"O��!:.���p/�1S�! "�>��E����!+4/�=D+4O�87/;��=.3L�{=.�53�O��!+-'.+-,.*V<4/�OL��<�3�&QJpJ>���!�!&´/�17�! "�J|�������!+w��<cUqvK "�pEC��<-+-,"=D��/;Jp+4OR3!�!�!:"O��!:.���|/�1K�! "�>+-,DY",.+-���|87/;��=.30 C�;3¢')�5��,oE.��/L#%�5=Z+-JpE�/;�!�t��,Q�1T/;�F�! "��=.�53tO��!+-E.�!+4/;,Z/�1B�! "�p3!E)�5O��!�t�R/�1G��O� .� ��=D+-,.*%����/;E)���t����/;��3F8G+-�! eE�/;����,Q�!+w��<43��;="��E.���5=e��/��E)���!+4/Q=D+4O�3!�!�!:"O��!:.���53@ 9 : BsU

vK .+43�Ot C��E.������+43�=.��#%/;���5=(��/}�! "�G=.�53�O��!+-E.�!+4/;,>/�1j�! "�SEC��<-+-,"=D��/;Jp+4O$3��!�!:"O��!:.���G/�1j�! "�K+-,DY",.+-���8S/;��=.3
uβ
�;3�3�/�O�+w�����5=(8G+-�! I�A3!+-JpE.<4�G�����!�!&(,H:.J0'����

β
U o�GY"��3!��3! "/L8 �},"�5O5�53�3t���!&(O5/;,"=D+-�!+4/;,/;,

dβ(1)
1T/;�7�! "�}87/;��=

uβ
��/(O5/;,Q�t��+-,P+-,DY",.+-����<-&|J|��,H&REC��<-+-,"=D��/;J>�53 6�¹u��JpJ|� �DU ��U ��7zUB�@:.J(r')����3

β
3t���!+43�1�&Q+-,.*0�! .+437O5/;,"=D+-�!+4/;,V�������! "��3t/�rsOL��<-<4�5=IO5/;,DN":"��,Q�K��+43�/;�7,Q:.J�')����3�@'O�: BsU�vK "��,I8S�=.�������!Jp+-,"���! "�FEC��<-+-,"=D��/;Jp+4O0O5/;JpE.<4�zyD+-�s&P/�1

uβ
8G "��,

β
+43@�(O5/;,DN":"��,H�}��+43�/;�$,Q:.J�')���LU

o�|3! "/L8 �! C���0+h1S�! "�><4��,.*��! [/�1KEC��<-+-,"=D��/;J>�530+43¢,"/;�¢'�/;:.,"=.�5=2��8G .+4O� [+43����Q:.+-#;��<4��,Q����/
lim supn→∞P(n) > 0

�.�! "��,
P(n+ 1) + P(n) = C(n+ 1) − C(n) + 2 ,

1�/;�
n ∈ N .

6 �DU ��7
6 ,¬*%��,"���t��<}+-�>+43> C�;3|'��5��, 3! "/L8G, @'&�: B@�! C���|1�/;�q��:.,.+h1�/;�!Jp<-&x���5O�:.�!����,Q�I8S/;��=

u
8G+-�! 

lim supn→∞P(u) > 0
�! "�F+-,"���Q:C��<-+-�s&
P(n+ 1) + P(n) ≤ C(n+ 1) − C(n) + 2

���



��O ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
 "/;<4=.3K1T/;�@��<-<

n ∈ N
U�W�/;���5/M#%���L�.�! "����:.�! "/;��3GE.��/M#%�5=V¶"/;�!J�:.<w� 6 �DU ��77��/('��F#���<-+4=I1�/;�G+-,DY",.+-���87/;��=.3GO5/�=D+-,.*(�! "�
r
rc+-,Q�����!#;��<2�zy.O� C��,.*%��UB¶9+-,C��<-<-&%��+-�K+43S?Q,"/M8G,R�! C���K�! "�F¶"/;�!J0:.<w� 6 �DU ��7B "/;<4=.3��<43�/�1T/;� %��!,"/;:DyQr �}��:.�5&I8S/;��=.3�@ � B9��,"=R1T/;�$O5/;JpE.<4��J>��,H�t���!+4/;,Drs3!&�JpJ>���!�!+4Op3����Q:"��,"O5�53@ ��& BsU

o�q�! "��,x*�+-#%�V��O5/;JpE.<4�����V=.�53tO��!+-E.�!+4/;,ª/�1��! "�P3����p/�1}EC��<-+-,"=D��/;J>�53L�S+-��3p3!�!�!:"O��!:.���X��,"=E.��/;E)���!�!+4�53LU�vK "�$�zy"�;O��BEC��<-+-,"=D��/;Jp+4O}O5/;JpE.<4�zy�+-� &>/�1)�! "�$87/;��=
uβ
+43B*�+-#%��,|+-,|vK "�5/;����J��DU �DU ��U6 ,0�! "�7<w�;3!��EC���!�9/�1C�! "�SO� C��E.������8S�73!�!:"=D&��! "�7/�O5O�:.�!����,"O5�K/�1"EC��<-+-,"=D��/;J>�53�/�1j��,(���!'.+-�!�t���!&<4��,.*��! ¢+-,¢�! "��E.���zY.yD�53�/�1��! "��8S/;��=

uβ
�M8G "��,

β
+43��KO5/;,DN":"��,H�9��+43�/;�u,Q:.J�')���LU�6s�2+432?�,"/L8G, @ ��) B�! C���$��#%���!&R87/;��=

w
/�1�<4��,.*��! 

n
O5/;,H�t��+-,"3}���GJ>/�3!�

n+ 1
=D+��2������,H�$EC��<-+-,"=D��/;J>�53LU7vK "�F#;��<-:"�'H&�8G .+4O� |�! "�G,H:.J0'����B/�1)EC��<-+-,"=D��/;J>�53B=D+��2����3�1���/;J

n+1
+43�OL��<-<4�5=(�! "��^Qf �5f��5`"/�1j�! "�$87/;��=

w
U6 ,DY",.+-���08S/;��=.3A8G "/�3��(��#%���!&VE.���zY.y´ C�;3A=.�z1��5O���:R������OL��<-<4�5= �z��g�ghU o��3� "/L8 �! C���F8G "��,"��#%���

lim supn→∞ P(n) > 0
�.�! "�F+-,DY",.+-����87/;��=

uβ
+43K1�:.<-<cU

vK "��O5/;,H����,Q�P/�1��! .+43qO� C��E.�����q+43I�53t3���,H�!+w��<-<-&\�! "��3t��J>���;3I�! "�´O5/;,Q����,H�V/�1¢�! "�����!�!+4O�<4��;O5O5��E.���5=P1T/;�GE.:.'.<-+4OL���!+4/;,X+-, %�,.,C��<4�53@=.�F<P� 6 ,"3!�!+-�!:.�@¶C/;:.�!+4���D@ ��� BsU
� ��� � 	 ��D�

uβ
� �4"�� 	 � 	  �  �% �! �� � � � 	 � 	�	 � �&� D� 	 �����

vK "��+-,DY",.+-����87/;��=
uβ

�;3�3t/QO�+w�����5=´8G+-�! e�I�����!�!&X,Q:.J�')���
β
+43F�|Y.yD�5=�E)/;+-,H�A/�1S�|E.�!+-Jp+-�!+-#%�3!:.'"3!�!+-�!:.�!+4/;,uUBvK .+43$+-JpE.<-+4�53$�! C���@�! "�F87/;��=

uβ
+43G:.,.+h1T/;�!Jp<-&q���5O�:.�!����,H� @ ��: BsU

,80� � ! � ��� ��� �S» �@`a�Df}g-b;iQ���DbL�Qf L(u)
k��Fb0�Qi"_ �5k;��±(g£����f!��������fziC` �Bk;�!^

u
��k;iC`cb;_ai.�$_ai ��i"_�`sfzg£�±>b;i"� �.b;g²_aij^;�!k;±|f�� � `a�Dfzi L(u)

_��¢�5ghk��Lf!^I�Qi�^Hfz�¢��fzl�fz����b�g �
dS�!kLk�� � ¶.��/;J �! "�P=.�zY",.+-�!+4/;, /�1¢�´:.,.+h1T/;�!Jp<-&����5O�:.�!����,H�R87/;��=

u
+-�(1�/;<-<4/M8$3>�! C���|1�/;�>��#%���!&

n ∈ N
�! "�����¢�zyD+43!��3$��,P+-,H����*%���

R(n)
3!:"Ot P�! C���@��#%���!&q���!'.+-�!�t���!&R1c�;O���/;�$/�1

u
/�19<4��,.*��! 

R(n)O5/;,H�t��+-,"3>��<-<71c�;O���/;��30/�1
u
/�1$<4��,.*��! 

n
U´�Q+-,"O5�I87�q�;3�3!:.J>�I�! C��� Pal(u) +43(��,[+-,DY",.+-���R3����L�+-�AJ�:"3���O5/;,H�t��+-,[�REC��<-+-,"=D��/;J>�

p
/�17<4��,.*��! ≥ R(n)

U>�Q+-,"O5�
p
O5/;,Q�t��+-,"30��<-<�1c�;O���/;��3¢/�1

u
/�1<4��,.*��! 

n
����,"=

p
+43(�PEC��<-+-,"=D��/;J>����+-��O5/;,H�t��+-,"3�8G+-�! ���#%���!&

w
3�:"O� ©�! C��� |w| = n

��<43t/V+-��3����#%����3t��<
w̃
U�vK Q:"3

w̃ ∈ L(u)
U�vK .+43SO5/;,"3�+4=.���t���!+4/;,P+h1u#;��<-+4=I1T/;�K��<-<

n
��,"=I�! H:"3K�! "�F3!�t������J>��,Q�/�1��! "�A<4��JpJ|�(+43GE.��/M#%�5=2U

�}/;���V�! C���R�! .+43>���53!:.<-�R8S�;3|Y"��3!�R3!�t�����5=2�K8G+-�! "/;:.�IE.��/�/�1!�K+-, @ ��) BsU®vK "�P1c�;O��|�! C���R�! "�<w��,.*�:C��*%��+43PO�<4/�3��5= :.,"=.���P����#%����3t��<F+43q�! H:"3V�[,"�5O5�53�3����!&\O5/;,"=D+-�!+4/;, 3�/[�! C���X�[:.,.+h1�/;�!Jp<-&���5O�:.�!����,H��87/;��=X C�;3G+-,DY",.+-����<-&qJ|��,H&qEC��<-+-,"=D��/;J>�53LUBvK "��O5/;,H#%����3���+43G,"/;�G�!�!:"�2@')�*CBsU¶"/;�q+-,DY",.+-���´87/;��=.3
uβ

�;3�3�/�O�+w�����5=ª8G+-�! ®3!+-JpE.<4�´�9���!�!&\,H:.J0'�����3
β
�! "�X+-,Q#;���!+w��,"O5��/�1

L(uβ)
:.,"=.���@����#%����3t��<u8S�;3�3!�!:"=D+4�5=P'Q&R¶.��/;:.*�,Q&V���@��<cU

�����BE8�	#��=���
�	� � �
� � , ���  ; � �	�0·�f�`
β > 1

¤tfVb��z_�±
�jg4f>dGb����z��i"�Q±|¤�f��q���.�z�©`a��b%`
dβ(1) =

t1t2 · · · tm �
�c_ � �{�Df�g-b;iQ�;�.bL�Hf L(uβ)

_��A�5ghk��Lf!^R��ij^Hfz�¢��fzl�f��t�5b;g � _ ��b�ij^Ik�i"g²�|_ �
��k;ij^;_�`�_�k�i ��� � �

t1 = t2 = · · · = tm−1 .

�s_�_ � �{�DfV_ai ��i"_�`sf �Bk;�!^
uβ

_��Vb;i ° �zijk;� 
 � �$b;��³5� �Bk;�!^Z_ �Pb;ij^©k;i"g£�e_ �e��k;ij^�_a`�_Tk;i �z� �´_���5b�`�_w� �Sf!^qb;ij^
tm = 1 �



� ��� � � � �!� �;� � � � ��� � � ���	� 
 �����.
 � �
Uβ

�.9

� �	�3���
�
!"�)� � ��� � ; �¢·�f�`
β
¤�f�b´�z_�±
�jg4f>dGb;�z�z�´iC�Q±|¤�fz� ���Q_��z��^%kMf��qijk�`}�5b�`�_w� ���x��k;ij^�_a`�_Tk;i

�z� � � �{�Dfzi�`a�Dfz��fpf�
;_��z`a� n0 ∈ N
���.�z�V`a��b�` P(n) = 0

��k��
n ≥ n0 ���:.J�')����3

β
3t���!+43!1a&�+-,.* (S/;,"=D+-�!+4/;,�6J( 7S C�L#%�A'��5��,P+-,Q�!��/Q=D:"O5�5=´��,"=P3!�!:"=D+4�5=P+-, @'O�: B21���/;J�! "�7E�/;+-,Q��/�1"#Q+4��8�/�1C<-+-,"�L����,H:.J>���t���!+4/;,>3!&D3!����J>3LU (S/;,DN":"��,H��<-+-,"�L����,H:.J>���t���!+4/;,>3�&�3!����J>3�������zy"�;O��!<-&(�! "/�3��K1T/;��8G .+4O� R�! "�G,"/;�!J|��<-+-�M���!+4/;,P/;,>�! "�@OL��,"/;,.+4OL��<2��<-E. C��')���7=./��53�,"/;�BE.��/�=D:"O5���OL���!�!&���/A�! "�G�!+-*� Q�LU %ª,Q:.J�')���

β
3t���!+43!1a&�+-,.* (S/;,"=D+-�!+4/;, 6J( 7�+43�?�,"/L8G,I��/F'����F��+43�/;��,Q:.J�')���L���,"=P8G+-<-<2')�AOL��<-<4�5=��P�tk;i��S�.fzij`G��+43�/;�$,Q:.J�')���LU

¹{���
β
'��¢�>O5/;,DN":"��,H����+43�/;�$,H:.J0'�����8G+-�! 

dβ(1) = t1t2 · · · tm
UB�����

t := t1 = t2 = · · · = tm−1
��,"=

s := tm .

¶.��/;J �! "�¢�����!�!&VO5/;,"=D+-�!+4/;,X1T/;�G�! "� �?
�,H&�+{�zy�EC��,"3�+4/;,X/�1
1
+-�$1T/;<-<4/L8$3$�! C���

t ≥ s ≥ 1
U7vK "��,

Aϕ = {0, 1, . . . ,m− 1} ��,"=P�! "�¢OL��,"/;,.+4OL��<{3!:.'"3��!+-�!:.�!+4/;, ϕ +43$/�1��! "�F1�/;�!J
ϕ(i) = 0t(i+ 1)

1T/;�@��<-<
0 ≤ i < m− 1 ,

ϕ(m− 1) = 0s .

6 �DU'&.7
�}/;�����! C����+-,0�! "�7OL�;3��

s = 1
�;�! "�7,H:.J0'����

β
+439��,p��<-*%��'.�t��+4OS:.,.+-�L�%��,"=��! "�SO5/;�!���53!E)/;,"=D+-,.*8S/;��=

uβ
+43|��, %@�!,"/;:Dy�r ����:.�5&©87/;��=2�71T/;�p8G .+4O� ¬�! "�VEC��<-+-,"=D��/;Jp+4OXO5/;JpE.<4�zyD+-�s&�+43p?�,"/L8G,uUvK "�����z1T/;���A+-,V�! .+43$Ot C��E.�����@8S�¢/�1a����,P�!���L����3���EC���t������<-&q�! "�¢OL�;3��53

s ≥ 2
��,"=

s = 1
U

� ��� � 	 � ��� D� 	 � ��� ���!"����D� � 	 � � ���
uβ¹u����:"30���5OL��<-<7�! C���01�/;�(��,�%��!,"/;:DyQr �}��:.�5&o87/;��=
u
6T��,"=Z�! Q:"3(��<43t/P1T/;�����Q�!:.�!Jp+w��,[8S/;��=B7+-�F C�;3A')�5��,e3! "/L8G,e�! C���F1T/;�¢��#%���!&XEC��<-+-,"=D��/;J>�

p ∈ L(u)
�! "�����(+43A�zy"�;O��!<-&�/;,"�(<4���!�����

a
+-,�! "�¢��<-E. C��')���L�"3!:"Ot V�! C���

apa ∈ L(u)
�.+cU ��U"��,H&qEC��<-+-,"=D��/;J>�A+-,X��, %��!,"/;:Dy�r ����:.�5&R87/;��=P C�;3�zy"�;O��!<-&�/;,"�(EC��<-+-,"=D��/;Jp+4O>�zyD����,"3!+4/;, @ ��& BsUp�Q+-,"O5�(�! "��<4��,.*��! Z/�1B�! "�(EC��<-+-,"=D��/;Jp+4O>�zyD����,"3!+4/;,

apa
/�1
p
+43 |apa| = |p| + 2

��87�R C�5#%�R1T/;�K%@�!,"/;:Dy�r ����:.�5&[87/;��=.3 P(n + 2) = P(n)
��,"=�! "�����z1T/;���

Puβ
(2n) = Puβ

(0) = 1
��,"= Puβ

(2n+ 1) = Puβ
(1) = #Aϕ .§F�������!Jp+-,.+-,.*¬�! "��,Q:.J�')���X/�10EC��<-+-,"=D��/;Jp+4Oo�zyD����,"3!+4/;,"3q1T/;�V�[*�+-#%��,®EC��<-+-,"=D��/;J>�Z/�1

uβ
+43�53�3t��,H�!+w��<���<43�/>1T/;�F/;:.�}O5/;,"3!+4=.���t���!+4/;,"3F "������U}�}/L87��#%���L�)<4���}:"3@Y"��3!��+-,Q�!��/Q=D:"O5���! "��1�/;<-<4/M8G+-,.*,"/;�!+4/;,uU

� �	��
��������
 �	o��3t�L&p�! C���S��EC��<-+-,"=D��/;J>�
p1
+437�R�tfzij`���b;g �5b%�5`ck;��/�1��¢EC��<-+-,"=D��/;J>�

p2
+h1u�! "������zyD+43!��3$��Y",.+-���A8S/;��=

w ∈ A∗ 3!:"Ot V�! C��� p2 = wp1w̃
U

¶C/;�@�zy.��JpE.<4���j��EC��<-+-,"=D��/;J>�¢+43@�pO5��,Q�!�t��<u1c�;O���/;�$/�19+-��3$EC��<-+-,"=D��/;Jp+4O��zyD����,"3!+4/;,"3LUvK "�>1�/;<-<4/M8G+-,.*´3�+-JpE.<4�|���53!:.<-��OL��,Z')�|�L�;3!+-<-&e/;'.�t��+-,"�5=[1���/;J �! "�p1T/;�!J /�1G�! "�I3!:.'"3!�!+-�!:Dr�!+4/;,�6 �DU'&.7z�j��,"=q+43@�p3!E)�5O�+w��<uOL�;3��A/�1��(���53!:.<-�G*�+-#%��,V+-, @'O�) BsU
, �� � ! � � , ��� ���  ; ���	� ° gag �5b%�5`ck;���Sk��

uβ
k��B`a�Df �5k;�z±

X0nY
�5k;�

X,Y 6= 0
b;��fK`a�Df ��k;gag-k ��_�i��

X0t1, 10tX
��_�`a�

X ∈ {1, 2, . . . ,m− 1}, b�ij^
10t+s1 .

6 �DU').7



��N ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
� � � ����� � � , � , � ��U ��#%���!&eEC��+-��/�1$,"/;,Drc�L����/�<4���!������3�+-,

uβ
+43�3���EC���t�����5=['H&Z�P'.<4/�O�?o/�1����<4�L�;3!�

t
�L����/�3LU�vK "�����z1�/;���q��#%���!&oEC��<-+-,"=D��/;J>�

p ∈ L(uβ)
+43p�XO5��,Q�!�t��<71c�;O���/;�p/�1��EC��<-+-,"=D��/;J>��8G+-�! VE.���zY.yX��,"=V3!:D~py

0t U
&DU@�Q+-,"O5�

ϕ(Aϕ)
+43¢�q3!:D~py�O5/Q=.���2�! "�pO5/�=D+-,.*P*�+-#%��,o'Q&��! "�p3!:.'"3��!+-�!:.�!+4/;,

ϕ
+43F:.,.+ �H:"��<-&=.�5O5/�="��'.<4��U�6 ,>EC���!�!+4O�:.<w���L�H+h1

w1 ∈ L(uβ)
+437�}1c�;O���/;��8G+-�! >�! "�KY"��3��7��,"=p�! "�$<w�;3���<4���!�����,"/;,Drc�L����/.�C�! "��,V�! "�����¢�zyD+43!�@�01c�;O���/;�

w2 ∈ L(uβ)
3!:"Ot V�! C���

0tw1 = ϕ(w2)
U

�����BE8�	#��=���
�	� � � , � ; �
�c_ �e·�f�`

p ∈ L(uβ) �
�{�Dfzi

p ∈ Pal(uβ)
_ ��b;ij^Rk;i"g£�>_ �

ϕ(p)0t ∈ Pal(uβ) �
�s_�_ ��·�f�`

p ∈ Pal(uβ) �
�{�DfIi"��±|¤�fz�Vk�� �Db�g²_aij^;�!k;±(_��Vf 
�`sfzi.�z_�k;i"�qk��

p
b�ij^

ϕ(p)0t _w�R`a�Df�5b;±|f � _ � f �
#{a ∈ Aϕ | apa ∈ Pal(uβ)} = #{a ∈ Aϕ | aϕ(p)0ta ∈ Pal(uβ)} .

dS�!kLk�� � 6a+=7¢¹u��� p = w0w1 · · ·wn−1 ∈ L(uβ)
U´¹u����:"3(3!�!:"=D&e:.,"=.���(8G .+4O� xO5/;,"=D+-�!+4/;,"3(�! "�87/;��=

ϕ(p)0t +43@��<43�/>��EC��<-+-,"=D��/;J>���C+cU ��U.8G "��,
ϕ(w0)ϕ(w1) · · ·ϕ(wn−1)0

t = 0t ˜ϕ(wn−1) · · · ϕ̃(w1)ϕ̃(w0) .
6 �DU *�7

vK "�V3!:.'"3��!+-�!:.�!+4/;,
ϕ
 C�;3>�! "�PE.��/;E����!� &��! C���(1�/;�>�L�;Ot ¬<4���!�����

a ∈ Aϕ
+-�>3����!+43�YC�53

ϕ̃(a) =
0−tϕ(a)0t U	��3�+-,.*p�! .+43GE.��/;E����!� &%�"�! "�¢���Q:C��<-+-�s& 6 �DU *�7GOL��,V'��A���Q:.+-#���<4��,H�!<-&q8G�!+-�!����,��;3

ϕ(p) = ϕ(w0) · · ·ϕ(wn−1) = ϕ(wn−1) · · ·ϕ(w0) = ϕ(p̃) .

%}3S�0O5/;,"3����Q:"��,"O5�}/�1�:.,.+ �H:"�F=.�5O5/�="��'.+-<-+-�s&I/�1
ϕ
87�F/;'.�t��+-,q�! C����6 �DU *�7�+43S#���<-+4=|+h19��,"=R/;,.<-&|+h1

p = p̃
U
6a+-+=7 o��3! "/L8 �! C���K1T/;����EC��<-+-,"=D��/;J>�

p
+-�G "/;<4=.3$�! C���

apa ∈ Pal(uβ) ⇐⇒ bϕ(p)0tb ∈ Pal(uβ) ,
8G "�����

b ≡ a+ 1 (mod m) ,

8G .+4O� ¬��<-���L�;=D&o+-JpE.<-+4�53(�! "�R���Q:C��<-+-�s&Z/�1@�! "�I,H:.J0'����p/�1$EC��<-+-,"=D��/;Jp+4OP�zyD����,"3!+4/;,"3(/�1$EC��<-+-,Dr=D��/;J>�53
p
��,"=

ϕ(p)0t U¹u���
apa ∈ Pal(uβ)

UBvK "��,

ϕ(a)ϕ(p)ϕ(a)0t =

{
0t(a+ 1)ϕ(p)0t(a+ 1)0t ,

1�/;�
a 6= m− 1 ,

0sϕ(p)0t+s ,
1�/;�

a = m− 1 ,

+43L���;O5O5/;��=D+-,.*e��/ 6a+=7¢/�1$�! .+43�E.��/;E)/�3!+-�!+4/;,u�B��<43�/´�VEC��<-+-,"=D��/;J>���B8G .+4O� � C�;3p�VO5��,H�!�t��<K1c�;O���/;�
(a+ 1)ϕ(p)0t(a+ 1)

1�/;�
a 6= m− 1

�C��,"=
0ϕ(p)0t0

1�/;�
a = m− 1

U
I�,I�! "�@/;�! "���S C��,"=2���;3�3�:.J>�G�! C���

bϕ(p)0tb ∈ Pal(uβ)
U96s1

b 6= 0
�H�! "��,I:"3!+-,.*�E)/;+-,H� ��U%/�1

�@��J|���!? �DU'&DU'&D�Q8S�} C�5#%�
0tbϕ(p)0tb0t = ϕ

(
(b− 1)p(b− 1)

)
0t ∈ Pal(uβ)

U���/;+-,Q� 6a+=7B+-JpE.<-+4�53�! C���
(b− 1)p(b− 1) ∈ Pal(uβ)

��,"=q�! Q:"3
(b− 1)p(b− 1)

+43G��EC��<-+-,"=D��/;Jp+4O¢�zyD����,"3!+4/;,V/�1
p
U6s1

b = 0
�Q�! "��,R¹{��JpJ|� �DU'&DU ��+-JpE.<-+4�53S�! C���

10sϕ(p)0t0s1 ∈ L(uβ)
��,"=R3�/

1ϕ
(
(m− 1)p(m−

1)0
)
∈ L(uβ)

�.8G .+4Ot XJ>�L��,"3G�! C���
(m− 1)p(m− 1)

+43@�pEC��<-+-,"=D��/;Jp+4O��zyD����,"3!+4/;,X/�1
p
U



� ��� � � � �!� �;� � � � ��� � � ���	� 
 �����.
 � �
Uβ

���

��,.<-+-?%� %��!,"/;:Dy�r ����:.�5&q87/;��=.3L�j+-,V�! "�0OL�;3���/�1�+-,DY",.+-���¢8S/;��=.3
uβ

8G+-�! 
dβ(1) = tt · · · ts �

t ≥ s ≥ 2
�B+-�p+43(,"/;�>=D+h~|O�:.<-�p��/e3��5�R:"3!+-,.*o¹u��JpJ|� �DU'&DU �q�! C���p�! "�����P�zyD+43!�(EC��<-+-,"=D��/;J>�538G .+4Ot ©=./X,"/;�� C�5#%�R��,H&eEC��<-+-,"=D��/;Jp+4Oq�zyD����,"3!+4/;,uUX�Q:"O� ��PEC��<-+-,"=D��/;J>�I+43¢1T/;���zy"��JpE.<4�>�! "�8S/;��=

0t+s−1 U
� �	��
��������
 �M%®EC��<-+-,"=D��/;J>�

p ∈ Pal(uβ)
8G .+4Ot P C�;3K,"/�EC��<-+-,"=D��/;Jp+4OA�zy�����,"3!+4/;,q+43KOL��<-<4�5=V�±>b 
;_a±>b;g�EC��<-+-,"=D��/;J>��U

6 �2+43{/;'Q#Q+4/;:"3{�! C������#%���!&FEC��<-+-,"=D��/;J>��+43���+-�! "�����GO5��,Q�!�t��<H1c�;O���/;�{/�1"�KJ|�ny�+-J|��<QEC��<-+-,"=D��/;J>���/;�G+43@�>O5��,H�!�t��<21c�;O���/;�@/�1�EC��<-+-,"=D��/;J>�53�/�1����!'.+-�!�t���!&q<4��,.*��! uU����/;E�/�3!+-�!+4/;, �DU'&DU')���<-<4/L8$3>:"30��/´=.�zY","�P�´3����H:"��,"O5�R/�1@J|�nyD+-J|��<KEC��<-+-,"=D��/;J>�53>3!�t���!�!+-,.*1���/;J¨��,V+-,.+-�!+w��<uJ|�nyD+-J|��<uEC��<-+-,"=D��/;J>��UB��:.�
U (1) := 0t+s−1, U (n) := ϕ(U (n−1))0t,

1T/;�
n ≥ 2 .

6 �DU �.7
¹{��JpJ|� �DU'&DU �X��<43�/�+-JpE.<-+4�53|�! C���>�! "�PEC��<-+-,"=D��/;J>�

0t  C�;3p1�/;� s ≥ 2
� 87/oEC��<-+-,"=D��/;Jp+4O�zyD����,"3!+4/;,"3L�K,C��J>��<-&

00t0
��,"=

10t1
U ��3!+-,.*©����/;E)/�3!+-�!+4/;, �DU'&DU')e87�´O����L�������Z3����Q:"��,"O5�X/�1EC��<-+-,"=D��/;J>�53L����<-<2 C�5#�+-,.*>�s8S/>EC��<-+-,"=D��/;Jp+4O0�zy�����,"3!+4/;,"3MU���:.�

V (1) := 0t, V (n) := ϕ(V (n−1))0t,
1�/;�

n ≥ 2 .
6 �DU'O.7

� � � ����� � � , � � �B6 ��+43�,"�5O5�53�3t���!&���/FJ>��,H�!+4/;,I�! C�����! "�K1c�;O���/;��3
U (n) ��,"= V (n) =.�zY","�5=|��')/L#%�E.<w�L&´��,´+-JpE�/;�!�t��,Q�A��/;<4�0+-,��! "�(=.�53�O��!+-E.�!+4/;,e/�1�1c�;O���/;�AO5/;JpE.<4�zy�+-� &´/�1B�! "��+-,DY",.+-����87/;��=

uβ
U¹u���B:"3�O�+-���$3���#%���t��<"���53!:.<-��3�1�/;�

uβ
+-,H#����!+w��,H�7:.,"=.�����! "�G3!:.'"3!�!+-�!:.�!+4/;, 6 �DU'&.798G+-�! 

s ≥ 2
�H�t��?%��,1���/;J @'O�) Bs�D8G .+4O� �8G+-<-<u')�F:"3��5=q+-,P�! "�¢3����Q:"��<cU

6���7 %�,H&[E.���zY.y
w
/�1
uβ

+43>�´<4�z1��>3!E��5O�+w��<S1c�;O���/;�p8G .+4O� ªOL��,x')�P�zyD����,"=.�5=���/��! "�q<4�z1a�p'Q&��,Q&�<4���!�����R/�1A�! "�X��<-E. C��')���L�K�! C���|+43L�
aw ∈ L(uβ)

1T/;�I��<-<
a ∈ Aϕ

�S/;�R���H:.+-#���<4��,H�!<-&
degL(w) = #Aϕ

U
6 &.7 %�,H&e<4�z1��(3!E��5O�+w��<B1T�;O���/;�

w
8G .+4O� �+430,"/;�(�VE.���zY.y[/�1

uβ
+43(�PE.���zY.y©/�1

U (n) 1�/;�(3�/;J>�
n ≥ 1

��,"=V3�:"O� 
w
OL��,V'��A�zyD����,"=.�5=P��/p�! "�¢<4�z1a�G'Q&R�zy"�;O��!<-&q�s87/|<4���!������3LU

6 ).7qvK "�|87/;��=.3
U (n) � n ≥ 1

�����>J|�nyD+-J|��<B<4�z1��03!E)�5O�+w��<�1c�;O���/;��30/�1
uβ
�{+cU ��U

U (n)a
+430,"/;���<4�z1���3�E��5O�+w��<{1T�;O���/;��1�/;�F��,H&

a ∈ Aϕ
U$vK "�0+-,DY",.+-����8S/;��=

uβ
 C�;3�,"/I/;�! "����J|�nyD+-J|��<9<4�z1a�3�E��5O�+w��<)1c�;O���/;��3LU

6
*�7qvK "�>87/;��=
V (n) +43¢�! "�p<4/;,.*%�53!��O5/;JpJ>/;,ZE.���zY.yZ/�1 uβ

��,"=
U (n) �uJ>/;���5/M#%���L�91�/;�0��#%���!&

n ≥ 1
8S�A C�5#%�

|V (n)| < |U (n)| < |V (n+1)| 6 �DU 9�7
6 �.7q¶C/;�$�! "�}Y"��3!�@=D+��2������,"O5�¢/�191T�;O���/;�@O5/;JpE.<4�zyD+-�s&q8S�A C�5#%�

∆C(n) =

{
m

+h1 |V (k)| < n ≤ |U (k)| 1T/;�$3�/;J>� k ≥ 1 ,

m− 1
/;�! "���!8G+43��

.

�}/L8 8S�X�����q+-,xE)/�3!+-�!+4/;,¬��/e=.�53�O��!+-')�q�! "�qEC��<-+-,"=D��/;Jp+4OX�zyD����,"3!+4/;,"3p+-,
uβ
UxvK "�qJ|��+-,���53!:.<-�G+43$�! "�F1�/;<-<4/M8G+-,.*I/;,"��U



��:�: ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
�����BE8�	#��=���
�	� � � , � � �F·{f�`

uβ
¤�f(`a�Df � 
Qf!^ �Dk;_aiC`Kk��0`a�.f����"¤��z`�_�`���`�_Tk;i

ϕ
�;_�l;fzi[¤z��6 �DU'&.7 ��_�`a�

�Db;�!b;±|f�`sfz���
t ≥ s ≥ 2 �

b;i�^|g4f�`
p
¤�f(b �Db;g£_aij^;�!k;±|f0_�i

uβ �
�{�Dfzi

�c_ �
p
_w��b|±pb 
;_�±>b;g �Db;g£_�ij^���k;±|f�_ �Ab�ij^Ik�i"g²�|_ �

p = U (n) �5k;�F��k;±|f n ≥ 1
�

�s_�_ �
p
��b���` �Bk �Db;g£_�ij^���k;±(_T�pf�
�`sfzi.�z_�k�i.�A_�i

uβ
_ ��b;ij^Rk;i"g£�>_ �

p = V (n) �5k;�F�5k;±|f n ≥ 1
�

�c_a_�_ �
p
��b��Pb���i"_�µ5�.f �Db;g£_�ij^���k;±(_T�Xf�
�`sf�i.��_Tk;i¬_ �Rb;i�^ek;i"g£��_ �

p 6= U (n) � p 6= V (n) �5k;�qb;g�g
n ≥ 1 �dS�!kLk�� � 6a+=7$����/;E)/�3!+-�!+4/;, �DU'&DU')D��E�/;+-,Q�K6a+-+=7}��,"=��! "�0O5/;,"3��!�!:"O��!+4/;,�/�1

U (n) +-JpE.<-&V�! C��� U (n) +43�IJ|�ny�+-J|��<�EC��<-+-,"=D��/;J>�(1T/;�F��#%���!&
n
U¢vK "��E.��/Q/�17�! C���A,"/R/;�! "���FEC��<-+-,"=D��/;J>�

p
+43}J|�nyD+-J|��<8G+-<-<u')�A=./;,"�A'H&R+-,"=D:"O��!+4/;,�/;,X�! "�F<4��,.*��! |p| /�19�! "�¢EC��<-+-,"=D��/;J>� p U¹u���

p
')�o�©J|�nyD+-J|��<¢EC��<-+-,"=D��/;J>��U 6s1

p
=./��53P,"/;�VO5/;,H�t��+-,��©,"/;,Drc�L����/x<4���!�����L�F�! "��,:"3!+-,.*V¹u��JpJ|� �DU'&DU ���{/;'H#�+4/;:"3!<-&

p = U (1) UK%}3�3!:.J>�(�! "�����z1T/;���(�! C��� p O5/;,H�t��+-,"3��R,"/;,Drc�L����/<4���!�����LU ��/;+-,Q� ��UK/�1 �@��J|���!? �DU'&DU'&[+-JpE.<-+4�53P�! C���
p = 0tp̂0t ��8G "����� p̂ +43V�ZEC��<-+-,"=D��/;J>��U�Q+-,"O5�

p
+43F�|J|�ny�+-J|��<�EC��<-+-,"=D��/;J>���

p̂
��,"=.3A��,"=�3!�t���!��3}+-,e�I,"/;,Drc�L����/I<4���!�����LU I��! "���!8G+43t���

p87/;:.<4=�')�(�zy�����,"=D+-'.<4����/P�IEC��<-+-,"=D��/;J>���u8G .+4Ot oO5/;,H�!�t�;=D+4O���3AJ|�nyD+-J|��<-+-�s&%U0¶.��/;J E�/;+-,Q� &DUj/�1
�@��J|���!? �DU'&DU'&>87��/;'.�t��+-,��! C���

p = 0tp̂0t = ϕ(w)0t 1T/;�@3�/;J>�A1c�;O���/;� w UK����/;E)/�3!+-�!+4/;, �DU'&DU')D�E)/;+-,H� 6a+=7z�H+-JpE.<-+4�53B�! C���
w
+437�AEC��<-+-,"=D��/;J>��U���/;+-,Q� 6a+-+=7�/�1)�! "�@3t��J>�GE.��/;E)/�3!+-�!+4/;,|+-JpE.<-+4�537�! C���

w
 C�;3K,"/(EC��<-+-,"=D��/;Jp+4O¢�zyD����,"3!+4/;,u�D+cU ��U

w
+43$�0J|�nyD+-J|��<uEC��<-+-,"=D��/;J>���.8G+-�! VO�<4�L���!<-& |w| < |p| UvK "��+-,"=D:"O��!+4/;,� H&�E�/;�! "�53!+43F+-JpE.<-+4�53F�! C���
w = U (n) 1T/;�}3t/;J>� n ≥ 1

��,"=
p = ϕ(U (n))0t =

U (n+1) U6a+-+=7F��,"= 6a+-+-+=7F¶"��/;J 8G C���¢87�( C�L#%�F� :"3��}E.��/M#%�5=e+-�F1T/;<-<4/L8$3¢�! C���¢��#%���!&´EC��<-+-,"=D��/;J>�
p 6=

U (n) � n ≥ 1
�S C�;3R���><4�L�;3!�|/;,"�XEC��<-+-,"=D��/;Jp+4O��zyD����,"3!+4/;,uU®�Q+-,"O5�P87�X?Q,"/M8¨�! C���

V (n)  C�;3�zy"�;O��!<-&R� 87/|EC��<-+-,"=D��/;Jp+4O0�zyD����,"3!+4/;,"3L�D1T/;�$E.��/M#Q+-,.* 6a+-+=7G��,"=�6a+-+-+=7S+-�@����J|��+-,"3@��/>3� "/L8 �! C����+h1��EC��<-+-,"=D��/;J>�
p
 C�;3@J>/;���A�! C��,X/;,"�A�zyD����,"3!+4/;,u�.�! "��,

p = V (n) ��1T/;�$3�/;J>� n ≥ 1
U

%}3�3!:.J>�p�! C���
ipi

��,"=
jpj

�����>+-, L(uβ)
1�/;�

i, j ∈ Aϕ
�
i 6= j

U I�'H#�+4/;:"3!<-&%�
p
+43��q<4�z1��3!E)�5O�+w��<�1T�;O���/;�$/�1

uβ
U o�A=D+43!�!+-,.*�:.+43� P�s87/pOL�;3t�53L�.�;O5O5/;��=D+-,.*>��/�8G "���! "���

p
+43$�0E.���zY.yq/�1

uβ
�/;�$,"/;�LU

• ¹u���
p
')�X��E.���zY.y¬/�1

uβ
UªvK "��,¬�! "�������zy�+43!��3I��<4���!�����

k ∈ Aϕ
3!:"Ot ª�! C���

pk
+43|�E.���zY.yP/�1

uβ
��,"=R:"3!+-,.* 6���7S/�1 ����J|���!? �DU'&DU *"�D�! "�F8S/;��=

apk ∈ L(uβ)
1�/;�G��#%���!&I<4���!�����

a ∈ Aϕ
��+-,[EC���!�!+4O�:.<w���

ipk
��,"=

jpk
')��<4/;,.*e��/ L(uβ)

U o�R C�L#%�P��+-�! "���
k 6= i

�B/;�
k 6= j

O�8G+-�! "/;:.�F<4/�3�3@/�1�*%��,"���t��<-+-� &´�;3�3!:.J>�0�! C���
k 6= i

U}�Q+-,"O5� L(uβ)
+43}O�<4/�3��5=X:.,"=.�������#%����3���<c�{8S�>J�:"3��¢ C�5#%�

kpi ∈ L(uβ)
Uq�Q+-,"O5�

ipi
��,"=

kpi
�����p+-, L(uβ)

��87�|/;'.�t��+-,�! C���
pi
+43¢��<43t/q�I<4�z1��A3!E��5O�+w��<�1c�;O���/;�A/�1

uβ
�u��,"=

pi
+43F,"/;�¢�RE.���zY.y´/�1

uβ
U 5S& 6 &.7@/�1

����J|���!? �DU'&DU *"�
p
+43��! "�G<4/;,.*%�53!�SO5/;JpJ>/;,IE.���zY.y|/�1

uβ
��,"=I3�/;J>�$J|�nyD+-J|��<C<4�z1��B3!E)�5O�+w��<1c�;O���/;�

U (n) �D�! "�����z1T/;���A:"3!+-,.* 6
*�7G/�1 ����J|���!? �DU'&DU *>8S�A C�5#%� p = V (n) U
• 6s1

p
+43q�Z<4�z1��R3!E)�5O�+w��<�1T�;O���/;�q/�1

uβ
�$8G .+4Ot +43I,"/;�P�ZE.���zY.y /�1

uβ
�G�! "��, 'H& 6 &.7>/�1

����J|���!? �DU'&DU *"�
p
+43��(E.���zY.yX/�1�3�/;J>�

U (n) ��,"=V�! "��<4���!������3 i, j �����¢�! "�0/;,.<-&qE�/�3�3�+-'.<4�<4�z1��B�zyD����,"3!+4/;,"3�/�1
p
U��Q+-,"O5�

p 6= U (n) �%�! "�����@�zy�+43!��3��A:.,.+ �H:"�G<4���!����� k 3�:"O� >�! C��� pk +437�<4�z1���3!E)�5O�+w��<Q1c�;O���/;��/�1
uβ
��,"=

pk
+43��@E.���zY.yp/�1

U (n) �;+cU ��U;�! "�SE�/�3�3�+-'.<4�7<4�z1����zy�����,"3!+4/;,"3�/�1
pk
�����G�! "�$<4���!������3

i, j
UB�Q+-,"O5��'H&p3!&�JpJ>���!�!&

kp ∈ L(uβ)
�Q87�$ C�L#%�

k = i
/;�
k = j

��3t�L&
k = i

U��Q+-,"O5�
jpk = jpi ∈ L(uβ)

�j87�0 C�5#%�p��<43�/
ipj ∈ L(uβ)

U}�Q+-,"O5�0'H&X�;3�3�:.JpE.�!+4/;,



� ��� � � � �!� �;� � � � ��� � � ���	� 
 �����.
 � �
Uβ

��: �

ipi
��,"=

jpj
�����¢+-, L(uβ)

�C'�/;�! 
pi
��,"=

pj
������<4�z1a�}3!E)�5O�+w��<u1c�;O���/;��3@/�1

uβ
U$�Q+-,"O5�

p
+43,"/;�F�>E.���zY.yX/�1

uβ
�","��+-�! "���

pi
,"/;�

pj
�����¢E.���zY.y.�53F/�1

uβ
U$vK .+43}O5/;,H�!�t�;=D+4O���3F�! "��1T�;O���! C���

k
+43@�(:.,.+ �Q:"�F<4���!�����@3!:"O� X�! C���

pk
+43G<4�z1��$3!E��5O�+w��<cU

vK Q:"308S�| C�L#%�I3� "/L8G,©�! C���0+h1��VEC��<-+-,"=D��/;J>�
p
 C�;3����0<4�L�;3!���s87/�EC��<-+-,"=D��/;Jp+4OP�zyD����,"3!+4/;,"3L��! "��,

p = V (n) U
¶"��/;J �! "�|��')/L#%�p���53�:.<-�¢+-�A1T/;<-<4/L8$3¢�! C���0+h1

n 6= |V (k)| � n 6= |U (k)| 1�/;����<-< k ≥ 1
�{�! "��,��#%���!& EC��<-+-,"=D��/;J>�Z/�1�<4��,.*��! 

n
 C�;3V�zy.�;O��!<-& /;,"��EC��<-+-,"=D��/;Jp+4OZ�zyD����,"3!+4/;,u�A��,"=®�! "�����z1T/;���

P(n+ 2) = P(n)
UB6s,"���Q:C��<-+-�!+4�53$+-, 6
*�7S/�1��@��J|���!? �DU'&DU *(1a:.�!�! "���@+-JpE.<-&I�! C��� |V (i)| 6= |U (k)|1T/;�S��<-<

i, k ≥ 1
U�vK "�����z1�/;�����! "�}3!�t������J>��,H�G/�1{����/;E)/�3!+-�!+4/;, �DU'&DU ��OL��,R')�$���z1T/;�!J�:.<w�����5=q+-,|�! "�1T/;<-<4/L8G+-,.*>8K�5&

P(n+ 2) −P(n) =





1
+h1
n = |V (k)| ,

−1
+h1
n = |U (k)| ,

0
/;�! "���!8G+43t�

.

�9/;+-,H� 6 �.7F/�1 ����J|���!? �DU'&DU *�OL��,e'��(:"3��5=e1�/;�¢=.���!+-#�+-,.*P1T/;�A�! "�p3��5O5/;,"=o=D+��2������,"O5�|/�1B1c�;O���/;�O5/;JpE.<4�zyD+-�s&

∆2C(n) = ∆C(n+ 1) − ∆C(n) =





1
+h1
n = |V (k)| ,

−1
+h1
n = |U (k)| ,

0
/;�! "���!8G+43t�

.vK "�����z1T/;���A87�¢ C�5#%�A1T/;�
s ≥ 2

�! C���
P(n+ 2) −P(n) = ∆C(n+ 1) − ∆C(n) ,1T/;�@��<-<

n ∈ N
U o�A�! H:"3�OL��,V=.���!+-#%�¢�! "�}1T/;<-<4/L8G+-,.*I�! "�5/;����JVU

� >H��B���� � � , �  ��·{f5`
uβ

¤tf�`a�Df � 
Hf!^ �Dk;_aiC`Sk���`a�DfA���"¤��z`�_�`��D`�_�k;i 6 �DU'&.7 � �{�Dfzi
P(n+ 1) + P(n) = ∆C(n) + 2 ,

�5k;�
n ∈ N .dS�!kLk�� � ¹u���@�! "�0EC���t��J>������� s +-,��! "�03�:.'"3!�!+-�!:.�!+4/;, 6 �DU'&.7G'�� s = 1
U$vK "��,

uβ
+43���, %��!,"/;:DyQr

�}��:.�5&I8S/;��=2�D1�/;�G8G .+4Ot 
P(n+ 2) −P(n) = 0 = ∆C(n+ 1) − ∆C(n) .¶C/;�

s ≥ 2
8S�A:"3�� P(n+ 2) −P(n) = ∆C(n+ 1) − ∆C(n)

=.���!+-#%�5=X��')/L#%��U o�¢ C�5#%�
P(n+ 1) + P(n) = P(0) + P(1) +

n∑

i=1

(
P(i + 1) −P(i− 1)

)

= 1 +m+

n∑

i=1

(
∆C(i) − ∆C(i− 1)

)
= 1 +m+ ∆C(n) − ∆C(0) =

= 1 +m+ ∆C(n) − C(1) + C(0) = ∆C(n) + 2 ,8G "�����A8S�A C�5#%�¢:"3��5= P(0) = C(0) = 1
��,"= P(1) = C(1) = m = #Aϕ

U



��:�& ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
� � � ����� � � , �2� � %GO5O5/;��=D+-,.*A��/K6 �.7u/�1 ����J|���!? �DU'&DU *"�;87�S C�L#%�

∆C(n) ≤ #Aϕ
U�vK .+43�+-JpE.<-+4�53

P(n+ 1) + P(n) ≤ #Aϕ + 2
�C��,"=P�! Q:"3G�! "�AEC��<-+-,"=D��/;Jp+4O0O5/;JpE.<4�zy�+-� &P+43G'�/;:.,"=.�5=2U

� ��� � ���?"�� ��� 	 � 	�	 � ��� D� 	 �����

o�G C�L#%�$3��5��,p�! C�����! "�$3t����/�1�EC��<-+-,"=D��/;J>�53S/�1
uβ
+43�O�<4/�3t�5=p:.,"=.�����! "�KJ|��E.E.+-,.*

p 7→ ϕ(p)0t U
o�}3!�!:"=D&p�! "�}�;O��!+4/;,q/�1u�! .+43SJ|��E.E.+-,.*�/;,R�! "�}O5��,H������3K/�1u�! "�@EC��<-+-,"=D��/;J>�53MU�¹u���S:"3BJ>��,Q�!+4/;,�! C���G�! "�F���53!:.<-��3$/�1��! .+43G3��5O��!+4/;,X�����A#���<-+4=I1�/;�

β
��O5/;,DN":"��,Q����+43�/;�G,Q:.J�')���@8G+-�! 

t ≥ s ≥ 1
�+cU ��UC��<43�/�1T/;�G�! "��%��!,"/;:DyQr �}��:.�5&ROL�;3t��U

� � ��
 ��������
 �F¹u���
p
'��p�REC��<-+-,"=D��/;J>�I/�1K/�=.=�<4��,.*��! uUpvK "�X�tfzij`sfz�P/�1

p
+43��R<4���!�����

a
3!:"Ot �! C���

p = waw̃
1T/;��3�/;J>�

w ∈ A∗ UqvK "�IO5��,H�����(/�1$�VEC��<-+-,"=D��/;J>� p /�1G��#%��,[<4��,.*��! [+43��! "���JpE.�s&q8S/;��=2U
6s1�EC��<-+-,"=D��/;J>�53

p1
�
p2
 C�5#%�0�! "�¢3t��J>�0O5��,H�����L�j�! "��,´��<43�/|EC��<-+-,"=D��/;J>�53

ϕ(p1)0
t � ϕ(p2)0

t C�5#%���! "�A3t��J>�¢O5��,Q�����LUBvK .+43G+43@�(O5/;,"3t���H:"��,"O5�¢/�1��! "�F1T/;<-<4/L8G+-,.*I<4��JpJ|�DU
,80� � ! � � ; �
� ��·{f�`

p, q ∈ Pal(uβ)
b;i�^|g4f�`

q
¤tfpbP�tfziC`��!b;g ��bH�5`ck;�0k��

p �
�{�Df�i

ϕ(q)0t _��0b�tfzij`���b;g ��bH�5`ck;�0k��
ϕ(p)0t �

dS�!kLk�� � �Q+-,"O5� p = wqw̃
1�/;�A3�/;J>�

w ∈ A∗
ϕ

�)8S�( C�5#%�
ϕ(p)0t = ϕ(w)ϕ(q)ϕ(w̃)0t �28G .+4Ot o+43�IEC��<-+-,"=D��/;J>�('H&�E�/;+-,Q� 6a+=7@/�1S����/;E�/�3�+-�!+4/;, �DU'&DU')DU�6 �}3!:D~|O5�53F��/R���L��<-+-�L�(�! C���

0t +43A�|E.���zY.y/�1
ϕ(w̃)0t U\vK "�����z1�/;���X87�VOL��,¬8G�!+-��� ϕ(p)0t = ϕ(w)ϕ(q)0t0−tϕ(w̃)0t U\�Q+-,"O5� |ϕ(w)| =

|0−tϕ(w̃)0t| �"�! "�F87/;��= ϕ(q)0t +43��(O5��,H�!�t��<u1c�;O���/;�@/�1 ϕ(p)0t U
�}/;���A�! C���$�! "�A3!�t������J>��,Q�@+43G#���<-+4=V��<43�/(1T/;�

q
'���+-,.*>�! "�A��JpE.� &q87/;��=2U

vK "��1�/;<-<4/M8G+-,.*�<4��JpJ|�@=.�53�O��!+-'��53{�! "��=.��E)��,"=.��,"O5�7/�1.�! "��O5��,Q�����9/�1.�! "��EC��<-+-,"=D��/;J>�
ϕ(p)0t/;,P�! "�AO5��,H�����}/�1��! "�FEC��<-+-,"=D��/;J>�

p
U�6s��3KE.��/�/�1�+43@�(3�+-JpE.<4�¢��E.E.<-+4OL���!+4/;,X/�19E.��/;E)���!�!+4�53$/�1��! "�3!:.'"3!�!+-�!:.�!+4/;,

ϕ
�.8S�A8G+-<-<{/;Jp+-�$+-�G "������U

,80� � ! � � ; � , ��·�f�`
p1 ∈ Pal(uβ)

b;ij^|g-f�`
p2 = ϕ(p1)0

t �

�c_ �e» �
p1 = w1aw̃1 �

���Df��!f
a ∈ Aϕ � a 6= m − 1 �

`a�Dfzi
p2 = w2(a + 1)w̃2 �

���.fz�!f
w2 =

ϕ(w1)0
t �

�s_�_ ��» �
p1 = w1(m− 1)w̃1

b�ij^
s+ t

_��FkL^H^ � `a�Dfzi p2 = w20w̃2 �
���.fz�!f

w2 = ϕ(w1)0
s+t−1

2 �

�c_a_�_ ��» �
p1 = w1(m− 1)w̃1

b;i�^
s+ t

_w��fzl�fzi � `a�Dfzi p2 = w2w̃2 �
���Dfz��f

w2 = ϕ(w1)0
s+t
2 �

�c_al �e» �
p1 = w1w̃1

b;ij^
t
_w�0fzl�f�i � `a�Dfzi p2 = w2w̃2 �

���.fz�!f
w2 = ϕ(w1)0

t
2 �

�cl �o» �
p1 = w1w̃1

b;ij^
t
_w��kL^%^ � `a�Dfzi p2 = w20w̃2 �

���Df��!f
w2 = ϕ(w1)0

t−1

2 �

¹u��JpJ|�;3 �DU')DU ����,"= �DU')DU'&|��<-<4/L8 :"3@��/p=.�53�O��!+-')�A�! "�¢O5��,H������3}/�1�EC��<-+-,"=D��/;J>�53
V (n) 8G .+4Ot �����A+-,VOL�;3��

s ≥ 2
O� C���t�;O������!+-�L�5=�'H&q C�L#Q+-,.*>� 87/|EC��<-+-,"=D��/;Jp+4O��zyD����,"3!+4/;,"3LU

�����BE8�	#��=���
�	� � � ; � ; ��·{f5`
V (n) ¤�f �Db;g£_�i�^;��k�±>fz�0^Hf ��i�f�^q¤��qf!µ��.b�`�_Tk;i.� 6 �DU'O.7 �



� ��� � � � ��� �;� ��� � � ��� �;� �.� � ��� � � � � ��� � 
 ��:�)

�c_ �e» �
t
_��Afzl;fzi � `a�Dfzi ��k;�¢fzl�f���� n ≥ 1

`a�Df0fz±
��`�� �Bk;�!^
ε
_���`a�Df��tfziC`sf���k��

V (n) � b;ij^ V (n)_���bI��fziC`��!b;g �5b%�5`ck;��k��
V (n+1) �

�s_�_ �e» �
t
_w�¢kL^%^Rb;ij^

s
_��¢f�l�fzi � `a�Df�i �5k;��fzl�fz�z� n ≥ 1

`a�Df¢g4f�`T`sfz�
i ≡ n− 1 (mod m)

_w�F`a�Df��fziC`sfz�(k��
V (n) � b;ij^ V (n) _���bI�tf�iC`���b�g �5b%�5`ck;�0k�� V (n+m) �

�c_a_a_ ��» �
t
_���kL^%^(b;i�^

s
_w�@kL^%^ � `a�Df�i �5k;�}f�l�fz�z� n ≥ 1 � V (n) ��b��@`a�DfAfz±
��`�� �Bk;�!^ ε �5k;�@�tf�iC`sfz�_ �

n ≡ 0 (mod (m + 1)) �
k�`a�Df�� ��_��5f�_�`S��b���`a�Df(g4f�`T`sfz�

i ≡ n − 1 (mod (m + 1))
��k��`a�.f0��fziC`sfz� � �´k;��f!k;l�f�� � V (n) _���bI�tf�iC`���b�g �5b%�5`ck;�0k�� V (m+n+1) �

dS�!kLk�� � 6c1 t +43���#%��,u�H�! "��,>�! "�G��JpE.�s&(8S/;��= ε +43��! "�$O5��,H�����B/�1 V (1) = 0t U ��3�+-,.*¢¹u��JpJ|� �DU')DU �8S�V C�5#%�X�! C���
ϕ(ε)0t = V (1) +43|�eO5��,Q�!�t��<@1c�;O���/;�|/�1 ϕ(V (1))0t = V (2) U �@��E)�L���!+-,.*o�! "�:.�!+-<-+-�M���!+4/;,´/�1�¹{��JpJ|� �DU')DU �A8S��/;'.�t��+-,X�! C���

V (n) +43@�pO5��,Q�!�t��<{1c�;O���/;�@/�1 V (n+1) US�Q+-,"O5� ε +43�! "�AO5��,Q������/�1
V (1) �D+-�G+43@��<43t/p�! "�AO5��,H�����}/�1 V (n) 1T/;�@��<-< n ≥ 1

U6s1
t
+43�/�=.=2�%�! "�$EC��<-+-,"=D��/;J>�

V (1)  C�;3BO5��,Q����� 0
��,"=>:"3!+-,.*�¹u��JpJ|� �DU')DU'&D�

V (2)  C�;3�O5��,Q�����
���
V (3)  C�;37O5��,Q����� 2

��U5U5U5�
V (m)  C�;3SO5��,H����� m− 1

U�6c12J>/;���5/M#%���
s
+43S��#%��,u�Q�! "��,

V (m+1)  C�;3��*H��+-,PO5��,H�����
0
U�¶.��/;J 6a+-+=7B/�19¹{��JpJ|� �DU')DU'&�8S�F3��5�@�! C���

0s+t +43K��O5��,Q�!�t��<)1T�;O���/;�G/�1 V (m+1) �8G .+4Ot ´+-JpE.<-+4�53}�! C���
V (1) = 0t +43}�IO5��,H�!�t��<91c�;O���/;�}/�1 V (m+1) U�6s,�OL�;3��¢�! C��� s +43}/Q=.=2�j�! "��,

V (m)  C�5#�+-,.*VO5��,H����� m − 1
+-JpE.<-+4�53¢�! C���

V (m+1)  C�;3AO5��,H����� ε ��,"= V (m+2)  C�;3�O5��,H����� 0
U

�}3!+-,.* 6a#"7�/�1�¹u��JpJ|� �DU')DU'&�87�F3��5�$�! C���
V (1) = 0t +43G��O5��,H�!�t��<)1c�;O���/;�S/�1 V (m+2) U�����E��L�����5=��E.E.<-+4OL���!+4/;,´/�1�¹u��JpJ|� �DU')DU �A+-JpE.<-+4�53$�! "�¢3��t������J>��,H��/�1��! "�FE.��/;E)/�3!+-�!+4/;,uU

%}3}87�( C�L#%�p3t��+4=2�2��#%���!&�EC��<-+-,"=D��/;J>�
p
+43A��+-�! "�����RO5��,H�!�t��<�1T�;O���/;�A/�1K�IJ|�nyD+-J|��<�EC��<-+-,Dr=D��/;J>�

U (n) ��1T/;�p3�/;J>� n ≥ 1
��/;�

p
+43>�´O5��,H�!�t��<G1c�;O���/;�p/�1�EC��<-+-,"=D��/;J>�53>8G+-�! x+-,"O����L�;3�+-,.*<4��,.*��! uU %�,��zy"��JpE.<4�V/�1F3!:"O� ª�´EC��<-+-,"=D��/;J>�P+43

V (n) ��1T/;� n ≥ 1
�B8G .+4O� ¬+43>�;O5O5/;��=D+-,.*[��/����/;E)/�3!+-�!+4/;, �DU')DU')}�! "�GO5��,Q�!�t��<"1c�;O���/;��/�1jEC��<-+-,"=D��/;J>�537/�12���!'.+-�!�t���!&(<4��,.*��! uU %GO5O5/;��=D+-,.*¢��/F�! "�,"/;�t���!+4/;,V+-,Q�!��/Q=D:"O5�5=X'H& (K�;3�3t��+-*�,"�A+-, @ *?N*B21�/;�G<4�z1��@��,"=P�!+-*� H��3!E��5O�+w��<)1c�;O���/;��3$�zyD����,"=D+-'.<4�¢��/���!'.+-�!�t���!&I<4��,.*��! q3�E��5O�+w��<�1c�;O���/;��3L��87�}+-,H�!��/�=D:"O5�}�! "��,"/;�!+4/;,P/�1{+-,DY",.+-���FEC��<-+-,"=D��/;Jp+4OF'.�t��,"Ot uU

o�F8G+-<-<{3��!:"=D&I+-,DY",.+-����EC��<-+-,"=D��/;Jp+4O¢'.�t��,"O� "�53�+-,P�! "�A,"�zyD�$3��5O��!+4/;,uU
� ��� � ��� � ��"�� 	�	 � ��� �� 	 � ��� �D�
	�� ���D���

� �	��
��������
 �K¹u���
v = · · · v3v2v1

')�}��<4�z1��7+-,DY",.+-���}87/;��=R+-,q�! "�F��<-E. C��'����
Aϕ
U�§}��,"/;����'H&

ṽ�! "�F�!+-*� Q�@+-,DY",.+-���A8S/;��=
ṽ = v1v2v3 · · ·

U
• ¹{���

a ∈ Aϕ
UI6s1K1�/;�0��#%���!&e+-,"=.�zy

n ≥ 1
�9�! "�>8S/;��=

p = vnvn−1 · · · v1av1v2 · · · vn ∈
Pal(uβ)

�S�! "��,¬�! "�V� 87/�rs3!+4=.�5=ª+-,DY",.+-���V87/;��=
vaṽ

+43|OL��<-<4�5= ��, _ai ��i"_�`sf �Db;g£_aij^;�!k;±(_��¤z��b�ij�z�V/�1
uβ

8G+-�! Z�tf�iC`sfz�
a
�"��,"=P�! "�FEC��<-+-,"=D��/;J>�

p
+43@OL��<-<4�5=X�P�tfziC`��!b;g ��b%�L`ck;��/�19�! "�+-,DY",.+-���AEC��<-+-,"=D��/;Jp+4O�'.�t��,"Ot 

vaṽ
U

• 6s1K1�/;�0��#%���!&e+-,"=.�zy
n ≥ 1

�9�! "�>87/;��=
p = vnvn−1 · · · v1v1v2 · · · vn ∈ Pal(uβ)

���! "��,�! "�A�s8S/�rs3!+4=.�5=X+-,DY",.+-����87/;��=
vṽ
+43�OL��<-<4�5=���,o_ai ��i"_�`sf �Db;g£_�ij^���k;±(_T�p¤z��b�ij�z�X/�1

uβ
8G+-�! �tfziC`sfz�

ε
�Q��,"=>�! "�GEC��<-+-,"=D��/;J>�

p
+43BOL��<-<4�5=|�p�tfziC`��!b;g���b%�L`ck;�A/�1��! "�K+-,DY",.+-���@EC��<-+-,"=D��/;Jp+4O'.�t��,"O� 

vṽ
U



��:�* ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
�Q+-,"O5�I1T/;� %��!,"/;:DyQr �}��:.�5&Z8S/;��=.3p��#%���!&ZEC��<-+-,"=D��/;J>�q C�;3(�zy.�;O��!<-&[/;,"�IEC��<-+-,"=D��/;Jp+4OP�zy�r����,"3!+4/;,u�.8S�A/;'.�t��+-,P1T/;�K��#%���!&R<4���!�����

a ∈ Aϕ
�zy.�;O��!<-&q/;,"�F+-,DY",.+-���AEC��<-+-,"=D��/;Jp+4OA'.�t��,"Ot X8G+-�! O5��,H�����

a
OD�! "�����A+43���<43�/p/;,"�A+-,DY",.+-���¢EC��<-+-,"=D��/;Jp+4O�'.�t��,"O� �8G+-�! VO5��,H�����

ε
U

I�'Q#Q+4/;:"3!<-&%�C��#%���!&|+-,DY",.+-���F87/;��=q8G+-�! q')/;:.,"=.�5=qEC��<-+-,"=D��/;Jp+4O¢O5/;JpE.<4�zyD+-�s& P(n)
 C�;3G/;,.<-&�0Y",.+-���A,Q:.J�')����/�1�+-,DY",.+-���¢EC��<-+-,"=D��/;Jp+4O¢'.�t��,"Ot "�53LUBvK .+43$+43G�! "�����z1�/;���¢#;��<-+4=X��<43t/�1�/;�
uβ
U

�����BE8�	#��=���
�	� � � � ��� � �{�.f$_ai ��iC_a`sf �Bk;�!^
uβ

_ai"lnb;�z_Tb;iC`��Qij^Qfz��`a�Df@�z�.¤z�z`�_�`���`�_Tk;i 6 �DU'&.7$��b;� ��k;�f!b%�����tfziC`sfz�
c ∈ Aϕ ∪ {ε} b%`�±>k��z`Sk;i�f�_ai ��i"_�`sf	�Db�g²_aij^;�!k;±(_��p¤z�!b;ij��� ��_a`a�V�tfziC`sf�� c �dS�!kLk�� � ¹u��JpJ|� �DU')DU'&V��<-<4/M8$3�:"3¢��/VO����L�����p1���/;J�/;,"�>+-,DY",.+-���pEC��<-+-,"=D��/;Jp+4OI'.�t��,"O� ���,"/;�! "���+-,DY",.+-���AEC��<-+-,"=D��/;Jp+4O�'.�t��,"O� uUB¶C/;�$�zy.��JpE.<4���.+h1

vaṽ
+43@��,P+-,DY",.+-���AEC��<-+-,"=D��/;Jp+4O�'.�t��,"O� �8G+-�! O5��,H�����

a 6= m−1
���! "��,p:"3!+-,.* 6a+=7�/�1�¹u��JpJ|� �DU')DU'&D�H�! "�K�s8S/�rs3!+4=.�5=>8S/;��=

ϕ(v)0t(a+1)0tϕ̃(v)+430��,©+-,DY",.+-���>EC��<-+-,"=D��/;Jp+4OR'.�t��,"Ot [8G+-�! �O5��,H�����
(a + 1)

U��Q+-Jp+-<w���!<-&�1T/;���! "�|O5��,Q�����
m − 1/;�

ε
U I�'H#�+4/;:"3!<-&%�7�! .+43(E.��/QO5�5=D:.���XO����L�����53(1a��/;J =D+43��!+-,"O��pEC��<-+-,"=D��/;Jp+4OV'.�t��,"O� "�53|8G+-�! x�! "�3t��J>�0O5��,H�����

c ∈ Aϕ ∪ {ε} ��*H��+-,�=D+43!�!+-,"O��}EC��<-+-,"=D��/;Jp+4O0'.�t��,"Ot "�53L�j1�/;��8G .+4O� ��! "�¢<4��,.*��! �/�1�! "�¢J|�nyD+-J|��<�O5/;JpJ>/;,�O5��,H�!�t��<91c�;O���/;�@+43@<4/;,.*%���@�! C��,´�! "�¢<4��,.*��! �/�1��! "��J|�ny�+-J|��<�O5/;JpJ>/;,O5��,H�!�t��<�1T�;O���/;�A/�1B�! "�p/;�!+-*�+-,C��<�+-,DY",.+-���(EC��<-+-,"=D��/;Jp+4Op'.�t��,"Ot "�53LU�vK .+43F8S/;:.<4=�+-JpE.<-&��! C���
uβ C�;3(+-,DY",.+-����<-&©J|��,H&©+-,DY",.+-���qEC��<-+-,"=D��/;Jp+4OP'.�t��,"O� "�53L�78G .+4O� x+43(+-,xO5/;,Q�!�t�;=D+4O��!+4/;,ª8G+-�! x�! "�')/;:.,"=.�5=D,"�53�3@/�1��! "�AEC��<-+-,"=D��/;Jp+4O�O5/;JpE.<4�zyD+-�s&P/�1

uβ
�"3��5�.�@��J|���!? �DU'&DU 9�U

� � � ����� � � � � , � ��y.��JpE.<4�53K/�12+-,DY",.+-���@EC��<-+-,"=D��/;Jp+4O}'.�t��,"Ot "�53SOL��,I'��@�L�;3!+-<-&>/;'.�t��+-,"�5=>1���/;J����/;E)/�3!+-�!+4/;, �DU')DU')|�;3F�>O5��,H�������5=�<-+-Jp+-�F/�1�EC��<-+-,"=D��/;J>�53
V (kn) 1T/;�}�p3!:.+-�t��'.<-&VOt "/�3���,�3!:.'"3��zr

�Q:"��,"O5�
(kn)n∈N

��,"=
n
*%/;+-,.*>��/(+-,DY",.+-� &%�",C��J>��<-&

• 6s1
t
+43K��#%��,u�D�! "��,P�! "�FO5��,H�������5=V<-+-Jp+-�K/�19EC��<-+-,"=D��/;J>�53

V (n) +43G��,q+-,DY",.+-���FEC��<-+-,"=D��/;Jp+4O'.�t��,"Ot X8G+-�! XO5��,Q�����
ε
U

• 6s1
t
+430/Q=.=[��,"=

s
��#%��,u���! "��,[�! "�>O5��,H�������5=©<-+-Jp+-��/�1KEC��<-+-,"=D��/;J>�53

V (k+mn) 1T/;� k =
1, 2, . . . ,m

+43@��,P+-,DY",.+-����EC��<-+-,"=D��/;Jp+4O¢'.�t��,"Ot X8G+-�! VO5��,H�����
k − 1

U
• 6s1

t
+43G/Q=.=P��,"=

s
/�=.=2���! "��,P�! "�AO5��,H�������5=P<-+-Jp+-�$/�19EC��<-+-,"=D��/;J>�53

V (k+(m+1)n) 1T/;� k =
1, 2, . . . ,m

+43$��,P+-,DY",.+-���FEC��<-+-,"=D��/;Jp+4OA'.�t��,"O� P8G+-�! VO5��,Q�����
k− 1

�"��,"=I1�/;�
k = m+ 1+-�@+43@��,P+-,DY",.+-���¢EC��<-+-,"=D��/;Jp+4O�'.�t��,"O� X8G+-�! �O5��,H�����

ε
U

� �B���	���
!"�)� � � � � ; �
�c_ �e» �

s
_��(kL^%^ � `a�.fzi uβ

��b;�pf�
%bH�5`�g²�Xk�i�f(_ai ��i"_�`sf �Db;g£_aij^;�!k;±(_��|¤���b;i��z� ��_�`a���tfzij`sfz�
c
�5k;�fzl;fz���

c ∈ Aϕ ∪ {ε} �
�s_�_ ��» �

s
_w��fzl�fzieb;ij^

t
_w�¢kL^%^ � `a�.fzi uβ

��b��0f�
%b%�L`�g²�Ik�i�fA_ai ��iC_a`sf �.b;g²_aij^;�!k;±(_T��¤z�!b;ij��� ��_�`a��tf�iC`sfz�
c
�5k;��fzl;fz���

c ∈ Aϕ �
b;ij^

uβ
�Db��Gijk¢_ai ��iC_a`sf �Db;g£_�ij^���k;±(_T�}¤���b;i��z� ��_a`a�>�tfzij`sfz�

ε �
�c_a_�_ ��» �

s
_w�}fzl;fzi�b;ij^

t
_w�}fzl;fzi � `a�Dfzi uβ

��b��Ff 
%b%�5`�g£�>k;i�f�_ai ��i"_�`sf �.b;g²_aij^;�!k;±(_T��¤z�!b;ij�z� ��_�`a��tf�iC`sfz�
ε �
b;ij^

uβ
��b;�Fi�k>_ai ��i"_�`sf �Db;g£_�ij^���k;±(_T��¤���b;i��z� ��_a`a�V�tfzij`sfz�

a ∈ Aϕ �dS�!kLk�� � %GO5O5/;��=D+-,.*���/�����/;E�/�3�+-�!+4/;, �DU *"U ���
uβ

J|�L&e C�5#%�q����J>/�3!��/;,"�>+-,DY",.+-���IEC��<-+-,"=D��/;Jp+4O'.�t��,"O� 01T/;�u�L�;O� (O5��,H�����
c ∈ Aϕ∪{ε}

U9vK "�����z1�/;���B+-�{3!:D~|O5�53u��/@3! "/L8©�zy�+43!����,"O5� � ,"/;,Drs�zyD+43!����,"O5�/�1$3!:"O� ��PEC��<-+-,"=D��/;Jp+4OI'.�t��,"O� uU o�I=D+43!�!+-,.*�:.+43! o1T/;:.�0OL�;3t�530�;O5O5/;��=D+-,.*´��/P�! "�>EC���!+-� &Z/�1
s��,"=

t
U
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 ��:��

6T�.7q¹{���
s
')�0/�=.=���,"=

t
/Q=.=2UFvK "��,e��,´+-,DY",.+-����EC��<-+-,"=D��/;Jp+4O('.�t��,"Ot e8G+-�! �O5��,Q�����

c
�zy�+43���31T/;�$��#%���!&

c ∈ A ∪ {ε} �"'Q& �@��J|���!? �DU *"U'&DU
6a'	7q¹{���

s
')�V/�=.=ª��,"=

t
��#%��,uU vK "�V�zy�+43�����,"O5�X/�1¢��,ª+-,DY",.+-���VEC��<-+-,"=D��/;Jp+4O�'.�t��,"O� \8G+-�! O5��,Q�����

ε
+43���,"3!:.���5=I��*H��+-,|'H&��@��J|���!? �DU *"U'&DU�¶"/;�B=.�������!Jp+-,.+-,.*��! "�G+-,DY",.+-���@EC��<-+-,"=D��/;Jp+4O'.�t��,"Ot "�53$8G+-�! X/;�! "����O5��,H������3L�C87�¢=.�zY","���(3t���H:"��,"O5�¢/�1�87/;��=.3

W (1) = 0 , W (n+1) = ϕ(W (n))0t , n ∈ N, n ≥ 1 .

�Q+-,"O5�
s + t

+43q/Q=.=2�@:"3!+-,.* 6a+=7R��,"= 6a+-+=7I/�10¹u��JpJ|� �DU')DU'&D�@87�´?Q,"/M8��! C���
W (n) +43P�EC��<-+-,"=D��/;J>��8G+-�! �O5��,H�����

i ≡ n− 1 (mod m)
U@6 ,XEC���!�!+4O�:.<w���L�)87�0 C�5#%�0�! C���

0 = W (1)+43F�>O5��,Q�!�t��<91T�;O���/;�F/�1
W (m+1) U �}3!+-,.*I¹{��JpJ|� �DU')DU ���2��<43�/ W (n) +43F�>O5��,Q�!�t��<�1c�;O���/;�F/�1

W (m+n) 1T/;�7��<-< n ≥ 1
U�vK "�����z1�/;���@87�$OL��,RO5/;,"3!�!�!:"O����! "�@O5��,Q�������5=><-+-Jp+-�S/�1�EC��<-+-,"=D��/;J>�53

W (k+mn) 1T/;� n *%/;+-,.*F��/@+-,DY",.+-� &%�%��/}/;'.�t��+-,|��,0+-,DY",.+-���SEC��<-+-,"=D��/;Jp+4OG'.�t��,"Ot �8G+-�! pO5��,Q�����
k − 1

1T/;�@��<-<
k = 1, 2, . . . ,m

U
6�O�7q¹{���

s
')�S��#%��,|��,"=

t
'��K/�=.=2U�vK "��,>��,(+-,DY",.+-���KEC��<-+-,"=D��/;Jp+4OK'.�t��,"O� p8G+-�! >O5��,Q�����

c
�zy�+43���31T/;����#%���!&

c ∈ A �{'Q& �@��J|���!? �DU *"U'&DU %�EC��<-+-,"=D��/;Jp+4O|'.�t��,"Ot [8G+-�! ©O5��,H�����
ε
=./Q�53�,"/;��zyD+43!�L��3!+-,"O5�p:"3!+-,.*X¹{��JpJ|� �DU'&DU �p� 87/V,"/;,Drc�L����/�<4���!������3¢+-,Z�! "�p87/;��=

uβ
�����>3���EC���t�����5='Q&|�¢'.<4/�O�?>/�1

0
� 3S/�1{/Q=.=|<4��,.*��! u��8G .+4O� q+-JpE.<-+4�53S�! C���7EC��<-+-,"=D��/;J>�53K/�1{��#%��,R<4��,.*��! IJ0:"3!�')�A3! "/;�!�����$�! C��,
t+ s

U
6�=B7q¹{���

s
��,"=

t
')�¢��#%��,uUBvK "���zy�+43!����,"O5�0/�1���,X+-,DY",.+-���¢EC��<-+-,"=D��/;Jp+4O0'.�t��,"O� X8G+-�! �O5��,H�����

ε+43K��,"3!:.���5=P��*H��+-,q'H& �@��J|���!? �DU *"U'&DUB6s,DY",.+-���}EC��<-+-,"=D��/;Jp+4OA'.�t��,"Ot "�53K8G+-�! q/;�! "���$O5��,Q������3=./�,"/;�S�zyD+43!�LU�vK "�����L�;3�/;,I+437�! C���S+-,I�! .+43SOL�;3����! "�$J|�nyD+-J|��<jEC��<-+-,"=D��/;J>�
U (1) = 0t+s−1 C�;3pO5��,Q�����

0
��,"=�:"3!+-,.*o¹u��JpJ|� �DU')DU'&´�! "�qEC��<-+-,"=D��/;J>�53

U (2) � U (3) �@U5U5U5� U (m)  C�5#%�O5��,Q������3
1, 2, . . . ,m− 1

�C���53!E��5O��!+-#%��<-&%UK¶"/;�F��<-<
n > m

�! "��O5��,H�����F/�1
U (n) +43@�! "����JpE.�s&8S/;��=

ε
U�6c1¢�! "�����´�zy�+43����5= ��, +-,DY",.+-���´EC��<-+-,"=D��/;Jp+4O�'.�t��,"O� 

vaṽ
�G�! "��, �! "��J|�ny�+-J|��<O5/;JpJ>/;,[O5��,H�!�t��<�1c�;O���/;�

p
/�1
vaṽ

��,"=
U (a+1) 87/;:.<4=o')�>�qEC��<-+-,"=D��/;J>�|8G+-�! ZO5��,H����� a��,"=´8G+-�! e� 87/PEC��<-+-,"=D��/;Jp+4O>�zyD����,"3!+4/;,"3LU ��3�+-,.*q����/;E�/�3!+-�!+4/;, �DU'&DU �D�

p = V (k) 1�/;�A3�/;J>�
k
U�����/;E)/�3!+-�!+4/;, �DU')DU')0 "/L8S��#%���G+-JpE.<-+4�53K�! C���B1T/;�

t
��#%��,R�! "�}O5��,H�����$/�1

V (k) +43B�! "�F��JpE.�s&8S/;��=
ε
�.8G .+4Ot V+43@�pO5/;,Q�!�t�;=D+4O��!+4/;,uU

� � � ����� � � � � � �$vK "�AE.��/�/�1�/�1��! "�AE.����#�+4/;:"3$O5/;��/;<-<w���!&q+-JpE.<-+4�53$�! "�F1T/;<-<4/L8G+-,.*|1T�;O���3MU
��UG6s,qOL�;3��

t
/Q=.=2�

s
��#%��,u�

uβ
 C�;3S/;,.<-&|Y",.+-����<-&|J|��,Q&|EC��<-+-,"=D��/;J>�53G/�1���#%��,q<4��,.*��! u�"��<-<)/�1�! "��J '���+-,.*IO5��,H�!�t��<21c�;O���/;��3@/�1

U (1) = 0t+s−1 U
&DUG6s,ROL�;3��

t
��,"=

s
�����}��#%��,u�

uβ
 C�;3S/;,.<-&(Y",.+-����<-&>J|��,H&|EC��<-+-,"=D��/;J>�53S/�1{/�=.=><4��,.*��! P��,"=��<-<K/�1��! "��J������qO5��,Q�!�t��<K1T�;O���/;��3p/�1�/;,"�q/�1@�! "�REC��<-+-,"=D��/;J>�53

U (1) � U (2) �GU5U5U5� U (m) �8G+-�! XO5��,H�����
0, 1, . . . ,m− 1

�.���53�E��5O��!+-#%��<-&%U



��:�O ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
� ��� � 	 � ��� D� 	 � ��� � 	 � 	 � ��� �4" � 	 �

uβvK "�>��+-J�/�1K�! .+43A3��5O��!+4/;,e+43F��/q*�+-#%�p�zy�E.<-+4O�+-��#;��<-:"�53A/�1S�! "�(EC��<-+-,"=D��/;Jp+4O|O5/;JpE.<4�zyD+-�s&e/�1
uβ
U

o��3� C��<-<9=.���!+-#%���! "��J¨1���/;J vK "�5/;����J �DU'&DU'OD�j8G .+4O� ��zy�E.���53�3t�53 P(n) + P(n + 1)
:"3!+-,.*R�! "�Y"��3!�(=D+��)������,"O5�P/�1G1c�;O���/;�pO5/;JpE.<4�zy�+-� &$OK��,"=[1a��/;J 6 �.70/�1 �@��J|���!? �DU'&DU *"��8G .+4O� ����5OL��<-<43(�! "����53!:.<-��3@��')/;:.� C(n)

/�1H@'O�) BsU
� >�?�	�30� � � � ��� �@·{f�`

uβ
¤tf�`a�.f � 
Hf!^ �Dk;_aiC`Sk��¢`a�Df¢���"¤��z`�_�`��D`�_�k;i 6 �DU'&.7 � ��_a`a� t ≥ s ≥ 2 �

�s_ �0·�f�`
s
¤�f�kL^H^Rb�ij^>g4f�`

t
¤�fpfzl�f�i � �{�Dfzi

P(2n+ 1) = m

P(2n) =

{
2 ,

_ � |V (k)| < 2n ≤ |U (k)| ��k;�F�5k;±|f k,
1 ,

k%`a�Dfz� ��_w�Lf
.

�s_�_ �0·{f�`
s
b;ij^

t
¤�f�kL^%^ � �{�.fzi

P(2n+ 1) =





m+ 1 ,
_ � |V (k)| < 2n+ 1 ≤ |U (k)| ��k;�F�5k;±|f k

��_�`a�
k 6≡ m (mod (m+ 1)),

m ,
k�`a�.fz� ��_��5f

.

P(2n) =





2 ,
_ � |V (k)| < 2n ≤ |U (k)| �5k;�F�5k;±|f k

��_�`a�
k ≡ m (mod (m+ 1)),

1 ,
k�`a�.fz� ��_��5f

.

�s_�_a_ �¢·�f�`
s
¤�fpf�l�fziob;ij^

t
¤�f(kL^%^ � �{�Dfzi

P(2n+ 1) =





m+ 2 ,
_ � |V (k)| < 2n+ 1 ≤ |U (k)| ��k;�F�5k;±|f k ≥ 2 ,

m ,
_ �

2n+ 1 ≤ |V (1)| ,
m+ 1 ,

k�`a�Df�� ��_��5f
.

P(2n) =

{
1 ,

_ �
2n ≤ |U (1)| ,

0 ,
k�`a�Df�� ��_��5f

.

�s_�l ��·�f�`
s
b�ij^

t
¤tfpfzl�fzi � �{�.fzi

P(2n+ 1) =

{
#
{
k ≤ m

∣∣ 2n+ 1 ≤ |U (k)|
}
,

_ �
2n+ 1 ≤ |U (m)| ,

0 ,
k�`a�.fz� ��_��5f

.

P(2n) =





m+ 2 ,
_ � |V (k)| < 2n ≤ |U (k)|

�5k;�F��k;±|f
k ≥ m+ 1 ,

#
{
k ≤ m

∣∣ 2n ≤ |V (k)|
}
,

_ �
2n ≤ |V (m+1)| ,

m+ 1 ,
k�`a�Dfz� ��_��5f

.



� ��� � � � �!� �;� � � � ��� ��� � � � � � � ��� ���
Uβ

��:.9

dS�!kLk�� � o�FE.��/L#%���! "�¢3!�t������J>��,H�@'H&POL�;3��53LU
6a+=7R¹u���

s
'��K/�=.=>��,"=

t
')�K��#%��,uU�6s��+43���,"/;:.*� |��/A3! "/L8¬�! C��� P(2n+1) = m

1T/;�B��<-<
n ∈ N

UvK "��#;��<-:"�(/�1 P(2n)
OL��,��! "��,�')�0�L�;3!+-<-&�OL��<4O�:.<w�����5=´1a��/;J�vK "�5/;����J �DU'&DU'Oq��,"= 6 �.7@/�1

�@��J|���!? �DU'&DU *"U
¶.��/;J 6a+=72/�1	(S/;��/;<-<w���!& �DU *"U')G8S��?�,"/L8©�! C���{�! "�����7�zy�+43!��39��,�+-,DY",.+-���7EC��<-+-,"=D��/;Jp+4OB'.�t��,"Ot 8G+-�! >O5��,H�����

c
1T/;����<-<

c ∈ Aϕ
U9vK .+43�+-JpE.<-+4�53��! C��� P(2n+1) ≥ m

U96s,(/;��=.������/F3! "/L8��! "����H:C��<-+-� &%�.+-�$3!:D~|O5�53G��/(3! "/M8®�! C���@��<-<2J|�ny�+-J|��<2EC��<-+-,"=D��/;J>�53
U (k) �����A/�19��#%��,P<4��,.*��! u�/;�}���Q:.+-#���<4��,H�!<-&%�) C�5#%�

ε
1T/;��O5��,H�����LU¢�Q+-,"O5��')/;�! 

t
��,"=

t + s − 1
�����0��#%��,u�

0t = V (1)+43¢�RO5��,H�!�t��<�1c�;O���/;�¢/�1
0t+s−1 = U (1) U ��3!+-,.*q¹u��JpJ|� �DU')DU ��� V (k) +43A�RO5��,H�!�t��<�1c�;O���/;�/�1

U (k) 1T/;�F��<-< k ≥ 1
U %GO5O5/;��=D+-,.*R��/ 6a+=7@/�1B����/;E�/�3�+-�!+4/;, �DU')DU')D�

V (k) ������EC��<-+-,"=D��/;J>�53/�1@��#%��,Z<4��,.*��! u����,"=o�! Q:"3���<43t/V�! "�pJ|�nyD+-J|��<7EC��<-+-,"=D��/;J>�53
U (k) �����|/�1@��#%��,Z<4��,.*��! uUvK "�����z1�/;�����! "��&R=./>,"/;�$O5/;,H�!�!+-'.:.���0��/ P(2n + 1)

U
6a+-+=7q¹u���

s
��,"=

t
')�@/�=.=2U o�}3! C��<-<�=.�������!Jp+-,"� P(2n)

��,"=I�! "��#;��<-:"�53K/�1 P(2n+1)
OL��,R')�=.�5=D:"O5�5=P1���/;J vK "�5/;����J �DU'&DU'O>��,"=�6 �.7K/�1�����J|���!? �DU'&DU *"U

¶.��/;J 6a+=72/�1	(S/;��/;<-<w���!& �DU *"U')G8S��?�,"/L8©�! C���{�! "�����7�zy�+43!��39��,�+-,DY",.+-���7EC��<-+-,"=D��/;Jp+4OB'.�t��,"Ot 8G+-�! �O5��,Q�����
ε
USvK H:"3 P(2n) ≥ 1

1T/;����<-<
n ∈ N

U %�*H��+-,u�
V (1) = 0t +43@�|O5��,H�!�t��<u1c�;O���/;�/�1

U (1) = 0t+s−1 ����,"=\�! H:"3 V (k) +43P�ZO5��,Q�!�t��<F1T�;O���/;�P/�1 U (k) 1�/;�P��<-< k ≥ 1
U %EC��<-+-,"=D��/;J>�¢/�19��#%��,P<4��,.*��! u�D8G .+4Ot P+43K,"/;�@��O5��,H�!�t��<)1c�;O���/;�$/�19��,P+-,DY",.+-���FEC��<-+-,"=D��/;Jp+4O'.�t��,"O� ´J�:"3!�@'����>O5��,H�!�t��<u1c�;O���/;��/�1

U (k) 1T/;�@3�/;J>� k �C��,"=X<4/;,.*%���$�! C��, |V (k)| UK�Q+-,"O5�
|U (k)| < |V (k+1)| < |U (k+1)| 6�Oz1!U06 �.7{/�1 ����J|���!? �DU'&DU *�7z�H���9J>/�3!��/;,"�73!:"Ot (EC��<-+-,"=D��/;J>��zy�+43���3@1T/;�F�L�;O� e<4��,.*��! uU o�� C�5#%� P(2n) ≤ 2

UA6s�F3!:D~|O5�53}��/q=.�������!Jp+-,"��1�/;�}8G .+4O� 
k
��! "�pJ|�nyD+-J|��<�EC��<-+-,"=D��/;J>�

U (k) +43A/�1G��#%��,o<4��,.*��! u�u8G .+4Ot o C��E.E���,"3��zy.�;O��!<-&´8G "��,o+-��3O5��,H�!�t��<71T�;O���/;�
V (k) +43¢/�1G��#%��,o<4��,.*��! ©��,"=e�! C����+43L�u:"3!+-,.* 6a+-+-+=7F/�1G����/;E�/�3�+-�!+4/;, �DU')DU')D�1�/;�

k ≡ 0 (mod (m+ 1))
U

6a+-+-+=7q¹u���
s
'��A��#%��,���,"=

t
')�A/Q=.=2U %GO5O5/;��=D+-,.*I��/ 6���7K/�1��@��J|���!? �DU *"U *"�C��<-<2EC��<-+-,"=D��/;J>�53�/�1��#%��,�<4��,.*��! 0�����BO5��,H�!�t��<%1c�;O���/;��3u/�1

U (1) = 0t+s−1 U{vK "�����z1T/;��� P(2n) = 1
+h1

2n ≤ |U (1)|��,"= :q/;�! "���!8G+43���UIvK "�p#;��<-:"�p/�1 P(2n + 1)
OL��,e')�pOL��<4O�:.<w�����5=e1���/;J vK "�5/;����J �DU'&DU'O��,"= 6 �.7K/�1��@��J|���!? �DU'&DU *"U

6a+-#G7R¹u���
s
��,"=

t
'��P��#%��,uU ��3!+-,.* 6 &.7(/�1 ����J|���!? �DU *"U *"�S�! "�V/;,.<-&�EC��<-+-,"=D��/;J>�53R/�1F/�=.=<4��,.*��! ������AO5��,H�!�t��<u1T�;O���/;��3G/�1

U (k) 1T/;� k = 1, 2, . . . ,m
U�vK "�����z1�/;��� P(2n+ 1) = 0

1T/;�
2n + 1 > |U (m)| U@6s1 2n + 1 ≤ |U (m)| �C�! "�0,H:.J0'����A/�1�EC��<-+-,"=D��/;J>�53A/�1B/�=.=V<4��,.*��! ´+43���H:C��<S��/V�! "�|,H:.J0'����p/�1GJ|�ny�+-J|��<SEC��<-+-,"=D��/;J>�53�<4/;,.*%���0�! C��,

2n + 1
UVvK "�>#���<-:"�|/�1

P(2n)
OL��,V'��AOL��<4O�:.<w�����5=V1a��/;J vK "�5/;����J �DU'&DU'O>��,"= 6 �.7S/�1��@��J|���!? �DU'&DU *"U

¶C/;�p�! "�R=.�������!Jp+-,C���!+4/;, /�1��! "�R#���<-:"� P(n)
1T/;�>�X*�+-#%��,

n
��8S�q C�5#%�P��/´?�,"/L8 <4��,.*��! "3

|V (k)| ��,"= |U (k)| U�6 , @'O�) Bu+-�G+43$3� "/L8G,X�! C���

|V (k)| = t
k−1∑

i=0

Gi ,
��,"= |U (k)| = |V (k)| + (s− 1)Gk−1 ,



��:�N ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
8G "�����

Gn
+43@�(3����Q:"��,"O5�¢/�1�+-,H����*%����3�=.�zY","�5=V'H&R�! "�A���5O�:.�!����,"O5�

G0 = 1 ,

Gn = t(Gn−1 + · · · +G0) + 1 ,
1T/;�

1 ≤ n ≤ m− 1 ,

Gn = t(Gn−1 + · · · +Gn−m+1) + sGn−m ,
1�/;�

n ≥ m.

vK "��3����H:"��,"O5�
(Gn)n∈N

=.�zY","�53}�! "�0OL��,"/;,.+4OL��<9<-+-,"�L����,H:.J>���t���!+4/;,o3!&D3!����J �;3t3�/QO�+w�����5=�8G+-�! �! "�7,H:.J�')���
β
��3t�5� @')�� BQ1�/;��*%��,"���t��<Q���53!:.<-��39/;,��! "�53t��,H:.J>���t���!+4/;,>3�&�3!����J>3MU{6 ,¢�! .+439EC���!�!+4O�:.<w���OL�;3����

(Gn)n∈N

=.�zY","�53��(O5/;,DN":"��,H��<-+-,"�L���$,H:.J>���t���!+4/;,�3!&D3!����JV�.3��5� @'O�: B21T/;�G+-��3GE.��/;E)���!�!+4�53LU
� ��� �  � �," ��"� " � 	 � ��� � 	 �
��	�� �E� 	 � 	�	 � �&� D� 	 � ����� �
	��	��� ���

6 ,DY",.+-���¢87/;��=.3
uβ

�����¢+-,Q#;���!+w��,Q��:.,"=.�����! "��3!:.'"3��!+-�!:.�!+4/;, 6 �DU'&.7�U I�,"�¢OL��,´�;3�?R8G "���! "���F��<43�/�! "��+-�F+-,DY",.+-����EC��<-+-,"=D��/;Jp+4O0'.�t��,"Ot "�53¢������+-,H#����!+w��,H�F:.,"=.���¢�|3!:.'"3��!+-�!:.�!+4/;,uU}6 ,�OL�;3��¢�! C���¢��,+-,DY",.+-����EC��<-+-,"=D��/;Jp+4O('.�t��,"O� e C�;3F�;3}+-��3}O5��,Q�����F�! "����JpE.� &X8S/;��=
ε
�j8S�(OL��,�:"3��0�! "�0,"/;�!+4/;,/�1�+-,Q#;���!+w��,"O5�X:.,"=.���>3!:.'"3!�!+-�!:.�!+4/;,ª�;3>=.�zY","�5=©1T/;�pE)/;+-,H���5=��s8S/�rs3!+4=.�5=¬+-,DY",.+-���V87/;��=.3LU o����53!�!�!+4O��@/;:.�}���!����,H�!+4/;,X��/(+-,DY",.+-����EC��<-+-,"=D��/;Jp+4O¢'.�t��,"Ot "�53�/�1�3!:"O� X�s&�E���U

���5OL��<-<{�! C������,�+-,DY",.+-���¢EC��<-+-,"=D��/;Jp+4O0'.�t��,"O� �/�1
uβ

8G+-�! �O5��,H�����
ε
�zyD+43!��3L�H6T�;O5O5/;��=D+-,.*R��/

(S/;��/;<-<w���!& �DU *"U').7z�C/;,.<-&q+h1�+-,V�! "� �?
�,H&�+{�zyDEC��,"3!+4/;,�/�1�:.,.+-�@+43
dβ(1) = tt · · · ts � t +43$��#%��,u�j/;�')/;�! 

t
��,"=

s
�����¢/�=.=2U�vK "�����z1�/;���A8S��3! C��<-<u3��!:"=D&R/;,.<-&q3!:"O� XEC���t��J>��������3LU¹u����:"3KY"��3!�@3��!:"=D&I�! "�AJ>/�3��@3!+-JpE.<4�¢OL�;3����

dβ(1) = t1
1T/;�

t ≥ 1
U7�������

β
+43@���Q:C�;=D�t���!+4O:.,.+-�L����,"=��! "�(+-,DY",.+-���>87/;��=

uβ
+43��P�Q�!:.�!Jp+w��,o87/;��=2���zy�E.���53t3!+-'.<4�(+-,e�! "��1�/;�!J�/�1K�! "�(J>�zrO� C��,.+4OL��<�87/;��=

µα,%
�
µα,%(n) =

⌊
(n+ 1)α+ %

⌋
−
⌊
nα+ %

⌋
, n ∈ N ,

8G "�����P�! "�q+-�!�t���!+4/;,C��<@3�<4/;E��
α
��,"=��! "�q+-,H������O5��E.�

ρ
3t���!+43�1�&

α = ρ = β
β+1

U�vK "�q+-,DY",.+-���EC��<-+-,"=D��/;Jp+4O¢'.�t��,"Ot X8G+-�! XO5��,Q�����
ε
/�19�! "����')/L#%�A8S/;��=

uβ = µα,%
+43$�(� 87/�rs3!+4=.�5=��Q�!:.�!Jp+w��,87/;��=�8G+-�! ��! "�q3t��J>�q3!<4/;E)�

α = β
β+1

��'.:.��+-,Q������O5��E.� 1
2

Ue6 ,"=.�5�5=2���s8S/�J>�5O� C��,.+4OL��<$8S/;��=.38G+-�! q�! "��3���J>��3!<4/;E)�� C�5#%�}�! "��3���J>��3����K/�121c�;O���/;��37+-,"=.��E)��,"=.��,H�!<-&q/;,R�! "��+-�S+-,Q������O5��E.��3L�"��,"=J>/;���5/L#%�����! "�0�Q�!:.�!Jp+w��,X8S/;��=
µα, 1

2

+43$��,V+-,DY",.+-���AEC��<-+-,"=D��/;Jp+4O0'.�t��,"O� �/�19+-��3���<h1!�"3!+-,"O5�
µα, 1

2

(n) = µα, 1
2

(−n− 1) ,
1T/;�@��<-<

n ∈ Z .

vK "�����z1T/;���p+h1
v = µα, 1

2

(0)µα, 1
2

(1)µα, 1
2

(2) · · · �u�! "��, ṽv +43F�! "�(+-,DY",.+-���(EC��<-+-,"=D��/;Jp+4O>'.�t��,"Ot /�1
uβ

8G+-�! X�! "�¢O5��,H�����
ε
U�Q+-,"O5�7�! "�S�Q�!:.�!Jp+w��,(87/;��=

µα,%
O5/;+-,"O�+4=.�5398G+-�! 

uβ
�M+-��+43{+-,Q#;���!+w��,Q�9:.,"=.���9�! "�B3�:.'"3!�!+-�!:.�!+4/;,

ϕ
U8%�3G��O5/;,"3����Q:"��,"O5�A/�1 @'N�N Bs���! "�A3!<4/;E)�

α
+43G�>�Q�!:.�!J ,Q:.J�')���L�.+cU ��U"� �H:C�;=D�t���!+4OF,Q:.J�')���$+-,

(0, 1)
3!:"Ot ��! C���}+-��3}O5/;,;� :.*H�����

α′ 3t���!+43!YC�53 α′ /∈ (0, 1)
�86a:"3�+-,.*I�! "�0���H:.+-#���<4��,H�A=.�zY",.+-�!+4/;,�/�1�Q�!:.�!J ,Q:.J�')����3@*�+-#%��,V+-, @ 9 B
7zUvK "���Q:"�53!�!+4/;,|��')/;:.���! "�$3!:.'"3!�!+-�!:.�!+4/;,p+-,Q#;���!+w��,"O5��/�1j�! "�K+-,DY",.+-���GEC��<-+-,"=D��/;Jp+4OG'.�t��,"Ot 

ṽv+43���,"3�87�����5=¢:"3�+-,.*@�! "�����53!:.<-�9/�1 @ ��� B�6�/;�9��<43�/�@')��D� ��:�O B
7zU96s�u3t�L&�3{�! C���9�@�Q�!:.�!Jp+w��,087/;��=08G "/�3��3!<4/;E)�@+43G�p�Q�!:.�!J�,H:.J0'����L�C��,"=R8G "/�3��}+-,Q������O5��E.�G+43S���Q:C��<)��/ 1
2

�Q+43K3!:.'"3��!+-�!:.�!+4/;,R+-,Q#;���!+w��,Q�@�;3���s8S/�rs3!+4=.�5=�E�/;+-,Q���5=P87/;��=2�C+cU ��UD�! "�����¢�zy�+43���3@�(3!:.'"3!�!+-�!:.�!+4/;,
ψ
3!:"O� X�! C���

ṽ|v = ψ(ṽ)|ψ(v)
U



� ����� 
 � � 
 ��� � ��������� � � � � ���	� ����� ��� � � �!� �7� � � � ��� � � � � ��� � 
 ��:��

������������� �$vK "�¢¶9+-'�/;,C�;O5O�+u8S/;��=
uβ

1T/;�
dβ(1) = 11

+43@�0Y.y.�5=PE)/;+-,H�@/�1��! "�A3!:.'"3!�!+-�!:.�!+4/;,
ϕ(0) = 01, ϕ(1) = 0 .6 ��3K+-,DY",.+-���¢EC��<-+-,"=D��/;Jp+4O�'.�t��,"O� X8G+-�! �O5��,H�����

ε
+43

ṽv
1T/;�

v = 010100100101001001010 · · ·8G .+4Ot V+43G�! "�FY.y.�5=PE)/;+-,H�
limn→∞ ψn(0)|ψn(0)

/�1��! "�A3!:.'"3!�!+-�!:.�!+4/;,
ψ(0) = 01010, ψ(1) = 010 .

¹{���u:"3u,"/M8Z3!�!:"=D&F�! "�	�Q:"�53!�!+4/;,¢8G "���! "���u+-,DY",.+-���BEC��<-+-,"=D��/;Jp+4OB'.�t��,"Ot "�53{+-,
uβ
1T/;�u*%��,"���t��<

dβ(1) = tt · · · ts 8G+-�! t ��#%��,u�Q/;� t ��,"= s /�=.=2�Q��������<43t/¢3!:.'"3!�!+-�!:.�!+4/;,I+-,H#����!+w��,H�LU�6 ���!:.�!,"3B/;:.��! C���A�! "�p��,"3!8S���¢+43FE�/�3�+-�!+-#%��U�¶"/;�¢O5/;,"3!�!�!:"O��!+4/;,[/�1K�R3!:.'"3!�!+-�!:.�!+4/;,
ψ
:.,"=.���A8G .+4Ot [�I*�+-#%��,EC��<-+-,"=D��/;Jp+4O�'.�t��,"O� X+43$+-,H#����!+w��,H�L�"8S�A,"�5�5=P�! "�F1T/;<-<4/L8G+-,.*|<4��JpJ|�DU

, �� � ! � �  �
� �F·�f�`
vṽ

¤�fRb;i©_ai ��i"_�`sf
�Db�g²_aij^;�!k;±(_��q¤z�!b;ij�z� ��_�`a�e��fziC`sfz�
ε �

�{�Dfzi[`a�.f>g4f ��`_ai ��i"_�`sf �Bk���^
v = · · · v3v2v1

�5b�`�_�� �Sf��
v = ϕ(v)0

t
2

�5k;�
t
fzl�fzi �

v = ϕm+1(v)ϕm(0
t+1

2 )0
t−s
2

�5k;�
t
b;ij^

s
kL^%^ �dS�!kLk�� � ¹u��� t ')�$��#%��,R��,"=p<4��� vṽ '��$�! "�$:.,.+ �Q:"�G+-,DY",.+-���@EC��<-+-,"=D��/;Jp+4O�'.�t��,"O� R8G+-�! IO5��,Q����� ε U���5OL��<-<"�! C���

vṽ
+437�¢O5��,H�������5=I<-+-Jp+-�7/�1

V (n) U8(S/;,"3!+4=.���K���!'.+-�!�t���!&|3!:D~py vsuf
/�1
v
�H+cU ��U

vsuf ṽsuf+43K�¢EC��<-+-,"=D��/;J>�A/�1
uβ

8G+-�! qO5��,H�����
ε
U�§F��,"/;���

w := ϕ(vsuf)0
t
2

U �}3!+-,.* 6a+-#"7B/�1�¹u��JpJ|� �DU')DU'&�! "��87/;��=
p = ww̃

+43}�>EC��<-+-,"=D��/;J>�(/�1
uβ

8G+-�! �O5��,H�����
ε
U o��3! "/L8�'H&VO5/;,Q�!�t�;=D+4O��!+4/;,e�! C���

w
+43��p3!:D~pyP/�1

v
U�Q:.E.E)/�3��@�! C���
p = ww̃

+437,"/;�S��O5��,H�!�t��<�1c�;O���/;�S/�1
vṽ
�H�! "��,R�! "�����@�zyD+43!��3K�A:.,.+ �Q:"�

n
3�:"O� �! C���

p
+43��VO5��,Q�!�t��<B1c�;O���/;��/�1

U (n) URvK "��,©�;O5O5/;��=D+-,.*´��/X����/;E)/�3!+-�!+4/;, �DU'&DU �D�
p
+43¢:.,.+ �H:"��<-&�zyD����,"=D+-'.<4�>+-,Q��/X�qJ|�nyD+-J|��<BEC��<-+-,"=D��/;J>��Uq6s,e�! C���0OL�;3��p87�|�t��?%�|�q<4/;,.*%����3!:D~py
v′suf

/�1
v
�

3�/I�! C���F�! "��<4��,.*��! �/�1S�! "��EC��<-+-,"=D��/;J>�
p′ = w′w̃′ � w′ := ϕ(v′suf)0

t
2

3t���!+43�YC�53 |p′| > |U (n)| U�}/L8S��#%���L�
p′
6�3!+-,"O5�p+-�0O5/;,Q�t��+-,"3

p
�;3¢+-��30O5��,H�!�t��<71T�;O���/;�17A+430�qEC��<-+-,"=D��/;Jp+4OR�zy�����,"3�+4/;,[/�1

p
�

��,"=P�! "�����z1T/;���
p′
+43}�pO5��,H�!�t��<�1c�;O���/;�@/�1

U (n) �"8G .+4O� X+43}�pO5/;,H�!�t�;=D+4O��!+4/;,uUGvK Q:"3 ϕ(vsuf)0
t
2

+43
�(3!:D~pyP/�1

v
1T/;�@��<-<u3!:D~pyD�53

vsuf
/�1
v
�.�! "�����z1T/;���

v = ϕ(v)0
t
2

U¹{����,"/L8
s
��,"=

t
'��G/�=.=2U�6c1

vsuf
+43B�¢3!:D~py(/�1)�! "�K87/;��=

v
���! "��,

vsuf ṽsuf
+43B�}EC��<-+-,"=D��/;J>�/�1

uβ
8G+-�! XO5��,H�����

ε
U���3�+-,.*>¹u��JpJ|� �DU')DU'&D�.�! "�A1�/;<-<4/M8G+-,.*| "/;<4=.3G�!�!:"��U

w0 = ϕ(vsuf)0
t−1

2 =⇒ w00w̃0 ∈ Pal(uβ)

w1 = ϕ(w0)0
t =⇒ w11w̃1 ∈ Pal(uβ)

w2 = ϕ(w1)0
t =⇒ w22w̃2 ∈ Pal(uβ)

...

wm−1 = ϕ(wm−2)0
t =⇒ wm−1(m− 1)w̃m−1 ∈ Pal(uβ)

wε = ϕ(wm−1)0
s+t
2 =⇒ wεw̃ε ∈ Pal(uβ)



����: ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
v�/;*%���! "���@87��/;'.�t��+-,

wε = ϕm+1(vsuf)ϕ
m(0

t−1

2 )ϕm−1(0t) · · ·ϕ2(0t)ϕ(0t)0
s+t
2 .

�Q+-,"O5�
ϕm(0) = ϕm−1(0t)ϕm−2(0t) · · ·ϕ(0t)0s �%�! "�@87/;��= wε

OL��,I'��G����8G�!+-�!����,R+-,R��3!+-JpE.<4���1T/;�!J
wε = ϕm+1(vsuf)ϕ

m(0
t−1

2 )ϕm(0)0
t−s
2 = ϕm+1(vsuf)ϕ

m(0
t+1

2 )0
t−s
2�Q+-,"O5�

wε
+43���*H��+-,p�}3!:D~py�/�1

v
�;�! "�S3!�t������J>��,H��/�1C�! "�S<4��JpJ|�@1T/;�

s
��,"=

t
/�=.=� "/;<4=.3��!�!:"��U

� >�?�	�30� � �  � , ��·{f5`
uβ

¤�f�`a�Df � 
Hf�^ �Dk;_aiC`7k��0`a�Df¢���"¤��z`�_�`���`�_Tk;i
ϕ
�;_al�fzi[¤�� 6 �DU'&.7 � b;ij^Ig4f�`

vṽ
¤�fR`a�Df|_ai ��i"_�`sf �Db;g£_�ij^���k;±(_T�P¤z��b�ij�z�[k��

uβ
��_�`a�e�tf�iC`sfz�

ε �
�{�Dfzix`a�Df|g4f �z` � ��_T^Hf!^�_ai ��i"_�`sf

�Bk;�!^
v
_w�F_ai"lnb;�z_�b�iC`���ij^Hfz�¢`a�DfF���"¤��z`�_�`��D`�_�k;i

ψ
^Hf ��i�f�^ �5k;�¢b;gag�g4f�`T`sfz���

a ∈ {0, 1, . . . ,m− 1}¤z�

ψ(a) =





w−1ϕ(a)w ,
���.fz�!f

w = 0
t
2 ,

�5k;�
t
f�l�fzi �

w−1ϕm+1(a)w ,
���.fz�!f

w = ϕm(0
t+1

2 )0
t−s
2 ,

�5k;�
t
b�ij^

s
kL^H^ �

�´k;��f!k;l;fz� � _ � t _w�|fzl�fzi � `a�Df�i ψ(a)
_w�|b �Db;g£_�ij^���k;±|f
�5k;�|b;gag

a ∈ Aϕ
b;ij^

vṽ
b��|b �Dk;_aiC`sf!^�5f�µ��.f�ij�tf(_��F_�i"l�b;��_Tb;iC`B�Qi�^Hfz��`a�Df¢�5b;±|fF�z�.¤���`�_a`��D`�_Tk;i

ψ �dS�!kLk�� � ¶�+-��3��G<4���$:"3$3! "/M8 �! C���$�! "�A3!:.'"3!�!+-�!:.�!+4/;, ψ +43G8S��<-<�=.�zY","�5=2U
• ¹u���

t
')�X��#%��,uU �Q+-,"O5�

0
t
2

+43q�oE.���zY.y\/�1
ϕ(a)

1T/;�q��<-<
a ∈ {0, 1, . . . ,m − 2} ��,"=

ϕ(m− 1) = 0s �"�! "�����z1�/;��� 0
t
2

+43���E.���zY.yP/�1
ϕ(m− 1)0

t
2 = 0s+ t

2

U
• ¹u���

t
��,"=

s
'��A/�=.=2U�¹u���$:"3$#%���!+h1a&R�! C���

w
+43@��E.���zY.yV/�1

ϕm+1(a)w
U

�

6s1
a 6= m− 1

�.8S�¢3! "/L8 �! C���
w = ϕm(0

t+1

2 )0
t−s
2

+43@��E.���zY.yV/�1
ϕm+1(a) = ϕm

(
0t(a+ 1)

)
= ϕm(0

t+1

2 )ϕm(0
t−1

2 )ϕm(a+ 1) .

6 �@3!:D~|O5�53@��/>3! "/M8 �! C���
0

t−s
2

+43}�(E.���zY.yV/�1
ϕm(0

t−1

2 )
US¶"/;�

t = s
+-�$+43$/;'Q#Q+4/;:"3LU

¶C/;�
t > s ≥ 1

87�G/;'.�t��+-,
t ≥ 3

��,"=p3�/
ϕm(0

t−1

2 ) = ϕm(0)ϕm(0
t−3

2 )
��,"=pO�<4�L���!<-&

0
t−s
2

+43@��E.���zY.yV/�1
ϕm(0)

U
�

6s1
a = m− 1

�.�! "��,
ϕm+1(m− 1)w = ϕm(0s)ϕm(0

t+1

2 )0
t−s
2 = ϕm(0

t+1

2 )ϕm(0)ϕm(0s−1)0
t−s
2 .

�Q+-,"O5�
0

t−s
2

+43A�>E.���zY.y�/�1
ϕm(0)

�)�! "��O5/;�!���5O��!,"�53�3A/�1B�! "��=.�zY",.+-�!+4/;,e/�1B�! "�03�:.'Dr3��!+-�!:.�!+4/;,
ψ
+43GE.��/M#%�5=2U

�}/L8�+-��+43F��,"/;:.*� ���/IE.��/L#%�(�! C���
ψ(v) = v

UF¹u��JpJ|� �DU'ODU �03��5&D3��! C���F+-,´�! "�(OL�;3����! C���
t
+43��#%��,V�! "�A<4�z1��G+-,DY",.+-���A8S/;��=

v = · · · v3v2v1
3t���!+43�YC�53

v = ϕ(v)w
U7vK H:"3$8S�A C�5#%�

ψ(v) = · · ·ψ(v3)ψ(v2)ψ(v1) = · · ·w−1ϕ(v3)ww
−1ϕ(v2)ww

−1ϕ(v2)w =

= · · ·ϕ(v3)ϕ(v2)ϕ(v1)w = ϕ(v)w = v .



� ��� � ����� � ��� ��� � � �!� �;� � � � � 
 � � ��� � ��� � � � � ��
 ���
Uβ

�����

6 ,VOL�;3��F�! C���
t
��,"=

s
�����¢/�=.=2�.�! "�FE.��/�/�19+43$�! "�¢3t��J>���.:"3!+-,.*

ϕm+1 +-,"3!���L�;=V/�1 ϕ U6s1
t
+43K��#%��,u�D+-�7+43KO�<4�L���S1���/;J �! "�}E.���53�O��!+-E.�!+4/;,q1T/;�

ψ
���! C���

ψ(a)
+43G�¢EC��<-+-,"=D��/;J>�}1T/;�K��,Q&<4���!�����

a
�D8G .+4O� �+-JpE.<-+4�53$�! "�F+-,H#����!+w��,"O5��/�1��! "�A8S/;��=

vṽ
:.,"=.���

ψ
U

¹{����:"3@J>��,H�!+4/;,��! C���@1T/;�
t, s

/Q=.=X�! "�¢87/;��=.3
ψ(a)

�
a ∈ Aϕ

�CJ|�5&V,"/;��'���EC��<-+-,"=D��/;J>�53LU6 ,ª�! C���qOL�;3��V�! "���!+-*� H��rs3�+4=.�5=\8S/;��=
ṽ
+43R+-,H#����!+w��,H�q:.,"=.���P��,"/;�! "���P3!:.'"3!�!+-�!:.�!+4/;,u�G,C��J>��<-&

a 7→ ψ̃(a)
U@����#%���!�! "��<4�53�3F��#%��,�1�/;�

t, s
/�=.=V+-�}J|�5&V C��E.E)��,´�! C���

ψ(a)
+43F�|EC��<-+-,"=D��/;J>��1T/;���<-<D<4���!������3LU9vK "��,p�! "�B� 87/�rs3!+4=.�5=>87/;��=

vṽ
+439+-,H#����!+w��,H��:.,"=.���

ψ
U�vK .+43�3�+-�!:C���!+4/;,�+43�+-<-<-:"3��!�t�����5=/;,P�! "�F1T/;<-<4/L8G+-,.*R�zy.��JpE.<4��U

������������� � (S/;,"3!+4=.�����! "�>vu�!+-')/;,C�;O5O�+B8S/;��=2�{+cU ��U)�! "�p8S/;��=
uβ

1T/;�
dβ(1) = 111

UI6s�F+43A�! "�Y.y.�5=qE�/;+-,Q�@/�1��! "�¢3!:.'"3!�!+-�!:.�!+4/;,
ϕ(0) = 01, ϕ(1) = 02, ϕ(2) = 0 ,

8G .+4Ot ´+43}+-,��! "��1�/;�!J 6 �DU'&.7$1�/;�
t = s = 1

��,"=
m = 3

UFvK "�����z1T/;���
w = ϕ3(0) = 0102010

UvK "�(3!:.'"3!�!+-�!:.�!+4/;,
ψ
�2:.,"=.���F8G .+4O� o�! "��+-,DY",.+-���(EC��<-+-,"=D��/;Jp+4Op'.�t��,"Ot 

vṽ
/�1S�! "��v{�!+-'�/;,C�;O5O�+8S/;��=P+43G+-,H#����!+w��,H�L�C+43G�! "�����z1T/;���¢*�+-#%��,��;3

ψ(0) := w−1ϕ4(0)w = 0102010102010,
ψ(1) := w−1ϕ4(1)w = 01020102010,
ψ(2) := w−1ϕ4(2)w = 0102010.

�}/;���$�! C���S�! "�@3!:.'"3��!+-�!:.�!+4/;,
ψ
 C�;37�! "�$1T/;<-<4/L8G+-,.*�E.��/;E����!� &$���! "�@87/;��=

ψ(a)
+43K�AEC��<-+-,"=D��/;J>�1T/;�$��#%���!&

a ∈ Aϕ
U

� ��� �  ���� � � 	 � 	�	 � ��� �� 	 ����� �&� "�� ��	D��� � ����� 	 �
uβ6 , @ ��) B@�! "�X��:.�! "/;��3R/;'.�t��+-,\��,\+-,H�������53!�!+-,.*[���53!:.<-�>8G .+4O� 3t�L&�3p�! C���R��#%���!&©Y",.+-���P87/;��=

wO5/;,Q�t��+-,"3>����J>/�3�� |w| + 1
=D+��2������,H�pEC��<-+-,"=D��/;J>�53MU 6�vK "�q��JpE.�s&©87/;��=©+43(O5/;,"3!+4=.�����5=¬�;3p�EC��<-+-,"=D��/;J>�eO5/;,Q�t��+-,"�5= +-, ��#%���!&¬8S/;��=2U 7 §F��,"/;����'Q&

P (w)
�! "��,H:.J0'����V/�1¢EC��<-+-,"=D��/;J>�53O5/;,Q�t��+-,"�5=V+-,V�! "�}Y",.+-���A8S/;��=

w
UB¶"/;�!J|��<-<-&%�"8S�A C�5#%�

P (w) ≤ |w| + 1
1�/;�$��#%���!&RY",.+-���A8S/;��=

w.

vK "�SY",.+-���G8S/;��=.3
w
1T/;��8G .+4O� >�! "�G���Q:C��<-+-�s&�+43����L�;Ot "�5=|�����GOL��<-<4�5= �z�Qgag06T�;3�3�:.*�*%�53!���5=(+-, @ *?) B
7zU

%�,(+-,DY",.+-���G87/;��=
u
+43�OL��<-<4�5=(1�:.<-<c��+h1)��<-<.+-��3�E.���zY.y.�53B�����S1�:.<-<cU�6s, @ ��) B"�! "�$��:.�! "/;��3B C�5#%�$3! "/M8G,�! C���}��#%���!&V�Q�!:.�!Jp+w��,´87/;��=X+43G1�:.<-<cU7vK "��&q C�L#%��3! "/M8G,X�! "��3���J>�AE.��/;E����!� &q1�/;����E.+43!�!:.�!Jp+w��,8S/;��=.3LUvK "��+-,DY",.+-���¢8S/;��=

uβ
OL��,�'��F1�:.<-<{/;,.<-&q+h1�+-��3$<w��,.*�:C��*%�0+43@O�<4/�3��5=V:.,"=.��������#%����3t��<c�C+cU ��U"+-,�! "�>3�+-JpE.<4�|�����!�!&oOL�;3��p1T/;�
dβ(1) = tt · · · ts � t ≥ s ≥ 1

UR¶C/;�
s ≥ 2

3!:"O� [87/;��=.3(�����p,"/;���E.+43!�!:.�!Jp+w��,u�9,"��#%���!�! "��<4�53�3M��8S�I3� C��<-<B3! "/L8 �! C�����! "��&o�����>1a:.<-<cU o�|3� C��<-<B:"3��p�! "�|,"/;�!+4/;,"3��,"=P���53�:.<-��3G+-,H�!��/�=D:"O5�5=V+-, @ ��) BsU
� �	��
��������
 � %\Y",.+-���G8S/;��=

w
+43�3t��+4=p��/�3t���!+43�1�&0E.��/;E)���!�s&

Ju
��+h12�! "�����@�zyD+43!��3B�FEC��<-+-,"=D��/;Jp+4O3!:D~pyP/�1

w
8G .+4O� �+43G:.,.+4/QO5O�:.�!����,Q�@+-,

w
U



����& ��� � � ��� � � � � � ��� �;� �.� � ��� ��� � � � � � � ���
(7<4�L���!<-&%�j+h1

w
3t���!+43!YC�53

Ju
�.�! "��,X+-�� C�;3@�zy"�;O��!<-&V/;,"�AEC��<-+-,"=D��/;Jp+4O(3!:D~pyP8G .+4O� ´+43$:.,.+4/�OzrO�:.�!����,H�L�C,C��J>��<-&q�! "�A<4/;,.*%�53!�$EC��<-+-,"=D��/;Jp+4O03!:D~pyq/�1

w
U

�����BE8�	#��=���
�	� � �2� �
� ��� �B; ���	��·{f�`
w
¤tf0b ��i"_�`sf �Bk;�!^ � �{�Df�i P (w) = |w| + 1

_ �¢b;ij^Ik;i"g£�p_ �b;gag2`a�Df	�j��f � 
Qf��
ŵ
k��
w
��b�`�_�� �z�

Ju �
_ � f � ��b;l;f�b �Db;g£_�ij^���k;±|fA��� 1 
 ���Q_��z�R_w�}�QiC_�kL�t���Q�z��fziC`S_�i

ŵ �
� >�?�	�30� � � � � , � �{�Df�_�i ��i"_�`sf �Bk;�!^

uβ
_�iClnb;�z_�b;ij`���ij^Hfz��`a�.fA�z�.¤z�z`�_�`���`�_Tk;i 6 �DU'&.7¢_w� �z�Qgag �dS�!kLk�� � o�R3� "/L8 �! "�R3��t������J>��,H�p:"3!+-,.*�����/;E)/�3!+-�!+4/;, �DU 9�U �I'Q&ZO5/;,H�!�t�;=D+4O��!+4/;,uU[¹u���

w
'��q�E.���zY.yX/�1

uβ
/�1�Jp+-,.+-J|��<�<4��,.*��! X8G .+4Ot �=./��53$,"/;�}3t���!+43�1�&

Ju
����,"=V<4���

X0k ')�0�p3�:D~pyX/�1 w8G+-�! 
X 6= 0

U¶9+-��3!��87�R3! "/L8 �! C���
k ∈ {0, t + 1} UX¶"/;�L��+h1 1 ≤ k ≤ t

/;�
t + 2 ≤ k

���! "��,
q
+430�! "�J|�nyD+-J|��<jEC��<-+-,"=D��/;Jp+4OF3!:D~py>/�1

w0−1 +h1���,"=|/;,.<-&p+h1 0q0 +43��! "��J|�nyD+-J|��<jEC��<-+-,"=D��/;Jp+4O}3!:D~py/�1
w
U>�Q+-,"O5�

0q0
/�O5O�:.��3����A<4�L�;3!�A� 8G+4O5�p+-,

w
�2�! "��,©��<43�/

q
/�O5O�:.��3����A<4�L�;3!�A� 8G+4O5�p+-,

w0−1 �8G .+4O� �+43@�(O5/;,H�!�t�;=D+4O��!+4/;,´8G+-�! V�! "�AJp+-,.+-J|��<-+-� &V/�1
w
U§F�zY","�

w1 =




w0t +h1

w
 C�;3$3�:D~py

X 6= 0 ,

w0s−1 +h1
w
 C�;3$3�:D~py

X0t+1, X 6= 0 .

¶"/;�$�! "�¢J|�ny�+-J|��<uEC��<-+-,"=D��/;Jp+4O03!:D~py
p
/�1
w
=.��,"/;���

p1 =





0tp0t +h1
w
 C�;3@3!:D~py

X 6= 0 ,

0s−1p0s−1 +h1
w
 C�;3@3!:D~py

X0t+1, X 6= 0 .

�Q+-,"O5�X+-,
uβ

��#%���!&��s87/Z,"/;,Drc�L����/o<4���!������3q�����V3���EC���t�����5=ª'H&��! "�P87/;��=
0t /;� 0t+s �B8S�/;'.�t��+-,V�! C���

6a+=7
p1
+43G�! "�AJ|�nyD+-J|��<uEC��<-+-,"=D��/;Jp+4O�3�:D~pyq/�1

w1
U

6a+-+=7R�! "�AE)/�3!+-�!+4/;,V/�1�O5��,Q������3@/�1�EC��<-+-,"=D��/;J>�53
p
��,"=

p1
O5/;+-,"O�+4=.�¢+-,X��<-<{/�O5O�:.�!����,"O5�53$+-,

uβ
U

�Q+-,"O5�
p
/QO5O�:.��3F+-,

w
���F<4�L�;3!�F�s8G+4O5������<43�/R�! "�0EC��<-+-,"=D��/;Jp+4O|3!:D~py

p1
/�O5O�:.��3¢���}<4�L�;3��}� 8G+4O5�+-,

w1
�D+cU ��U.�! "�A8S/;��=

w1
+43@��E.���zY.yV/�1

uβ
8G .+4Ot �=./��53G,"/;�$3t���!+43�1�&

Ju
U¶.��/;J¨�! "�¢=.�zY",.+-�!+4/;,�/�1

w1
+-�K1�/;<-<4/M8$3$�! C���

w1 = ϕ(ŵ)0t

1T/;�F3t/;J>�0E.���zY.y
ŵ
/�1
uβ
UAvK Q:"3A�! "��J|�ny�+-J|��<�EC��<-+-,"=D��/;Jp+4O>3!:D~py

p1
/�1
w1

+43F/�1S�! "��1T/;�!J
p1 = ϕ(p̂)0t ��8G "����� p̂ +43G�¢1c�;O���/;�G/�1 ŵ U %GO5O5/;��=D+-,.*p��/�E)/;+-,H��6a+=77/�1�����/;E)/�3!+-�!+4/;, �DU'&DU')D� p̂ +43K�EC��<-+-,"=D��/;J>���j��,"=q�! "�A3���J>�FE.��/;E�/�3!+-�!+4/;,X+-JpE.<-+4�53G�! C���

p̂
+43G�! "�FJ|�nyD+-J|��<uEC��<-+-,"=D��/;Jp+4O¢3!:D~py/�1

ŵ
U$�Q+-,"O5�

p1
/�O5O�:.��3����@<4�L�;3��@�s8G+4O5�0+-,

w1
����<43�/

p̂
/�O5O�:.��3�����<4�L�;3!�@� 8G+4O5��+-,

ŵ
UKvK "�����z1�/;���

ŵ
=./��53G,"/;�$3t���!+43!1a&R�! "�FE.��/;E����!� &

Ju
U %}3
|ŵ| < |ϕ(ŵ)| < |w|,87�¢ C�5#%�0�(O5/;,Q�!�t�;=D+4O��!+4/;,�8G+-�! X�! "�FJp+-,.+-J|��<-+-�s&V/�1

w
U
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 ����)

� ��� � � � 	 � �(� � � 	 � � � 	 �$� � �! ���� � �$�

vK "��3!�!:"=D&p/�1uEC��<-+-,"=D��/;Jp+4O�O5/;JpE.<4�zyD+-�s&|/�1{��,I:.,.+h1�/;�!Jp<-&p���5O�:.�!����,Q�S+-,DY",.+-���@87/;��=I+43�+-,Q�������53!��r+-,.*R+-,��! "��OL�;3��0�! C����+-��3}<w��,.*�:C��*%��+43}O�<4/�3��5=´:.,"=.��������#%����3t��<cUF6 ,DY",.+-����8S/;��=.3
uβ

�;3�3t/QO�+w�����5=��/p�����!�!&P,H:.J0'�����3
β
�����F:.,.+h1�/;�!Jp<-&q���5O�:.�!����,Q�LU¶C/;�I,"/;,Drs3!+-JpE.<4�´�����!�!&¬,H:.J0'����

β
�K�! "�XO5/;,"=D+-�!+4/;, :.,"=.���R8G .+4O� �! "�V<w��,.*�:C��*%��/�1A�! "�+-,DY",.+-���A8S/;��=

uβ
+43$O�<4/�3��5=q:.,"=.���@����#%����3t��<u C�;3G')�5��,X3!�t�����5=q'Q& 5K���!,C����@')�& BsUB���F C�;3$3� "/L8G,�! C���$�! "�F<w��,.*�:C��*%�0/�1

uβ
+43$O�<4/�3t�5=q:.,"=.���$����#%����3t��<u+h1���,"=V/;,.<-&R+h1

β
+43@� �Q:C�;=D�t���!+4OA,Q:.J�')���L�+cU ��UC�p��/Q/;�}/�1�Jp+-,.+-J|��<�E�/;<-&�,"/;Jp+w��<

X2 − aX + b
�.8G+-�! 

a ≥ b+ 2
��,"=

b ≥ 1
US6 ,V�! .+43�OL�;3��

dβ(1) = (a− 1)(a − b− 1)ω U7vK "��EC��<-+-,"=D��/;Jp+4O0O5/;JpE.<4�zyD+-�s&�/�1��! "��O5/;�!���53!E�/;,"=D+-,.*R+-,DY",.+-���8S/;��=.3
uβ

+43$=.�53�O��!+-')�5=P+-, @'&�& BsU6 ,DY",.+-���V8S/;��=.3
uβ

1�/;�I,"/;,Drs3!+-JpE.<4�´�9���!�!&¬,Q:.J�')����3
β
�������! H:"3q��,"/;�! "���R�zy"��JpE.<4�V1T/;�8G .+4Ot V�! "�¢���Q:C��<-+-�s&

P(n) + P(n+ 1) = ∆C(n) + 2+43A3t���!+43!YC�5=´1�/;�¢��<-<
n ∈ N

U %GO5O5/;��=D+-,.*���/q/;:.�A?Q,"/M8G<4�5=D*%���9��J>/;,.*X��<-<��zy"��JpE.<4�53¢/�1K+-,DY",.+-���8S/;��=.3P3t���!+43�1�&Q+-,.*[�! .+43P���H:C��<-+-� &%�$�! "�´87/;��=.3
uβ
6�1�/;�R'�/;�! 3!+-JpE.<4�e��,"=\,"/;,Drs3!+-JpE.<4�e�9���!�!&,Q:.J�')���

β
7K�����¢�zy.O5��E.�!+4/;,C��<u+-,V�! C���$�! "��&R C�5#%���! "�A3��5O5/;,"=V=D+��2������,"O5�

∆2C(n) 6= 0
U
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� �������	��
 �

� ��� � 	�� � �����

o�( C�L#%�|3��5��,e+-,ZO5/;:.��3t�>/�1S�! .+43¢�! "�53!+43¢3���#%���t��<�E.��/;'.<4��J>30/;� �Q:"�53!�!+4/;,"3A8G .+4O� [����J|��+-,o:.,Dr3�/;<-#%�5=\/;�R/;E)��,"�5=2U %}3q�oO5/;,"O�<-:"3!+4/;,u�@+-,"3!���L�;=\/�1¢:"3�:C��<�=D:.E.<-+4OL���!+4/;,®/�1¢8G C���I C�L#%�´'��5��,��<-���L�;=D&�8G�!+-�!����,´+-,��! "��+-,H�!��/�=D:"O��!+4/;,o3��5O��!+4/;,u�)8S�08G+-<-<�3!:.JpJ|���!+-�L�(�! "�53t��E.��/;'.<4��J>3A "������+-,/;,"�AO5/;JpJ>/;,�E.<w�;O5��U
< ���=��>��2?���=�?# � (S/;,"O5���!,.+-,.*��! "�R���!+-�! .J>���!+4O|E.��/;E)���!�!+4�53L�9�! "� LsJ>/�3!��8S��,H���5= �q��,"3!87����+430�
6�3!+-JpE.<4��7u��<-*%��'.�t��+4O7Ot C���t�;O������!+-�M���!+4/;,(/�1.,Q:.J�')����3

β
1T/;�u8G .+4Ot ��! "��¶9+-,.+-����,"�53�3�E.��/;E����!� &F "/;<4=.3L�/;�����Q:.+-#;��<4��,Q�!<-&%�%��/FO� C���t�;O������!+-�L�G,Q:.J�')����3

β
1T/;�98G .+4Ot p�! "�K3�����/�1

β
rs�zyDEC��,"3!+4/;,"3�8G+-�! |�@Y",.+-���1��t�;O��!+4/;,C��<uEC���!�$ C�;3@�p�!+-,.*>3!�!�!:"O��!:.����U�}/L8S��#%���L����/A*�+-#%�@�}1�:.<-<j��,"3!8S���B��/A�! .+43 �H:"�53!�!+4/;,|+43B�F#%���!&p=D+h~|O�:.<-�B�t�;3!?>��,"=p+-�73��5��J>3���/')�F'���&%/;,"=P/;:.�@E.���53���,H�$ "/;�!+-�L/;,�/�1�1T�L�;3!+-'.+-<-+-�s&%UB����,"O5�A8S�AE.��/;E)/�3��F "�������(3!+-JpE.<4��� �Q:"�53!�!+4/;,O5/;,.,"�5O����5=R8G+-�! I����/;E����!� & 6�¶87zU o��*H�5#%�F�¢3!:D~|O�+4��,Q�GO5/;,"=D+-�!+4/;,I1T/;�7����/;E����!� & 6�¶87���/0 "/;<4=|+-,�! "�7�����!J>3�/�1j�! "��Jp+-,.+-J|��<�1�/;�!'.+4=.=.��,(8S/;��=.3M6�vK "�5/;����J )DU ��U').7z�;'.:.�9�! "�7�zy"��JpE.<4�53�+-<-<-:"3!�!�t���!+-,.*�! .+43S���53!:.<-�K87�����¢��<-���L�;=D&I?Q,"/M8G,q��/�3����!+43�1a&>����/;E����!� & 6�¶87zUDvK "�����z1�/;���}�! "��Y"��3!�G3!����ER��/L8K����=.3�AOt C���t�;O������!+-�M���!+4/;,V/�12,H:.J�')����3S3t���!+43�1�&Q+-,.*�����/;E����!� & 6�¶87{� ���7<4�L�;3!��1���/;J /;:.��E)/;+-,H�K/�12#Q+4��8� O5/;:.<4=�')�0��/IY","=�,"��8 ,Q:.J�')����3

β
3!:"O� ��! C���A�! "�(�!�t��,"3�O��!+-E.�!+4/;,[/�17�L�;O� Z/�1S+-��3FJp+-,.+-J|��<1T/;�!'.+4=.=.��,I8S/;��=.3S C�;37�! "�}3!:.J /�1u+-��37=D+-*�+-��3K3!J|��<-<4���S�! C��,I�! "��87/;��=I+-��3���<h1{ C�;3MU9�}/;�����! C���7 "������!J L �R,"��8�,H:.J0'����

β
�0+43F:"3��5=´+-,´�! "�p3t��,"3����! C���

β
3� "/;:.<4=�,"/;�}')��<4/;,.*q��/P3�/;J>��?Q,"/M8G,O�<w�;3�3@/�19,Q:.J�')����3@3t���!+43�1�&�+-,.*>����/;E����!� & 6�¶87z�.Oz1�U.vK "�5/;����J>3 &DU'&DU *"�	&DU'&DU �>��,"= &DU'&DU'ODU

%©3��5O5/;,"=AE.��/;'.<4��J«87��8S/;:.<4=¢<-+-?%����/��;=.=D���53�32+-,¢�! "��1�:.�!:.����+432�! "��E.��/Q/�1./�1��! "�BO5/;�!���5O��!,"�53�3/�1��! "�¢��<-*%/;�!+-�! .J¨E)����1�/;�!Jp+-,.*R�;=.=D+-�!+4/;,X+-,X�(*%��,"���t��<{��+43�/;�$'C�;3���U
< �
E�>�!0/C!"���
� .DFE�!G�H#��
���H# ��6 ,¬�! "�X�����L�Z/�1

α
r �;=D+4OX�zyDEC��,"3!+4/;,"3>�! "�XJ>/�3!�|��#�+4=.��,H�I/;E)��,

�Q:"�53!�!+4/;,©+43��! "�I:.,.+4O�+-�s& � J�:.<-�!+-E.<-+4O�+-� &�/�1
α
r �;=D+4Oq�zy�EC��,"3!+4/;,"3�/�1@��<4��J>��,H��3p/�1$�! "�R�zyD����,"3!+4/;,�!+-,.*

Z[α−1]
1T/;��,Q:.J�')����3

β
/�1B .+-*� "���A=.��*����5���2/;��+-,´*%��,"���t��<��! "��E.��/;'.<4��J ��/RO5/;JpE.:.��� 6�/;����G<4�L�;3!���53!�!+-J|������7S�! "�A,Q:.J�')����/�1

α
r �;=D+4O¢�zyDEC��,"3!+4/;,"3@/�1���*�+-#%��,V,Q:.J�')���

x
U

%�,"/;�! "���}E�/�3�3�+-'.<4�0��E.E.��/%�;O� ���/R�zy�EC��,"3�+4/;,"3@+-,�O5/;,;� :.*H�����53F/�17�|��+43�/;�},H:.J�')���
β
8S/;:.<4=')�F��/|�;3�3!:.J>�0�p3!+-J�:.<-�t��,"�5/;:"3}�zyDEC��,"3!+4/;,�/�1��(,H:.J0'�����+-,���<-<u�! "�0O5/;,;� :.*H�����53�/�1

β
�"�! C���$+43L�+-,[�! "�p1T/;�!J /�1��

d − 1
=D+-J>��,"3�+4/;,C��<7#%�5O���/;�0+-,Z�! "�|OL�;3t�>8G "�����

β
 C�;3�=.��*����5�

d
U I�,[/;,"� C��,"=|�! .+43�87/;:.<4=|'�� �H:.+-����=D+��)������,Q��1���/;J �! "����E.E.��/%�;Ot I8S�$ C�5#%�@:"3��5=>+-,|�! .+43��! "�53!+43L�Q/;,>�! "�

�����
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/;�! "���@ C��,"=X�! .+43@O5/;,"O5��E.��87/;:.<4=���<-<4/L8 :"3@��/p:"3���E.����#Q+4/;:"3@���53!:.<-��3@O5/;,"O5���!,.+-,.*R�! "�¢�!+-<-+-,.*|/�1�! "�¢O5/;,;��:.*H�����5=PE.<w��,"��U6 ,o�! "�><w�;3���3��5O��!+4/;,[/�1G�! .+43�O� C��E.������87�| C�5#%�|3t�5��, 6T���¢<4�L�;3!�0+-JpE.<-+4O�+-�!<-&"7���,"/;�! "����/;E)��,E.��/;'.<4��JV��8G .+4O� +-,�*%��,"���t��<>O5/;:.<4=�'��©3!�t�����5= �;3��®8G C���Z�����[�! "�©��/Q/;<43��! C�����!�t��,"3�1T/;�!J��#%��,H�!:C��<�E)���!+4/Q=D+4O�+-� & +-,Q��/ª��#%��,Q�!:C��<�E)���!+4/Q=D+4O�+-� &%U I�'Q#Q+4/;:"3´��,"3!87���������o3����Q:"��,H�!+w��<¢1�:.,"Ozr�!+4/;,"3 � �!�t��,"3�=D:"O5����3M�.'.:.�$+-�G3��5��J>3G�! C���G�! .+43G+43K,"/;�}��,"�5O5�53t3t���!&RO5/;,"=D+-�!+4/;,u�C�! C���G�! "�AO5/;,"O5��E.�/�1B�! "��3����Q:"��,H�!+w��<-+-�s&´+43}:.,.,"�5O5�53�3t���!+-<-&´3!�!��/;,.*q��,"=´�! C���A��#%��,´1a:.,"O��!+4/;,"3 � J|�;O� .+-,"�53A�! C���¢�����,"/;�@3����Q:"��,H�!+w��<�OL��,VE.���53����!#%�¢��#%��,Q�!:C��<{E)���!+4/Q=D+4O�+-� &%U
� �	�10 ���H!4���	���
�.# ��6 ,e�! "�>O� C��E.������=.�L��<-+-,.*X8G+-�! o�! "�>EC��<-+-,"=D��/;Jp+4OIO5/;JpE.<4�zyD+-�s&o/�1K+-,DY",.+-���87/;��=.3��;3�3t/QO�+w�����5=08G+-�! �3�+-JpE.<4�7��+43t/;��,Q:.J�')����3�87�B1�/;:.,"=(�$,"�5O5�53t3t���!&¢O5/;,"=D+-�!+4/;,(:.,"=.���98G .+4Ot 
uβ

O5/;,H�t��+-,"3�+-,DY",.+-����<-&eJ|��,H&�EC��<-+-,"=D��/;J>�53LUI¶"/;��8S/;��=.3�3t���!+43�1�&�+-,.*P�! .+43¢O5/;,"=D+-�!+4/;,Z8S�>�! "��,E)����1�/;�!J>�5=´O5/;JpE.:.�t���!+4/;,e/�1��! "��EC��<-+-,"=D��/;Jp+4O(O5/;JpE.<4�zyD+-�s&%U}6s,´/;�! "���}OL�;3��53}�! "��EC��<-+-,"=D��/;Jp+4OO5/;JpE.<4�zyD+-�s&x��#%��,H�!:C��<-<-&©#;��,.+43� "�53L��+cU ��U P(n) = 0
1���/;J 3�/;J>�

n0
/;,u�B'.:.�p+-�(3��!+-<-<GJ|�5&Z')�+-,H�������53��!+-,.*|��/>O5/;JpE.:.���A�! "�53t�A+-,.+-�!+w��<u,"/;,Drc�L����/>#���<-:"�53$/�1 P(n)

U
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6 ,I�! .+43$��E.E)��,"=D+hyq87�A3!:.E.E.<-&I,H:.J>���!+4OL��<{��#�+4=.��,"O5�53K��/(�s8S/(E.��/Q/�1T371a��/;J (7 C��E.����� )DU�6 ,q'�/;�! OL�;3��53$87�A,"�5�5=.�5=P��/|3! "/L8®�! "�A#���<-+4=D+-�s&P/�1�3�/;J>�F+-,"���Q:C��<-+-�s&q1T/;�GE�/�3!+-�!+-#%�F+-,Q����*%����3LUB�}/L8S��#%���L�:"3!+-,.*���<-*%��'.�t��+4O|J|��,.+-E.:.<w���!+4/;,"3>��,"=[�53!�!+-J|�����53087�R3!:"O5O5�5�5=.�5=o1T/;�0��<-<S'.:.���P1���8 #���<-:"�53�/�1�|*�+-#%��,�EC���t��J>�������LU¢vK "��#;��<-+4=D+-� &�/�1B+-,"���Q:C��<-+-�!+4�53}1�/;�}�! "�53���:.,"3�/;<-#%�5=�OL�;3��53}+43},H:.J>���!+4OL��<-<-&O5/;,DY"�!J>�5=X "������U
� � � �I� 	�	 � 	 ��N� � 	 ��� � � � � ���
vK "�o��+-J /�10�! "��E.��/�/�108K�;3P��/�3! "/L8 �! "��#���<-+4=D+-�s& /�10+-,"���Q:C��<-+-�s& 6 )DU �+*�7���8G .+4O� 8S�;3q�! "�1T/;<-<4/L8G+-,.*|/;,"�

(1 +m)β3 + β2 + (m+ 2)β + 1 >
(
(m+ 2)β +m2 + 2

)
β3/2 ,

6 )DU �+*�7
8G "�����

m ∈ N
�
m ≥ 2

��,"=
β
+43}�>*%��,"���t��<-+-�L�5=´*%/;<4=.��,´J>�L��,u�C�! C���}+43L�j��,e��<-*%��'.�t��+4O0+-,H����*%���8G+-�! VJp+-,.+-J|��<9E)/;<-&Q,"/;Jp+w��<

x3 −mx2 − x− 1
�
m ≥ 2

U���3!+-,.*R��<-*%��'.�t��+4O¢J|��,.+-E.:.<w���!+4/;,"3}87�8S��������'.<4�A��/>3! "/M8 �! "�F#���<-+4=D+-�s&P/�19�! "�¢+-,"���H:C��<-+-� &I1T/;�
m ≥ 10

U¹{����:"3p=.��,"/;���R'Q&
L(m)

��,"=
R(m)

�! "�R#;��<-:"�q/�1@�! "�R<4�z1���rc C��,"=x3!+4=.�P��,"=©�!+-*� H��rc C��,"=3!+4=.�(/�1@6 )DU �+*�7������53!E)�5O��!+-#%��<-&%U (S/;JpE.:.���5=e#���<-:"�53F/�1
L(m)

��,"=
R(m)

1T/;�
m = 2, . . . , 9

�����3!:.JpJ|���!+-�L�5=V+-,Xv���'.<4� %0U ��U��}/;���F�! C������<-<u,Q:.J�')����3$+-,V�! "�A�t��'.<4�0�����F��/;:.,"=.�5=2U�Q+-,"O5�|+-,[��<-<�<-+-,"�530/�1K�! "�|�t��'.<4�p�! "�>#���<-:"�>/�1
L(m)

+4303!�!�!+4O��!<-&�*����L���������! C��,Z�! "�|O5/;�!���zr3!E)/;,"=D+-,.*p#���<-:"�¢/�1
R(m)

�.vK "�5/;����J )DU'&DU'Np "/;<4=.3G1T/;�@��<-<
m ≥ 2

U
� � � � � ���! 	 � �4" ����� ��� � � � " � 	 � � � � � �
vK "�@��+-J 8S�;3���/�3! "/L8¬�! "�$:.E.E����B�53��!+-J|�����53

L⊕(β) ≤ 1
��,"=

L⊗(β) ≤ 2
1�/;�

β
'���+-,.*��AO�:.'.+4O��+43t/;�$:.,.+-�@8G+-�! VJp+-,.+-J|��<�E�/;<-&�,"/;Jp+w��<�/�1��! "�A1T/;�!J

x3 − ax2 − (a− 1)x + 1
6�Oz1!U"����*%� ��O.7zU

�}3!+-,.*���<-*%��'.�t��+4OGJ|��,.+-E.:.<w���!+4/;,"3787�K8S�����@��'.<4�G��/A3! "/M8¬�! "�K#;��<-+4=D+-� &p/�1��53!�!+-J|�����53�1�/;�
a ≥ 11

Uv�/V3! "/M8 �! "�p#���<-+4=D+-�s&o/�1
L⊕(β) ≤ 1

��,"=
L⊗(β) ≤ 2

1T/;�
a = 3, . . . , 10

+-�A+43���,"/;:.*� u��;O5O5/;��=D+-,.*I��/pvK "�5/;����J &DU'&DU'ND�.��/pOt "�5O�?P�! "�F1T/;<-<4/L8G+-,.*>+-,"���Q:C��<-+-�!+4�53
(

1

β′

)L⊕(β)

<
2H

K

��,"= (
1

β′

)L⊗(β)

<
H2

K

6�%0U ��7

����9
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m β L(m) R(m)
& &DU ��*?O�N O.9�U &�) ��9 O��DU 9 � ��:
) )DU')�N�)�: ��N�*"U &�&���O ��9 )DU O���).9
* *"U'&�N.9 O *?)��DU &�&�&�& )�N�NDU &�:�O�&
� �DU'&�&.9 � ��&�&DU & ��&�& 9 O�:DU ��9 :��
O ODU ��N.9�9 ��93*�9�U ������: ��)�*?ODU N�)�)�O
9 9�U ������& )�:���&DU ��N���* &�& ����U ��N�*?:
N NDU ��)�N�: * �����DU ��9 &�* )�*?& ��U'*�9 �+*
� �DU ��& ��O 9�9�93*"U ��O�:�� ��:���:DU N�&����
v9��'.<4��%�U �C���B��<-:"�53@/�1

β
�
L(m)

��,"=
R(m)

/;�$'Q&RO5/;J0'.+-,.+-,.*I�����!J>3G+-, 6�%0U ��77+-,Q��/>/;,"�A+-,"���Q:C��<-+-�s&X��,"=q:"3!+-,.*>�! "�A1T�;O��G�! C���
K = 1

1

β′
< 2H ≤

(
1

β′

)2

< H2 ≤
(

1

β′

)3

.
6�%�U'&.7

(S/;JpE.:.���5=V#���<-:"�53$O5/;,DY"�!Jp+-,.*I�! "�A#;��<-+4=D+-� &P/�1�6�%�U'&.7G�����¢3�:.JpJ|���!+-�L�5=P+-,Xv���'.<4� %0U'&DU

a 1

β′
2H

(
1

β′

)2

H2

(
1

β′

)3

) &DU � ��&�& NDU':�� ��N NDU *?N ��� ��ODU )�O���) &�*"U'O���N�N
* )DU ��*?N�N ��:DU :�)�*�9 ���DU ����)�& &��DU ��9 )�N O ��U �.9 ��:
� *"U ��O�O�) ��&DU : ��9 : &�*"U'O�O�)�O )�ODU ��:�&�& ��&�&DU *?N���N
O �DU �.9 O�: �+*"U :�:���O )��DU 9 ��&.9 * �DU :�O.9 � & ��)DU * ���.9
9 ODU ��N�& � ��ODU :�:�O�: *?NDU 93* � � O�*"U :�*?N�: )�*?:DU')�O�� �
N 9�U ��N�O � ��NDU :�:�*?: O�)DU 9�9�9 & N ��U :�)���� ��:��DU')�&���&
� NDU ��N�N�� &�:DU :�:�&�N N�:DU 9 ���.9 ��:�:DU :�&.9 � 9 &�ODU'&��.9 :
��: �DU ����:�� &�&DU :�:�&�: ���DU'N ��9 � ��& ��U :�&�&�) ���.9�U'&.9 :�*

v���'.<4� %0U'&:� �B��<-:"�53�/�19�����!J>3G+-, 6�%0U'&.7
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vK .+43F��E.E���,"=D+hy�*H���! "����3�� 87/R+-,"=D+-#�+4=D:C��<9J|��,Q:C��<43�1�/;�}�! "��E.��/;*��t��J ���+!("(#&%$' � # *jU@vK "��Y"��3!�/;,"�(+43¢��,�+-,"3!�t��<-<w���!+4/;,oJ|��,Q:C��<�*�+-#�+-,.*X�I3� "/;�!�¢/L#%���!#�+4��8 /�1S3!�t��,"="����=�+-,"3��t��<-<w���!+4/;,o+-,"3!�!�!:"Ozr�!+4/;,"3LUSvK "��3t�5O5/;,"=X/;,"�A+43}�p:"3����$J|��,Q:C��<c�"1T/�O�:"3��5=V/;,V�! "���&%$#�� *I1a��/;,Q��rs��,"=X��/>�! "�¢<-+-'.�t���!&%�8G .+4Ot V+43G:"3��5=q1T/;�G'C����O� XE.��/QO5�53�3�+-,.*|/�1�="���t�(Y"<4�53LU
� � � � � �," 	 ��� 	H" � 	 � � 	 �  �	 �
%�,o�;O��!:C��<�#%����3!+4/;,e/�17�! "� ���+!("(#&%$' � # *PE.��/;*��t��J OL��,�'��(=./L8G,.<4/%�;=.�5=e1a��/;J �! "�� "/;J>�p3!+-���/�1��! "�¢��:.�! "/;�

* #+# ��������� ������ �!#"�$%"��&!'��(�� #�!'�*)+�-, %/. ��01�
+-,P�! "�F1T/;�!J /�1��(�t���!'C��<-<uEC�;O�?���*%��U �}3!:C��<2E.��/�O5�5=D:.���A��/>O5/;JpE.+-<4�¢3� "/;:.<4=P'��F:"3t�5=

#&%('32*)% �(�" ����!�"$# %$'��)#+*42657!8 �!80�2�)�! # %$'�!#9�)
�*: ���+!("(#&%$' � # *�265;!< 7!<0�2*)+�&!)'=�
. %?>A@

8G "�����B57!8 �!80�2�)X3!�t��,"=.3}1�/;�}�! "�p�;O��!:C��<�#%����3!+4/;,e/�17�! "��EC�;O�?���*%��U %�EC���!�}1a��/;JC.�%D>A@FE�%����-GH��! "�����¢�����F� 87/|/;�! "���GE)/�3�3!+-'.<4�F�t���!*%����3@/�1�.�%D>1@.�D,C��J>��<-&H�&%(#=� *q��,"=I�*9��QU�vK "�J�&%(#=�)*|�t���!*%���'.:.+-<4=.30�! "� � ��!�"$#&%('��)#+*�2��&%(#=� *´1���/;,H��rs��,"=[:"3��5=Z1�/;�0E�����1T/;�!Jp+-,.*�'C����Ot "�53(/�1@O5/;JpE.:.�t���!+4/;,"3
6�3��5�p���5O��!+4/;,25FU'&R/�1B�! .+43 %@E.E)��,"=D+hyG7zUAvK "�K�/9 �>�t���!*%���F'.:.+-<4=.3F�! "� ���+!("$# %$' � #+*42%�/9 �(1���/;,H��r��,"=�:"3��5=��;3F�IO�*�+93�O��!+-E.�}/;,��|87��'�3����!#%���LU %@,��zy.��JpE.<4��/�17�p8G8G8KrcEC��*%��8G+-�! ´+-,.E.:.�}1�/;�!J1T/;�G�! .+43$3�O��!+-E.�@OL��,X'��}1T/;:.,"=q+-,V�! "�A=D+-���5O���/;�!& � ��!("(#&%('�� # *�2L57!< 7!<042�)+�D5�5�5�U
� � � M ��� � � 	��! 	 �

vK .+43R3��5O��!+4/;,\E.��/L#�+4=.�53q�Z3! "/;�!�| "��<-Eª1�/;�I�! "�X/;E.�!+4/;,"3R/�1¢�! "�N� %$#=�)*©1a��/;,Q��rs��,"=\/�1A�! "�E.��/;*��t��JVU ��/;�����! C���V+h1>�©<4/;,.*ª/;E.�!+4/;, 3� "/L8$3���,����!*�:.J>��,H�´�;3VJ|��,"="����/;�!&%�A�! "��, +-�P+43J|��,"="����/;�!&[1�/;�p�! "�q���Q:.+-#;��<4��,Q�|3! "/;�!�>/;E.�!+4/;,x��/�/.U[6s1}��,ª���!*�:.J>��,Q�L�78G .+4Ot ¬+43(J|���!?%�5=¬�;3
�����



��&�: � ��� �	�7� � � � � � �.��� � � ���������	��
������
±>b;ij^%b%`ck;������+43�,"/;�B3!E)�5O�+hYC�5=>/;,>�! "�$O5/;JpJ|��,"=|<-+-,"���%�! "�GE.��/;*��t��J��;3!?�3�1�/;��+-��3B#;��<-:"�G=D+-���5O��!<-&�n1������$�! "�A3!�t���!�LU
2 �2�2 "$�1@$' %$#��("D���+%�� !��<.�� =.�z1T��:.<-����%������3��! "�R/;E����t���!+4/;,©��/V')�IE�����1T/;�!J>�5=[/;,©�zy�EC��,"3�+4/;,"3�� %�3!�t��,"=.3¢1T/;�p�;=.=D+-�!+4/;,u��!R1T/;�3�:.'.�!�t�;O��!+4/;,´��,"=K.R1�/;�GJ0:.<-�!+-E.<-+4OL���!+4/;,uU
2L�2�2L�&"(#A@&!)#6s10�! .+43X/;E.�!+4/;, +43P:"3��5= �! "��E.��/;*��t��J =./��53q,"/;�V���53!�q1T/;�q�! "�e���zrs/�O5O�:.�!����,"O5�o=D:.�!+-,.*�! "��,"/;�!J|��<-+-�M���!+4/;,uU¨vK .+43VOL��, 3!E)�5�5=\:.E O5/;JpE.:.�t���!+4/;,���,"= <4/L8S���V�! "�o��J>/;:.,H�X/�1J>��J>/;�!&%U I�,��! "��/;�! "���� C��,"=2�"+-��3� "/;:.<4=V')�A:"3��5=P8G+-�! ´OL�;3����C3!+-,"O5��+-,V�! "��OL�;3t�A8G "��,�! "�R���53!:.<-�(+43(��#%��,H�!:C��<-<-&�E)���!+4/Q=D+4OI�! "�R,"/;�!J|��<-+-�M���!+4/;,\��<-*%/;�!+-�! .J OL��,.,"/;�>3!��/;E©8G "��,�! "�¢���zrs/QO5O�:.�!����,"O5��+43G,"/;�$')��+-,.*p���53!���5=2U
2�� 2�2���� ��� #��������� �!�����"�$#&% ±pb�ij^%b�`ck;�z��QE)�5O�+hYC�53�+-,.E.:.��Y"<4�.6�317A��/�')�>:"3��5=2U´6c1@/;,.<-&'�����"���I+43(3!E)�5O�+hYC�5=Z�! "�RO5/;JpE.:.�t���!+4/;,x+43E)����1T/;�!J>�5=q1�/;�$��<-<2�! "�FEC��+-��3$/�1��zy�EC��,"3�+4/;,"3G+-,P�! .+43SY"<4���"/;�! "���!8G+43��F+-�G+43KE)����1�/;�!J>�5=R1T/;���<-<��! "�0EC��+-��3A3!:"O� ´�! C���F�! "�0Y"��3!��J>��J0'����A/�1B�! "��EC��+-�}+43}�t��?%��,�1���/;J(��������p��,"=´�! "�3t�5O5/;,"=V/;,"�F1���/;J)������	#"U
2 " 2�2 "D� #+���+#*�����"� ±pb�ij^%b�`ck;�z��QE)�5O�+hYC�53$�! "��/;:.�!E.:.�GY"<4�A+-,H��/>8G .+4O� X�! "�F���53�:.<-��3$8G+-<-<2')�FE.�!+-,H���5=2U
2�:32�2�: �/9 �)# !,+ =.�z1c��:.<-��� :

5S&(=.�z1T��:.<-�7�! "�G���53!:.<-��3�/�1u��<-<"�! "�$O5/;JpE.:.�t���!+4/;,"37E)����1�/;�!J>�5=|�����$E.�!+-,H���5=>+-,|�! "�$/;:.�!E.:.�Y"<4��U 57&P:"3�+-,.*|�! .+43}/;E.�!+4/;,��! "�0:"3����@J|�L&V3!E)�5O�+h1a&q�! "�0Jp+-,.+-J|��<�,Q:.J�')���}/�1�1��t�;O��!+4/;,C��<=D+-*�+-��3-+|�! "�¢�zyDEC��,"3!+4/;,V C�;3$��/( C�5#%�¢��/(')�FE.�!+-,H���5=2U
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