
Czech Technical University in Prague

Faculty of Nuclear Science and Physical Engineering

RESEARCH WORK

Equations of Eigenvalues for a Tridiagonal Operator
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Introduction

This research work is a continuation to my Bachelor thesis [2] where I have started
to investigate a spectrum of, so called, Jacobi matrices of a special type. The Jacobi
matrix is a complex tridiagonal matrix. Fundamental definitions and a main result of
my Bachelor thesis will be reminded in the first chapter, especially a special function
F will be defined there (Definition 1). Next, some of properties of the function F

and its relation to a characteristic reduced function of a Jacobi matrix of a special
type will be stated.

In the second chapter I will introduce a formula for the function F and I will
also examine asymptotic properties of the function F for a small argument. The
asymptotic relations will allow me to evaluate the characteristic reduced function in
some spacial cases which will be illustrated in the next chapter 3. At the end of the
third chapter I will introduce an interesting expression for particular values of the
characteristic reduced function which will be generalized in the next chapter.

In the fourth chapter I will extend the function F with the aid of a recurrent
relation from the first chapter. The expanded function is denoted J and some
algebraic identities concern with the function J are summarized. They often are
generalizations of the properties of the function F. At the end of the chapter I will
derive an explicit formula for the function J and I will shortly discuss a proposition
dealing with particular values of the characteristic reduced function.

Main results will be obtained in the final chapter. With the aid of the function
J I will construct a special basis of a space C2d+1 in which the Jacobi matrix of a
special type will have simple and appropriate form to find an explicit formula for
the characteristic reduced function. Furthermore a formula for a resolvent will be
presented.
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Chapter 1

Some results from the Bachelor’s

thesis

In this chapter we will recall some definitions and general results which can be mostly
found in my bachelor’s thesis [2] and which we will need in following chapters.

1.1 Function F and its properties

Definition 1. Define F : D → C,

F(x) := 1 +

∞
∑

m=1

(−1)m

∞
∑

k1=1

∞
∑

k2=k1+2

· · ·

∞
∑

km=km−1+2

xk1xk1+1xk2xk2+1 . . . xkm
xkm+1

where

D =

{

x = {xk}
∞
k=1

∣

∣

∣

∣

∞
∑

k=1

|xkxk+1| < ∞

}

Remark 1. Obviously, if all but finitely many elements of x are zeroes then F(x) re-
duces to a finite sum. For a finite number of variables we often will write F(x1, x2, . . . , xk)
instead of F(x) where x = (x1, x2, . . . , xk, 0, 0, 0, . . . ).

Definition 2. The operator T1 defined on the space of all sequences indexed by N

such that
T1({xk}

∞
k=1) := {xk+1}

∞
k=1

in called the operator of truncation from the left. Next, set Tn := (T1)
n, n =

0, 1, 2, . . . , hence
Tn({xk}

∞
k=1) = {xk+n}

∞
k=1

In particular, T0 is the identity.

Proposition 1. It holds

F(Tnx) − F(Tn+1x) + xn+1xn+2F(Tn+2x) = 0, n = 0, 1, 2, . . . (1.1)
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Proof. The proof can be found in [2].

Remark 2. Especially, it holds

F(xk, . . . , xk+n) = F(xk+1, . . . , xk+n) − xkxk+1F(xk+2, . . . , xk+n) (1.2)

for all k, n ∈ N.

Proposition 2. It holds

F(x1, x2, . . . , xn) = F(xn, xn−1, . . . , x1) (1.3)

for all n ∈ N.

Proof. Let us denote yj := xn−j+1 for j = 1, . . . , n, then

F(xn, xn−1, . . . , x1) = F(y1, y2, . . . , yn) =

= 1 +

[n+1
2 ]
∑

m=1

(−1)m

n−2(m−1)
∑

k1=1

n−2(m−2)
∑

k2=k1+2

· · ·

n
∑

km=km−1+2

yk1yk1+1yk2yk2+1 . . . ykm
ykm+1 =

= 1 +

[n+1
2 ]
∑

m=1

(−1)m

n
∑

l1=2m−1

l1−2
∑

l2=2m−3

· · ·

lm−1−2
∑

lm=1

xl1xl1+1xl2xl2+1 . . . xlmxlm+1

where we have substituted lj = n− kj + 1, j = 1, . . . , n. To proceed further we just
denote the summand index lj as lm−j+1 for all j = 1, . . . , n and change the order of
the sums such that the sum with the summand index l1 will be at the first place,
the sum with the summand index l2 will be at the second place, etc.

= 1 +

[n+1
2 ]
∑

m=1

(−1)m

n
∑

lm=2m−1

lm−2
∑

lm−1=2m−3

· · ·

l2−2
∑

l1=1

xl1xl1+1xl2xl2+1 . . . xlmxlm+1 =

= 1 +

[n+1
2 ]
∑

m=1

(−1)m

n−2
∑

lm−1=2m−3

lm−1−2
∑

lm−2=2m−5

· · ·

l2−2
∑

l1=1

n
∑

lm=lm−1+2

xl1xl1+1 . . . xlmxlm+1 =

= 1 +

[n+1
2 ]
∑

m=1

(−1)m

n−4
∑

lm−2=2m−5

· · ·

l2−2
∑

l1=1

n−2
∑

lm−1=lm−2+2

n
∑

lm=lm−1+2

xl1xl1+1 . . . xlmxlm+1 =

= · · · =

= 1 +

[n+1
2 ]
∑

m=1

(−1)m

n−2(m−1)
∑

l1=1

n−2(m−2)
∑

l2=l1+2

· · ·

n−2
∑

lm−1=lm−2+2

n
∑

lm=lm−1+2

xl1xl1+1 . . . xlmxlm+1 =

= F(x1, x2, . . . , xn).
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Remark 3. By using the last symmetry property of the function F and the recurrent
relation (1.2) one can easily derive the following identity

F(xk, . . . , xk+n) = F(xk, . . . , xk+n−1) − xk+nxk+n−1F(xk, . . . , xk+n−2) (1.4)

for k, n ∈ N

1.2 Function F and the characteristic function of

a Jacobi matrix

Let us denote

KS :=































−λd w
w −λd−1 w

. . .
. . .

. . .

w −λ1 w
w 0 w

w λ1 w
. . .

. . .
. . .

w λd−1 w
w λd































and set
χS(z) := det(zI − KS).

The main result of my Bachelor’s thesis follows.

Proposition 3. It holds

(−1)d 1

z
χS(z) =

(

d
∏

k=1

(λ2
k − z2)

)

F

(

w

λ1 − z
, . . . ,

w

λd − z

)

F

(

w

λ1 + z
, . . . ,

w

λd + z

)

+ 2

d
∑

j=1

w2j

(

d
∏

k=j+1

(λ2
k − z2)

)

F

(

w

λj+1 − z
, . . . ,

w

λd − z

)

F

(

w

λj+1 + z
, . . . ,

w

λd + z

)

(1.5)

Proof. One can find the proof in [2].
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Chapter 2

More on function F

2.1 A formula for F(w
m, w

m+1, . . . ,
w
n )

Proposition 4. It holds

n
∑

k=m

(n + 1 − k)(n + 2 − k) . . . (n + s − 1 − k)

k(k + 1) . . . (k + s)

=
(n − m + 1)(n − m + 2) . . . (n − m + s)

s(n + s)m(m + 1) . . . (m + s − 1)
(2.1)

for all m, n, s ∈ N, m ≤ n.

Proof. Denote the LHS by Ys(m, n). One can verify the statement by induction in
s. The case s = 1 gives the identity

n
∑

k=m

1

k(k + 1)
=

n − m + 1

(n + 1)m

which is easy to verify (since 1
k(k+1)

= 1
k
− 1

k+1
).

In the induction step s − 1 → s, with s > 1, observe that

Ys(m, n) = −
n + 2s − 1

s
Ys−1(m + 1, n + 1) +

n + s − 1

s
Ys−1(m, n).

Now apply the induction hypothesis.

Ys(m, n) = −
n + 2s − 1

s

(n − m + 1)(n − m + 2) . . . (n − m + s − 1)

(s − 1)(n + s)(m + 1)(m + 2) . . . (m + s − 1)
+

+
n + s − 1

s

(n − m + 1)(n − m + 2) . . . (n − m + s − 1)

(s − 1)(n + s − 1)m(m + 1) . . . (m + s − 2)
=

=
(n − m + 1)(n − m + 2) . . . (n − m + s)

s(n + s)m(m + 1)(m + 2) . . . (m + s − 1)
= RHS
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Proposition 5. It holds

n−2s+2
∑

k1=m

n−2s+4
∑

k2=k1+2

· · ·
n
∑

ks=ks−1+2

1

k1(k1 + 1)k2(k2 + 1) . . . ks(ks + 1)

=
(n − m − 2s + 3)(n − m − 2s + 4) . . . (n − m − s + 2)

s!m(m + 1) . . . (m + s − 1)(n − s + 2)(n − s + 3) . . . (n + 1)
(2.2)

for all m, n, s ∈ N, m ≤ n − 2s + 2.

Proof. This can be again proved by the induction in s. For s = 1 we get the well
known identity

n
∑

k=m

1

k(k + 1)
=

n − m + 1

(n + 1)m
.

Denote the LHS by Xs. To carry out the induction step from s− 1 to s, with s > 1,
we apply the induction hypothesis(IH) to the summation in the indices k2 . . . ks and
find that (when writing k instead of k1 and kj−1 instead of kj)

Xs =
n−2s+2
∑

k=m

1

k(k + 1)

n−2s+4
∑

k1=k+2

· · ·
n
∑

ks−1=ks−2+2

1

k1(k1 + 1)k2(k2 + 1) . . . ks−1(ks−1 + 1)
IH
=

IH
=

n−2s+2
∑

k−m

(n − k − 2s + 3)(n − k − 2s + 4) . . . (n − k − s + 1)

(s − 1)!(n − s + 3) . . . (n + 1)k(k + 1)(k + 2) . . . (k + s)
.

To conclude the proof it suffices to apply the preceding identity (2.1), with n being
replaced by n − 2s + 2, to the RHS in (2.1). Then

Xs =
(n − 2s − m + 3)(n − 2s − m + 4) . . . (n − s − m + 2)

(s − 1)!(n − s + 3) . . . (n + 1)s(n − s + 2)m(m + 1) . . . (m + s − 1)
=

=
(n − 2s − m + 3)(n − 2s − m + 4) . . . (n − s − m + 2)

s!m(m + 1) . . . (m + s − 1)(n − s + 2) . . . (n + 1)
= RHS.

Corollary 1. It holds

F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

=
(m − 1)!

n!

[n−m+1
2

]
∑

s=0

(−1)s (n − s)!(n − m − s + 1)!

s!(m + s − 1)!(n − m − 2s + 1)!
w2s

for all m, n ∈ N, m ≤ n.

Proof. Using the definition of the function F we have

F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

=

= 1 +

∞
∑

s=1

(−1)s

n−2s+1
∑

k1=m

n−2s+3
∑

k2=k1+2

· · ·

n−1
∑

ks=ks−1+2

w2s

k1(k1 + 1)k2(k2 + 1) . . . ks(ks + 1)
.
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Now observe that s is restricted by the inequality 2s ≤ n − m + 1 and use identity
(2.2) with n replaced by n − 1.Then

F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

=
(m − 1)!

n!

[n−m+1
2

]
∑

s=0

(−1)s (n − s)!(n − m − s + 1)!

s!(m + s − 1)!(n − m − 2s + 1)!
w2s.

2.2 A relation to Bessel function

In this section we will investigate an asymptotic behaviour of the function F
(

w
m

, w
m+1

, . . . , w
n

)

for w small. There appears a relation between the function F and Bessel function
of the first and second kind.

Remark 4. The Bessel function of the first kind Jm(z) and the second kind Yn(z)
appears in this and the following chapter. We will often use the expansions of Jm(z)
and Yn(z) (found in [1] 9.1.10, 9.1.11):

Jm(z) =
(z

2

)m
∞
∑

k=0

1

k!(m + k)!

(

−
1

4
z2

)k

(2.3)

Yn(z) = −
1

π

(z

2

)−n
n−1
∑

k=0

(n − k − 1)!

k!

(

1

4
z2

)k

+
2

π
ln
(z

2

)

Jn(z) + O(zn) (2.4)

for m, n ∈ N0. Also generalized hypergeometric functions will be used a lot. The
Fpq function has the series expansion

Fpq(a1, . . . , ap; b1, . . . , bq; z) =

∞
∑

k=0

(a1)k, . . . , (ap)k

(b1)k, . . . , (bq)k

zk

k!
(2.5)

where (c)k = c(c + 1) . . . (c + k − 1) and (c)0 = 1.

2.2.1 Case m = 1

Proposition 6. It holds

F

(

w,
w

2
, . . . ,

w

n

)

= −
π

n!
wn+1J0(2w)Yn+1(2w) + O(w2n+2 ln w), (2.6)

where n ∈ N.

Proof. It holds

F23

(

a, a +
1

2
; d, 2a, 2a − d + 1; z

)

= F01

(

d;
z

4

)

F01

(

2a − d + 1;
z

4

)

. (2.7)
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This identity can be found in http://functions.wolfram.com/07.26.03.6005.01. And
by using another identity ([1] 9.1.69)

F01

(

ν + 1;−
1

4
z2

)

= Jν(z)Γ(ν + 1)
(z

2

)−ν

we get

F23

(

−
µ

2
,−

µ

2
+

1

2
; 1,−µ,−µ;−4w2

)

= J0(2w)F01(−µ;−w2)

where a = −µ

2
, d = 1, z = −4w2. By using the series expansion (2.5) and (2.3) one

can write the last identity as

∞
∑

k=0

(1
2
− µ

2
)k(−

µ

2
)k

(1)k(−µ)k(−µ)k

(−1)k (2w)2k

k!
=

∞
∑

s=0

s
∑

l=0

(−1)s

(−µ)ll![(s − l)!]2
w2s (µ /∈ N).

Next, take into consideration only terms with w2j, j = 0, 1, . . . , n

n
∑

k=0

(1
2
− µ

2
)k(−

µ

2
)k

(1)k(−µ)k(−µ)k

(−1)k (2w)2k

k!
=

n
∑

s=0

s
∑

l=0

(−1)s

(−µ)ll![(s − l)!]2
w2s

and make a limit µ → n

n
∑

k=0

(1
2
− n

2
)k(−

n
2
)k

(1)k(−n)k(−n)k

(−1)k (2w)2k

k!
=

n
∑

s=0

s
∑

l=0

(−1)s

(−n)ll![(s − l)!]2
w2s.

LHS =
n
∑

k=0

(1
2
− n

2
)k(−

n
2
)k

(1)k(−n)k(−n)k

(−1)k (2w)2k

k!
=

1

n!

[n

2
]

∑

s=0

(−1)s

(

(n − s)!

s!

)2
w2s

(n − 2s)!
=

= F

(

w,
w

2
, . . . ,

w

n

)

The last equality holds due to the Corollary 1 with m = 1. Thus, we have

F

(

w,
w

2
, . . . ,

w

n

)

=

n
∑

s=0

s
∑

l=0

(−1)s

(−n)ll![(s − l)!]2
w2s

=
1

n!

n
∑

s=0

(

s
∑

l=0

(−1)l(n − l)!

l![(s − l)!]2

)

(−1)sw2s.

Next, consider the RHS in the statement of the proposition. Taking into account
the series expansion of Bessel functions (2.3) and (2.4) one arrives at the following
expression

−
π

n!
wn+1J0(2w)Yn+1(2w) =

1

n!

n
∑

s=0

s
∑

l=0

(n − l)!

l!

(−1)s−l

[(s − l)!]2
w2s + O(w2n+2 ln w)

and the statement is verified.
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2.2.2 General case m ∈ N

In this section we will generalize the procedure used in the previous special case
with m = 1.

Proposition 7. It holds

F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

= −π
(m − 1)!

n!
wn−m+2Jm−1(2w)Yn+1(2w) + O(w2n−2m+4)

(2.8)
for all m, n ∈ N, 2 ≤ m ≤ n.

Proof. Investigate the following generalized hypergeometric function (observe that
the index k is restricted (k ≤

[

n−m+1
2

]

) due to the nominator of the expression)

F23

(

m − 1 − n

2
,
m − n

2
; m, m − 1 − n,−n;−4w2

)

=
∞
∑

k=0

(

m−1−n
2

)

k

(

m−n
2

)

k

(m)k(m − 1 − n)k(−n)k

(−4w2)k

k!

=

[n−m+1
2 ]
∑

k=0

(−1)k(n − m + 1)(n − m + 1) . . . (n − m + 2 − 2k)

m . . . (m + k − 1)(n − m + 1) . . . (n − m + 2 − k)n . . . (n + 1 − k)

w2k

k!

=
(m − 1)!

n!

[n−m+1
2 ]
∑

k=0

(−1)k (n − m + 1 − k)!(n − k)!

(n − m + 1 − 2k)!(m + k − 1)!

w2k

k!

= F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

.

The last equality holds due to Corollary 1. By using identity (2.7) with d = m,
a = m−1−µ

2
and z = −4w2 we get

F23

(

m − 1 − µ

2
,
m − µ

2
; m, m − 1 − µ,−µ;−4w2

)

= F01(m;−w2)F01(−µ;−w2).

The parameter µ is near n but µ is not an integer. Then, by using definitions of
the functions F23 and F01 (2.5), restricting both sides of the last equation such that
there remains only terms with w2j, j = 0, . . . , n− m + 1 and making a limit µ → n
(very similar procedure was made in the proof of Proposition 6) one easily arrives
at the expression

F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

=
n−m+1
∑

s=0

s
∑

l=0

1

(m)s−l(−n)l

(−1)sw2s

l!(s − l)!

=
(m − 1)!

n!

n−m+1
∑

s=0

s
∑

l=0

(−1)s−l (n − l)!

l!(s − l)!(m + s − l − 1)!
w2s.

(2.9)

10



By using (2.3) and (2.4) again we find the asymptotic expansion of the Bessel func-
tions on the RHS in the statement.

−πwn−m+2Jm−1(2w)Yn+1(2w) =

=

∞
∑

k=0

(−1)k

k!(m − 1 + k)!
w2k

(

n
∑

l=0

(n − l)!

l!
w2k + O(w2n+2 ln w)

)

=

=

n
∑

l=0

∞
∑

k=0

(−1)k

k!(m − 1 + k)!

(n − l)!

l!
w2(k+l) + O(w2n+2 ln w) =

=
n
∑

l=0

∞
∑

s=l

(−1)s−l

(s − l)!(m − 1 + s − l)!

(n − l)!

l!
w2s + O(w2n+2 ln w) =

=
∞
∑

s=0

s
∑

l=0

(−1)s−l(n − l)!

l!(s − l)!(m − 1 + s − l)!
w2s + O(w2n+2 ln w) =

=
n−m+1
∑

s=0

s
∑

l=0

(−1)s−l (n − l)!

l!(s − l)!(m − 1 + s − l)!
w2s + O(w2n−2m+4) (2.10)

Finally, expression (2.9) together with the last expansion (2.10) prove the statement.

Remark 5. One can see from the proof of Proposition 7 that if we were more precise
in expression (2.10) we would obtain a more precise asymptotic expansion for the
function F

(

w
m

, w
m+1

, . . . , w
n

)

. If we do this we get

n!

(m − 1)!
F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

= −πwn−m+2Jm−1(2w)Yn+1(2w)

−
n
∑

s=n−m+2

s
∑

l=0

(−1)s−l (n − l)!

l!(s − l)!(m − 1 + s − l)!
w2s + O(w2n+2 ln w)

(2.11)

where 1 ≤ m ≤ n, m, n ∈ N.

Lemma 1. It holds
∞
∑

k=n

(

k

n

)

xk−n =
1

(1 − x)n+1
(2.12)

for all x ∈ R, |x| < 1 and all n ∈ N0.

Proof.

∞
∑

k=n

(

k

n

)

xk−n =

∞
∑

k=0

(

n + k

n

)

xk =
1

n!

∞
∑

k=0

(n + k)(n + k − 1) . . . (k + 1)xk =

=
1

n!

dn

dxn

(

∞
∑

k=0

xk

)

=
1

n!

dn

dxn

(

1

1 − x

)

=
1

(1 − x)n+1

11



Since |x| < 1 the sum
∑∞

k=0

(

n+k

n

)

xk converges and the change of order of the
derivation dn

dxn and the sum
∑∞

k=0 xk is correct.

Lemma 2. It holds
s
∑

l=0

(−1)l

(

s + m

l + m

)(

n + l

n

)

=

(

m + s − n − 1

s

)

(2.13)

for all m, n, s ∈ N0, m > n.

Proof. We will investigate this power serie
∞
∑

s=0

s
∑

l=0

(−1)l

(

s + m

l + m

)(

n + l

n

)

xs

where x ∈ R, |x| < 1
2
.

∞
∑

s=0

s
∑

l=0

(−1)l

(

s + m

l + m

)(

n + l

n

)

xs =

∞
∑

l=0

(−1)l

(

n + l

n

)

xl

∞
∑

s=l

(

s + m

l + m

)

xs−l

Next, by applying Lemma 8 to the inner sum we get
∞
∑

s=0

s
∑

l=0

(−1)l

(

s + m

l + m

)(

n + l

n

)

xs =

∞
∑

l=0

(−1)l

(

n + l

n

)

xl

(1 − x)m+l+1
.

Then we can use Lemma 8 again and we arrive at the expression
∞
∑

s=0

s
∑

l=0

(−1)l

(

s + m

l + m

)(

n + l

n

)

xs =
1

(1 − x)m+1

1

(1 + x
1−x

)n+1
=

1

(1 − x)m−n
.

Note that if |x| < 1
2

then | x
1−x

| < 1. Thus

s
∑

l=0

(−1)l

(

s + m

l + m

)(

n + l

n

)

=
1

s!

ds

dxs
(1 − x)n−m |x=0=

=
(−1)s

s!
(n − m)(n − m − 1) . . . (n − m − s + 1) =

(

m + s − n − 1

s

)

.

Now we can obtain a more precise asymptotic expansion for the function
F
(

w
m

, w
m+1

, . . . , w
n

)

.

Proposition 8. It holds

n!

(m − 1)!
F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

= −πwn−m+2Jm−1(2w)Yn+1(2w)−

−

m−2
∑

s=0

s!(m + n − 2s − 2)!

(n + m − s − 1)!(m − s − 2)!(n − s)!
w2n−2s + O(w2n+2 ln w)

(2.14)

for all m, n ∈ N, 1 ≤ m ≤ n.
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Proof. The case m = 1 have already been proved in Proposition 6. Let 1 < m ≤ n,
start with expression (2.11):

n!

(m − 1)!
F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

= −πwn−m+2Jm−1(2w)Yn+1(2w)

−
n
∑

s=n−m+2

s
∑

l=0

(−1)s−l (n − l)!

l!(s − l)!(m − 1 + s − l)!
w2s + O(w2n+2 ln w).

Next, apply Lemma 2 to the inner sum in the second term on the RHS.

s
∑

l=0

(−1)s−l (n − l)!

l!(s − l)!(m − 1 + s − l)!
=

s
∑

l=0

(−1)l (n − s + l)!

l!(s − l)!(m − 1 + l)!
=

=
(n − s)!

(s + m − 1)!

s
∑

l=0

(−1)l

(

s + m − 1

l + m − 1

)(

n − s + l

n − s

)

=

=
(n − s)!

(s + m − 1)!

(

m + 2s − n − 2

s

)

Then we have

n!

(m − 1)!
F

(

w

m
,

w

m + 1
, . . . ,

w

n

)

= −πwn−m+2Jm−1(2w)Yn+1(2w)−

−
n
∑

s=n−m+2

(n − s)!

(s + m − 1)!

(

m + 2s − n − 2

s

)

w2s + O(w2n+2 ln w) =

= −πwn−m+2Jm−1(2w)Yn+1(2w)−

−

m−2
∑

s=0

s!

(n + m − s − 1)!

(

m + n − 2s − 2

n − s

)

w2n−2s + O(w2n+2 ln w) =

= −πwn−m+2Jm−1(2w)Yn+1(2w)−

−

m−2
∑

s=0

s!(m + n − 2s − 2)!

(n + m − s − 1)!(m − s − 2)!(n − s)!
w2n−2s + O(w2n+2 ln w).
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Chapter 3

The reduced characteristic

function

Let us denote

K :=































−d w
w −d + 1 w

. . .
. . .

. . .

w −1 w
w 0 w

w 1 w
. . .

. . .
. . .

w d − 1 w
w d































and set

χred(z) :=
(−1)d

z
det(zI − K).

χred(z) is a polynomial in w of order 2d. Further χred(z) will be called the charac-
teristic reduced function. By substituteing λj by j in (1.5) one gets

χred(z) =

(

d
∏

k=1

(k2 − z2)

)

F

(

w

1 − z
, . . . ,

w

d − z

)

F

(

w

1 + z
, . . . ,

w

d + z

)

+

+ 2

d
∑

j=1

w2j

(

d
∏

k=j+1

(k2 − z2)

)

F

(

w

j + 1 − z
, . . . ,

w

d − z

)

F

(

w

j + 1 + z
, . . . ,

w

d + z

)

(3.1)

Remark 6. Note that the characteristic reduced function is an even polynomial in
the variable z, i.e.,

χred(−z) = χred(z) for all z ∈ C. (3.2)
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3.1 Particular values of χred(z)

In this section we would like to obtain an expression for χred(n) for n = 0, 1, . . . , d
by simplifying formula (3.1). But we will not arrive at the general expression in this
way as it will be seen further. We start from examining cases n = 0 and n = 1.

3.1.1 Case n = 0

The value χred(0) is to be treated separately. Formula (3.1) with z = 0 gives

χred(0) = (d!)2F

(

w,
w

2
, . . . ,

w

d

)2

+ 2
d
∑

j=1

w2j

(

d!

j!

)2

F

(

w

j + 1
,

w

j + 2
, . . . ,

w

d

)2

.

(3.3)
Next, we use the asymptotic expression for the function F (2.6) and (2.8) obtained
in the previous chapter and we arrive at the expression

χred(0) = π2w2d+2Y 2
d+1(2w)

(

J2
0 (2w) + 2

d
∑

j=1

J2
j (2w)

)

+ O(w2d+2 lnw).

To proceed further we use the identity

J2
0 (z) + 2

∞
∑

j=1

J2
j (z) = 1

which can be found in [1] (9.1.76). Then it holds

J2
0 (z) + 2

d
∑

j=1

J2
j (z) = 1 + O(w2d+2)

and we have
χred(0) = π2w2d+2Y 2

d+1(2w) + O(w2d+2 ln w).

To continue we take into consideration the asymptotic expansion of the Bessel func-
tion Y (2.4) and we get

χred(0) =

(

d
∑

k=0

(d − k)!

k!
w2k

)2

+ O(w2d+2 ln w).

Since there is a polynomial in w of order 2d on the LHS the Landau symbol on the
RHS will be omitted (only terms with w2j, 0 ≤ j ≤ d remain) and we can write

χred(0) =

d
∑

s=0

s
∑

k=0

(d − k)!(d − s + k)!

k!(s − k)!
w2s. (3.4)
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Lemma 3. It holds

m
∑

k=0

(

s + k

s

)(

p + m − k

p

)

=

(

s + p + m + 1

s + p + 1

)

for m, p, s ∈ N0.

Proof. Let us define function

fs(z) =
∞
∑

k=0

(

s + k

s

)

zk

for all z ∈ C, |z| < 1. Since

(

s + k

k

)

=
1

k!
(s + k) . . . (s + 1) =

(−1)k

k!
(−s − 1) . . . (−s − k) = (−1)k

(

−s − 1

k

)

we have

fs(z) =

∞
∑

k=0

(

s + k

k

)

zk =

∞
∑

k=0

(

−s − 1

k

)

(−z)k = (1 − z)−s−1.

It follows that the identity

fs(z)fp(z) = fs+p+1(z)

holds for all z, |z| < 1. Then by using the previous identity we get

∞
∑

m=0

(

s + p + 1 + m

s + p + 1

)

zm ≡ fs+p+1(z) = fs(z)fp(z) =
∞
∑

k=0

∞
∑

l=0

(

s + k

s

)(

p + l

p

)

zk+l =

=
∞
∑

m=0

(

m
∑

k=0

(

s + k

s

)(

p + m − k

p

)

)

zm

which proves the statement.

Now we can write the final expression for χred(0).

Corollary 2. It holds

χred(0) =
d
∑

s=0

[(d − s)!]2(2d − s + 1)!

s!(2d − 2s + 1)!
w2s. (3.5)
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Proof. To verify the statement it is enough to compute the inner sum in expression
(3.4).

s
∑

k=0

(d − k)!(d − s + k)!

k!(s − k)!
= [(d − s)!]2

s
∑

k=0

(d − k)!

(d − s)!(s − k)!

(d − s + k)!

(d − s)!k!
=

= [(d − s)!]2
s
∑

k=0

(

d − k

d − s

)(

d − s + k

d − s

)

The last sum is a special case of the sum of the previous lemma. Thus, writing s
instead of m, (d−s) instead of s and (d−s) instead of p the previous lemma follows
that the identity

s
∑

k=0

(

d − k

d − s

)(

d − s + k

d − s

)

=

(

2d − s + 1

2d − 2s + 1

)

=
(2d − s + 1)!

s!(2d − 2s + 1)!

holds and the statement is proved.

3.1.2 Case n = 1

Lemma 4. The identity

χred(1)

(d − 1)!(d + 1)!
= −

w2s

(s − 1)!s!
F

(

w

s + 1
, . . . ,

w

d − 1

)

F

(

w

s + 1
, . . . ,

w

d + 1

)

+

+
w2s

(s − 1)!s!
F

(

w

s
, . . . ,

w

d − 1

)

F

(

w

s + 2
, . . . ,

w

d + 1

)

+

+ 2
d
∑

j=s+1

w2j

(j − 1)!(j + 1)!
F

(

w

j
, . . . ,

w

d − 1

)

F

(

w

j + 2
, . . . ,

w

d + 1

)

holds for all s = 1, 2, . . . , d.

Proof. The statement will be proved by induction in s. For s=1 we start with
formula (3.1) for χred(z). Notice that the recurrent relation (1.2) implies

(1 − z)F

(

w

1 − z
, . . . ,

w

d − z

) ∣

∣

∣

∣

z=1

= −
w2

2 − z
F

(

w

3 − z
, . . . ,

w

d − z

) ∣

∣

∣

∣

z=1

=

= −w2F

(

w

2
, . . . ,

w

d − 1

)

and thus the formula for χred(z) (3.1) leads to the expression

χred(1) = (d − 1)!(d + 1)!(−w2)F

(

w

2
, . . . ,

w

d − 1

)

F

(

w

2
, . . . ,

w

d + 1

)

+

+ 2
d
∑

j=1

(d − 1)!

(j − 1)!

(d + 1)!

(j + 1)!
F

(

w

j
, . . . ,

w

d − 1

)

F

(

w

j + 2
, . . . ,

w

d − 1

)
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which satisfy the statement of the lemma for s = 1. To carry out the induction step
s → s + 1, with 1 ≤ s < d, we start from the expression

−
w2s

(s − 1)!s!
F

(

w

s + 1
, . . . ,

w

d − 1

)

F

(

w

s + 1
, . . . ,

w

d + 1

)

+

+
w2s

(s − 1)!s!
F

(

w

s
, . . . ,

w

d − 1

)

F

(

w

s + 2
, . . . ,

w

d + 1

)

+

+ 2
w2(s+1)

s!(s + 2)!
F

(

w

s + 1
, . . . ,

w

d − 1

)

F

(

w

s + 3
, . . . ,

w

d − 1

)

.

Applying the recurrent relation (1.2) to the term F
(

w
s+1

, . . . , w
d+1

)

in the first sum-

mand and, at the same time, to the term F
(

w
s
, . . . , w

d−1

)

in the second summand we
arrive at the expression

−
w2s+2

(s + 1)!s!
F

(

w

s + 2
, . . . ,

w

d − 1

)

F

(

w

s + 2
, . . . ,

w

d + 1

)

+

+
w2s+2

(s − 1)!(s + 2)!

(

1 +
2

s

)

F

(

w

s + 1
, . . . ,

w

d − 1

)

F

(

w

s + 3
, . . . ,

w

d + 1

)

.

The induction step follows.

χred(1)

(d − 1)!(d + 1)!
IH
= −

w2s

(s − 1)!s!
F

(

w

s + 1
, . . . ,

w

d − 1

)

F

(

w

s + 1
, . . . ,

w

d + 1

)

+

+
w2s

(s − 1)!s!
F

(

w

s
, . . . ,

w

d − 1

)

F

(

w

s + 2
, . . . ,

w

d + 1

)

+

+ 2
w2(s+1)

s!(s + 2)!
F

(

w

s + 1
, . . . ,

w

d − 1

)

F

(

w

s + 3
, . . . ,

w

d − 1

)

+

+ 2

d
∑

j=s+2

w2j

(j − 1)!(j + 1)!
F

(

w

j
, . . . ,

w

d − 1

)

F

(

w

j + 2
, . . . ,

w

d + 1

)

=

−
w2s+2

s!(s + 1)!
F

(

w

s + 2
, . . . ,

w

d − 1

)

F

(

w

s + 2
, . . . ,

w

d + 1

)

+

+
w2s+2

s!(s + 1)!
F

(

w

s + 1
, . . . ,

w

d − 1

)

F

(

w

s + 3
, . . . ,

w

d + 1

)

+

+ 2
d
∑

j=s+2

w2j

(j − 1)!(j + 1)!
F

(

w

j
, . . . ,

w

d − 1

)

F

(

w

j + 2
, . . . ,

w

d + 1

)

With the aid of the previous lemma we can obtain the following formula for
χred(1).

Proposition 9.

χred(1) = (d + 1)w2d (3.6)
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Proof. To prove this it is enough to use the previous lemma for s = d. Pay attention,
one has to set

F

(

w

d + 1
, . . . ,

w

d − 1

)

= 0

while

F

(

w

d
, . . . ,

w

d − 1

)

= F

(

w

d + 2
, . . . ,

w

d + 1

)

= 1

(for satisfying the recurrent relation).

3.1.3 General case n ∈ N

We will generalize the relation from Lemma 4.

Proposition 10. Let n ∈ {1, . . . , d} then the identity

χred(n)

(d − n)!(d + n)!
=

(−1)nw2s

n(s − 1)!s!
F

(

w

s + 1
, . . . ,

w

d − n

)

F

(

w

s + 1
, . . . ,

w

d + n

)

+

+ 2s
w2s

n

n−1
∑

j=1

(−1)n+j

(s − j)!(s + j)!
F

(

w

s + 1 − j
, . . . ,

w

d − n

)

F

(

w

s + 1 + j
, . . . ,

w

d + n

)

+

+
w2s

n(s − n)!(s + n − 1)!
F

(

w

s + 1 − n
, . . . ,

w

d − n

)

F

(

w

s + 1 + n
, . . . ,

w

d + n

)

+

+ 2

d
∑

j=s+1

w2j

(j − n)!(j + n)!
F

(

w

j + 1 − n
, . . . ,

w

d − n

)

F

(

w

j + 1 + n
, . . . ,

w

d + n

)

(3.7)

holds for s ∈ {n, n + 1, . . . , d − n + 1}.

We will not verify the statement here because we will prove a more general state-
ment with the same identity but with larger set of index s in section 4.4.

Remark 7. Although this proposition is a generalization of Lemma 4 we can’t
derive a formula for χred(n) as easy as in the previous special case with n = 1. The
formula for χred(n) will be derive by another way later (in chapter 5).
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Chapter 4

An extension of the function F

In this chapter we will extend the function F with the aid of the recursive identity
(1.2). The expanded function is denoted J. Then we will find a formula for the
function J and at the end of this chapter we will prove a generalization of Proposition
10.

4.1 Function G

Let us denote

G(m, n) := F

(

w

m
,

w

m + 1
, . . .

w

n

)

for m, n ∈ N, m ≤ n + 1. Notice that G(n + 1, n) = F(0) = 1. Then the recurrent
relations (1.2) and (1.4) have the form

G(m, n) = G(m + 1, n) −
w2

m(m + 1)
G(m + 2, n), (4.1)

G(m, n) = G(m, n − 1) −
w2

n(n − 1)
G(m, n − 2) (4.2)

where m, n ∈ N, m ≤ n.
Next, with the aid of the first recurrent relation, we define function G(m, n) also for
m, n ∈ N, m > n + 1. To satisfy identity (4.1) one must set

G(n + 2, n) := 0

and

G(m, n) := −
(m − 1)!(m − 2)!

n!(n + 1)!
w−2(m−n)+4G(n + 2, m − 2)

for m > n + 2.
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Remark 8. Consequently, it is easy to see that the relation

G(m, n) = −
(m − 1)!(m − 2)!

n!(n + 1)!
w−2(m−n)+4G(n + 2, m − 2) (4.3)

holds for all m, n ∈ N, m > 2.

Remark 9. In this and the following sections we will usually use algebraic identities
like (4.1) and (4.2) while adjusting a term. In that case we will note, what relation

we will use, above the equal sign. For example, an equal sign
4.27
= means that we use

a relation (4.27) to adjust the LHS of an equation.

Let us verify the validity of the recurrent relation (4.1) for m ≥ n + 2:

RHS ≡ G(m + 1, n) −
w2

m(m + 1)
G(m + 2, n) =

= −
m!(m − 1)!

n!(n + 1)!
w−2(m−n)+2G(n + 2, m − 1) +

m!(m − 1)!

n!(n + 1)!
w−2(m−n)+2G(n + 2, m) =

= −
m!(m − 1)!

n!(n + 1)!
w−2(m−n)+2 [G(n + 2, m − 1) − G(n + 2, m)]

4.2
=

4.2
= −

(m − 1)!(m − 2)!

n!(n + 1)!
w−2(m−n)+4G(n + 2, m − 2) ≡ LHS.

Thus the recurrent relation

G(m, n) = G(m + 1, n) −
w2

m(m + 1)
G(m + 2, n) (4.4)

holds for all m, n ∈ N.

Proposition 11. The recurrent relation

G(m, n) = G(m, n − 1) −
w2

n(n − 1)
G(m, n − 2) (4.5)

holds for all m, n ∈ N, n > 2.

Proof. The case m ≤ n is treated in (4.2). Let m > n then

RHS
4.3
= −

(m − 1)!(m − 2)!

(n − 1)!n!
w−2(m−n)+2G(n + 1, m − 2)+

+
(m − 1)!(m − 2)!

(n − 1)!n!
w−2(m−n)+2G(n, m − 2) =

= −
(m − 1)!(m − 2)!

(n − 1)!n!
w−2(m−n)+2 [G(n + 1, m − 2) − G(n, m − 2)]

4.4
=

4.4
= −

(m − 1)!(m − 2)!

n!(n + 1)!
w−2(m−n)+4G(n + 2, m − 2) ≡ LHS.
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4.2 Function J

Let us denote

J(m, n) :=
n!

(m − 1)!
wm−nG(m, n) (4.6)

for all m, n ∈ N.
Then the recurrent relation (4.4) has the form

J(m, n) =
m

w
J(m + 1, n) − J(m + 2, n) (4.7)

where m, n ∈ N. With the aid of this recurrent relation we can define the function
J(m, n) even for m ∈ Z in this way:

J(−k, n) := (−1)k+1J(k + 2, n)

for k ∈ N0 and n ∈ N.

Remark 10. It is easy to verify that the identity

J(−k, n) = (−1)k+1J(k + 2, n) (4.8)

holds for all k ∈ Z and n ∈ N.

Let us verify the validity of the recurrent relation (4.7) for m ≤ 0:
let m ∈ N then

RHS ≡ −
m

w
J(−m + 1, n) − J(−m + 2, n)

4.8
=

4.8
= (−1)m+1(

m

w
J(m + 1, n) − J(m, n))

4.7
= (−1)m+1J(m + 2, n)

4.8
=

4.8
= J(−m, n) ≡ LHS

and for m = 0 we have

RHS ≡ −J(2, n)
4.8
= J(0, n) ≡ LHS.

Thus the recurrent relation

J(m, n) =
m

w
J(m + 1, n) − J(m + 2, n) (4.9)

holds for all m ∈ Z and n ∈ N.
Identity (4.3) written in the language of the function J is

J(m, n) = −J(n + 2, m − 2) (4.10)

where m, n ∈ N, m > 2.
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Proposition 12. The recurrent relation

J(m, n) =
n

w
J(m, n − 1) − J(m, n − 2) (4.11)

holds for all m ∈ Z and n ∈ N, n > 2.

Proof. The case m, n ∈ N, n > 2 have already been treated in Proposition 11 where
we use the new function J according to the definition relation (4.6).
Let m ≥ 0 and n > 2 then

RHS ≡
n

w
J(−m, n − 1) − J(−m, n − 2)

4.8
=

4.8
= (−1)m+1

( n

w
J(m + 2, n − 1) − J(m + 2, n − 2)

)

4.5
= (−1)m+1J(m + 2, n)

4.8
=

4.8
= J(−m, n) ≡ LHS.

Finally with the aid of the previous recurrent identity (4.11) we can extend the
function J(m, n) even for n ≤ 0. Thus the recurrent relation

J(m, n) =
n

w
J(m, n − 1) − J(m, n − 2) (4.12)

holds for all m, n ∈ Z.

Proposition 13. The recurrent relation

J(m, n) =
m

w
J(m + 1, n) − J(m + 2, n) (4.13)

holds for all m, n ∈ Z.

Proof. It remains to prove the statement for n ≤ 0 because all other cases have
already been treated before (see (4.9)). It will be proved by induction in n. For
n = 0 we have

RHS ≡
m

w
J(m + 1, 0) − J(m + 2, 0)

4.12
=

4.12
=

m

w

(

2

w
J(m + 1, 1) − J(m + 1, 2)

)

−
2

w
J(m + 2, 1) + J(m + 2, 2).

By applying the recurrent relation (4.9) to the third and the fourth term we arrive
at the expression

RHS =
2

w
J(m, 1) − J(m, 2)

4.12
= J(m, 0) ≡ LHS.
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The induction step N0 3 n → n + 1:

RHS =
m

w
J(m + 1,−n − 1) − J(m + 2,−n − 1)

4.12
=

4.12
=

m

w

(

−n + 1

w
J(m + 1,−n) − J(m + 1,−n + 1)

)

−

−
−n + 1

w
J(m + 2,−n) + J(m + 2,−n + 1)

To proceed further it is needed to apply the induction hypothesis to the third and
the fourth term and we get

RHS =
−n + 1

w
J(m,−n) − J(m,−n + 1)

4.12
= J(m,−n − 1) = LHS.

Proposition 14. The identity

J(−k, n) := (−1)k+1J(k + 2, n) (4.14)

holds for all k, n ∈ Z.

Proof. It remains to verify the identity for a non-positive second argument (other
cases have been treated in Remark 10). It can be proved by mathematical induction
in n.

n = 0 : J(−k, 0)
4.12
=

2

w
J(−k, 1) − J(−k, 2)

4.8
=

4.8
= (−1)k+1

(

2

w
J(k + 2, 1) − J(k + 2, 2)

)

4.12
= (−1)k+1J(k + 2, 0)

N0 3 n → n + 1 : J(−k,−n − 1)
4.12
=

−n + 1

w
J(−k,−n) − J(−k,−n + 1)

IH
=

IH
= (−1)k+1

(

−n + 1

w
J(k + 2,−n) − J(k + 2,−n + 1)

)

4.12
=

4.12
= (−1)k+1J(k + 2,−n − 1)

The sign
IH
= shows the place where we use the induction hypothesis.

Proposition 15. The identity

J(m, n) = −J(n + 2, m − 2) (4.15)

holds for all m, n ∈ Z.
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Proof. The identity holds for m, n ∈ N, m > 2, see (4.10).
1)In the first step we will show that the identity

J(m, n) = −J(n + 2, m − 2) (4.16)

holds for n ∈ Z and m > 2 by mathematical induction in n.

n = 0 : J(m, 0)
4.12
=

2

w
J(m, 1) − J(m, 2)

4.10
=

4.10
= −

2

w
J(3, m − 2) + J(4, m − 2)

4.13
= −J(2, m − 2)

N0 3 n → n + 1 : J(m,−n − 1)
4.12
=

−n + 1

w
J(m,−n) − J(m,−n + 1)

IH
=

IH
= −

−n + 1

w
J(−n + 2, m − 2) + J(−n + 3, m − 2)

4.13
=

4.13
= −J(−n + 1, m − 2)

2)Now we will show the validity of the identity for all m, n ∈ Z by using mathemat-
ical induction in m.

m = 2 : RHS ≡ −J(n + 2, 0)
4.12
= −

2

w
J(n + 2, 1) + J(n + 2, 2)

4.16
=

4.16
=

2

w
J(3, n) − J(4, n)

4.13
= J(2, n) ≡ LHS

2 ≥ m → m − 1 : RHS ≡ −J(n + 2, m − 3)
4.12
=

4.12
= −

m − 1

w
J(n + 2, m − 2) + J(n + 2, m − 1)

IH
=

IH
=

m − 1

w
J(m, n) − J(m + 1, n)

4.13
= J(m − 1, n) ≡ LHS

Corollary 3. It holds

J(m,−k) = (−1)k+1J(m, k − 2) (4.17)

for all k, m ∈ Z.

Proof.

J(m,−k)
4.15
= −J(−k + 2, m − 2)

4.14
= (−1)k+1J(k, m − 2)

4.15
= (−1)k+1J(m, k − 2)

Corollary 4. It holds

J(−m,−n) = (−1)n+m+1J(n, m) (4.18)

for all m, n ∈ Z.

Proof.

J(−m,−n)
4.17
= (−1)n+1J(−m, n−2)

4.14
= (−1)m+nJ(m+2, n−2)

4.15
= (−1)n+m+1J(n, m)
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4.3 A formula for the function J

Proposition 16. It holds

J(n − k, n) =

[ k+1
2 ]
∑

s=0

(−1)s

(

n − s

k − 2s + 1

)

(k − s + 1)!

s!
w2s−k (4.19)

for all n, k ∈ Z, k ≥ −2.

Proof. The proof is split into 3 parts.
1)Let n ∈ N and −2 ≤ k < n. By using the formula for the function F

(

w
m

, . . . , w
n

)

≡
G(m, n) from Corollary 1 (note that the formula in the Corollary 1 holds also for
m = n+1 and m = n+2) and the definition of the function J (4.6) we easily arrive
at the expression

J(n − k, n) =
n!

(n − k − 1)!
w−kG(n − k, n) =

[ k+1

2 ]
∑

s=0

(−1)s (n − s)!(k − s + 1)!

s!(n − k + s − 1)!(k − 2s + 1)!
w2s−k =

=

[ k+1

2 ]
∑

s=0

(−1)s

(

n − s

k − 2s + 1

)

(k − s + 1)!

s!
w2s−k.

Thus we have verified the validity of formula (4.19) for n ∈ N,−2 ≤ k < n.
2)In the second step we will verify formula (4.19) for all k ≥ −2, n ∈ N. We will
proceed this by mathematical induction in k. Bearing in mind step 1), only the
induction step n − 1 ≤ k → k + 1 is to be treated (n ∈ N is fixed):

J(n − (k + 1), n)
4.13
=

n − k − 1

w
J(n − k, n) − J(n − k + 1, n)

IH
=

IH
= (n − k − 1)

[k+1

2 ]
∑

s=0

(−1)s (n − s)!(k − s + 1)!

s!(n − k + s − 1)!(k − 2s + 1)!
w2s−k−1−

−

[ k

2 ]
∑

s=0

(−1)s (n − s)!(k − s)!

s!(n − k + s)!(k − 2s)!
w2s−k+1 =

= (n − k − 1)

[k+1

2 ]
∑

s=0

(−1)s (n − s)!(k − s + 1)!

s!(n − k + s − 1)!(k − 2s + 1)!
w2s−k−1+

+

[ k

2 ]+1
∑

s=1

(−1)s (n − s + 1)!(k − s + 1)!

(s − 1)!(n − k + s − 1)!(k − 2s + 2)!
w2s−k−1.

To proceed further, one must realize that the upper bound of the first sum can be
changed to

[

k
2

]

+ 1 because if k is odd then
[

k+1
2

]

=
[

k
2

]

+ 1 and if k is even then
[

k+1
2

]

= k
2

but the added term (s = k
2

+ 1) is 0 due to the term 1
(−1)!

which must be

set 0. For a similar reason the lower bound of the second sum can be changed to 0.
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Then we have an expression

J(n − (k + 1), n) =

=

[ k

2 ]+1
∑

s=0

(−1)s (n − s + 1)!(k − s + 1)!

s!(n − k + s − 1)!(k − 2s + 2)!
[(n − k + 1)(k − 2s + 2) + s(n − s + 1)] w2s−k−1

=

[ k+2

2 ]
∑

s=0

(−1)s (n − s + 1)!(k − s + 2)!

s!(n − k + s − 2)!(k − 2s + 2)!
w2s−k−1

which was to be shown.
3)Finally we will verify the validity of the formula (4.19) for all k ≥ −2, n ∈ Z.
Again we will proceed by mathematical induction in n:

n = 0 :

J(−k, 0)
4.12
=

2

w
J(1 − (k + 1), 1) − J(2 − (k + 2), 2) =

= 2

[k+2

2 ]
∑

s=0

(−1)s

(

1 − s

k − 2s + 2

)

(k − s + 2)!

s!
w2s−k−2 −

[ k+3

2 ]
∑

s=0

(−1)s

(

2 − s

k − 2s + 3

)

(k − s + 3)!

s!
w2s−k−2

where we have used the result of step 2). We can change the upper bound of the
first sum to

[

k+3
2

]

because of similar reasons as discussed in step 2). Next note that
the first term of the first sum (s = 0) together with the first term of the second sum
(s = 0) give 0. Thus we have

J(−k, 0) =

= 2

[ k+3

2 ]
∑

s=1

(−1)s+k (k − s)!(k − s + 2)!

s!(k − 2s + 2)!(s − 2)!
w2s−k−2 −

[ k+3

2 ]
∑

s=1

(−1)s+k+1 (k − s)!(k − s + 3)!

s!(k − 2s + 3)!(s − 3)!
w2s−k−2

=

[ k+1

2 ]
∑

s=0

(−1)s+k+1 (k − s − 1)!(k − s + 1)!

(s + 1)!(k − 2s + 1)!(s − 1)!
[2(k − 2s + 1) + (s − 1)(k − s + 2)] w2s−k

=

[ k+1

2 ]
∑

s=0

(−1)s+k+1 (k − s)!(k − s + 1)!

s!(k − 2s + 1)!(s − 1)!
w2s−k =

[ k+1

2 ]
∑

s=0

(−1)s

(

−s

k − 2s + 1

)

(k − s + 1)!

s!
w2s−k

N0 3 n → n + 1 :

J(−n − 1 − k,−n − 1)
4.12
=

−n + 1

w
J(−n − (k + 1),−n) − J(−n + 1 − (k + 2),−n + 1)

IH
=

IH
= (−n + 1)

[ k+2

2 ]
∑

s=0

(−1)s

(

−n − s

k − 2s + 2

)

(k − s + 2)!

s!
w2s−k−2−

−

[ k+3

2 ]
∑

s=0

(−1)s

(

−n + 1 − s

k − 2s + 3

)

(k − s + 3)!

s!
w2s−k−2.

To proceed further we will make similar steps as we have done in the case n = 0.We
will change the upper bound of the first sum to

[

k+3
2

]

because of similar reasons as
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discussed in step 2) and also the first terms of both sums are subtracting to 0. Then
we arrive at an expression

J(−n − 1 − k,−n − 1) = −(n − 1)

[k+3

2 ]
∑

s=1

(−1)k+s (n + k − s + 1)!(k − s + 2)!

s!(k − 2s + 2)!(n + s − 1)!
w2s−k−2+

+

[ k+3

2 ]
∑

s=1

(−1)k+s (n + k − s + 1)!(k − s + 3)!

s!(k − 2s + 3)!(n + s − 2)!
w2s−k−2 =

=

[ k+1

2 ]
∑

s=0

(−1)k+s (n + k − s)!(k − s + 1)!

(s + 1)!(k − 2s + 1)!(n + s)!
[(n − 1)(k − 2s + 1) − (k − s + 2)(n + s)] w2s−k

=

[ k+1

2 ]
∑

s=0

(−1)s

(

−n− 1 − s

k − 2s + 1

)

(k − s + 1)!

s!
w2s−k

which concludes the proof.

Proposition 17. It holds

J(n + k + 2, n) =

[ k+1
2 ]
∑

s=1

(−1)s

(

k + n − s + 1

k − 2s + 1

)

(k − s)!

(s − 1)!
w2s−k (4.20)

for all n, k ∈ Z, k ≥ 0.

Proof.

J(n + k + 2, n)
4.14
= (−1)n+k+1J(−n − k, n)

4.17
= (−1)kJ(−n − k,−n − 2)

4.19
=

4.19
=

[ k−1

2 ]
∑

s=0

(−1)k+s

(

−n − 2 − s

k − 2s − 1

)

(k − s − 1)!

s!
w2s−k+2 =

=

[ k−1

2 ]
∑

s=0

(−1)s+1

(

k + n − s

k − 2s − 1

)

(k − s − 1)!

s!
w2s−k+2 =

[ k+1

2 ]
∑

s=1

(−1)s

(

k + n − s + 1

k − 2s + 1

)

(k − s)!

(s − 1)!
w2s−k

Example 1. By using the previous results of the function J we can introduce some
special examples:

J(n + 2, n) = J(n,−n) = 0,

J(n, n) = n, J(n + 1, n) = w,

J(n + 3, n) = −w, J(n + 4, n) = −n − 2,

J(n − 1, n) =
(n − 1)n

w
− w, J(n − 2, n) =

n(n − 1)(n − 2)

w2
− 2(n − 1)

where n ∈ Z.

28



4.4 Function J and particular values of χred(z)

In this section we will return to the expressions for a particular value of the charac-
teristic reduced function. As we promised in section 3.1.3 we will prove a statement
which will generalize relation (3.7), that means relation (3.7) will be a special case
of the statement.
We start with expression (3.1)

χred(z) =

(

d
∏

k=1

(k2 − z2)

)

G(1 − z, d − z)G(1 + z, d + z)+

+ 2
d
∑

j=1

w2j

(

d
∏

k=j+1

(k2 − z2)

)

G(j + 1 − z, d − z)G(j + 1 + z, d + z) (4.21)

where we denote

G(j + 1 ± z, d ± z) := F

(

w

j + 1 ± z
, . . . ,

w

d ± z

)

.

Although we have defined the function G only for integer arguments there isn’t any
problem.

Lemma 5. It holds

(n − z)G(n − j − z, d − z)

∣

∣

∣

∣

∣

z=n

= −
w2j+2

(j + 1)!j!
G(j + 2, d − n)

for j = 0, . . . , n − 1.

Proof. We will proved the statement by finite mathematical induction in j. Case
j = 0 :

(n − z)G(n − z, d − z)

∣

∣

∣

∣

∣

z=n

= (n − z)G(n + 1 − z, d − z)

∣

∣

∣

∣

∣

z=n

−

−
w2

n + 1 − z
G(n + 2 − z, d − z)

∣

∣

∣

∣

∣

z=n

= −w2G(2, d − n)

where the recurrent relation (1.2) was used. The case j = 1 will be treated similarly:

(n − z)G(n − 1 − z, d − z)

∣

∣

∣

∣

∣

z=n

= (n − z)G(n − z, d − z)

∣

∣

∣

∣

∣

z=n

−

−
w2

n − 1 − z
G(n + 2 − z, d − z)

∣

∣

∣

∣

∣

z=n

= −w2G(2, d − n) + w2G(1, d − n) =

= −
w4

2
G(3, d − n).
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Let 0 ≤ j < n−1. To proceed the induction step j → j+1 the well known recurrent
relation (1.2) is to be used again:

(n − z)G(n − (j + 1) − z, d − z)

∣

∣

∣

∣

∣

z=n

= (n − z)G(n − j − z, d − z)

∣

∣

∣

∣

∣

z=n

−

− (n − z)
w2

(n − j − 1 − z)(n − j − z)
G(n − j + 1 − z, d − z)

∣

∣

∣

∣

∣

z=n

IH
=

IH
= −

w2j+2

(j + 1)!j!
G(j + 2, d − n) +

w2j+2

(j + 1)!j!
G(j + 1, d − n) =

= −
w2j+4

(j + 2)!(j + 1)!
G(j + 3, d − n).

With the aid of the previous lemma we can evaluate the characteristic reduced
function (4.21) in n ∈ {1, . . . , d}. Thus

χred(n) = 2n





d
∏

k=1,k 6=n

k2 − n2



 (n − z)G(1 − z, d − z)

∣

∣

∣

∣

∣

z=n

G(1 + n, d + n)+

+ 2
n−1
∑

j=1

w2j2n





d
∏

k=j+1,k 6=n

k2 − n2



 (n − z)G(j + 1 − z, d − z)

∣

∣

∣

∣

∣

z=n

G(j + 1 + n, d + n)+

+ 2
d
∑

j=n

w2j





d
∏

k=j+1

k2 − n2



G(j + 1 − n, d − n)G(j + 1 + n, d + n) =

= (−1)n (d − n)!(d + n)!

(n!)2
w2nG(n + 1, d − n)G(1 + n, d + n)+

+ 2

n−1
∑

j=1

(−1)n−j (d − n)!(d + n)!

(n − j)!(n + j)!
w2nG(n − j + 1, d − n)G(n + j + 1, d + n)+

+ 2
d
∑

j=n

(d − n)!(d + n)!

(j − n)!(j + n)!
w2jG(j + 1 − n, d − n)G(j + 1 + n, d + n).

So we have derived an expression

χred(n)

(d − n)!(d + n)!
=

(−1)n

(n!)2
w2nG(n + 1, d − n)G(1 + n, d + n)+

+ 2w2n

n−1
∑

j=1

(−1)n−j

(n − j)!(n + j)!
G(n − j + 1, d − n)G(n + j + 1, d + n)+

+ 2

d
∑

j=n

w2j

(j − n)!(j + n)!
G(j + 1 − n, d − n)G(j + 1 + n, d + n). (4.22)
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Remark 11. 1)Note that expression (4.22) coincides with the recurrent relation
(3.7) with s = n.
2)By using the definition relation (4.6) of the fuction J we can write expression
(4.22) as

χred(n)

w2d−2
= (−1)nJ(n + 1, d − n)J(1 + n, d + n)+

+ 2

n−1
∑

j=1

(−1)n−jJ(n − j + 1, d − n)J(n + j + 1, d + n)+

+ 2

d
∑

j=n

J(j + 1 − n, d − n)J(j + 1 + n, d + n). (4.23)

Lemma 6. Let us denote

[k, l] := J(k, d − n)J(l, d + n)

and

Ω(n) := 2(−1)n

n−1
∑

j=1

(−1)j {(s + 1)[s + 2 − j, s + 2 + j] − s[s + 1 − j, s + 1 + j]}+

+ (−1)n(s + 1)[s + 2, s + 2] − (−1)ns[s + 1, s + 1]

for some n ∈ N and k, l, s ∈ Z. Then the identity

Ω(n) = (s + n)[s + 1 − n, s + 1 + n] − (s − n + 1)[s + 2 − n, s + 2 + n] (4.24)

holds for all n ∈ N and s ∈ Z.

Proof. The identity will be proved by mathematical induction in n. Considering the
case n = 1 we have

Ω(1) = −(s + 1)[s + 2, s + 2] + s[s + 1, s + 1]

where is needed to apply the basic recurrent relation, namely relation (4.13) is
applied to the first argument of the first bracket and to the second argument of the
second bracket. Then we arrive at an expression

Ω(1) =

−
(s + 1)s

w
[s + 1, s + 2] + (s + 1)[s, s + 2] +

s(s + 1)

w
[s + 1, s + 2] − s[s + 1, s + 3] =

= (s + 1)[s, s + 2] − s[s + 1, s + 3]

which coincides with the RHS of identity (4.24). Now the induction step 1 ≤ n →
n + 1 is to be treated. Since

Ω(n + 1) = −Ω(n) − 2(s + 1)[s + 2 − n, s + 2 + n] + 2s[s + 1 − n, s + 1 + n]
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we can apply the induction hypothesis and we get

Ω(n + 1) = (s − n)[s + 1 − n, s + 1 + n] − (n + s + 1)[s + 2 − n, s + 2 + n].

By using the recurrent relation (4.13) on the second argument of the first bracket
and on the first argument of the second bracket we obtain an expression

Ω(n + 1) =
(s − n)(s + 1 + n)

w
[s + 1 − n, s + 2 + n] − (s − n)[s + 1 − n, s + 3 + n]−

−
(n + s + 1)(s − n)

w
[s + 1 − n, s + 2 + n] + (n + s + 1)[s − n, s + 2 + n] =

= −(s − n)[s + 1 − n, s + 3 + n] + (n + s + 1)[s − n, s + 2 + n]

which was to be verified.

Proposition 18. Let n ∈ {1, . . . , d} and denote [k, l] := J(k, d− n)J(l, d + n) as in
the previous lemma. Then the relation

nχred(n)

w2d−2
= (−1)ns[s + 1, s + 1] + 2(−1)ns

n−1
∑

j=1

(−1)j[s + 1 − j, s + 1 + j]+

+ (s + n)[s + 1 − n, s + 1 + n] + 2n

d
∑

j=s+1

[j + 1 − n, j + 1 + n] (4.25)

holds for all s ∈ Z.

Proof. The statement will be verified by mathematical induction in s. Expression
(4.23) follows that the statement holds for s = n. It is clear that the induction step
n ≤ s → s + 1 will be completed if the equation

(−1)ns[s + 1, s + 1] + 2(−1)ns

n−1
∑

j=1

(−1)j[s + 1 − j, s + 1 + j]+

+ (s + n)[s + 1 − n, s + 1 + n] + 2n[s + 2 − n, s + 2 + n] =

= (−1)n(s + 1)[s + 2, s + 2] + 2(−1)n(s + 1)

n−1
∑

j=1

(−1)j[s + 2 − j, s + 2 + j]+

+ (s + 1 + n)[s + 2 − n, s + 2 + n]

holds. But it is true because this equation is identity (4.24) (only rearranged) from
the previous lemma. The induction step n ≥ s → s − 1 can be treated in a similar
way with the aid of Lemma 6 (writing s − 1 instead of s).

Remark 12. 1)By plugging the definition relation of the function J (4.6) into re-
lation (3.7) one can easily arrive at expression (4.25) with only restricted index s.
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Thus Proposition 10 is a special case of Proposition 18.
2)Especially for s = d it holds

nχred(n)

w2d−2
= (−1)nd[d + 1, d + 1] + 2(−1)nd

n−1
∑

j=1

(−1)j[d + 1 − j, d + 1 + j]+

+ (d + n)[d + 1 − n, d + 1 + n]

and for s = 0 it holds

χred(n)

w2d−2
= [1 − n, 1 + n] + 2

d
∑

j=1

[j + 1 − n, j + 1 + n]. (4.26)

Note that this relation for χred(n) holds also for n = 0 because the expression

w2d−2

(

J(1, d)2 + 2

d
∑

j=1

J(j + 1, d)2

)

coincides with identity (3.3).
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Chapter 5

The characteristic function and

the resolvent of a Jacobi matrix

We have prepared enough so we can derive the exact formula for χred(n) with
n = 1, . . . , d. Then by using the formula for χred(n) we will reconstruct the whole
reduced characteristic function χred(z) for z ∈ C. Furthermore we will derive a
formula for the resolvent operator of a Jacobi matrix of a special type.

Recall that K ∈ C
2d+1×2d+1 is a complex Jacobi matrix of the form

K :=































−d w
w −d + 1 w

. . .
. . .

. . .

w −1 w
w 0 w

w 1 w
. . .

. . .
. . .

w d − 1 w
w d































.

Definition 3. Let n, s ∈ Z. Then define a column vector xs,n ∈ C2d+1 as

xT
s,n := (J(d + s + 1, n), J(d + s, n), . . . , J(s + 1, n), . . . , J(−d + s + 1, n)) (5.1)

By putting −j+s instead of m into the recurrent relation (4.13) we get an identity

wJ(−j + s + 2, n) + (j − s)J(−j + s + 1, n) + wJ(+j + s, n) = 0

for all j, n, s ∈ Z. Thus we can write

wxj−1
n,s + (j − s)xj

n,s + wxj+1
n,s = 0 (5.2)

for all n, s ∈ Z, j = −d, . . . , d, but we have to set x−d−1
n,s := J(d + s + 2, n) and

xd+1
n,s := J(−d + s, n). Then it holds

(K − s)xn,s = −wJ(d + s + 2, n)e−d − wJ(−d + s, n)ed (5.3)
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where n, s ∈ Z and (e−d, . . . , ed) is a standard basis in C2d+1 (that is ek
j = δjk) which

is easy to verify if we consider identity (5.2).
Next, we set n = d+ s. Since J(d+ s+2, d+ s) = 0 which can be seen, for example,
from (4.15) we can eliminate the first term on the RHS in identity (5.3) and we
arrive at an expression

Kvs = svs − wJ(−d + s, d + s)ed (5.4)

where we denote vs := xs,d+s for all s ∈ Z.

Remark 13. Since

J(−d, d)
4.14
= (−1)d+1J(d + 2, d) = 0

the vector v0 is the eigenvector of K for eigenvalue 0 which is easy to see from
relation (5.4) if we set s = 0.

Lemma 7. Let n ∈ N and p is a polynomial of degree s ≤ n − 1. Then

n
∑

j=0

(−1)j

(

n

j

)

p(j) = 0.

Proof. The statement will be verified by finite mathematical induction in the degree
s of a polynomial. The case s = 0 is nothing but the binomial theorem. Let q is a
polynomial of degree s + 1 ≤ n − 1, that is

q(j) =
s+1
∑

l=0

alj
l, al ∈ C, as+1 6= 0.

Since
n
∑

j=0

(−1)j

(

n

j

)

q(j) = as+1

n
∑

j=0

(−1)j

(

n

j

)

js+1 +

n
∑

j=0

(−1)j

(

n

j

) s
∑

l=0

alj
l

it is clear that it suffices to show that
n
∑

j=0

(−1)j

(

n

j

)

js+1 = 0.

But
n
∑

j=0

(−1)j

(

n

j

)

js+1 = −n

n
∑

j=1

(−1)j−1

(

n − 1

j − 1

)

js = −n

n−1
∑

j=0

(−1)j

(

n − 1

j

)

(j + 1)s

and since (j+1)s is a polynomial in j of degree s ≤ n−2 we can apply the induction
hypothesis and we get

n−1
∑

j=0

(−1)j

(

n − 1

j

)

(j + 1)s = 0

which concludes the proof.
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Proposition 19. Let V ∈ C2d+1×2d+1 where

Vks := vk
s ≡ J(−k + s + 1, d + s), k, s ∈ (−d,−d + 1, . . . , d).

Then

det V =

∏2d

k=1 k!

w(d−1)(2d+1)
. (5.5)

Proof. Let us define a matrix W ∈ C2d+1×2d+1 such that

Wjk := (−1)j+d

(

k + d

j + d

)

.

Since Wjk = 0 for k < j we can easily compute the determinant of W

det W =
d
∏

k=−d

Wkk =
d
∏

k=−d

(−1)k+d.

Let us investigate a matrix V W .

(V W )kl =

d
∑

s=−d

VksWsl =

d
∑

s=−d

(−1)d+s

(

d + l

d + s

)

J(−k + s + 1, d + s) =

=

2d
∑

j=0

(−1)j

(

d + l

j

)

J(j − (d + k − 1), j)

Since
(

d+l

j

)

= 0 for j > d + l we can change the upper bound of the sum to d + l.

Next we apply formula (4.19) and get

(V W )kl =

d+l
∑

j=0

(−1)j

(

d + l

j

) [ d+k

2 ]
∑

t=0

(−1)t

(

j − t

d + k − 2t

)

(d + k − t)!

t!
w2t−d−k+1 =

=

[ d+k

2 ]
∑

t=0

(−1)t (d + k − t)!

t!
w2t−d−k+1

d+l
∑

j=0

(−1)j

(

d + l

j

)(

j − t

d + k − 2t

)

Since
(

j−t

d+k−2t

)

is a polynomial in j of degree d + k − 2t the previous Lemma 7 gives

d+l
∑

j=0

(−1)j

(

d + l

j

)(

j − t

d + k − 2t

)

= 0

if k − l < 2t.
Let k < l then, with the aid of Lemma 7, we arrive at an equation

(V W )kl = 0.
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For k = l the only nonzero term is the term with t = 0 and thus

(V W )kk = (d + k)!w−d−k+1
d+k
∑

j=0

(−1)j

(

d + k

j

)(

j

d + k

)

= (−1)d+k(d + k)!w−d−k+1.

The last equation holds since
(

j

d+k

)

6= 0 only for j = d + k.
Finally we can derive the determinant of the matrix V

det V =
det(V W )

det W
=

∏d

k=−d(V W )kk
∏d

k=−d(W )kk

=

∏d

k=−d(−1)d+k(d + k)!w−d−k+1

∏d

k=−d(−1)d+k
=

=

∏2d

k=1 k!

w(d−1)(2d+1)
.

Corollary 5. A set of vectors ϑ := (v−d, v−d+1, . . . , vd) is a basis in C2d+1.

Proof. ϑ is basis in C2d+1 ⇔ matrix V is regular ⇔ det V ≡
Q2d

k=1 k!

w(d−1)(2d+1) 6= 0.

Lemma 8. It holds

ed =
d
∑

s=−d

(−1)d+s

(d + s)!(d − s)!
w2d−1vs (5.6)

where ed ∈ C2d+1, ek
d = δdk.

Proof.

d
∑

s=−d

(−1)d+s

(d + s)!(d − s)!
w2d−1J(−k + s + 1, d + s)

4.19
=

4.19
=

d
∑

s=−d

(−1)d+s

(d + s)!(d − s)!
w2d−1

[ d+k

2 ]
∑

l=0

(−1)l

(

d + s − l

d + k − 2l

)

(d + k − l)!

l!
w2l−d−k+1 =

=

[ d+k

2 ]
∑

l=0

(−1)l (d + k − l)!

l!
w2l+d−k 1

(2d)!

2d
∑

s=0

(−1)s

(

2d

s

)(

s − l

d + k − 2l

)

According to Lemma 7 the inner sum

2d
∑

s=0

(−1)s

(

2d

s

)(

s − l

d + k − 2l

)

= 0

if k < d + 2l and this inequality holds for all k ∈ {−d, . . . , d− 1}. If k = d then the
inner sum is not zero only if l = 0, thus

d
∑

s=−d

(−1)d+s

(d + s)!(d − s)!
w2d−1J(−k + s + 1, d + s) =

2d
∑

s=0

(−1)s

(

2d

s

)(

s

2d

)

= 1.
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Since
(

s

2d

)

= 0 for all s < 2d the last equality holds.
So for k ∈ {−d, . . . , d} we have an equality

d
∑

s=−d

(−1)d+s

(d + s)!(d − s)!
w2d−1J(−k + s + 1, d + s) = δkd

which proves the statement.

Finally we can express the operator K in the basis ϑ (denoted Kϑ ∈ C2d+1×2d+1).
Starting with (5.4) and considering the statement of the previous Lemma 8 we obtain
an expression

(Kϑ)ts = sδts − wJ(−d + s, d + s)ed(t) (5.7)

where

ed(t) =
(−1)d+t

(d + t)!(d − t)!
w2d−1

and t, s ∈ {−d, . . . , d}. Next let us denote K0 ∈ C
2d+1×2d+1,

(K0)ts := sδts

and a, eϑ
d ∈ C

2d+1,

(eϑ
d)

T := (ed(−d), ed(−d + 1), . . . , ed(d)), aT := (α−d, α−d+1, . . . , αd)

where αs := −wJ(−d+s, d+s)
4.14
= (−1)d+swJ(d−s+2, d+s). Then we can rewrite

relation (5.7) to a simple expression

Kϑ = K0 + eϑ
daT . (5.8)

Remark 14. 1)Note that eϑ
da

T ∈ C2d+1×2d+1. It is not a scalar product.
2)The inverse operator (K0 − z)−1 exists for all z ∈ C \ {−d. . . . , d} and

((K0 − z)−1)ts =
1

s − z
δts.

3)It holds α−s = −αs for all s ∈ {−d . . . , d}. Especially it follows that α0 = 0.
Verification:

α−s = −wJ(−d − s, d − s)
4.18
= wJ(−d + s, d + s) = −αs.

5.1 The resolvent (Kϑ − z)−1

In the following proposition we will find a formula for the resolvent operator
(Kϑ − z)−1.
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Proposition 20. Let z ∈ C \ {−d, . . . , d} such that an inequality

1 + aT (K0 − z)−1eϑ
d 6= 0

holds. Then

(Kϑ − z)−1 = (K0 − z)−1 −
1

1 + aT (K0 − z)−1eϑ
d

(K0 − z)−1eϑ
da

T (K0 − z)−1. (5.9)

Proof. From formula (5.8) it follows that

Kϑ − z = (K0 − z)(1 + (K0 − z)−1eϑ
daT ), (5.10)

note that 1 stands for an identity operator. Then

[

(K0 − z)−1 −
1

1 + aT (K0 − z)−1eϑ
d

(K0 − z)−1eϑ
da

T (K0 − z)−1

]

(Kϑ − z) =

=

[

1 −
1

1 + aT (K0 − z)−1eϑ
d

(K0 − z)−1eϑ
da

T

]

(1 + (K0 − z)−1eϑ
da

T ) =

= 1 + (K0 − z)−1eϑ
da

T −
1

1 + aT (K0 − z)−1eϑ
d

(K0 − z)−1eϑ
da

T−

−
aT (K0 − z)−1eϑ

d

1 + aT (K0 − z)−1eϑ
d

(K0 − z)−1eϑ
daT = 1

which was to be verified.

Remark 15. By multiplying the equality

1 + aT (K0 − z)−1eϑ
d = 0

by a term
∏d

k=−d(k − z) we obtain a polynomial equation in z.Thus the inequality

1 + aT (K0 − z)−1eϑ
d 6= 0

holds for all z ∈ C with exception of a finite number of z.

5.2 A formula for χred(z)

Lemma 9. Let a, b ∈ Cn then

det(1 + baT ) = 1 + aT b.

Proof. The definition of the determinant gives

det(1 + baT ) =
∑

π∈Sn

sgnπ
n
∏

k=1

(δkπ(k) + aπ(k)bk) (5.11)
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where Sn is a set of permutations of the set {1, . . . , n}. Since a determinant of a
matrix with all entries equal to 1 is zero the identity

∑

π∈Sn

sgnπ = 0

holds for all n ≥ 2.Then a lot of the terms in sum (5.11) are zeros which can be seen
from following relations

∑

π∈Sn

sgnπ
n
∏

k=1

aπ(k)bk =
n
∏

k=1

akbk

∑

π∈Sn

sgnπ = 0,

∑

π∈Sn

sgnπδπ(i)i

n
∏

k=1,k 6=i

aπ(k)bk =

n
∏

k=1,k 6=i

akbk

∑

π∈Sn,π(i)=i

sgnπ =

=

n
∏

k=1,k 6=i

akbk

∑

σ∈Sn−1

sgnσ = 0,

∑

π∈Sn

sgnπδπ(i)iδπ(j)j

∏

k 6=i,k 6=j

aπ(k)bk =
∏

k 6=i,k 6=j

akbk

∑

τ∈Sn−2

sgnτ = 0,

etc., until we arrive at the following cases
∑

π∈Sn

sgnπaπ(i)bi

∏

k 6=i

δπ(k)k = aibi

∑

π=id

sgnπ = aibi

and
∑

π∈Sn

sgnπ
n
∏

k=1

δπ(k)k = 1.

These relations together with the formula for the determinant (5.11) give

det(1 + baT ) = 1 +
n
∑

i=1

aibi

which concludes the proof.

Now we can use relation (5.10) and the previous lemma to find a formula for
χred(z):

χred(z) =
(−1)d+1

z
det(K − z) =

(−1)d+1

z
det(Kϑ − z) =

=
(−1)d+1

z
det(K0 − z) det(1 + (K0 − z)−1eϑ

da
T ) =

=
(−1)d+1

z

d
∏

k=−d

(k − z)(1 + aT (K0 − z)−1eϑ
d) =

d
∏

k=1

(k2 − z2)(1 + aT (K0 − z)−1eϑ
d) =

=

d
∏

k=1

(k2 − z2)

(

1 + w2d−1

d
∑

s=−d

(−1)d+s

(d + s)!(d − s)!

αs

s − z

)

.
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Since α−s = −αs (see Remark 14) we can further adjust the sum in the previous
expression

d
∑

s=−d

(−1)d+s

(d + s)!(d − s)!

αs

s − z
=

d
∑

s=1

(−1)d+s

(d + s)!(d − s)!
αs

(

1

s − z
−

1

−s − z

)

=

=
d
∑

s=1

2s

s2 − z2

wJ(d − s + 2, d + s)

(d + s)!(d − s)!
.

Finally we arrive at a formula

χred(z) =
d
∏

k=1

(k2 − z2)

(

1 + w2d

d
∑

s=1

2s

s2 − z2

J(d − s + 2, d + s)

(d + s)!(d − s)!

)

. (5.12)

Next for z = n ∈ {1, 2, . . . , d} we obtain a formula for χred(n)

χred(n) =
d
∏

k=1,k 6=n

(k2 − n2)
2n

(d − n)!(d + n)!
J(d + n − (2n − 2), d + n)w2d 4.19

=

4.19
=

(−1)n+1

n
w2d−2n+2

n−1
∑

k=0

(−1)k

(

d + n − k

2n − 2k − 1

)

(2n − k − 1)!

k!
w2k =

=
1

n

n−1
∑

l=0

(−1)l

(

n + l

2l + 1

)

(d + l + 1)!

(d − l)!
w2d−2l (5.13)

where we have done a substitution l = n − k − 1.
At the end we will introduce a more convenient expression for the reduced charac-
teristic function then formula (5.12).

Proposition 21. It holds

χred(z) =

d
∑

s=0

(2d − s + 1)!

s!(2d − 2s + 1)!
w2s

d−s
∏

k=1

(k2 − z2) (5.14)

for all z ∈ C.

Proof. Since χred(z) is an even polynomial in z of the degree 2d (see (3.2)) it
is enough to check that the values of the RHS for z = 0, 1, . . . , d coincide with
χred(0), χred(1), . . . , χred(d). The expression

χred(0) =
d
∑

s=0

(2d − s + 1)!

s!(2d − 2s + 1)!
w2s[(d − s)!]2

is exactly the formula (3.5). Let n ∈ {1, . . . , d} then

d−s
∏

k=1

(k2 − n2) =

{

0 s ≤ d − n
(−1)d−s

n

(n+d−s)!
(n−d+s−1)!

d − n < s ≤ d
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hence

RHS =
1

n

d
∑

s=d−n+1

(2d − s + 1)!

s!(2d − 2s + 1)!

(−1)d−s(n + d − s)!

(n − d + s − 1)!
w2s =

=
1

n

n−1
∑

l=0

(−1)l (d + l + 1)!

(d − l)!(2l + 1)!

(n + l)!

(n − l − 1)!
w2d−2l

which coincides with the formula for χred(n) (5.13).

Remark 16. From formula (5.14) it is obvious that χred(z) has no roots for |z| < 1
and χred(±1) = 0 if and only if w = 0.

5.3 More on particular values of χred(z)

In this section we will come back to examine the particular values of χred(z) ones
more.

Proposition 22. It holds

χred(n)

w2d−2
= vT

−n(I − S)vn

where S ∈ C2d+1 such that

S :=





−Id

0
Id





and n ∈ {0, 1, . . . , d}.

Proof. Since

I − S =





2Id

1
0d





the RHS of the statement

(J(d − n + 1, d − n), . . . , J(−d − n + 1, d − n))(I − S)







J(d + n + 1, d + n)
...

J(−d + n + 1, d + n)






=

= 2
d
∑

j=1

J(j − n + 1, d − n)J(j + n + 1, d + n) + J(−n + 1, d − n)J(n + 1, d + n)

is exactly the RHS of identity (4.26).
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By using the symmetry of the matrix K (K = KT ) and expression (5.4) we get

svT
t vs + αsv

d
t = vT

t Kvs = (Kvt)
T vs = tvT

t vs + αtv
d
s

where αs = −wJ(−d + s, d + s) and t, s ∈ {−d, . . . , d}. It follows that it holds

vT
t vs =

1

t − s
(αsv

d
t − αtv

d
s). (5.15)

Further, by similar way (S = ST ), we can write

vT
t SKvs = vT

t S(svs + αsed) = svtSvs + αsv
d
t

and
vT

t KSvs = SKvT
t vs = tvtSvs + αtv

d
s .

Finally by subtracting last two equations and by using the expression (5.15) we
arrive at the relation

vT
t [K, S]vs = (t − s)vT

t (S − I)vs (5.16)

where [K, S] = KS − SK.

Corollary 6. The identity

χred(n) =
w2d−2

2n
vT
−n[K, S]vn

holds for n ∈ {0, 1, . . . , d}.

Proof. The statement follows from Proposition 22 and relation (5.16) immediately.

Proposition 23. It holds

χred(n) =
w2d−1

2n

(

J(−n + 2, d − n)J(n + 1, d + n) − J(−n + 1, d − n)J(n + 2, d + n)

+ J(−n + 1, d − n)J(n, d + n) − J(−n, d − n)J(n + 1, d + n)
)

(5.17)

for n ∈ {0, 1, . . . , d}.

Proof. It suffices to compute the commutator [K, S] and use the previous Corollary.
Since

KS =































d −w
−w d − 1 −w

. . .
. . .

. . .

−w 1 0
−w 0 w

0 1 w
. . .

. . .
. . .

w d − 1 w
w d
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and

SK =































d −w
−w d − 1 −w

. . .
. . .

. . .

−w 1 −w
0 0 0

w 1 w
. . .

. . .
. . .

w d − 1 w
w d































thus the commutator has only four nonzero entries

[K, S] =































0 0
0

. . .
. . .

. . .

0 0 w
−w 0 w

−w 0 0
. . .

. . .
. . .

0
0 0































.

Then

χred(n) =
w2d−2

2n
vT
−n[K, S]vn =

w2d−1

2n
(v−1

−nv0
n − v0

−nv−1
n + v0

−nv1
n − v1

−nv0
n)

which concludes the proof.
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Conclusion

The aim of this paper was to describe properties of a spectrum of a finite-dimensional
operator with Jacobi matrix of a special type. With the aid of an expanded special
function F I was able to derive a formula for the characteristic polynomial of the
Jacobi matrix of a special type and I have also found a formula for a resolvent of
this matrix.

In my Bachelor thesis [2] I have shown what a problem arises if one tries to obtain
a global description of the spectrum of an infinite-dimensional operator with the Ja-
cobi matrix by using a regular perturbation theory. Results acquired in this paper
could be used in my future work in which I’m going to try to derive a global de-
scription of the spectrum of an infinite-dimensional operator with the Jacobi matrix
by dividing the infinite matrix to finite blocks. In this afford the gained knowledge
of the spectrum of finite dimensional Jacobi matrices should be useful.
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