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tegralu. Pokud provedeme tento rozklad vzhledem k centru algebry gen-
erované levou regularni reprezentaci, 1ze zformulovat zobecnénou Peter-Weyl
Plancherelovu vétu. Déle jsem v této praci ukazala, ze Blochova analyza
muze byt zobecnéna na souvislé a lokalné linearné souvislé variety s funda-
mentalni grupou Typu I. V ptripadé nasobné souvislych variet, Schulmannuv
ansatz se pouziva k odvozeni jadra propagéatoru v prostoru ekvivariantnich
funkci. Pti platnosti predchozich predpokladu jsem diskutovala a dokazala
platnost Schulmannova ansatzu.
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Abstract:

This work analysis quantum mechanics in multiply connected spaces. The
decomposition of left regular representations to irreducible representation
is discussed. This decomposition is made using the von Neumann direct
integral. Using this decomposition with respect to the center of the alge-
bra generated by the left regular representation, the generalized Peter-Weyl
Plancherel theorem is formulated. It is shown, that the Bloch analysis may
be generalized to the multiply connected and locally linearly connected man-
ifolds with the fundamental group of Type I. In case of multiply connected
manifolds, Schulman ansatz may be used to compute the kernel of the propa-
gator on the Hilbert space of equivariant functions. This formula is discussed
and is proved in case of the previous assumptions.
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Introduction

Quantum mechanics on non-simply connected manifolds covers a large group
of quantum models where the quantum properties of the systems are observ-
able. There exists more than one equivalent model, how to describe the
quantum mechanics on non-simply connected manifolds, some of them are
discussed in [Kocl]. The Hilbert space of A-equivariant functions, where A is
a unitary representation of the fundamental group, defined on the universal
covering M of the manifold M is used in one of them. Schulman ansatz pro-
poses the straightforward connection between the kernel of the propagator
of the Hamiltonian defined on L?(M) and the kernel of the propagator cor-
responding to formally the same Hamiltonian acting on A-equivariant func-
tions. The advantage of this processus is that in some cases, it is easier to
find the kernel of the propagator on the simply-connected manifold M than
in case of A-equivariant functions. The aim of this work was to prove the
Schulman ansatz not only formally and to discuss its field of validity.

In the first chapter the basic definitions and theorems are pointed out,
mainly those which will be used in the following parts of this thesis.

If the fundamental group is not abelian or finite, von Neumann direct in-
tegral is used to find the irreducible representations of the fundamental group
of the configuration manifold. In the second chapter, the main theorems are
discussed and some of the properties are mentioned. In case of general group,
we may obtain the infinite dimensional irreducible representation and some
of the properties valid for the abelian or finite groups are not satisfied. But
still the Fourier-Stieltjes transformation can be defined and the generalize
Peter-Weyl Plancherel theorem holds.

Fourier-Stieltjes transformation for general locally compact group is de-
fined in the third chapter, in case of abelian groups and the construction of
the Plancherel measure is discussed.

The following two chapters are the main chapters of this work. In both
of them, the assumption that the fundamental group is of Type I is made.
This property is necessary if we want to formulate the Peter-Weyl Plancherel
with the irreducible unitary representations. In the fourth chapter I gener-



alized the Bloch analysis, ordinary done for abelian groups, to the locally
compact groups of Type I. Also the term of unitary equivariant function is
generalized in case of irreducible representation (in case of abelian groups,
only the representation of the dimension 1 occurs) and also the definition of
the Hamiltonian on such spaces is discussed and the decomposition of such
operator with respect to the von Neumann direct integral to the unitary
equivariant function is made.

The fifth chapter follows the theory of generalized Bloch analysis and
using the inverse Fourier-Stieltjes transformation Schulman ansatz is formu-
lated and proved in models, where the configuration spaces are the manifolds
with the locally compact fundamental group of Type I.

The last chapter describes the well known Aharonov-Bohm effect with
two solenoids. Finally the Schulman ansatz is used to find the kernel of the
free propagator of this model.
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Chapter 1

Basic Definitions

1.1 Covering space

Definition 1 (Path and homotopy class, [Hat] chapter 1.1). Path in a space
X is a continuous map f :[0,1] — X. A homotopy of paths in X is a family
fi:10,1] — X, 0 <t <1, such that

e the endpoints f;(0) = xo and fi(1) = xy are independent of t

e the associated map F : I x [ — X defined by F(s,t) = fi(s) is contin-
uous

When two paths fo and fi; are connected in this way by a homotopy f;, they
are said to be homotopic. This property will be denoted by fo ~ fi.

Proposition 1 ([Hat] proposition 1.2). The relation of homotopy of paths
with fixed endpoints is an equivalence relation.

Definition 2. Composition of two paths f,q :[0,1] — X, such that f(1) =
g(0) is defined by the formula

fog(s)= { 7(25) 22

Path with the same starting and ending point f(0) = f(1) = xo are called the
loops, xq is called the basepoint.

Definition 3 (Fundamental group, [Hat| proposition 1.3). Let f be a path
in a space X. Set of all homotopy classes [f] of loops at the base point xq is
called the fundamental group of X and is denoted by m (X, zy).
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If X is path-connected, the group 7 (X, z¢) is, up to isomorphism, inde-
pendent of the choice of the basepoint . In this case the notation (X, x¢)
is often abbreviated to m;(X).

Definition 4 ([Hat] proposition 1.6). A space is called simply-connected if
it is path-connected and its fundamental group is trivial. A space is called
multiply-connected if it is path-connected and its fundamental group is not
trivial.

Definition 5 ([Hat] chapter 1.3). A covering space of a space X is a space
X together with a map p : X — X satisfying the following condition: There
exists an open cover (Uy) of X such that for each o, p~*(Uy,) is a disjoint

union of open sets in X, each of which is mapped by p homomorphically onto
U, .

Definition 6. Two covering spaces ~()~(0,po), (X1,p1) are isomorphic if there
exists a homeomorphism f : Xo — X1 such that py o f = py.

Proposition 2. A covering space of a connected, locally path-connected topo-
logical space is connected.

Definition 7 (Universal covering). Universal covering of X is (X, zo)
where X = {(x1,7)/ ~, where 7y is a path from xo to x; € X} and (z1,7) ~
(z2,72) if and only if x1 = x9 and 1.7y " is homotopically equivalent to a
point, T : X — X defined by 7((x,7)) = .

Proposition 3. The universal covering manifold X is a principal fibre bun-
dle over X with group m (X, xo) and projection .

Proposition 4. The universal covering space of a connected manifold X is
simply connected, and it is the only one covering space of X with this property
(up to an isomorphism).

Definition 8. A fundamental domain D of X is a simply connected domain
of X such that m=1(D) = X up to zero set measure and g.DND =10, g # 1,
g e m (X)

Definition 9 (Induced homeomorphism). Let p : X — Y be a continuous
map, yo € Y, xg € X base points such that yo = p(xo). Then p induces
a homomorphism p, : m (X, x9) — m(Y,v0) defined by composing loops f :
I — X based at xo with p, it means p.[f] = [po f].

11



1.2 Properly discontinuous action

Definition 10 (properly discontinuous 1, [Hat] p. 72). Let T be a group.
Action of the group on a manifold X s called properly discontinuous, if
Ve € X there exists a neighborhood U such that for varying g € T all the
images g.U are disjoint, it means that g,.U (N g2.U # 0 implies g1 = gs.

Definition 11 (properly discontinuous 2, [Hat| p. 73). Action of the group T
on X is called properly discontinuous if for every point x € X there exists a
neighborhood U such that U N g.U is nonempty only for finitely many g € T".

Proposition 5. If I' acts freely, then the previous two definitions are equiv-
alent.

Definition 12. Let p : X — X, X be a covering of X. G(X,p, X) is a
group defined by

G(X,p,X)={h: X — X, h is a homeomorphism such that poh = p,}

Proposition 6 ([Koz]). If p,m (X, %) is normal subgroup of m (X, xo) then
G(X,p, X) = (X, z0)/pemi (X, Zo),

where xo = p(Zo).

If we take as X the universal covering of X, because it is simply connected
( m (X, Zo) is trivial) p.m (X, Zg) is also trivial, so normal and G(X,p,z) is
isomorphic to m (X, x).

Theorem 1 ([Koz]). If X _1s connected and locally linearly connected, then
the action of the group G(X,p, X) on X is properly discontinuous.

As a direct corollary one obtains that if the universal covering space is
connected and locally linearly connected, then the action of (X, x) is prop-
erly discontinuous. So a sufficient requirement is X connected and locally
linearly connected.

1.3 Quadratic form

Definition 13 (quadratic form). Let H be a Hilbert space. A quadratic form
is a map q : Q(q) x Q(q) — C, where Q(q) is a dense linear subset of H
called the form domain, such that q(.,v) is conjugate linear, q(p,.) is linear
for . € Q(q), q is symmetric if (p,¢) = q(¥,¢). If q(p,p) > 0 for all
© € Q(q) then q is called positive. If there exists M such that q(p,p) >
—M]|||* then q is semibounded.
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Definition 14. Let q be a semibounded quadratic form, q(v, 1) > —M ||]]2.
q is called closed if Q(q) is complete under the norm

1ll+1 = Va(w,v) + (M + 1)||92, (1.1)

where ||.|| is the norm generated by the scalar product. If q is closed and
D C Q(q) is dense in Q(q) in the ||.|| -1 norm, then D is called a form core

forq.
Remark 1: ||.||+1 comes from the inner product

Proposition 7. q is closed if and only if for Vi, € Q(q), such that 1, —

and q(n — Ym, Yo = ¥m) — 0 for n,m — oo, then ¢ € Q(q) and q(¢n —
U, Y — p) — 0.

Theorem 2 ([Ree]). If q is a closed semibounded quadratic form, then q is
the quadratic form of a unique self-adjoint operator.

Theorem 3 (the Fridrichs extension). Let A be a positive symmetric operator
and let q(@, V) = (@, AY) for v, € Dom(A). Then q is a closable quadratic
form and its closure q is the quadratic form of a unique self-adjoint operator
A. A is a positive extension of A, and the lower bound of its spectrum is the
lower bound of q. Further, A is the only self-adjoint extension of A whose
domain is contained in the form domain of q.

Remark: It is sufficient for A to be bounded from below.

1.4 Theory of irreducible representations

Definition 15 ([Rossl] definition 21.1). Let I" be a group. A map g — V(g),
where g € T and V (g) are unitary operators on a Hilbert space H, is called
unitary representation of I' if

V(g)V(g) =V(g-g)
V() =1 (1.3)

This representation is called irreducible if {0} and H are the only closed
subspaces of H that are invariant under the operators V(g) for all g € T.

13



Definition 16 ([Fou| chapter 2.1). IfV is a representation of T, its character
Xv s the complez-valued function on the group defined by

xv(g) =tr(V(g)). (1.4)

In particular xv(hgh™) = x(g).

Definition 17. Let I' be a locally compact group. Let V(I') be the set of
all continuous irreducible unitary representations V of I'. Let us factorize
this set by the equivalence defined by linear isometries of the representations.
This set will be denoted by I and we will call it the dual object of I'. Each
V el isa set of representation of I' equivalent to some fixed representation.

Definition 18 ([Rossl1| definition 24.1). For fived g € T', let g’ be the function
on I' such that

gV)=Vig) (1.5)

m(g9) =4 (1.6)

Let T' be the dual object of L. In the case of abelian groups , [ is called the
second character group of T'.

Theorem 4 ([Rossl| theorem 24.8). Let I' be a finite group. The mapping

T 15 a topological isomorphism of I into r.

Theorem 5 (Schur’s lemma, [Jung] theorem 3.6). Let V' be a unitary repre-
sentation of I' on 'H. Suppose that A : H — H is a bounded linear transfor-
mation. Then V' s irreducible if and only if

AV(g) =V(g9)A (L.7)
implies, that A = \I.

Theorem 6. Let I" be an Abelian group. Then every irreducible representa-
tion of I' on the Hilbert space H is one dimensional.

Proof. For every element of g € I', g acts on 'H and it is a homomorphism.
In case of Abelian group it is a homomorphism and it commutes with every
element of I'. Using the Schur’s lemma, g acts by multiple of identity. Every
subspace of H is invariant, so H must be one dimensional. Il

14



Therefore in case of Abelian groups, we can identify ' with the group of
all characters.

Theorem 7 (Gel'fand-Raikov, [Rossl]| theorem 22.12). Let I' be a locally
compact group. For every g € I' different from 1 there exists a continuous
irreducible unitary representation V- of I' such that V(g) # 1.

Theorem 8 ([Rossl] theorem 22.13). Every irreducible continuous represen-
tation V' of a compact group I' by unitary operators on a Hilbert space 'H is
finite-dimensional.

In the next few paragraphs we will focus on the definition of Haar measure
and some basic theorems about it:

Definition 19. A finitely additive measure \ (or simply a measure \) is a
nonnegative extended real-valued set function defined on a ring S of subsets
of a nonempty set' Y such that

e \0)=0
o MU Ax) = 21 M(Ag) if each Ay € S and the Ay’s are pairwise
disjoint.

If \ is a complex-valued set function satisfying the above properties, than A
1s called a complex measure.

Definition 20 ([Rossl] definition 11.28). Let I' be a group and X\ a measure
onI'. A subset A of I is said to be \-measurable if for every subset S of T,
the inequality

AS) > ASNA)+ASN (T —A))
18 valid.

Theorem 9 ([Rossl] theorem 11.29). Using the notation from the previous
definition, the family of all A-measurable subsets of I" is a o-algebra of subsets
of I' and the set function X\ is countably additive on the family of all A-
measurable subsets of I'.

Theorem 10 ([Rossl| p.193). Let I' be a group. There exists a nonnegative,
extended real-valued set function defined for all subsets of I, and it is a
measure on the o-algebra of all A-measurable subsets of I'. The set function
has the following properties:

e 0 < A(U) for all nonempty sets U,

15



e \(U) < 0o for some open set U,
e \NgU)=XNU) forallU CT and g € ' (X is left invariant).

A is called the left invariant Haar measure on T (similarly for right invariant
Haar measure).

Definition 21 ([Rossl] definition 11.1). Let Y be a topological space and O
s the family of all open subsets of Y, then the family of Borel sets in'Y is
defined as the smallest o-algebra of sets containing O.

Theorem 11 (Uniquness of Haar measure, [Rossl| p. 126). Let S denote
the family of Borel sets in I'. Let v be any measure on S such that:

(

(
u(gB) = u(B) for all B€ S and g €T,

< oo if F'is compact,

(F)
w(U) >0 for some open set U,

e for every open set U, u(U) = sup {u(F)|F is compact and F C V'},
o forall Ae S, u(A) =inf{u(V)|V is open and VO A}.

Then if X\ is any left Haar measure, then there is a positive number ¢ such

that (B) = cA\(B) for all B€ S.

For simplicity, we will denote the Haar measure by dg, even thought this
notation is little bit inexact.

Definition 22. Let dg be the left invariant Haar measure. Left reqular rep-
resentation of the group T is the unitary representation acting on L*(T, dg)
in the following way:

R(g)f(h) = f(g~".x), forVgeT.

Remark 1. In case of left invariant Haar measure R(g) is an unitary rep-
resentation of T' on the Hilbert space L*(T', dg).

1.5 Fubini theorem

Theorem 12 (Fubini). Let (X,S,u) and (Y,7T,\) be spaces with o— finite
measures and let f be T x S-measurable function on X XY . Then if 0 < f <
oo and if

o@) = [ fodr, )= [ fy du.

16



then ¢ (resp. V) is S-measurable (resp. T -measurable) and

/x¢dM:/Xnyd(“X/\):/Y¢d>‘- (1.8)

If f is a complex function and
[ 6" du < oo, where ¢7(x) = [ |f]. dx,
b's Y

then f € LM(X xY).

Assume that f € LY(X xY). Then up to zero measure set for all z € X,
fe € LYY) and up to zero measure set for ally € Y, f, € LY(X). The
functions ¢ and 1) are defined almost everywhere, they are from L*(X), L*(Y)
respectively and the equation (1.8) is valid.

17



Chapter 2

Direct integral of Hilbert
spaces

First of all we will give a basic definitions concerning the operator algebras
and then discuss the existence of direct integral and its properties.

2.1 Selfadjoint and *-algebras

Definition 23 ([Bra] p. 19). Let V be a vector space over C, the space V
s called the algebra if it is equipped with the multiplication, the multiplica-
tion must be associative and distributive. The algebra is called comumtative
(abelian), if the product is commutative. A mapping * is called the adjoint
operation of A € V if it has the following properties:
A** — A
(AB)* = B*A"

(A + BB)* = aA*+ BB,
where a, 3 € C. An algebra with adjoint operation is called a *-algebra.
Subset W of the algebra is called selfadjoint, if A € W implies that A* € W.

The algebra is normed if there exists a norm ||.|| satisfying the property:
IAB|| < || A[l[|B]]- (2.1)

An Algebra complete under such norm is called a Banach algebra, moreover
if ||A|l = ||A*]|, then we speak about Banach *-algebra.
A Banach *-algebra which satisfies

[ AA™] = [|A]1%, (22)
forVA €V s called C*-algebra.

18



2.2 Direct integral with respect to a weakly
closed commutative self-adjoint algebra

In the following, H will denote a Hilbert space:

Definition 24. Let P be a weakly closed commutative self-adjoint algebra of
bounded operators , then P’ is a weakly closed self-adjoint algebra of bounded
operators which commutes with every element of P.

Definition 25 ([Maul], paragraph 1). Let s(y) be a distribution of a variable
y (a non-decreasing right-semicontinuous bounded real valued function), for
y €Y, H, be a Hilbert space (finite or infinite dimensional). Suppose that
for each y € Y the Hilbert space H, of finite or infinite dimension k(y) is
given such that k(y) is a s-measurable function of y. We call two function
equivalent if they differ on a set of measure zero. The Hilbert space 'H of
all equivalence classes of complex valued s-measurable functions f,(y), n =
1,2,...,k(y) for which the Lesbeque-Stieltjes integral [, ZfL(:yi |fn(y)]? ds(y)
is finite, is the generalized direct integral of the space 'H, with respect to the
weight function s(y). We write

Hz/y?'{y ds(y).

To every f € 'H corresponds a vector valued function f, € H, and we denote
it by f = [y fy ds(y). Furthermore one has for any two elements f, f' € H

) = [ U B, ds().

An operator defined on 'H is called decomposable, if it is possible to write it
in the form

Af:/yAyfy ds(y), forVf € H. (2.3)

Such A will be denoted by A = [, A, ds(y).

Because a change of A, on an arbitrary set of s-measure zero will not
change A, A corresponds to a class of operator valued functions A,.

Theorem 13. Let A, B be two decomposable operators, A = [, A, dy, B =
Iy By dy. Then

A+B = /Y(Ay+By) dy

aA = /Y(aAy) dy
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In the next chapters we will deal with the decomposition of a Hilbert
space with respect to a weakly closed commutative self-adjoint algebra, later
with respect to the center (special case of decomposition with respect to a
weakly closed commutative self-adjoint algebra). In the following, some of
the main results are recalled:

Theorem 14 ([Maul] paragraph 3, (more details in [Neul] theorem IV)). Let
P be a weakly closed commutative self-adjoint algebra of bounded operators
defined on 'H, then there exists a direct integral H = [y H, dy, which is up
to equivalence uniquely defined by the requirement, that P consists of those
operators, which are decomposable by H = ['H, dy in the following way: for
BeP,

Bf = [ bf, dy.vf €M,

where by, 1s essentially bounded y-measurable complex function.

Theorem 15 ([Neul| theorem V). Let H = [y H, dy is formed with respect
to P. Then a bounded operator A is decomposable if and only if A € P', i.e
AB = BA for all B € P.

Similarities with the decomposition for abelian groups and for general
locally compact group is explained by the following theorems:

Theorem 16 ([Maul] theorem 1.2). Let F be any self-adjoint family of
bounded operators in a separable Hilbert space H. Form with respect to any
weakly closed commutative self-adjoint subalgebra P of F' the direct integral
H = [y 'H, dy. Choose for every A € F' any one representative A, from the
class of operator valued functions into which A decomposes and denote the
family of operators thus obtained in H, by F,. Then whatever the choice of
representatives, almost all the H, will be irreducible under F, if and only if
P is a maximal commutative self-adjoint subalgebra of F”.

Remark 2. In case of discrete group it means that R,(.) can be taken in
such way, that it is the representation of I'. Wy, will denote the weakly closed
algebra generated by the operators R,(g) for varying g € I.

In case of discrete groups, we can summarize that if W is the weakly closed
algebra generated by R(g) then we can decompose L*(T') as in theorem 16.
Further R,(g), g € I' form the irreducible unitary representation in H, up
to a zero measure set. This decomposition may be composed from infinite
dimensional Hilbert spaces and in case of free group with two generators
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almost all the Hilbert space obtained from the above decomposition will be
infinite dimensional ([Maul], p.16).

The following example illustrates the decomposition discussed in the the-
orem 16:

Example: Symmetric group S

To illustrate the previous chapter, we use the symmetric group Ss, it’s ele-
ments we will represented by the matrixes 3 x 3:

1 0 0 0 1 o0 0 0 1
1=1{ o 0 a = 1 0 0 b= 10
o o 1 )’ o o 1)’ 1 o o )’
1 0
C = 0 1 e =
0 o )’ 0 1 0

Then the elements of regular representation in the above basis are:

-
o

oo
o =0
v
7N\
=OoOOo
or
=]
o o
o =
v

1 0 0 O O o0 0 1 0 0O 0 O
0 1 0 0 0 o0 1 0 0 O 0 o
0o o0 1 0 0 O 0O o0 o0 o 1 O
R(1) = ,R(a) = :
0 o0 o0 1 0 O 0 o0 o0 o o0 1
0O o0 o o0 1 O 0O o0 1 0 0 O
0 o0 o o0 o0 1 0O o0 o0 1 0 O
0o 0 1 0 0 O o o0 o 1 0 O0
o o0 o o o0 1 o o0 o o 1 o0
1 0 0 O 0 o0 o o0 o o o0 1
R(b) = ,R(c) = ,
0o o0 o o 1 o 1 0 0 O O O
0o o0 o 1 0 O o 1 0 0 0 O
0 1 0 0 0 O o o0 1 o0 0 O
0o o0 o0 o o0 1 o o0 o o 1 o0
0 0 1 0 0 O o o0 o 1 0 O
0O o0 o0 1 0 O o 1 0 0 0 O
R(d) = ,R(e) =
0 1 0 0 0 o0 o o0 1 0 0 O
1 0 0 O O o0 o o0 o0 o0 o0 1
0 o0 o o0 1 O 1 0 0 O 0 O

R(g), g € Ss, generates the algebra W. This algebra can be decomposed
to irreducible representations using the new basis. The transition matrix
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between the bases is
16
16
1/3v3
0
0

1/3v3

—1/3V3

1 1
sV6 $V6
1 1
—-5vV6 —%V6
1 1
—-sV3 —3V3
1 1
2 2
1 1
2 2
1 1
V3 V3

Then the representation in the new base is

] ., R(a)=

1

0o 1
R(1) 0
o 0 0
0 o
0 o
1 0 0 0
0 -1 0 0
1 V3
Rib o 0 -3 T
(): V3 1
o 0 - 2
0 o 0 0
0 o 0 0
1 0 o0 0
0o 1 o0 0
1 NE)
R(d o 0 -3 -5
(): V3 1
o 0 5 -3
0 0 o 0
0 0 o 0

0

0
0

1

0
0
0

0

o o o

“‘Hm‘ﬂo o o
w © ©o ©o o o

(=]

o

s

D=

, R(e)

0

0

o o o o o

o

|

N‘S Wl
0o

o

o

m‘ﬂ ol
w

o o o o

m‘a )

D=

We made a decomposition of L?(S3) with respect to a maximal commu-
tative self-adjoint subalgebra of W’. The decomposition can be written in

the form

L*(S3) = S5 = span[( % i i )] ® span[(

-

1 1 2 1
SpCL’I’L[ —12 —12 _42 ’ B

1

1

—1

0

i 1@ spani(

in the matrix representation used on the beginning of the section.

—1

0

-2
-2

-2
-2
-2

-1
-1
-2

Jo

2.2.1 Decomposition with respect to the center

0
0
0

)]

So far, we have defined a direct integral with respect to a weakly closed
self-adjoint commutative algebra P and summarize the properties of such
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decomposition in case when P is maximal such subalgebra of bounded op-
erators. In the following, we have a self-adjoint weakly closed algebra W of
bounded operators defined on a Hilbert space L?(T") generated by R(g) and
we do the decomposition of L?(T") with respect to its center Z, it means with
respect to the maximal self-adjoint weakly closed subalgebra of W which
commutes with every element of W (so Z is commutative weakly closed sub-
algebra of bounded operator and we can form the direct integral with respect
of 7).

Because W C Z', every operator in W is decomposable. If we are dealing
with a finite dimensional space H and a self-adjoint algebra of operators in
it then the component spaces, which one obtains by the decomposition with
respect to its center need not be irreducible, but they correspond to blocks of
equivalent irreducible representations, i.e. each of these components obtained
from the decomposition with respect to Z is a direct sum of irreducible
spaces which transform equivalently. In case of infinite Hilbert space the
situation is more complicated, the representation thus obtained need not be
irreducible, even they do not generally correspond to the blocs of irreducible
representation. But in case of discrete groups, the generalized trace can be
defined on the spaces W, the generalize Fourier-Stieltjes transform can be
defined on such spaces and the generalized Peter-Weyl Plancherel theorem
holds (see chapter 3).

2.3 Generalized trace for discrete groups

Theorem 17. IfT" is a locally compact discrete group, Then the weakly closed
self adjoint algebra W generated by R(g), g € T is the algebra of all bounded
operators in L2(T') consisting of ezactly those operators A which are defined
by a function a(g) € L*(T') such that

A:x(h) — Za(g)x(g’lh) (2.4)

r

and which are bounded. Furthermore we can define a trace on the algebra W :
tr[A] = a(1), (2.5)
where 1 is the identity on T'.

As it was mentioned in the previous chapter, L?(T") can be decomposed
with respect to the center Z. W thus decomposes to the algebras W,. The
trace of W, can be defined in the following way: Let e; € L?(T') such that
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e1(g) = d15. Then e; = [y ey, dy. If A € W then A = [, A, dy. Then the
trace on W, can be defined by

try[Ay] = (Ayery, e1y)n,- (2.6)
This trace satisfies the following properties:

e let A be a bounded operator, then for almost all y € Y, tr,[A,] is finite,

try[A, + By| = try[A,] + tr,[B,],
° try[AyAZ] > 0, because try[AyAZ] = <AyAZ€1,y7€Ly> = ||AZeLy|| >0,

try[Ay] = tr, [AZ] ;

d try[AyBy] = try[ByAyL
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Chapter 3

Generalized Fourier-Stieltjes
transformation

3.1 Fourier-Stieltjes transformation for local-
ly compact abelian groups

Throughout this section I' will be a locally compact abelian group.

3.1.1 Normalization of Haar measures to Plancherel
measure

Definition 26 ([Rossl], definition 23.23). Let I be a locally compact abelian
group with the character group L. For an arbitrary nonempty subset F' of T,
let A(F T) be the subset of T' consisting of all x such that x(F) = {1}. The
set A(F ') is called the annihilator of F in I.

In the following paragraph, we will briefly summarize the facts necessary
for the normalization of the measures on the group and on its dual ([Ross2],
p.208): Every locally compact abelian group I' is in the form R™ x F', where n
is a nonnegative integer and F' is locally compact abelian group that contains
a compact open subgroup J. If F' is compact, we take J = F', otherwise
we choose J arbitrary. Let F be the dual group to F. Let A(F,J) is the
annihilator, then A(F',.J) is a compact subset of . Moreover, we can identify
[ with R* x F. The following Plancherel’s theorem is valid for the Haar
measure chosen as follows: let p be the necessarily unique Haar measure
on the subgroup F such that p(J) = 1 and the measure on A is such that
fi(A) = 1. Let pu™ be the Lesbegue measure on R". Every Haar measure on
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I' is in the form
A= c(2m) 2, X p, (3.1)

where c is a positive number. The measure on ' will then be in the form

|
A= —(2m) ", X fi. (3.2)
C

3.1.2 Fourier-Stieltjes transformation

Definition 27 ([Rossl] theorem 14.4). Let Cy(I") be the set of complex valued
functions on I' such that Ve there exists a compact subset F' on ', such that

|f(z)] <e,Vxe (X —F). (3.3)
Let C5(I') be the set of all bounded linear functionals defined on Co(I'). Then

to every ¢ € C§(T") there exists a complex valued measure p defined on the
o-algebra M,, of subsets of I" containing the Borel sets in I' such that

o(f) = [ f du for all f € Co(). (3.4)

The set of all this measures will be denoted by M(T).

Definition 28 ([Rossl] definition 31.2). For a complex measure p € M(T'),
let f1 be the complex-valued function on I' such that

MMIAXW@- (3.5)

Then [i is called the Fourier-Stieltjes transform of pu. If f € [il(F), so that
du = f dg, where dg is the normalized Haar measure, than f is called the
Fourier transform of the function f, where f is determinated by the equation

fdx =1 dg,
and dy is the normalized measure corresponding to dg.

Definition 29. For a measure p in M(f), let i the complez-valued function
on I' such that i(g) = [+ x(g) du. Then this function is called the inverse
Fourier-Stieljes transformation of . If f € LYT), so that du = [ f dy,
than f is called the inverse Fourier transform of the function f.

Theorem 18 (Plancherel, [Rossl] theorem 31.18). The Fourier transfor-
mation is a linear isometry of L*(T) onto L2(T'), and the inverse Fourier
transformation is a linear isometry of L*(I') onto L2(T). These two trans-
formations are inverse to each other.
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3.2 Fourier-Stieltjes transformation for locally
compact groups

In case of non-abelian locally compact groups, the situation is more compli-
cated and the construction and the proofs of all the theorems are based on von
Neumann work and his generalized direct integral. For simplicity we suppose
that the group is locally compact with two-side invariant Haar-measure.
Let W denote the weakly closed self-adjoint algebra of bounded operators
on L?(T") generated by the operators R(g), g € T (left regular representation).
Let Z be the center of W (Z = W/NW, Z maximal commutative subalgebra).
Let L?(T") be the direct integral of the spaces H,, y € Y with respect to Z:

LA(T) = /Y M, dy.
Definition 30 (Generalized Fourier transform, [Mau3] p. 371). Let f(g) €
L3(T) satisfying
flg)=Flg™). (3.6)
Then f(g) determinates an operator F'f : L*(T', dg) — L*(T', dg) by means
of convolution with the function f € L*(T):

F(h(g) = [ flo)h(g™g) dg.

F'f is defined on certain dense subspace of L*(T') and there exists a self
adjoint extension of this operator denoted by Ff. Ff is called a Fourier-
Stieltjes transformation of f. A general f € L*(T') can be written as f(g) =
a(g)+1b(g), where a, b satisfies the condition (3.6). Let Fa, F'b be the Fourier-
Stieltjes transformation of a,b, then the Fourier-Stieltjes transform of f is

defined by
Ff=Fa+iFb

and 1t can be shown, that F'f is decomposable by the direct integral and F, f
is densely defined operator on 'H, for almost everyy € Y.

Let us remark that in case of function, where the following has a good
sense, the above definition reformulates

Fyf = [ £(9)R,(9) dg,
where R,(g) is the decomposition of the left regular representation on the I':

Ry(9)f(9") = flg~"9),
where f € L*(T).
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Theorem 19 ([Mau3] p. 373). On the algebra W, there exists a relative
trace try. For a fizxedy € Y, try is a complez-valued linear functional defined
on certain linear subset of W,,. Taking the fized normalization of tr, for each
y, then the measure on Y can be taken in such way, that the generalized

Peter-Weyl Plancherel theorem holds:

| 1@ felo) dg = [ tr|FAF; ] dy, (37)

for fi(g) € L*(T), for j = 1,2. Though try[F,fiF} f,] has a meaning for
almost every y.

Let Ay, B, be those operator in W, such that the tr,[A,A’] exists for
almost every y and such that [y (tr,[4,A;]) dy exists and is finite. These
operators with the scalar product defined by

/Y(try [AyB;]) dy

form a incomplete space X with scalar product.
Using the previous notation one obtains

<f1, f2>L2(F) = <Ff1> Ff2>X-

Let us remark that the Fourier-Stieltjes transformation is an injection,
because it is a linear isomorphism.

The following theorem completes the proof, that the generalized Fourier-
Stieltjes transform is a bijection, so that there exists an inverse Fourier-
Stieltjes transform which preserves the scalar product.

Theorem 20 ([Mau3| p. 380). The Fourier-Stieltjes transform maps L*(T)
on the completion of X.

We can conclude, that there exists the inverse Fourier-Stieltjes transform
F* = F~! which maps the completion of X (X) onto L*(T', dg) and it pre-
serves the norm.

Because F is the unitary operator mapping L?(I') — X, one can ask,
how the inverse Fourier-Stieljes transformation F™* looks like. This question
will be partly answered in the chapter 4 for a special type of locally compact
groups.
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Chapter 4

Generalized Bloch analysis and
Schwartz kernel theorem

4.1 Preliminary

Definition 31 ([Jung| p. 17). Let V, V' be representations of " in H resp.
H'. An interwinning operator is a bounded linear map A : H — H' such that

AV (g) =V'(g)A,Vg € T. (4.1)

The set of all interwinning operators is denoted by Homp(V,V'). Homp(V, V")
is a linear space, if V.="V" then Homp(V, V") is an algebra.

Definition 32 ([Jung], p. 20). A representation V of I' is called a factor
representation, if the center of Homp(V, V') consists purely of multiples of the
identity, i.e. Z(Homp(V,V)) ={A1}, Ae C.

Definition 33. A factor representation is called Type I if it contains an
irreducible subrepresentation. A group T is called Type I when all its factor
representations are Type I.

Remark 3. o [fI' is compact then I" is Type I.

If T locally compact and abelian then I" is Type I.

If T is semi-simple Lie group then I' is Type I

Let ' be a countably infinite discrete group, then I' is Type I if and only
if there exists T" C T, TV abelian and normal such that T'/T" is finite
([Tho] Satz 6).

If T is connected and nilpotent then I' is Type I.

29



e The Free group with two generators is not Type I.

Theorem 21 ([Spr]). Let T be a locally compact separable group of Type I.
Let R(g), g € T be the regular representation generating the weakly closed
algebra W. Then the decomposition with respect to the center Z of W
decomposes L*(I') to a direct integral of Hilbert space L), y € Y. Then
R(g) = Jy Ry(g9) dy and R,(g) corresponds to the blocs of equivalent irre-
ducible representations Ay,(g).

Remark 4. The assumtion that the group is of Type I assures that the de-
composition with respect to the center will have the same properties as in the
case of finite groups, discussed at the end of chapter 2.

Theorem 22 ([Tho| Kollorar 1.). IfT' is discrete, separable group of Type I,
then all irreducible representations are finite dimensional and the dimensions
are uniformly bounded. For everyy € Y, tr, is defined in the ordinary way,
as the norm on the space of Hilbert-Schmidt operators.

Remark 5. In case of group of Type I, Y corresponds to the dual object G,
but still the letter Y will be used in the following.

Also in this case L*(I") can be decomposed to £),. L], further decomposes
to a direct integral of Hilbert spaces £, which are all mutually equivalent,
and also R,(g) decomposes to irreducible equivalent representations A,(g)
acting on L.

To clarify the construction let us repeat it in the previous notation

LXT)= | L, dy

Y/

with respect to the center of W. L] = @F_, £,. One can identify L, with
the Hilber space Zy(L,) formed by Hilbert-Schmidt operators on £,. Let F,
be the Fourier-Stieltjes transformation of L*(T') — Zy(L,) defined similarly
as in the previous chapter. Then the Peter-Weyl Plancherel theorem holds:

Theorem 23. Let I' be a locally compact separable group of Type I. Then
there exists a unique positive measure dy on Y satisfying the condition

L@ dg= [ tr,[F,f(F, )] dy. (42

where I, f is the Fourier-Stieltjes transform of f. Further F' is a unitary
operator L*(T') — [, Zo(L,) dy.
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Example: Symmetric group 53

As it is well known, in the case of a finite group, the left regular representa-
tion decomposes to irreducible representations, its multiplicity is equal to its
dimension. As it was shown,the left regular representation of S5 decomposes
to two one dimensional representations and one two dimensional representa-
tion with multiplicity two. If we normalize the Haar measure on S3 in such
way, that the measure of I' is equal to one, then the Plancherel measure of

one point set {y} is equal to the dimension of the Hilbert space divided by

the number of the elements of the group, i.e. dy = dlmH".

In this case: Y={1,2,3}, dimH; = 1, dimH, = 1, dlmH3 = 2. Just for
illustration, let us discribe how Aj looks like:

-3 $wn=( ) - ( % F)

-1 3 -1 =3 ;15\/5
M@Z(33§>JM®=<% i)#ﬁ@:<j§3>-@@

2 2 2

2 2
Then using the orthonormal base e (g) = d(g, h),
Fyeh — Z eh(g )

gES3

then for all g € S5 it holds true:

~—
=
<
—~
o)

1 1 1

try| A(g)] =1=+1=42- =1=|leg|? (4.5)
y%g ol 6 6 3 I

so the Peter-Weyl Plancherel theorem holds.

4.1.1 Inverse Fourier-Stieljes transformation

Theorem 24. Let I’ be the Fourier-Stieljes trasformation with the same
notation as in the previous paragraph. Let A € [, To(L,) dy, then

FiA= /Y tr,[A, (g)* A,] dy. (4.6)
Proof. Let {ep}ner be the orthonormal base defined by ej,(g) = 5. Then
FyFlen) = [ tr,[A(0)"(Fyen)] dy =
/mA Y'([ en(g)A,(g) dg)] dy
—/try y(h)] dy—/try (Fyeqg) Fyen) dy
= (eg, €n) = dgn = en(9).
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Thus F* is the inverse Fourier-Stieljes transformation of F'. m

Let M be a connected and locally linearly connected manifold, 7w (M) =T
the fundamental group of M, M the universal covering space of M and D a
fundamental domain of M. It is well known, that the fundamental group is
discrete and at most countable group ([Lee]). We further suppose that I' is
of Type I.

Let ‘H, be the space of R,-equivariant functions defined on M with values
in the Hilbert-Schmidt operators on £,, it means

H, ={4,: M — I5(Ly),
such that R,(g)[A,(x)] = Ay(9)Ay(x) = Ay(g.x),Vg € T

/M try[Ay(z)A; ()] dp < oo}

4.2 (Generalized Bloch analysis

Before the main theorem of generalized Bloch analysis, let us introduce sev-
eral lemmas and definitions:

Definition 34. Let L, be a Hilbert space, then L} is the space of continues
antilinear fuctionals defined on L,.

The Riesz lemma claims that there exists a conjugate linear isometric
bijection p such that

piLy — Lyu— by, ¢u(v) = (u,v). (4.7)

So L} is the Hilbert space with the scalar product given by

(¢1, ¢2>L; = (p~ " o, Pfl¢1>ﬁy~ (4.8)

Definition 35. Let Hq, Hs be two Hilbert spaces, then by H, ® Hs we denote
the Hilbert spanned by vectors ¢1 @ ¢o, where ¢p1 € Hy, ¢o € Hy. The scalar

product is given by ($1® d2, ¢ @ Ph)r,01, = (D1, 91)m, (P2, Do) m,- Such space
will be preHilbert. Hy ® Hay denotes the closure of such space.

Lemma 1. Let Zy(L,) be the space of Hilbert-Schmidt operators defined on
the Hilbert space L,. Then Iy(L,) = L; @ L,.
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Proof. There exists ¥ : L ® L, — Z5(L,) and it is an unitary operator. Let
¢ € L;,u € L,, we define ¥ by:

V(o1 @ u)v = ¢1(v)u. (4.9)

e U is an isometry:

(T @ ur, Voo @ ua)zy(2,) = O _(W(¢h1 ® ur)vy, (Voo ® us)vy) ez, ,

n

where {v,, }nen is an orthonormal basis of £,. Then

D (T (thr @ ur)vn, (P @ ug)vn) g,
= Z ¢1(vn)P2(vn) (U1, U2>£y
Z ¢1’Un 1¢2,vn><u1,u2> = <¢1,¢2>L;<U1,u2>£y

n

= (1 ® u1, $2 @ Us)rzer, -

e U is onto: Because ¥ is an isometry, RanV is closed. Let A € Z5(L,),
AlV(p@u) Vo e Ly, ue L,

0="> (Av,, ¥ (¢ @ u)vn)z, = > _(Avy, ¢(vn)u). (4.10)

n n

Let ¢ = p(vx), u = v;. Then Vk,j the sum reduces to (Avg,v;) =0
and it implies that Vk

Av,, = 0.
Because span{v }, is dense in £,,, A =0 and ¥ is onto.
Thus ¥ is an unitary operator and we can identify
L(L,) =L, 0L, (4.11)
O

Lemma 2. Let A € B(L,), B € Iy(L,) such that B = ¢ ® v (using the
notation from the previous lemma). Let Ly : Iy(L,) — Io(L,) defined by
LA[B] = AB. Then

AB = ¢ ® (Av), (4.12)
so L can be written in the form

Li=1®A. (4.13)
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Proof. The proof follows directly from the previous lemma.

Using the previous two lemmas, H, can be decompose to

H, =L ®H,,

where ﬂy are A,-equivariant functions with values in £,, it means:
H, = {v, : M — L,, such that A,(g)v,(z) = v,(g.x),Vg €T,
J @), du < o0}

(4.14)

(4.15)

Let us describe some properties of f € L2(M), where M is the universal
covering space of M with the fundamental group I'. Locally the fibration

7 : M — M is trivial, it means 7~ }(U) = U x I.

o M = Ugeym '(z), where 7 is the projection from the definition 7.

Then the Fubini theorem implies that
e = [ WP an=[ [ 1@ dg dp
and for almost all z € M
fla=1@) € L*(n 7 (x)).
o If f.(9) = f(g~'.x) then f, € L*(T).
e Let L;, be the left action of T on M:
Lyx = h.x.
Then Lj : L*(M) — L?(M) is defined by
Ly f(x) = f(h.x).

Theorem 25. Let M, M, T, R,(g) is defined as above. Let

Hy ={Ay: M — Ir(Ly),
such that Ry(g)[A,(z)] = Ay(9)Ay(z) = Ay(g.x), Vg €T

/M try[ Ay (2) A%(2)] dp < oo}
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Let ® : L2 (M) — [yH, dy be defined by

D, f(x) = Fyfa, (4.20)
where F, is the Fourier-Stieljes transformation in y. Then for f € C'SO(M)
z) = flg7 2)A(9)- (4.21)

T

Further ® is a well defined unitary operator.

Proof. The proof of this theorem will be done in several steps:

Let f € C°(M), then the sum in 4.21 is finite because the action of T
on M is properly discontinuous. Then the definition of the Fourier-Stieltjes
transformation gives directly the relation (4.21).

o Let f € L*(M), then ®,f € H,:

Fy(LZfa:) = Ay_l(h)Fyfz

and
(I)yf(g-x> = Fyfg.x = Fy(L;—lfx> = Ay(g)Fyfx = Ay(g>q)yf(x)' (4'22>

e ® is an isometry:

Lo i dy= [ [ @)@, dn dy

= [, JVE Sl e, dy di = / L I£)I dg

- / / (@)1 dp = 11172 (4.23)

o ® is surjective: Because ® is a bounded operator and L?(M) is closed,
Ran® is closed. Let A € [, H, dy, A = [}, A, dy, ALRan®. We will
prove that A = 0:

0= [ {4y @, f)r, dy,¥f € L2(30),
[ (Ay(@). @, f (@), dy
= [ [ A@), Fufodzie,) dy dp (4.24)
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Because the generalized Fourier-Stieljes transformation is a unitary op-
erator between L*(T') and [y Z»(L,) dy, for almost all 2 € M, there
exists a, € L*(T") such that F,a, = A,(z). Then

| AS@) By fo)zaie,) dy dp= [ (o, £2) oy dpe =0,
Let U C M, U open such that
7 (U)=U xT. (4.25)

Let f € L*(M) such that suppf € 7~ (U) and f(z) = fi(u)f2(g),
weUgeTl, f e CU), f € LAT), x = (u,g). Then

0= [ Alwaws, 2w du, (4.26)

and it implies that for almost all uw € U and g € I, (a(y,g), f2) = 0 and
SO A(y,g)(h) = 0 for all h € I'. Because M can be covered by countably
many open sets U, such that (4.25) is valid, a,(g) = 0 for almost all
x € M and all g € T. Then for almost all z € M, A,(x) = 0 and so
A=0.

O
Definition 36. Let g be a metric tensor. Then Laplace-Beltrami operator is

defined by

1 .
ALB = % lgz‘]\/ga] (427)
Remark 6. (—Ayp) is positive operator on C3°(M).

Remark 7. Let ¢ € C°(M), ® from the previous theorem, O, € H, and
Dy =Y er (g~ x)Ay(g) and the sum is finite. We can define (—App),
on the dense subset of H, by the relation

(—ALB)y‘I)y€0($) = (I)y(_ALB)@(l’)- (4.28)

o (—App), is a symmetric operator:

<(—ALB) Dy (), Pytha())n,
= (3 (—Ap)y Lyt (x 21/12 L)y (9))n,

= ZFIXF: Ly (=Arp)t (@29 ) (Ay (), Ay (9))a(e,)

)



where D C M is a fundamental domain and

e(99'™") = (Ay(9), Ay(9)) i,y = (Ay(9""9), Dzo(e,)-
Then

> Z/ ALB)@El(:B)L;/—lng(i)tp(g,_lg) dp

—1
gel g'el -D

=Y [ (Awh@Liva()elh) da

g€l hel
_Z/ (=ALp)U1(x) Lyta(x)p(h) du
=3 [ @) (~Arm) Lia(@)e(h) du
=3 [ B -Dus)a()oh) d

= (P y¥1, (_ALB)y®y¢2>Hy. (4.29)

o (=App) is positive operator: Let 1) € C5°(M) such that its support is
in D. The functions ®i are dense in 'H,. Then

<(I)y1/)7 (_ALB)(I)yw>Hy
= [ B@)(=A)e@) A, (1), A Dz, 2 0. (430)

Theorem 26. Let H = —App + V(x) is a Hamiltonian with a T'-invariant
potential acting on L*(M). Then H decomposes under ®:

O H* :/ H, dy, (4.31)
Y

where H, = (—App), + V(x) is formally the same operator acting on H,.

Proof. Let @(z) € C2(M), w.(g) = w(g " .x), ¢, € L*(I") for almost all z.
Let {en} be the orthonormal basis of L*(T'), ex(g) = dp,. Then

Z 90 o €h
hel
=Y p(h.x)Fey. (4.32)
heT
Further
q)yﬁp( Fyo, = Z o(h™.x)F, yEh = Z Ly _1o( )Fyeh. (4.33)
hel hel
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The sum in (4.33) is finite, uniformally for z € U ¢ U € M.
Ay is I' invariant, so

ALBLZ = LZALB (4.34)
Moreover

(_ALB)y(I)yf = (_ALB)y Z LZ*lf(x)Fyeh

=Y (=Arp)Lj-1 f(x)Fyen
=Y Li(=App) () Fyen = Py (—ALp f(2)), (4.35)

hel

because (—Aprp), acts in the variable z and for f € Cg°(M), the sum is
finite.

(—ApLp), is the operator defined as in the previous chapter and there
exists selfadjoint extension of this operator (see Theorem 3).

V(z) is I' invariant, so VL; = L;V. V(x) is a bounded operator and
similarly as in the previous case, ®V®* = [}, V,, dy, where V}, is the formally
the same operator acting on H,,. [

Then also U(t) = exp(—%H t) is decomposable under the direct integral
and ®U(t)®* = [, Uy,(t) dy. U, is the propagator corresponding to H, for
almost all y.

4.3 The Schwartz kernel theorem

Theorem 27 (Schwartz kernel theorem, [Hor]). Let K € D'(X; x X3). Then
by the equation

(Ko, ¥) = K(¥ @ ¢),¢ € C°(X1), ¢ € C°(Xa), (4.36)

is defined a linear map K : C§°(X2) — D'(X1) which is continuous in the
sense that K¢; — 0 in D'(Xy) if ¢; — 0 in C§°(Xy). Conversely, to every
such linear map K there is one and only one distribution K such that (4.36)
is valid. One calls K the kernel of K.

For the existence of the kernel for the propagator defined on LQ(M , du)we
use the following reformulation of the Schwartz kernel theorem:

Theorem 28. Let B € B(LQ(]\_Z, dp)), then there exists one and only one
B € D'(M x M) such that B(¢1 @ ¢pa) = (p1, Bda) for Yo, da € C5(M).

Moreover the map B — (3 is an injection.
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Proof. The proof follows directly from the fact, that B restricted to Cgo(]\:4 )
is continuous as the function B : Cg°(M) — L*(M, dp). Because C§°(M)
is dense in L*(M,dp) and I : L*(M,du) — D'(M), where I is the identity

map, is continuous, B : C§°(M) — D’'(M) is continuous and there exists
unique ( from the previous theorem satisfying the above equation. O

Distribution §(z — y) is the kernel for the identity perator I:

0z = y)(d1(7) ® da(y)) = (1, P2) = /M ¢1(2)Po(x) dp(x).  (4.37)

To obtain the kernel in case of U,(t), we use the following mapping ®:

d,: L*(M)® L, —H,: P, = Y L @A), (4.38)

gel
where
H, = {v,: M — L,, such that A,(g)v,(z) = v,(g.x),Vg € T,
[ @)z, du <o} (4.39)
The generalized kernel for U, (t) would be
K{(z,2) € D'(M x M) ® B(L,) (4.40)
defined by
(ur, (K7 (x, 2), 1 (2)a(2)uz)z, = (@ (Y1 ® w1), Uy (1) @y (102 @ uz))yy, (4.41)
where QU (£)0* = [, U, (t) = [y L ® U, (t).

Let {uf }nen, {#Y}nen be mutually dual orthonormal basis of £,,L; re-
spectively. Then if A € H,, then A(x) =3, ¢ @ A(z)ul, = 32, ¢ @ AY ()
and AY € H,. Then if f € C5°(M) we have

O, f = b @ (0, f @ul). (4.42)

Then

(Ke(w, 2), ¥1(z)ta(2)) = (1, U(t))2)
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= (Depy, DU () D Dey) J My
_ <<I>w1,/yfy®l7'y(t) dy®iy) = L<¢y¢1afy®ﬁy(t>¢y¢2>ﬂy dy
= o By @), ot © Uy(0)8, (v @ ) dy
_ /Y ;(éywl ®ul, Uy (£)Dy1ho ® ulf) dy

_ /Y ;@z,(W(w),il(x)%(z))u%m dy

= [ Kl (@, 2), (@) dy. (4.43)
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Chapter 5

Schulman ansatz

Schulman ansatz gives a relation between two operators which are formally
the same, but are defined on two different Hilbert spaces. Let M be simply
connected and locally linearly connected Riemann manifold with [-invariant
Riemann metric. Let I' be at most countable discrete group acting freely on
M.' We also suppose that the action of I' is properly discontinuous. Let
M =T\M, then m (M) =T. Let us further suppose that I is of Type L.

One of the Hilbert spaces is the space of L2(M, du), H is a Hamiltonian
on L*(M) which is I-invariant®, U(t) is the corresponding propagator, it
means

U(t) = exp(—;LHt). (5.1)

U(t) is a bounded operator on L*(M) and it is possible to use the Schwartz
kernel theorem to find the kernel K;(x,y) of U(t). The second Hilbert spaces
is the space of A -equivariant functions with values in £, defined in the
previous chapter as 7-ly. Let H, be formally the same Hamiltonian on ﬂy,
U, (t) its propagator(see the previous chapter).

Remark 8. U(t), resp. U,(t) is in both cases unitary operator,{U(t)}, is
one parametric group with properties

Ut)U(s)= U(t+s),

ui)y— = U(-t),
U= 1. (5.2)

Tt means if g.x = 2 for some z, then g =identity in T.
2H is I-invariant Hamiltonian if LZ,IHL; =Hforallgel. If H=-Ap+V,
where V' is I'—invariant potential, then H is I'-invariant.
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Let K, resp. K/ be the kernel of operator U(t), resp. [L(t).
Formally in case of abelian groups, Schulmann ansatz proposes, that

K¥(z.2) = [ Mg™)EKilgr,2) dg. (5:)
It means that for o, € C3°(M)

(@9 (@), U(t)Pip(2))2e, :/FX(gfl)w(w),U(t)w(g-:c)m(m dg,

for almost all .
If I' is a locally compact group of Type I the Schulman ansatz reformulates

(KY(z,2),d1 (2 = Mg ) (Eilg.z, 2), v (2)12(2)). (5.4)

gel

5.1 Proof of the Schulman ansatz

Lemma 3. tr,[(K{(x,2),¥1(x)e(2))] € LYY, dy)

Proof. From the previous:

] [try [(KY (2, 2), 1 (2)ha ()]
= |<(I)y¢1al® Uy(t)¢y¢2>7{y| < ||®y¢1||Hy||®¢2||Hy' (5-5)

[ B2 2), @) dy < [ 19000, [ @0l dy

< ([ el ayi(] 1o, '
= 12w l1@wall = 1 paganleell oy < 000 (5.6)

O
Lemma 4. K/(g.x,z) = A(g)K{ (z, 2)
Proof.
(u, (KY (g2, 2), 91 ( J¥2(2))u2) e,
= (u1, (K{(z, 2), @/)1( “La)a(2))ug) e,
= (B, L 111 @ uy, (t)i) P2 @ u2)yy,
= (Dyhr @ Mg ur, Uy(£) Dty © )y,
= (Mg, (KY (2, 2), Y (2)ebn(2 ))U2>cy
= (w1, A(9)(KY (2, 2), ¥1(x)ha(2) Ju2) z, (5.7)
for Yy, uy € Ly, Vi1, € C3°(M). O
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Lemma 5. K(g) = (Ki(g7 .z, 2), 1 (2)(2)) € LAT, dg)

Proof. Let ¢ € C’é’o(M ), because the action of I' on M is properly discontin-
uous, then ¢ = 377, n;, where

supp(Lyn;) N suppn; = 0, (5.8)

for Vg € T', g # 1. Without lost of generality, we can suppose,that 1, satisfies
equation (5.8). Then

I Lgtorll 2y = Noall 2oy (5.9)

So {le Ly} ger is an orthonormal system in L?(M). Then

K(g) = (Ki(g "z, y), ¥1(2)iha(2)) = (Ki(w, 2), Liby (z)1a(2))
= Ly, U Y2) poary  (5.10)

and

DK@ = [lvall* Yo K mL*wl, U(t)ya)*

ger gel

< NPT @) all* = [l [2]* < oo, (5.11)

where we have used the Bessel inequality and the fact, that U(t) is an unitary
operator. OJ

Lemma 6. Let L(y) = (K} (z,2),¢1(x)a(2)). Then L € [y To(L,) dy.

Proof.

LW e,y =2 Xk: [{uj, (K7 (2, y), 1 (2)(2) Jur) 2, 1%, (5.12)

where {u;} is an arbitrary orthonormal base in £,. Then

L) 2o,y = ZZI 1 @ g, Uy () @ytin @ i) g

SY Y by il [0 0wl (5.19)
j k

Let 11 and 9 be such that

suppL;t; Nsuppey; = 0, g # 1. (5.14)
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Then
O, (v; @ u(x sz 2)A(g)u, (5.15)

but the sum is non zero only for at most one g € I'. Thus

19, (v ® w)(@)]1Z, = D [ilg-2)PIA(9)ullZ,,

gel

10,0 & ullly, = [ 3 [ilg) P ul2, du

gel

= [[9ill 2oy 112, - (5.16)
Then the inequality (5.13) leads to

L) 2, c,) < ZZH%H o 11 172 iy 1902 2 iy

= (dim £,)? H¢1|’L2(M)|W2HL2(M)- (5.17)

The assumption that I' is of Type I assures, that dimZ, is finite and it is
uniformally bounded for y € Y. Further the measure of Y is finite, so

IL|]? = /Y HL(y)H%Q(Ey) dy < const.measure of Y < oc. (5.18)
[

Equation (4.43) implies that
K(g) = (Kulg™'@,2), (o / try K972, 2), da(2)a(2)] dy

_ / try[A (g KY (2, 2), n (@) (2)] dy = Fr L.
We have thus prooved that
K(g) = F;L (5.19)

and because of the two previous lemmas, we can conclued that the Schulman
ansatz in our notation reformulates

L(y) = F,K. (5.20)
It means
(K (), ¥ (2 2;/\ g @, z), i (a)a(z)  (5.21)

for almost all y.
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Chapter 6

Aharonov-Bohm Effect with
two vortices

We consider a non-relativistic particle moving in the external gauge field
with the flux concentrated in two infinitely thin parallel solenoids. Outer
the solenoids the flux vanishes. Even though the particles do not pass
throw the field, they are influenced by this field. In the idealized setup,
the configuration space is M = R?* — {a,b} and the gauge field strength
F,., =0,A, —0,A,+[A,, A)] vanishes on M. All gauge fields A, with van-
ishing field strength on some configuration space M are in correspondence
with unitary representation A on the group I' = m (M, z).

For the computation of the kernel, we will use the universal covering space
M, F\M =M. ’Hy is the Hilbert space of A equivariante functions defined
on M.

The goal of this chapter is to prove the formula for the propagator on ﬂy
using the Schulman ansatz.

First of all, we must find the formula for the propagator on the universal
covering space M.

The Aharonov-Bohm Hamiltonian acts in L?(R?, d®z) and it is the self
adjoint operator

H= Ay (6.1)

with the domain determined by the boundary conditions on the cuts L,, L,
introduced below.

Without lost of generality we chose a = (0,0), b = (p,0), and let L,, Ly
be two half lines L, = (1,0)t,t € (—00,0], Ly = (1,0)t, t € [b,00). Then
M —{L,, Ly} is a fundamental domain. We introduce two polar coordinates
with respect to the points a and b, then ¢, = £, resp. ¢, = £m corresponds
to L, resp. Ly. The boundary of the fundamental domain consists of points
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a,b, four half lines (two sides of L,, two sides of L;) and two oco. The
fundamental domain will be denoted by D = (a,b). Copies of a,b will be
denoted by A., B. One obtains the universal covering spaces by patching
together the fundamental domains along four halflines with four other sheets,
M = U, ;D(A;, B;) where dist(A;, B;) = p. For simplicity we will add to the
universal covering space the copies of a and b, the set of all these points will
be denoted by C and this set is at most countable

In the following y(z1, x2) is the function characterizing the property that
x1, Ty can be connected with a finite geodesic. Two points can be connected
with a finite geodesic if |pl — @?| < 7 and |p} — ¢7| < 7. x(A,z) = 1 if
x € U; D(A, B;) and similarly for the copies of b.

For simplicity we define

I .
Zy(z, o) = ﬁ(t)x(x,xo)ﬁ exp <2£Ltdlst2(x, xo)) : (6.2)

V<$3,172,:E1>_ih< 1 tar1y 1 tor >: (6.3)
t2, 1 p\0—m+iln(EL) 047 +iln(EL)

where 1 is the Heaviside step function, 6 = /xxox3 is the oriented angle, u =
In(tary /tire) and ri = dist(zy, x2), 9 = dist(zg,x3). Let v be the sequence
(Cy,Cy...C,), where dist(C;, Ci11) = p and ¢; € C. In the next two section,
we will prove that

Kt(xa xO) =

I,Cn,Cn,1
> /RW dt, ... dtoé(tn—l—...+t0—t)v< b ) X

~7m=0
Cna Cnfb Cn72 027 Cla Zo
V( bt )x...xV( . to X

Ztn (xa OTL>Ztn,1 (OTU Cn—l) X Zto (017 ZU()), (64)

where 7 runs over all possible sequences of length n, is the kernel of the
propagator on M. First of all, we will prove that

Ki(x,x0) = Zy(x,20) +

z,C, T ) Zy (2, A) Zy (A, x0) (6.5)

/m dty dted(ty +to — )V ( L

is the kernel of the propagator in one solenoid case.

6.1 Kernel on R" x R

In this section we will find the kernel of the propagator on the universal
covering space corresponding to Aharonov-Bohm effect with one solenoid.
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In this case M = R?> — (0,0) and T' = m (M) = Z. M is completed with

the point A, a copy of (0,0). Using polar coordinates (r, ¢), we can identify

fundamental domain with R* x (0,27). Universal covering space M can be

identified with R* x R. The action of I' is given by n.(r,¢) = (r, ¢ + 2mn).
We want to prove that

Ki(z,20) = Zi(x, 20) +

z,C, T ) Z (2, A) Zy (A, x0) (6.6)

/RQ dty dted(ty +to — )V ( L

is the kernel of the free propagator on the universal covering space M. Tt
means to prove that

(ihaat + ;LALB)ﬁ(t)Kt(x,xo) = ihd(t)d(x, zo). (6.7)

In other words it means

th%l Ki(x,xy) = 0(z,x0) (6.8)
—04

0 w

(lha + ﬂALB)Kt(fE, :Eg) = 0, fOl" t > 0 (69)

on Rt x R.
First of all let us mention that Z;(x, ), up to the term x(x, xo), is kernel
of the free propagator on R?. It is true that

N
(lha + ﬂALB)Zt([E, 1'0) =
ih i . 9
Tng P <2ht dist (z, ) ) (0701, +0576r_) (6.10)

where 0z, , resp. 0z_ are distributions defined by

(O, (r, @) = /Ooo Y(r,my)r dr, (6.11)

resp.

(Op_,(r,@)) = /OOO P(r,m_)r dr.

It holds true for any f(t) € C1(R,),
, 1 1 1
(i0, + Z(af + 0 + ﬁag)) X
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t 1 1 ir?

d

/ 0—|—11H((t s)ro)t_sexp<t_8> f(s) S
T tro

=g g o () [ (75) 00 -
i lro ((1 + 17“0(7“;—7“0)> 7 (rTro> + T’Trof/ (rtjom» 5(9)], (6.12)

After few transformations we obtain

(zhat+ (82+ a+ 89))

/t 1 h o ir? 7 27’15 ds
X
0 0 +iln(T2y—s PA\2(t—s)) " \u

B mroh’ ( ur > 2htrg oy ir
Cr2u(r + 1) exp (i(r +r0)2ht {f p(r -+ o) 7(0) r+ro %

((1 +i MT0<;h—; ro)> f (M(ihir20)> N u(ihfio) P (M(ihf?ao)> ) 50)].

Setting f(u) = fexp (f) we obtain

. n? 1 1

0 4 iln () 1 —s Aot —s)) 2ns TP\ 2ns ) 7
pr\ rp(r + o) irdu(r+mo)\
= ¢ —0 T V) () —
2ht)[ 2htro eXp( 2htrg (6)
S {(1+1W0(T+ro> plr+ro) [ 1rgp(r £ 7o)
T+ 170 2ht 2ht7°0 thTQ
%m)<_ww+mv M%Q+WP%M«W%V+W>EMH

p(r -+ 7o) 4R t202 B 8h3t3rd 2htr

7T7’0h
— 77“2/47“4—7" )exp<(7‘+r )

i

7h?

= e <2iht(7“—|—7’0) )5’(9).

Using this identity we obtain
: h? 1 1

/ / dt, dtod(ty +to — 1)V ( ””%A;“’O ) Zo, (2, A) Zy, (A, 10)
1,00
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:(ih8t+h:(82+l(9 +i82)) X
ou " 2t
g gt 1 1
4hm? Jo "9 — 7 4 iIn(le=tr) 0+7r+1ln((t° t”)]x

tora tora
2 2

1 i ,r o
—exp| B "0y ar
(to — D)ty <2ht(t0 1, )> 0

(2ht (r+70) ) (&0 —m) =50 +m).  (6.13)

i
T
Finally using the formula *

1 !
ﬁcS (0Fm) =+070L, (6.14)

we obtain (6.9).
Before the justification of (6.8), let us prove the following proposition:

Proposition 8. Let ¢(x) € C§°(R). Then

too ] [
| g epaete) de— w(0). fort - oo,

it t
50
1 i o
1:1%% exp(t z)(x) = 0(z) in D'(R).
Proof.
i | = exp(G2)d(z) do

i

= el + i [ o)) da
= (0) + liml it expl )/ () +lim [ it exp()e (2) dr = w(0).

]

The equation (6.8) follows from the fact that Z;(x, z¢) is the free propa-
gator, so

lir%Zt(x,xo) = d(x, x9). (6.15)

1fR <R Tzfs(e:l:ﬂ) (r,0)r dr d9_—fR 189¢(¢ +7) dr__fLi 2% a1
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This can be also easily proved using the previous proposition. It remains to
prove that

r, A,

hm// dt, dtod(ty +to — 1)V ( O ) Zy, (2, A) Zyy (A, 20) = 0
1,40

in D'(R):

lim / / dt, dtod(ty +to — 1)V ( x}flifo ) Zy, (2, A) Zy (A, o)
2 r2
: exp( (2 4 1)) 1
=1 d / dt o o +
any R2 v O — T+ lln((tftzﬁ;)@) 47r2ﬁ2(t — to)tow(x)
exp($(;5- + 1)) T

t
lim [ dz / dto
R2 0

t—0

x )
0+ 7 +iln( L0k ) dm2h?(t — to)t(ﬁb( )

where r = dist(z, (0,0)) and ry = dist(zo, (0,0)).

2 r2
: exp( L (25 + 1)) 1
1 d / dt o "o -
tl—I% R2 & 0 _ﬂ-_i_l]n((t_t?;%) 47T2h2<t—t0)t0¢( )
. i/ To
=1 X
tE’% 0 27Tht0 p(2h to)

exp 2h(t— to)) %
r,0)r dr df) dt
/ /R¢9—7T—|—11n - tO)TO)27Th(t_to)w( ) ) dio

. ip g
—1 / F(t — to) dty,
tg% 0 27Tht0 <2h t() ) ( 0) 0

™ 1 7‘2
where F(t—to) = |7, [z 0—7r+iln1(t_t0)ro) Qwh(‘ttto) eXp(%l(ito)W(r’ O)r dr de. It
Tt

is easy to see from proposition 8 that F'(s) € C°([0,1]) and that lim, ., F'(t—
to) = 0.

t1 1 oo ] 1

%E% ) COS(%)F(t —tp) dtg = %E% i s cos(is)F'(t — g) ds =
’—27715 4] 5 +2km 3m +2k7r 1
(lim —i— / / cos (is)F(t — —) ds
t—o0 J1/t T +2km T+2km 3 S
27'rt 4
zmtal 1
=lim [ —cos(is)F(t — —) ds +
t—0 1/t
Z+2km F(t-1 F(t — -
lim Z / cos(is ( =y _ ( S_“)> ds =0. (6.16)
—0 T ok s s—T
k= ’727rt+ ]



Because

lim |

[a=+3] 1
t—0 J1 S

F(t(1— )] ds =0,

and because there exists an integrable majorant, we can change the limit and
the integral. The second term

. z: /*%”C%IS<F“‘1”‘F< sz>_F<—;T>|S

=0 T 42kn s—1 s(s—m

ds =0,

lim /+Oo ¢ + ¢

e s =
where we have used that |F(t — 1) — F(t —
([0, 1]).

)| < C| )| because F' €

6.2 Kernel on the universal covering space in
case of two solenoid Aharonov-Bohm ef-
fect

For simplicity, we will use the following notation:

(x,x0) ZK T, x0), (6.17)

where we assume that v runs over all possible sequences (Cy,C5 . .. C,,), where
dist(C;, Ci41) = p and all possible length n (will be denoted by |v]),

Cn, Cn—
K?($,$o)=én+l dtn dto&(tn++t0—t)v<x7t t_l ! > X

V( Cnacn—lacn—2 ) ... ><V< 02701,% ) <

tn—la tn—2 tl, t[)
Ztn (l‘7 Cn)Ztnfl (Cm Cn—l) s Zto (Cla m())»

and ~ can be also the empty sequence, in that case K/ (z,z0) = Zi(x, x¢). We
want to proof that K,(z,zo) is the kernel on M in the case of two solenoid
Aharonov-Bohm effect.

Let £ € M, then D(z) = {y € M|x(x,y) = 1}.The border of D(x)
consists of four halflines, each two starting in A (will be noted by dD(x, A))
resp. B (noted by 0D(z, B)). If z is one of the copies of a or of b, x = C} then
the border of D(C}) will consist of those D(C1, C') such that dist(Cy, C) = p,
SO 0D(C’1) = UC’EQdiSt(Cl,C):p 8D(Ol, C)
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Remark 9. If G ={x € R?,r > 0,0 € (—m,m)} then on the border

0 0

0 = +m and W is the normalized vector.

Remark 10. If G is an open set with piecewise smooth boundary and f €
C*(G)NC*(M —G)NCHM — G)NCYG) then in the sense of distributions
0 0

Arpf ={Arpf} + [aé]acﬂsac‘ + ﬁ([f]ac%c). (6.19)

We will verify that (6.4) is the kernel on the universal covering space in
two steps:

2

(ih@t + ;LMALB> Ky(x,z0) = 0, for (t,z) € (0,00) x M, (6.20)
th%l Ki(x,x9) = d(z, z0). (6.21)
—04

Verification of (6.20):

Proof for |y| = 0:

Then v = ().
- n? =0
171& + @ALB Kt ($, ZL‘Q) = O, (622)
for x € D(zo). Moreover
0

for x € 0D(xy), because Z;(x,z() does not depend on the angle.
S0

n? -
(17?@ + ALB) Kt()(l‘,QT())
24

h? .
= {(1?1@ + ALB) Kt()(l‘,l‘o)}
24

R0 - n*o
—WKP(L 70)0oc — W(Kt@(% %0)08D (o))




Proof for |y| = 1:
Hence v = (C), C' € C. We have

K; (w,20) = /R 14 < f’ixg ) Zoo(2,0) Z,(C, x0) ds

= (@ OX(C, o)

/t 1 1
X
0 9—7r+1ln(t”°) 9+7r+1ln(t”0)

1 i r? r%
—_— — —)) d
(t—s)s eXp(?h(t—s+ s)) *

where r = dist(x, C), ro = dist(C, ), 8 = /z(Cz. From one solenoid case,
we already know, that just the boundary terms will occur in the final term.

The boundary will occur from derivation of x(x, C') and from the singularities
. 1 1

() TP G
h2
(0, + 5 Ars)Ki (2, 20) = To + T, (6.24)
where
K20 /
T, = 20T (K? (I7$0)56D(x0,0)) (6.25)
and
h2 0 720 X
T3 = o Kt (l‘ iL'o) (SaD(G) - m (Kt (l’, IL’O)(SaD(C)) . (6.26)

The formula for T3 follows directly from the generalized equation for A p.
Using the formula for the one solenoid case (6.13) we obtain the final term
(T2) coming from the singularities:

, o, 1 1,
(171(% + ﬂ(@, + ;ar + 7339)) X

i gt 1 1 I
4hm? Jo ' — 7+ iln(®0) gy 1ln((t°tO:2)”)
1 i r? e
_C exp(E "0yy q
(o — Dt "o (5, =7 T3, o
in 14 ' /
_ ) 2
T o (50 +10?) G0 -m) —d @ +m), (627
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considering only the cases for which x(C,zy) = 1. For § = +x we have
r + ro = dist(z, x9) so after these substitutions one obtains the term:

ih o0 i )
712 9 )

(6.28)
2,u o

(Kt T, 20)00D(z0,0)

where

K} (z,20) = X(aj,xo)zh/;it (exp <2htd18t (x,:co))> Y =0. (6.29)

Proof for |y| > 2:
Y= (Cl,CQ, - .,Cn), n > 2, ’}/ = (01,02, c. ,Cnfl). Then

Kz(l’, Jf())

)Z( — 7,2, C)E, (b, ... b1, w0)

1
= %X(I,Cn) /Rn dtn_l c. dto X

1 1
(9—7T—|—11n((n71)7f’) (9+7r—|—1ln<( 3[’))

1 ir?
exp <t 7_) F.(to, ..., th—1,%0),

z, Cna Cn—l

l— T, tn—l

- dtn,1 ce dtov (
Rn

t—r —
where 7 =1, 1 + ...+ to, r = dist(x,C,,), 0 = LC,,_1Crx, Cy = o and

CJ+27 CJ+17 C

]+17

Ey(to, .- tn_1,70) HV Hth 1, Cy). (6.30)

Applying (ih@t + %A L B) on K} (x,x9) we obtain several boundary terms
from derivation of the singularities as in the previous case and from the
discontinuity on the boundary of D(x,C,,).

Using the identity

R 1 1 ipr?
ih —A —
(1 at+2,u LB)Q—W—Hln(tTro)t_Texp<2h(t_T)>

o4




s ipr? y
= —exp|—r——
pr? P 2h(t — 1)

(5 (t - W) 5(0) —ily (t - W) 5(9)) . (6.31)

To To To

and the substitution 7/ = t,,_o + ... + tp, we obtain

h2
<1h8t + Q[LALB> Kg(l‘,l‘o) = My + My + M3 + My, (632)
where
R (0 h*0
M, = Y <8WK3($>$0)> daD(Cy) — 20T (K (z,20)00D(C))
h2p ipr?
My= ———— dt,—q... dt —— | F(to, ..., tn1,
27 2ur2(r + p) Jrn ! 0P (271(15—7) (o 1 Z0) X
p(t—T’) /
Othy ———= | 6(0 —m),
< ! r+p ( )
h%p ipr?
M;= ————7+—— dt,_q... dt —— | F(to, ..., tn1,
T ur?(r + p) Jar ! 0 XD <27‘z(t —7) (o 15 T0) X
: o
irt,_1 (s — p(t T))6(0—7r),
(r+p) rtp
h%p ipr?
= | dt,,... dt . I N
M 2ur?(r+ p) Jre ! 0P <2h(t —7) (to 1 20) X
p(t—T/) !
O(tp1 — ———=)d'(0 ,
(s = )0+ )
h*p ipr?
My=—"F" [ dt,,...dt — 2\ E(to,... ta,
C T 2ur?(r +p) Jre ! 0P <2h(t—7) (to 15 %0) X
iTtn_l

/ p(t — 1)
0 (tyog — ———=)0(0 + 7).
r+p (b T+ p )o )

In the following we will use the identities:

e Fort, | = ptrj;: and 0 = +7:

r(t—71')
r+p

t—T=

(6.33)
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e For t, = p== and 0 = +m:

r+p
P oxp i b e ip”
r+p Zh(t — T) Qﬂihtn,1 2htn,1
1 ip(r + p)? ;
SR RASELA, C,_1).  (6.34
2min(t — ') <2h(t - w)) (=72 o). (634)

e Fort, | = p== and 0 = +m:

r+p
V CTL7 Cnfh Cn72 _ V xZ, CYn—l; Cn—? (6 35)
#*‘527 S1 So, 81 ' '

9 e L e inp” | =0
s \ P 2h(t — 1" — 3) P\ ons =202
and

. ) . 2 : 2
ipr ipp iu(r + p)
, L N (6.36
P <2h(t—7’—s)> P (2713) ‘s:(TTp) P <2h(t—7'/)> (6.36)

e For 0 =

a V( C?’LJCTL—17CTL—2 ) | 1(7’+p) a Vv ( &€, Cn—lvc’n—Z > .

Os S, tph_o = p(t — 1) 00’ t—71
Then
o 1
L= m%(;5(0 —n) /RH dtp s .. dtoZs_r(z,C 1) X
x,Ch_1,Ch_
V( t_Tll tn722 ) X F’Y’(t())’"atn—ZaxO))
) o
= ﬂﬁ(fﬂg (z,20)00D(Co_1,0nt))  (6.37)
and similarly
o

My = ﬂﬁ(Kt ($7$0)58D(Cn_1,0n—))~ (6'38)
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Ms

g(ex
s’ P 2R (
Vv ( Cn—la Cn—2a Cn—S

S, tn—?

T 2u2mih(t — ) r(r + p)

~ 2un(r + p)?

h%p

h? 1

5(9—@/ Aty ... dty x
Rnfl

ipr? ipp? y
———|exp | ———
t—1'—s) P\ 2ns

> Fl(to, .t s, 0))| ,_ ott—r1

r+p

1 0

ip(r + p)°
(/Rnfl dtnfl Ce dto exp <2h(t—7'/)) X

x,Ch_1,C\_
V ( t—T},tn_QQ > F’Y'(t07"'7tn727:€0>)
h? o
= ﬂ(saD(Cnfhcn‘F)aiﬁ)Kg (@, o). (6.39)
Similarly
h? o
M5 == ﬂ(saD(qu,Cn*)ﬁKt (l’,mo). (640)
Finally
LB ,
ihdy + —Arpp | K/ (x,x0)
24
n: (0 K20
n? o ) ,
ﬂ(gap(gn_hcn)ﬁffg (ZE, l‘o) + ﬂa—ﬁ(}ﬁ (l’, [)30)53[)(0”_1,0”)). (641)
Finally,
hZ
(15@,5 + 2MALB> Kt([E, J]())
Wwo o
n>2§;n {— % <8W K; (957%)) 00D (Cp) — W(Kt (z,20)d0p(C,)) +

o7



h? o oo
ﬂCSaD 1—1,Cn) 8—’Kt (%IO)*@ﬁ(Kt (%950)58D(Cn_1,0n))} +

hzﬂ [QZ(;&W (K?O((L',IEO)(SBD(IO,C)) ;L; <88_>Kt (:C,xo)> dop(a) —
QZ?W (Kgl(%iﬁo)CsaD(C)” - QZaan (Kt()(ﬂf %0)08D(zo)) = 0,
where we have used that
00D(z0) = U 00D (z0,C) (6.42)
CeC,x(x0,C)=1
and that
oD(C) = U oD(C, X). (6.43)

xec,dist(c,x)=p

6.3 Kernel in case of two solenoid Aharonov-
Bohm effect

Applying the Schulman ansatz to the kernel on M

CU’C”mctn—l
.I' .CI?O W;()/varl dtoé(tn‘i‘—l-to—t)‘/ ( tn,tn_l ) X
Cn7 CTL—17 Cn—2 C27 C'17 Zo
V( bt >><...><V< £ 10 X
Ztn (ZE, Cn)Ztnfl(Cnv Cn—l) X ... X Zto (017 l‘o),
we obtain
> Al y)Ki(g.z, zo)
gel
=S Z/ tyoo dtob(tn + ...+t — A(g™L,y) x
gel v,n>0
g‘x7Cn7Cn71 CTHCnflJCan 027Cl7$0
v ( tnatn—l ) v ( tn—latn—Q XxV t17t0 .
Ztn (g[L‘, Cn)thl (On, Cn—l) X ... X Zt()(Cl,ZL‘()).

The group I' has two generators, g, rotation around the point a and g,
rotation around the point b. x(g.x,C,,), where C,, is the copy of the point a,

o8



is non-null if and only if g = ¢, n € Z and similarly with the copies of b. So
the sum reduces to

>y

n—+1

v,n>0mez
Vv gg}nwacmcn—l Vv Cny Cre1,Cr <. . xV Cy, Cy, g %
by tn_1 tn1,ln—2 t1,t0

Ztn (ggnl', Cn)Ztn_1 (Cn, Cn—l) X ... X Zto (Cl, ZL‘Q).

Using the equalities

> exp(2miak) ( ! ! )

= 0+2km —m+is  O+27k+ 7 +is

= —sin(mx)/ dTm (6.44)

and

/00 dTeXp((Q +1s)7) _y exp(—a(s —if))
—oo  sin(m(a +ir)) 1+ exp(—s +1i6)

O0<a<1,|0<m (6.45)

one obtains the formula for the kernel of the Aharonov-Bohm effect with
two solenoids on the space of A equivariant functions. For simplicity, we use
only one dimensional unitary representation:

A(ga) = exp(2miar), A(gp) = exp(27if).

If we want to write the result on the fundamental domain D without using
the copies of a, b, we sum the result over are possible sequences v, such that
its projection on the manifold D is the same.

We thus obtain the final result:

1 .
K{(z,20) =< exp(2ria) ,u exp(ip|z — xg,?/th) B sin(ma) y
. 2miht
exp(2rmia)
00 u .9 2 exp(—a(s —10))
d 2 h(s))/2ht
/_OO S explip(r® + g + 2rrg cosh(s))/ ]1+6Xp(—s—|—i@) +
1 .
exp(2mif) ,u exp(ip]z — $o|2/2ht) B sin(m/3) y
. 2miht .
exp(27i)

o H L2 9 exp(—f(s —i0))
2 h 2 —
LOO ds27riht explip(r® + rg + 2rro cosh(s))/2ht] T+ exp(—s +10)
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exp(idist(a:,xo)) +

2miht 2ht
I n/oo dt, /OO dt
-1 —0(ty, + ... +tg—t
2rih 'y%?( ) 0oty ot (bt oot to =) X

. ) ,
10 7"7” 7470
exp <2h <tn +...+ to)) Sy (5,0, ¢0),(6.46)

sin(mwo,) exp[—on, (s, — ip)] sinwo,_1 exp(—0,_15,-1)
T l4exp(—s,+ip) 1 4 exp(—sn)
sin(mwoy) exp|—o1(s1 — ipo)]
™ 14 exp(—s1 +ipo)

S’Y(S? w, SO()) =

X ... X

(6.47)

where s; = In(t;r;j_1/t;_17;),1 < 7 <mn, (rn, ), (ro, po) are the polar coordi-
nates of z, xo with respect to the center ¢, ¢1, v runs over all finite sequences
v =Acn,...,c1}, ¢ =aorbc; #cjr1, 0 =air o= [ provided ¢; = a or
c; = b. The value in the composite brackets depends on whether ® = ¢ — ¢
belongs to the interval (—m, ) or (m,27) or (=27, —m).
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Summary

One of the possibilities how to describe quantum mechanics on non-simply
connected manifold is to use the Hilbert space of equivariant functions. In
this work, there is mainly investigated the proof of the Schulman ansatz,
which allowes to derive the kernel of the propagator in this case. For this pur-
pose, the generalize Bloch analysis is formulated and all necessary theorems
are proved in case of locally linearly connected manifolds with the fundamen-
tal group of Type I. In this case, von Neumann integral decomposes the left
regular representation to blocks of equivalent irreducible representations and
the Peter-Weyl Plancherel theorem gives the relation between square inte-
grable functions on the group and Hilbert-Schmidt operators defined on the
Hilbert spaces corresponding to the irreducible representations. This theo-
rem is necessary for the construction of the Bloch analysis. In the case of
locally compact groups of Type I, the inverse Fourier-Stieltejes transforma-
tion can be defined and using this mapping I proved the Schulman ansatz
with the generalized assumptions.

If we do not suppose that the group is of Type I, several properties are not
valid: irreducible representations of such group are not finite dimensional,
Peter-Weyl Plancherel theorem holds, but not necessarily only irreducible
representations are present in the decompositions, Fourier transformations
gives the relation between the L?(T") and the operators, where the generalized
trace can be defined, but generally it is not the ordinary trace which is used
in the proof of the theorems of Bloch analysis. Even though, we may suppose,
that generalized Bloch analysis may be formulated for some special cases of
group, which are not of Type I and in similar cases, Schulman ansatz may
be used.

On the example of Aharonov-Bohm effect with two solenoids we can see
the use of Schulman ansatz which brings the result very quickly in case of
knowledge of the kernel of the propagator defined on L*(M). Nevertheless
this knowledge is the limitative factor of this method.
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