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This thesis is concerned with a time evolution of a certain non-autonomous dynamical
model. In particular we are interested in a model of a charged massive particle moving
on a plane and influenced by a homogeneous magnetic field and a time-periodic singular
flux tube. Illustration of this setting is presented in Figure 1. We study this model
in the frameworks of non-relativistic classical and quantum mechanics. Although it is
not possible to solve the Hamiltonian equations of motion or the Schrodinger equation
analytically, it turns out that we are able to employ approximative methods of pertur-
bation theory to exhibit a curious acceleration effect. More precisely, for some particular
choices of values of parameters we claim that the particle gains energy during its time
evolution. Both in classical and quantum framework we are able to estimate the rate of
energy growth in those resonant situations. It turns out that the energy grows linearly
with time.

Figure 1: The description of the model: a massive charged particle moving on a plane
and influenced by a homogeneous magnetic field of magnitude b and a time-periodic
singular flux tube.

Without loss of generality we can assume that the singular flux ®(¢) pierces the plane
at the origin of Cartesian coordinate system. The Cartesian coordinates in the plane
are denoted by ¢ = (q1,¢2) € R* \ {0}. We will see that the hole in the plane plays an
interesting role during the resonance. Note that the configuration space of this model is
not simply connected.

From the viewpoint of classical non-relativistic mechanics the model is described by
Hamilton’s function

H(q,p,t) = 217,L(p - eA(q,t))Q, (¢,p) eP= (R2 ~ {0}) xR?,

where
Ag,t) = <_ g + 2(7};’(;?2)<—CI2,C]1)

is the vector potential. The dynamics of the system is then governed by the set of
Hamilton’s equations of motion
, OH , oH
9 =—F7- P =—"%5
dp dq

(¢(0), p(0)) € P.

v



In our present case these equations constitute four non-autonomous coupled ordinary
differential equations. Due to the obvious rotational symmetry of the system we perform
our analysis in polar coordinates. However, in order to describe the resonant behavior
it is better to employ guiding-center coordinates [21]. This analysis and discussion is
carried out in Chapter 1, which essentially contains the results of [5]. The main result
of the cited article is that the energy £(t) of the particle grows with a rate

e = Jim S Sy g )

t—oo t 47

where w,. is the cyclotron frequency and c is a constant which depends on initial condi-
tions.

In the framework of quantum mechanics the dynamics of the system is governed by
the Hamiltonian operator

2
H= 2;( —1hV — eA(q,t))

acting in the Hilbert space L?(R*\ {0}, dg). We circumvent the ambiguity of this formal
differential expression by taking our Hamiltonian to be the Friedrichs extension of the
corresponding minimal differential operator. This choice corresponds to the standard
Aharonov-Bohm Hamiltonian. Similarly to the classical case we work in polar coordi-
nates. Our main result, again, is a formula for the rate of energy growth. The main
dynamical object in this setting is the unitary propagator, an object that is out of reach
for a full analytical analysis. However, using the perturbation method analogous to that
employed in the classical model we are able to construct an approximation to the prop-
agator and study its dynamical properties. We find out that in the resonant situation
the mean value of energy of the system grows with rate

e = lelewes? o sin(0)[p(0)[ A8 _ ewe Jg @'(6)]p(6) A6
2 Jo |p(0)] do w5 |p(0)|dO

(2)

where p is related to the initial radial function ¢ € L*(R,,rdr) and the flux function
is taken to be ®(Qt) = ®y — e cos(2t). Note the similarity between Equation (1) and
Equation (2). This analysis of the quantum system is carried out in Chapter 2, which
is based on [17].

We remark, that our results could be of interest in accelerator physics. While the
betatron principle uses a linearly time dependent flux tube to accelerate particles on
cyclotron orbits around the flux [19], the resonance effect we observe in the present work
has the feature that acceleration can be achieved with arbitrarily small field strength.
A second aspect is that, in contrast to the case of a linearly increasing flux, cyclotron
orbits which do not encircle the flux tube are accelerated as well. In fact, for the linear
case it was shown in [0] that outside the flux tube one has the usual drift of the guiding
center, without acceleration, along the field lines of the averaged potential.

The text is organized into two Chapters and three Appendices. The first and second
Chapter contains the results of [5] and [17], respectively. Additional material closely
related to that in the Chapters is presented in Appendices.

Let me summarize the notation used throughout the text. Chapters are numbered
by Arabic numerals and appendices by capital Latin letters. Chapters and appendices



are further divided into Sections. Equations are numbered within Chapters, so (2.3)
denotes the equation number 3 in Chapter 2. Similar convention holds for Theorems,
Propositions and other environments. For the convenience of the reader we also present
a short List of Symbols at the beginning of the document.

vi



Chapter 1

Classical Mechanics
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Figure 1.1: The numerical solution ¢(t) of the equations of motion in the plane for
t € [0,150], with ®(¢) = 2mef(Qt), f(t) = sin(t) — (1/3) cos(2t), for the values of
parameters ¢ = 0.35, b = 1, Q = 1, and with the initial conditions ¢(0) = (1,0),
¢'(0) = (0,1.617).

Let us consider a classical point particle of mass m and charge e moving on the
punctured plane R? . {0} in the presence of a homogeneous magnetic field of magnitude
b. Suppose further that a singular magnetic flux line whose strength ®(#) is oscillating
with frequency 2 intersects the plane at the origin. The equations of motion in phase
space P = (R* \ {0}) x R? are generated by the time-dependent Hamiltonian

Hia.0) = 5 (0= cAG 0P, with 4G, 0 = (—5 + 500 ) (L)

where (¢,p) € P, t € R. Here and throughout this chapter we denote z+ = (—x9, 1)
for x = (x1,22) € R?. Our aim is to understand the dynamics of this system for large
times. Of particular interest is the growth of energy as well as the drift of the guiding
center.

1.1 Equations of motion

In view of the rotational symmetry of the system we prefer to work with polar coordinates
q = r(cosd, sinf), where (6, r) € S; x Ry. Corresponding generalized momenta are
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Figure 1.2: The numerical solution ¢(t) of the equations of motion in the plane for
t € [0,150], with ®(t) = 2mef(Qt), f(t) = sin(t) — (1/3)cos(2t), for the values of
parameters ¢ = 0.35, b = 1, Q = 1, and with the initial conditions ¢(0) = (1,0),
¢ (0) = (=1, —1.617).

transformed in the following way
p1 = prcosf — 0 in 0, (1.2)
r
P2 = ppsinf + 0 cos. (1.3)
r

In fact, the coordinate transformation of the configuration space R? < {0} — S} x R
induces a canonical transformation of the phase space which can be deduced from the
transformation of the canonical one-form

p1dgr + padgs = (p1 cos 0 + po sin 9) dr + r(pQ cos ) — py sin 6) de
In order for the transformation to be canonical one has to require
pr =prcosf + posing and py = r(p2 cosf — pq sin9).

This gives (1.2) and (1.3) immediately. The Hamiltonian of the studied model in polar
coordinates (cf. (1.1)) then reads

1 1 ed(t eb \’
H(T,G,pmpe,t)—Qm(pz—F(T <p9— 27(T)>—|—2r> ) (1.4)




Since 0yH = 0, the generalized momentum py is an integral of motion and thus the
analysis of the system effectively reduces to a one-dimensional radial motion with time-
dependent coefficients. Note that in the original coordinates this integral of motion is
the angular momentum (the third component)

Po = q1P2 — G2D1-

In order to simplify many expressions let us fix values of various physical constants.
From now on we set e = m = 1, and so the cyclotron frequency equals b. We assume,
without loss of generality, that b is positive. Finally we set

alt) = po — (). (15)

27
In the polar Hamiltonian (1.4) one may omit the term ba(t)/2 not contributing to the
equations of motion and thus one arrives at the expression for the radial Hamiltonian
2 alt? b

Hrad(,rapht) = 5 + 92 + ? (16)

Transformation to action-angle coordinates

First, we introduce the action-angle coordinates for a frozen time. Assume for a moment
that a(t) = a is a time-independent constant and denote

a’?  b*r?
V(ir)=—+ —.
(r) 2r2 + 8
Suppose a fixed energy level E is greater than the minimal value Vi,;, = bla|/2, attained

at rmin = 4/b]al/2. Then the motion is constrained to a bounded interval [r_,r,], and
one has

—(r+—r2)(r2—r3), (1.7)

where

2

b2

This situation is illuminated by Figure 1.3.
The action equals

/ V2(E —V(r 47T/+1\/ z)(x —r2)de =

1
= 4 =) = (B = Vi)

<2E —ab£/(2E — ab)? — a2b2> (1.8)

2 _
rL =5

For more details concerning the construction of action-angle coordinates the reader is
advised to confer [2]. Hence expressing F in terms of a and I and using (1.8) we arrive

at
= j_<1+||i\/](l+| |)>1/2:\/g<\/1+|a|i\/7>. (1.9)
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Figure 1.3: The potential V' and a fixed energy level E. The motion in the radial
coordinate is constrained to the interval [r_, r,].

Using the generating function,

Stn0) = [ B =V =5 [ i3 = ) =2
e 2

one derives the canonical transformation of variables between (r, p,.) and the action-angle
variables (¢, I). One has

08 / p—r2d7‘+ i =prdr(1)? q
T4 r2 — p? p:—r2 dI P

r2 4712 —2r?
= — —arctan .
2 2\/ (r2 —r2)(r2 —r2)

For the angle variable ¢ = 05/01 — 7/2 one obtains

sin :71 ﬁ— —M
() I(I—|—|a|)<4 ! 2)'

Furthermore,




Finally one arrives at the relations

2 a 2
r= 2 (1 B VT ) (1.10)

b — bI(I + |a]) cos(yp) | (L.11)

(1+ 4+ /1T + ] sin(y)) "

Note that, conversely,

I= 21b (pf n (Ia(t)l B b;) ) — 11) (Hyad (7, prs 1) — Vigin) - (1.12)

r

Let us now switch to the time-dependent case. The Hamiltonian transforms according
to the rule

0S(u, 1,t)

He(p,1,1) = Huaa(r(p. 1,1). pr(p. 1), 1) + =

u=r(p,I,t)

_ blaf /T(%Lt)l ( p? —r2 orl B p? or* )d
- 2 2 r2
wriory L= e \Nri—p?0lal 2 —rZ Ol
la

= —i arctan 2 (\/W + Ism ) COS )
2 la] + 2 ( I(I + |a]) + Isin(p )) sin(¢p)

Simplifying the expression and dropping those terms which are independent of ¢ and [
one finally arrives at the equality

One computes

0S(u, 1,t)
ot

H.(p,I,t) = bl — |a(t)| arctan (

VI cos(p) )
I+ la(t)] + VT sin(y)

The Hamiltonian equations of motion take the form

cos(p)aa’

/:b_

4 2:/1(I + |a|) (2[—|—|a|+2 I(I+|al)sin(90))

. alf |al

gl , 1.14
2 ( 21 + |a| + 2 I(I+\a!)sin(so)> o

For the sake of definiteness we shall focus on the case when a(t) is a strictly positive
function. More precisely, the angular momentum py is supposed to be positive and
greater than the amplitude of ®(¢). Let us stress, however, that this restriction on
the sign of a(t) is not essential for the resonance effect. In fact, notice that the radial
Hamiltonian (1.6) depends on a(t)? and thus the sign of a(t) is irrelevant for the motion

(1.13)




in the radial direction. On the other hand, as discussed in Section 1.4, the sign of a(t)
determines whether the orbit encircles the singular magnetic flux or not.
Throughout this chapter, the function ®(t) is supposed to be of the form

O(t) = 2me f(Q) (1.15)

where 2 > 0 and f is a 2w-periodic real function possibly obeying additional assump-
tions. Moreover, ¢ is supposed to be positive as well and playing the role of a small
parameter. Thus one has a(t) = py — f(Qt).

Basic properties of the radial dynamics

The Hamiltonian equations of motion for the radial Hamiltonian (1.6) have the form

, ,a(t)? b
pu— r = _— 1'16
This is equivalent to the nonlinear second-order differential equation
¥ alt)?
" o
r’ 4+ ZT = 7’3 . (117)

Let us now look at the problem of zeros of a(t) in more detail. If a(t) has no zeros
then the solutions of (1.16) are defined for all times ¢ € R. In particular we have the
following Proposition.

Proposition 1.1: Suppose a(t) is a real continuously differentiable function defined
on R having no zeros. Then for any initial condition r(ty) = 7o, r'(ty) = 71, with
(to,r0,71) € Rx]0,4+00[ xR, there exists an unique solution of the differential equation
(1.17) defined on the whole real line R and satisfying this initial condition.

Proof. Suppose (r(t),p-(t)) is a solution of the Hamiltonian equations (1.16). Put
H(t) = Heaa(r(t), pr(t),t). Then

d _ |a(t)a’(t)]
dtH(t)|_ O

2d/(t)
a(t)

From here one readily concludes that if (¢) is a solution of (1.17) on a bounded interval
M C R, then there exists constants R;, Rs, 0 < R; < Ry < 400, such that Ry <
r(t) < Ry for all t € M. From the general theory of ordinary differential equations
it immediately follows that any solution r(t) of the differential equation (1.17) can be
continued to the whole real line. O

|H(t).

On the other hand, if there are zeros of a(t), then it might happen that some solutions
of (1.16) are defined only on a half-line. In this case it is possible that the particle hits
the hole where the flux line pierces the plane.

Proposition 1.2: Let r; > 0 and suppose that a(0) = 0 and

1 2
/ als) ds < +o0.
0

st

Then there is a solution of (1.17) defined on the interval [0, 4] for some § > 0 and
satisfying initial condition r(0) = 0, 7'(0) = r;.



Proof. Our proof relies on a well known fixed point argument. The initial value problem

4+ — = r(0) =0, 7(0)=ry, (1.18)

is equivalent to the integral equation

a(s)>  v?
3

S 47"(3)) ds.

Let us fix a and 8 such that 0 < a < r; < § and define

T(t):rlt—f—/()t(t—s)(

Ds = {f:[o,a] S R; feC((0,9)), at < f(t) <t forallt € [0,5]}.

The set D; is a closed! subspace of the Banach space? C([O, (5]) For f € Ds we can

r |
\/Bt
[ € Ds
:at

0 1) t

Figure 1.4: The Djs space.

define
al(s

(Kf)(t) = 7’1t+/0t(t— s) <f(s§z — fo(s)) ds, te]0,4].

First of all we have to choose 0 so small, such that K maps Dy into Ds. More precisely,
for any f € Ds one has to show that

at < (Kf)(t) < Bt, telo,d). (1.19)

IThe word "closed" has the topological meaning here.
2Continuous functions f : [0,6] — R with supremum norm,

[flloc = sup [f(z)]-
z€]0,6]



Inequalities in (1.19) are implied by

1 2
—a a(S) ds S /8 — T,
asJo s3
1 rta(s)? voot2 1 tal(s)?
_63/0 3 d8+z'ﬁg+@0 &2 ds <ry —a, tG[O,(S].

Since the left-hand-sides vanish as ¢ — 0, and o < r; < it is clear that one can take
9 > 0 small enough and thus satisfy (1.19).

Furthermore, 6 can be taken even smaller in order to make K a contraction on Dj.
If f,g € Ds, then

(Kf - Kg)(t)] < /Ot(t —5) (;82 - 382 - lff@) + ng(s)) ds

<0 = glloe + I = gl
){[@_Smwyf@)+f®mw%+M®

f(s)3g(s)?
b252 3582 10 2
= ( 1 af /0 aii) dS) Nf = gllee, €0,

ds <

This shows that one can find sufficiently small § > 0 in such a way that the inequality

IKf = Kglloo <YIf = 9lles  [.9 € Ds,

is satisfied with 0 < v < 1.
According to the fixed point theorem? there is a function r € Dj such that Kr = r.
This function solves our initial value problem (1.18). O

Let us conclude this Section with a preliminary qualitative characterization of tra-
jectories in the resonant case. From equations (1.10) and (1.9) we see that

1 1
2= 103 +r2) 4 L0~ r?)sin(e).

Thus if the angle ¢ increases then r oscillates between r_ and r (though r_, r, them-
selves are also time-dependent). Moreover, if a(t) is bounded and I — oo as t — oo
then r, (t) — oo and

(o)~ 2ot

br4(t)
Therefore in this case the trajectory in the g-plane periodically returns to the origin and
then again escapes far away from it while its extremal distances to the origin converge
respectively to zero and infinity. We refer again to Figure 1.1 for a typical trajectory
in the ¢-plane in the case of resonant frequencies. In this example py is positive and
so the orbit encircles the singular magnetic flux located in the origin of coordinates, as
discussed in Section 1.4. On the other hand, in Figure 1.2 py is negative and therefore
the trajectory does not encircle the singular magnetic flux.

— 0, ast— oo.

3See [29], Theorem V.18.



1.2 The Poincaré-von Zeipel elimination method

Notation and a summary of basic formulas

We first study the model with the aid of the Poincaré-von Zeipel elimination method
for this averaging method takes into account possible resonances, as explained in detail,
for instance, in [3]. The main result of the current Section is a demonstration of the
resonance effect for the dynamics generated by the first order averaged Hamiltonian.
We start from introducing notation and recalling basic formulas.

Let T¢ = (R/27Z)¢ be the d-dimensional torus. For f(¢) € C(T?) and k € Z? we
denote the kth Fourier coefficient of f by the symbol

1

ZU @k = 553 |, [9le™de.

We introduce supp .7 [f(¢)] as the set of indices corresponding to non-zero Fourier co-
efficients of f(y),

supp Z[f ()] = {k € Z; F[f(o)li # 0}.
For f € C(T%) and L C Z¢ put

(F(9)), =D F[fe™?. (1.20)

kell

Note that for f € C(T") and v € N one has
1'x 2
(f9)), = Zf<90+y>

Indeed, for the proof it is sufficient to consider functions of the form f(yp) = e¥*% for
some fixed ¢ € Z?. Then from the very definition (1.20) one has

(f9)), = {07 ety

et (€ Zv.

On the other hand,

X leito_ 1-1
- Z / (80 + j) 1 z:lexp (zﬁ (Qp + ]>> {,,6 801761'(€1+-»-+‘3d)27” =0, ¢ gé Zv,

el (€ Zv.
Consider now a completely integrable Hamiltonian in action-angle coordinates,
Ko(l)=w-1,

where I runs over a domain in R?, ¢ € T? and w € R? is a constant vector of frequencies.
One is interested in a perturbed system with a small Hamiltonian perturbation so that
the total Hamiltonian reads

K(p,I,e) = Ko(I) + eK.(p,1,€) = Ko(I) + eKy(p, 1) + Ko, I) + ... (1.21)

10



where ¢ is a small parameter. The function K,(p,1,¢) is assumed to be analytic in all
variables.
Let K be the lattice of indices in Z? corresponding to resonant frequencies and K¢

be its complement, i.e.
K={w}*nz! K =Z'\K (1.22)

One applies a formal canonical transformation of variables, (I,¢) — (J,1), so that
the Fourier series in the angle variables ¢ of the resulting Hamiltonian K(v, J,€) has
non-zero coefficients only for indices from the lattice K. The canonical transformation
is generated by a function S(y, J,¢) regarded as a formal power series with coefficient
functions S;(¢p, J) and the absolute term Sy(p, J) = ¢ - J. Similarly, the new Hamilto-
nian (1), J, ¢) is sought in the form of a formal power series with coefficient functions
IC;(1, J). One arrives at the system of equations Ko(J, p) = Ko(J) = w - J and

95;(, J)

ICj(QO, J) =w- 890

+ Pi(p,J), j=>1,

where P (p,J) = Ki(p,J) and the terms P; for j > 2 are determined recursively. The
formal von Zeipel Hamiltonian is defined by the equalities

K, J) = (B, J))x
for j > 1. Coefficients S;(¢, J) are then solutions of the first order differential equations

L 98i(9,)

8@ = _<PJ(907 J))KC? ] > 1.

In practice one truncates K(1, J, €) at some order m > 1 of the parameter €. Let us
define the mth order averaged Hamiltonian

Ky, J,e) = Ko(J) + e Ki(, ) + -+ ™K (¥, J).

Similarly, let Sg,(p,J,€) be the truncated generating function. If (¢(t),J(t)) is a
solution of the Hamiltonian equations for Ci (v, J,€), and if (o(t),1(t)) is the same
solution after the inverted canonical transformation generated by Sim(p,J,€), then
(p(t), I(t)) is expected to approximate well the solution of the original system (governed
by the Hamiltonian K (g, I, ¢)) for times of order 1/¢™ (see [3] for a detailed discussion).

The first-order averaged Hamiltonian

In this section we assume that ®(t) is given by (1.15) where £ > 0 is regarded as a small
parameter and the 27-periodic real function f(¢) fulfills

Iik\ﬁ[f(w)]k\ < 0. (1.23)

This implies that f € C'(T?!).
In order to apply the von Zeipel method to our problem we first pass to the extended
phase space by introducing a new phase s = Qt and its conjugate momentum /5. The

11



old variables ¢, I are denoted as 1, I;. The Hamiltonian on the extended phase space
is defined as
K (o1, 02,11, I3) = Qs + H (1, 11, 2/92). (1.24)

The systems of Hamiltonian equations for H. and K are equivalent provided the ini-
tial conditions are properly matched (if ¢(0) = o on the original phase space then
(£1(0),92(0)) = (¢0,0) on the extended phase space). This procedure is a standard
procedure how to pass from non-autonomous systems to autonomous. The price to be
paid is the increase of number of degrees of freedom. In fact, let us assume that a
non-autonomous classical system is described by a time-dependent Hamilton function
h(q,p,t), where (g, p) € P are canonical coordinates in a phase space P and ¢ € R. The
corresponding Hamiltonian equations of motion read

¢ = (;Z(q,p, ), = —Z;L(q,p, £), (a(0), p(0)) = (0, p0) € P. (1.25)

Dashes denote the derivative with respect to the time ¢. Note that for the total time
derivative one has

d oh

—h(g,p,t) = —(q,p,t).

g apt) = 5o (@p.t)

Let us treat the time ¢ as a new coordinate and introduce the energy FE as the corre-
sponding conjugate momentum and s as a new time parameter. The new Hamiltonian
reads

k(q,p,t, E) = E+ h(q,p,t).

The Hamilton equations are then

ok ok
9% t E = 2= t.E
q ap(q,p,, ) P aq(q,p,, ),
ok ok
r_ 9% E) =1 E=_2" E). 1.2
t 8E(q,p,t, ) =1, at(q,p,t, ) (1.26)

with initial conditions

(a(0), p(0)) = (@0,0) and  (£(0), E(0)) = (to, Ao, po, o) )-

An analogous procedure is possible in quantum mechanics and we will employ this idea
in the next Chapter.

To adjust the notation to the general scheme, as introduced at the beginning of this
Section, we also set w; = b, we = €2. Thus one starts from the Hamiltonian on the
extended phase space

K(gp,[,{-j) :w1[1+w2[2+8F<907175) (127)

where (pg > 0)

(1.28)

F(p,I,e) = waf'(¢2) arctan( VT cos() ) :

\/11 +po — ef(p2) + VI sin(¢1)

12



If the ratio we/wi is irrational then the lattice K is trivial, K = {0}, and the von
Zeipel method amounts to the ordinary averaging method in angle variables . Now we
focus on the complementary case when

w
\i= 22 = H, with p, v € N coprime. (1.29)
w1 1%
As we shall see, a resonance effect is exhibited already for the first order averaged
Hamiltonian to which we restrict our discussion.
We have

K(Qp7[78) = wlll +W2I2 +8K1<907[) + 822\(/(907178>

where K (¢, 1,¢) is an analytic function in ¢,

I COS(%) )
VI + pg + /I sin(ip1)

One finds (cf. Appendix A, in particular Corollary A.3) that

Ki(o,I) = waf (p2)Fi(er, L), Filer, 1) = arctan(

k—1

[k|/2
] Il
FFi(p1, 1)k % <I1+p9> ork # 0, Z[Fi(e1,11)]o=0

Obviously, the Fourier image of Kj(y¢, ) takes non-zero values only for indices (k,?)
such that k € Z ~ {0}, ¢ € supp .Z|[f] ~ {0}, and

F KA (@, Dl = ilwr Ff(p2)le F[Fr(pr, 1)k

Next we proceed to the von Zeipel canonical transformation of the first order. Set

B(J1) = \/Jlﬁpa. (1.30)

The resonant lattice is given by K = Z (i, —v), and one has
Kl(wv J) = Z ﬁ[Kl(@Dy J)]m eim-w
mek

_ W 3 F[f] o 0BT, ) P gin =), (1.31)

n€Z~{0}

S1(p, J) is a solution to the differential equation

W - % = _Kl + ,Cl'
Op
Seeking S1(¢, J) in the form
Sl(QO7 J) = 2Re<Zﬂ[f’]ka(gpl,Jl)eiW?) (132)
k=1

one finally arrives at the countable system of equations

a Z’n—‘rl )
— +ik)\ |G J) =\ JM e g > .
(3@1 +1 ) k(15 J1) neZz\:{O} on B(Jy)" e >

n£—kA

13



For the solution we choose

" ,
CRUA PED U —T R P (1.33)
A nEZz\:{O} 2n(n + kX) !
n#—kA

Of course, if kX ¢ Z then the restriction n # —k\ is void. On the other hand, if kX € Z,
and this happens if and only if k € Zv, then the solution G (¢1, J1) is not unique.
Thus one finds the averaged Hamiltonian of the first order
_“

K(l)(w, J) = y (VJl + MJQ) + 8’61(1/1, J), (134)

with /Cy (¢, J) being given in (1.31).

The dynamics generated by the first-order Hamiltonian

Since p and v are coprime there exist ji, 7 € Z such that gy + v = 1. Put
R = (‘f i”) (1.35)
and consider the canonical transformation y = R, J = RYL. In particular,
X1 = ppr —vipa, Lo =vJi+pdy, Ji = puLy+vLs.

The momentum L, is an integral of motion for the Hamiltonian C(1y (v, J). Let us define

Z(Xla Jl) =cu IC1<R_1X7 J)

Then
/ _ aKlWJ) aJl . 8Z(X1,J1)
Xl(t) =& 8J1 8L1 = 8J1 )
nt) = —e 9@ ) 10200,h) O 020u,h)
! oYn " ox1 Oy ox1 :

Thus the time evolution in coordinates y, J; is governed by the Hamiltonian Z(x1, J;).
Set

h(z) = —epw; i Ff] o i™ 2" (1.36)

n=1

and

@u):ﬁ(x)“:( : )/ >0

T + po

Then, by assumption (1.23), h(z) is holomorphic on the open unit disk B; C C and
h e C! (E) One has Z(x1,J1) = Re [h(g(Jl)em)] The Hamiltonian equations of
motion read

/ _ Q/(Jl)
Xl(t) - Q(Jl)

Concerning the asymptotic behavior of Hamiltonian trajectories (xi(t), Ji(t)), as t —
~+00, one can formulate a proposition under somewhat more general circumstances.

Re[zh/(2)], Ji(t) =Im[z K (2)], withz = o(J;)e™". (1.37)

14



Theorem 1.3: Let h € C! (E) and suppose h(z) is a nonconstant holomorphic function

h(z
on the open unit disk B;. Let o : [0,+00[ — [0,1[ be a smooth function such that
o(x) > 0 for x > 0, o(0) = 0 and h g( ) = 1. Let Z(x1,J1) be the Hamilton

function on Rx ]0, +00[ defined by

Z(x1, 1) = Re{h( (Ji)e m)}

Then for almost all initial conditions (x1(0), J1(0)) the corresponding Hamiltonian tra-
jectory fulfills

tngrnoo X1(t) = x1(o0) € R, tLiLnoo J1(t) = +o0, (1.38)
and
_ 7 1(00) / 7 1(00)
Jim J(1) = Tm[e209) 1/ (M09 ] > 0. (1.39)

Proof. Set R(z) = Relh(z)], = € B;. Then dR, = (Re[W(2)], —Im[l/(z)]). Hence
dR, = 0 if and only if A'(2) = 0, and the set of critical points of R in B; has no
accumulation points in B; and is at most countable. By Sard’s theorem, almost all
y € R are regular values of R|0B;. If y is a regular value both of R and R|0B; then
the level set R~*(y) is a compact one-dimensional C* submanifold with boundary in By,
IR '(y) = R™Y(y) N By and R~'(y) is not tangent to dB; at any point. Moreover,
R (y) N By is a smooth submanifold of By [12, 11]. By the classification of compact
connected one-dimensional manifolds [11], every component of R~(y) is diffeomorphic
either to a circle or to a closed interval. But the first possibility is excluded because
R(z) is a harmonic function. In fact, if U C By, U is an open set, OU ~ S! is a smooth
submanifold of By and R(z) is constant on OU then R(z) is constant on U and so is h(z).
Consequently, h(z) is constant on By, a contradiction with our assumptions. Thus every
component I' of R7(y) is diffeomorphic to a closed interval, 9T = {a, b} = T'NIB;, and
I is tangent to 0B; neither at a nor at b.

Let z € By be such that dR, # 0. By the local submersion theorem [11], R is
locally equivalent at z to the canonical submersion R? — R. Hence z possesses an
open neighborhood U such that R(U) is an open interval. We know that almost every
y € R(U) is a regular value both of R and R|0B;. By the Fubini theorem, for almost
every w € U, R(w) is a regular value both of R and R|0B;. The same claim is true for
almost all w € By because the set of critical points of R in By is at most countable. It
follows that for almost all (1, J;) € Rx |0, +oo[, R(o(J;)eXt) # R(0) is a regular value
both of R and R|0B;.

Suppose now that an initial condition (x1(0), J;(0)) has been chosen so that

y = R(o(1(0))e™ @) # R(0)

is a regular value both of R and R|0B;. Let I' be the component of R™!(y) containing
the point o(J;(0))e?(® . Since the Hamiltonian Z(x;,J;) is an integral of motion the
Hamiltonian trajectory z(t) = o(Ji(t))e*® is constrained to the submanifold I' C B.
We have to show that z(t) reaches the boundary 0By as t — +o00. The tangent vector
to the trajectory at the point z(t) equals

dz(t)
dt

= ig(1 (1) (1 (8)) W' (2(1)) -

15



Since 0 ¢ I', ¢'(J1) > 0 for all J; > 0 and h'(z) has no zeroes on I' (because y is a regular
value) it follows that z(¢) leaves any compact subset of By in a finite time. It remains to
show that z(¢) does not reach 0B, in a finite time. But by equations of motion (1.37),
|J1(t)] < max.epp, |W(2)| and so Ji(t) cannot grow faster than linearly.

This reasoning shows (1.38). From (1.37) and (1.38) it follows (1.39); one has only
to justify the sign of the limit. Obviously, the limit must be nonnegative. Denote OR =
R|OB;. Then OR can be regarded as a function of the angle variable, OR(x) = Re[h(e™)],
and one has

(3R)'(X1(oo)) = —Im [eim(m) h/(ez‘m(oo)ﬂ 20
because y = OR(x1(00)) is a regular value of OR. O

As a next step, one has to apply the inverted canonical transformation, from (¢, J)
to (p, 1),

881(907 J) 851((,0, J)
Y=p+e 57 J+e o
Using (1.33) one can estimate (recalling that A = u/v)
IGk(p1, )| _ A 1 1 #B(N)
bV < 28T — Byt < :
o ar 3 0 <
n#—kA
Hence, using (1.30),
0G (1, 1) 1—B(J1)
<C 1.40
‘ 9.y - B(J) (1.40)

where the constant does not depend on k and ¢y, J;. To estimate |0Gy/0p1| we need
the following lemma.

Lemma 1.4: Forall 5,0< 3 < 1, and all a € R\ Z,

In-+jl
su < = + 2+ 6| log(1 — : 141
WP D (o] S Gistla,z) T2 T Slest =)l (1.41)
and for all a € Z,
In-+
Sup < 1+ 3|log(1 - pB)]. (1.42)
J€T new ’n - CL‘
n#a

Proof. Notice that inequality (1.41) is invariant if a is replaced either by —a or by k + a,
k € Z. Thus we can restrict ourselves to the interval 0 < a < 1/2. Then |a| = dist(a, Z)
and |n — a| > |n|/2. This observation reduces (1.41) to (1.42) with @ = 0. Similarly,
inequality (1.42) is invariant if @ is replaced by k + a, k € Z. It follows that, in both
cases, it suffices to show (1.42) for @ = 0 and with j being restricted to the range j > 0.

Splitting the range of summation in n into the subrangesn < —j7—1, —j <n < -1
and 1 < n, one gets

B|n+j| J 5j—m
> < 2llog(1 = B)| + > ——.
nez | | m=1 M
n#0
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Furthermore,

> ey g )

m

1<m<j/2 1<m<j/2
and )
j—m
> b < L <1
je<m<i ™ jja<m< ™
This shows the lemma. O
Clearly,
¥1 nez\{o} 1™
n#—kA

Writing kA = —j — a, with j € Z and a = s/v, s = 0,1,...,v — 1, one can apply
Lemma 1.4 to show that
3Gk(<ﬁ1,J1)

Do, <+ "|log(1 - B(J))] (1.43)

where the constants ¢, ¢’ do not depend on k and ¢y, J;.
Let us discuss the resonant case when wse/w; = p/v, p and v are coprime positive
integers and v is such that

supp Z[f] N (Zv\ {0}) # 0. (1.44)

and this happens if and only if (f(¢))z, is not a constant function. Then h(z) defined in
(1.36) obeys the assumptions of Proposition 1.3 and so for almost all initial conditions
(x1(0), J1(0)), equalities (1.38) and (1.39) hold. In particular, Theorem 1.3 implies that

1-B(L#)=0@t") ast — +oo. (1.45)
Putting f,(¢) = (f(¢))z, one also has

lim A(t) =Im [eiM(OO) h'(eiXI(OO))] — =2 f (‘Xl(OO) - ﬂ;) > 0. (1.46)

t——+oo ¢ 2 v

From definitions (1.32), (1.33) and from assumption (1.23) one can readily see that
S(p,J) is C' in ¢y and C* in ¢y, J; (and does not depend on .J;). Moreover, from
(1.40) and (1.45) it follows that

051 ((1), (1))
0Jy
Similarly, estimate (1.43) implies

051 ((1), J(1))
8901

=0@t™") ast — +oo.

= O(log(t)) ast — +oo.

Now one can deduce the asymptotic behavior of ¢;(t) and I;(t). Observe that ¢, =
wy and Si(¢,J) does not depend on Jy, hence ¥y(t) = @a(t) = wot. Furthermore,

1 = (x1+ ve) /1 and so

lim (1 (t) — wrt) = ;m(oo).

t——+00
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Putting ¢(0c0) = x1(00)/p and taking into account (1.46) we arrive at the following
conclusion.

Corollary 1.5: Suppose (1.29) is true. In the resonant case (1.44) and for almost all
initial conditions (y1(0), 1;(0)),

tginoo (p1(t) —wit) = () € R, tEglOO hit) =C>0, (1.47)
and
¢ =2 1(= (0lo0) + 5)A) s with ) = (F(ene (143)

Discussion of the non-resonant case

Discussion of the non-resonant case supp % [f]N(Zv \ {0}) = () is simple if one considers
only the first order approximation. One readily deduces that the first-order von Zeipel
solution /;(t) is bounded in the non-resonant case.

Let us finish this Section with a short note concerning the higher order approxima-
tions of the Hamiltonian. In general, for v > 1 it is true that Ky (¢, J) = 0. Also for any
v > 1 it is possible to compute the function Si:

1 . B cos 1
Si(p,JJ) = = Re | — 2iarctan ————
1, J) 5 Re iarc anl—kﬂsingm
b igei, (1, 1-%2 9 ”2,@'5@@’@1>
Wi — Wsy w1 w1
1 iBe "1y (1, 14+ ﬂ, 2+ ﬂ’ —zﬂe_im> exp(—iys)
w1 + wa w1 w1

The symbol o F; denotes the hypergeometric function. If v = 2, then the second term of
the approximative Hamiltonian is quite nontrivial

)M 1 2
Ka(p, J) = _MBMH (5 - ﬁ) 2 F1 (1, 1+ g, 2+ g752) cos(puthy — 21)7)

526

1 p p 2) 1 ( p P 2>
Fi(1l,1—=2—= — (1.1 4+ =24+ — )
X (1-#/22 1(, 5 2,/3 +1+u/22 1|1, +2, +275

Again, we have one integral of motion. Following the same steps as in the end of the
last subsection, but with the matrix

p —2>
R=(" ,
(12“ 1

it follows that P, = 2J; 4+ uJs is conserved. The transformed Hamiltonian now reads

K(x P) = Ps + 2z, P) + O(Y) (1.49)

For the level curves in the yi, Pi-plane see Figure 1.5. It appears that in this case it is
not possible to have P, — oo. Let me just present comparison between the level curves
obtained by von Zeipel’s method and the numerical solution of the original problem, see
Figure 1.6.
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Figure 1.5: Typical level curves of Hamiltonian (1.49).

1.3 Decoupled equations and asymptotic behavior:
action-angle variables

Formulation of the problem
Applying the substitution
F(t) = 21(t) + a(t)], o(t) = (t) — bi, (1.50)

to the original equations (1.13), (1.14) we obtain the system of differential equations

/ a(t)d'(t)
. ’ 1.51
(t) F(t) +\/F(t)? — a(t)?sin(bt + ¢(t)) o

St = — a(t) d'(t) cos(bt 4+ ¢(t)) (152)

F(t)2 — a(t)? (F(t) + \/F(t)2 — a(t)? sin(bt + 6(1)))

where a(t) = pg — ef(Qt) (see (1.5) and (1.15)). The real function f(t¢) is supposed to
be continuously differentiable and 27-periodic. Originally, € > 0 was a small parameter
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Figure 1.6: Comparison of the orbits of the second order approximation (blue) and the
numerical solution of the original system (red) for ¢ = 2. Values of various constants
arepg=Q=1b=q¢q=2,¢=1/2, I,(0) =30 and ¢,(0) = 7/2.

but this assumption is not used any more in the current Section at all. The only thing
we assume is that € is small enough so that the function a(t) has no zeroes and hence
it is everywhere of the same sign as py. Recall that for definiteness py is supposed to be
positive. Clearly, the functions a(t) and a/(t) are bounded on R.

Equations (1.51) and (1.52) are nonlinear and coupled together. To decouple them
we replace ¢(t) on the RHS of (1.51) and F(¢) on the RHS of (1.52) by the respective
leading asymptotic terms, as learned from the averaging method (see Corollary 1.5).
This is done under the assumption that the solution has already reached the domain
F(t) > Fy > py where F(t) is sufficiently large and starts to grow. Let us point out
an essential difference between equations (1.51) and (1.52). Note that for all F,a,s € R
such that F' > |a| > 0 one has

a cos(s) <1

F++VF? —a%sin(s)| = '
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and, consequently, it follows from (1.52) that

ol
F(t)? — a(t)?

/()] < (1.53)

This means that the RHS of (1.52) is inversely proportional to F(t). Anything similar
cannot be claimed, however, for equation (1.51).

Thus, to formulate a problem with decoupled equations, we replace ¢(t) in (1.51) by
the expected limiting value ¢ = ¢(o0) € R, i.e. the simplified equation reads

F(t) = alt) a(t) (1.54)

F(t) +/F(t)? — a(t)? sin(bt + ¢)

We first analyze this equation in next Subsection. Equation (1.52) is then analyzed in
second Subsection under the assumption that F'(t) grows linearly. In that case ¢(t) is
actually shown to approach a constant value as t tends to infinity.

A resonance effect for Equation (1.54)

Analyzing equation (1.54) we prefer to work with a rescaled time (or one can choose the
units so that b = 1) and, simplifying the notation, we consider a differential equation of
the form

/ o(t)

t) = (1.55)
9(t) +\/g(t)* — a(t)?sin(t + ¢)
where o(t), a(t) are continuously differentiable real functions, a(t) is strictly positive
and ¢ is a real constant. In the resonant case the functions o(t), a(t) are supposed to
be 2m-periodic which means for the original data that 2 € N.

In the first step we estimate the growth of a solution on an interval of length /2.
Let || f|| = max |f(t)| denote the norm in C([0,7/2]), and put

A= min a(t) > 0. (1.56)

0<t<m/2
Consider for a moment the differential equation

o(t)
h(t) — Jh(t)2 — a(t)? cos(t)

B(t) = (1.57)

on the interval [0, 7/2] with an initial condition h(0) = hg > ||la||. The goal is to show
that for large values of hg, an essential contribution to the growth of a solution h(t) on
this interval comes from a narrow neighborhood of the point t = 0.

Remark 1.6: If o(t) is nonnegative on the interval [0,7/2] then a solution h(t) to
(1.57) surely exists and is unique. In the general case the existence and uniqueness is

guaranteed provided the initial condition hg is sufficiently large. From (1.57) one derives
that |h'(t)| < 2||0||h(t)/A? and so

exp(—2l|ol[t/A?) ho < h(t) < exp (2] o]|t/A%) ho (1.58)

as long as h(t) makes sense. Consequently, a sufficient condition for existence of a
solution is hg > exp(||o||/A?).
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Figure 1.7: Illustration of the kicked behaviour of solutions of equation (1.57). Our
particular choice of parameters is h(0) = 50, a(t) = 5 + cost + 1 sin(2t) — § sin(3¢), and

p(t) = cos(2t).
Lemma 1.7: Let g,a € C'([0,7/2]) be real functions, o(0) # 0 and a(t) > 0 on [0, 7/2].
Consider the set of solutions h(t) to the differential equation (1.57) on the interval [0, /2]

with a variable initial condition h(0) = hg for hg sufficiently large. Then

o) | O(hg ' log(ho))  as hy — +o0.

7r
(5)-+
2) =" )
Proof. Let us fix n, 0 < n < 7/2, so that |o(t)| > 0 on the interval [0,7[, i.e. o(t) does
not change its sign on that interval. Thus any solution h(t) to (1.57) is strictly monotone
on [0,n]. For n <t < /2 one can estimate |h/(t)| < C'/h(t) where C' = | || /(1 —cos(n)).
22



In view of (1.58) it follows that
h(r/2) = h(n) = O (hy ") as hg — +oc. (1.59)

Set
hy = min{h(0), h(n)}, ho = max{h(0),h(n)}, A= h(n)— he.
Then |A| = hy — hy. Set, for z > a > 0,
1
x — /22 — a? cos(t)

One has 1/ (t) = o(t) U(h(t),a(t),t). If 2 > 2u/+/3>0 then V22 — u2 > 2/2 and

U(z,a,t) =

Q\I/(a:,u, 5| = ‘\/xZ —u? — :L‘COS(t)‘ ;< 2 U(z, u,t), (1.60)
O Va2 —u? (x — V2 —u? cos(t)) x
0 u cos(t) 3
—VU(z,u,t) = 5 < —V(z,u,t). 1.61
du ( ) N (m — \/MCOS(t)) u ( ) ( )

Observe also that, for x > u > 0,

<T (1.62)

/2 2
/ U(z,u,t)dt = — arctan
0 u

u

(HW)

Assuming that hy is sufficiently large and using (1.60), (1.62) one can estimate
n n
A= [y hoat). 0] < [l 1B(0h(t), o). 0) ~ Bho,a(e), )]

2llell /h2
U(x, A, t)de | dt
hl 0 hl (x’ ’) o

2ol

Ahy

IN

IN

A
In view of (1.58) it follows that
A= (1+0(h")) /0 o() W (ho, a(t), t) dt.
Furthermore, with the aid of (1.61) one finds that
06T (o, alt), 1) — 0(0) ¥ (o, a(0), 1] < C"W(ho, A, D)

where

9021/2
Oz(u—uf) g2+ il

Note that
sin(t)

n T [7/2
U(ho, A, 1) tdt < f/
/0 2Jo  p,— \V hé — A2 cos(t)

dt = O(hg " log(ho))
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and
/O"Qm)xp(ho,a(()),t)dt - Q(O)/(]W/2\I!(h0,a(0),t)dt+0(h01)

= 20(0) arctan(ho i : h02 _ a(O)Q) + O(h(;l)

a(0) a(0)
m0(0) -1
= Ol(hy ).
a(0) + ( 0 )
Altogether this means that
m0(0) -1
h(n) —ho=A = O(hy “log(hg)) .
(n) 0 CL(O) + ( 0 Og( 0))
Recalling (1.59), the lemma follows. O

Consider the mapping H : h(0) — h(m/2), where h(t) runs over solutions to the
differential equation (1.57). From the general theory of ordinary differential equations
it is known that H is a C! mapping well defined on a neighborhood of 4+00. Lemma 1.7
claims that H(x) =z + 70(0)/a(0) + O(z " log(x)). On the basis of similar arguments,
the inverse mapping H~! : h(7/2) — h(0) is also well defined and C' on a neighborhood
of +oo. From the asymptotic behavior of H(z) one readily derives that H'(y) =
y — m0(0)/a(0) + O(y~*log(y)). These considerations make it possible to reverse the
roles of the boundary points 0 and 7 /2. Moreover, splitting the interval [0, 27| into four
subintervals of length 7/2 one arrives at the following lemma.

Lemma 1.8: Let o,a € C'([0,27]) be real functions, o(m) # 0 and a(t) > 0 on [0, 27].
Consider the set of solutions A(t) to the differential equation
o(t)

h(t) + +/h(t)? — a(t)? cos(t)

on the interval [0, 27| with a variable initial condition h(0) = hg for hy sufficiently large.
Then

W(t) =

2mo(r)
a(m)
In the next step, applying repeatedly Lemma 1.8 one can show that solutions of the
simplified differential equation in the resonant case 2 € N (with b = 1) are unbounded
and grow with time at least linearly provided the initial condition is sufficiently large
and the phase ¢ belongs to a certain interval.

h(27) = ho + +0(hg ' log(ho))  as hy — +o0.

Proposition 1.9: Suppose o(t), a(t) are continuously differentiable 27-periodic real
functions, ¢ € R, a(t) is everywhere positive and

g(—qs — g) > 0. (1.63)

Let g(t) be a solution of the differential equation (1.55) on the interval ¢ > 0 with the
initial condition ¢g(0) = go > 1. If gy is sufficiently large then

g(t) = w t+0(log(t)’) ast — +oo.
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To return back to the original notation and equation (1.54) one can apply the sub-
stitution F'(t) = g(bt), a(t) = a(bt), o(t) = a(t)a'(t). Equation (1.54) transforms into
(1.55) (with a(t) being replaced by a(t)), and Proposition 1.9 is directly applicable.
Corollary 1.10: Suppose f € C%(R) is 2m-periodic and

Q S Q s

— —— - . 1.64

beN,f<b(¢+2>><0 (1.64)
Then any solution of (1.54) such that F'(0) is sufficiently large fulfills

F(t)=eQ

f’(—i} (¢ + g))‘ t+0(log(t)’) as t = +o.

To conclude let us emphasize that the replacement of the phase ¢(t) by a constant
¢ was quite crucial for the estimates. In fact, suppose F(t) is sufficiently large. Then
in the case of the original equation (1.51), too, essential contributions to the growth of
F(t) are achieved at the moments of time when sin(bt + ¢(t)) = —1. If ¢(t) equals a
constant then these moments of time are well defined and the growth of F'(¢) can be
estimated. On the contrary, without a sufficiently precise information about ¢(t) one
loses any control on the growth of F(t).

An analysis of equation (1.52)

On the contrary, here we wish to verify that if F'(¢) grows linearly, possibly with a
logarithmic correction, then any solution ¢(t) to (1.52) approaches sufficiently rapidly a
constant value as t tends to infinity. At this moment, the periodicity of the functions a(t)
is not important. It suffices if one knows that it takes values from a bounded interval
separated from zero.

Proposition 1.11: Suppose a(t) € C*(R) fulfills
0< Al < a(t) < AQ, ]a'(t)\ < Ag,

for some positive constants A;, Ay, Az. Furthermore, suppose F(t) € C(R) has the
asymptotic behavior

F(t) = at+ O(log(t)?) ast— +o0, (1.65)

with a positive constant a. Under these assumptions, if ¢(t) obeys the differential
equation (1.52) on a neighborhood of +o00 then there exists a finite limit lim,_, o, ¢(t) =
¢(o0) and

log(t)

o(t) = 6(00) + 0(

Proof. Put ((t) = bt — ¢(t). Recall that ¢’
such that

) as t — +oo. (1.66)

—~

t) obeys the estimate (1.53). Choose t. € R

()] < =, VE>t,,

N S
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hence the function ((t) is strictly increasing and b/2 < ('(t) < 3b/2. Moreover, we
choose t, sufficiently large so that

F(t+3s) <V2F(t) for 0 < s <3ab, and F(t) > V2 Ay, Vit >t,. (1.67)

Fix ¢ € N such that (27(¢ + 1)) > t.. Put . = ((2n(¢ + k)), k € N. Note that
b < T — T < 3mh. For a given k£ € N put

Fi= min F(t), F, = max F\(t).

tE[Tk,TkJrl] tE[Tk,TkJrl]
One has
Tk+1
| el <
2 [C@m(l+k+1)) 2A5A5 2m(b+k+1) COS S
= 5/277 (6+k)) FOICE) dE < s by F2 — A2 /2 | | ds
i

m(l+k) ( —|—\/F( )2 —a(s)? sins

where ' = Fo(tanda = ao (', Put My, = 2r({ + k) + [0,7] and M_ =
2n(€ + k) + [ 7,27 ]. One has

| cos s

/M+ F(s) +/F(s)2 — a(s)? sins

ds <

5 /W/2 oS 8 210g2
0 By +/F2— A2 sins \/ A2

For s € M_ one can estimate

1 F2+1/F2 A2|sms] 2
F(s) 4+ \/F(s)? — a(s)? sins T Flcos’s+ Afsin®s Fl +/F2— A} sins

where we have used that
Fy

By
VE? — A = VE? -

as it follows from (1.67). Thus one arrives at the estimates

— AZ <2F? — AZ < AF? —H5A < A(F? — AD),

| cos s oS S

w/2
= = ds < 4
/M* F(s)+1/F(s)? —a(s)? sins / Fy —\/F? — A sins
4 log<2F1 )

T+l 32A2A3 (2F1>
t)|dt < 1 .
‘/rk, |¢ ( >| — bF12 Og A1

Referring to the asymptotic behavior (1.65) one concludes that there exists a constant
C, > 0 such that

ds

IN

and

=01
IO Z/ dr<c, 3 28U
n j=t+1 72
Hence the limit lim; o ¢(t) = ¢(c0) € R does exist and (1.66) follows. O
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Asymptotic behavior of the original dynamical system

Corollary 1.10 and Proposition 1.11 can also be interpreted in the following way. Let us
pass from the differential equations (1.51), (1.52) to the integral equations

F(t) — F(0) — /t s als) '(s) ds =0,

F(s)2 — a(s)? sin(bs + ¢(s))
/ a(s)a'(s)cos(bs + ¢(s)) ds = 0.
—a(s)? (F Wsm(bs + qb(S)))

Suppose ¢(o0) satisfies a = —e Qf'(—(2/b)(¢(c0) + 7/2)) > 0. If F(0) is sufficiently

large then the functions

F(t) = at + F(0), 6(t) = ¢(c0), t > 0,

can be regraded as an approximate solution of this system of integral equations with
errors of order O(log(t)?) for the first equation and of order O(log(¢)/t) for the second
one.

One has to admit, however, that this argument still does not represent a complete
mathematical proof of the asymptotic behavior of the action-angle variables I(t) =
(F'(t)—la(t)])/2, ¢(t) = bt+¢(t). Moreover, it should be emphasized that these relations
were derived under the essential assumption that the dynamical system had already
reached the regime characterized by an acceleration with an unlimited energy growth
(this is reflected by the assumption that F'(0) is sufficiently large). Nevertheless, on the
basis of the above analysis as well as on the basis of numerous numerical experiments
we formulate the following conjecture.

Conjecture 1.12: If /b € N then the regime of acceleration for the original (true)
dynamical system is described by the asymptotic behavior

1(t) = Ct + 0 (log(t)?), o(t) = bt + d(oc) + o(l‘)i( )> ast— +oo,  (1.68)

where ¢(00) is a real constant and

™

1 Q
C = —52Of (~€) > 0, with €= (¢(oo) + 2) . (1.69)

1.4 Asymptotic behavior: guiding center
coordinates

Given the asymptotic relations (1.68), (1.69) it is desirable to describe the accelerated
motion in terms of the original Cartesian coordinates ¢q. The description becomes more
transparent if the motion is decomposed into a motion of the guiding center X and a
relative motion of the particle with respect to this center which is characterized by a
gyroradius vector R and a gyrophase ¥ [21]. Let v = p — A be the velocity. Thus we
write ¢ = X 4+ R where, by definition,

1 1
X:q—l—ng,R:q—X:—ng. (1.70)
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We use the polar decompositions

g =r(cosf,sinf), X = |X|(cosy,siny), R =|R|(cosd,sin). (1.71)

q2

q1

Figure 1.8: The guiding center coordinates.

The quantities X, R were introduced (under different names) and studied in [6] where
one can also find several formulas given below, notably those given in (1.72). Note that
p-qt =npe, [p|> =p2+pd/r® A direct computation yields

2
RP? — |XP =
b2y2 2
2 _ 2
|U’ =D, —i—T—i—ﬁ—l—ba.
Using (1.10), (1.11) one derives the equalities
g _ 1 g _ 1
| X|* = A (21 + |a] —a), |R|* = 5 (21 + |a| + a) (1.72)
and
9 9 ) 1/2 b
r=(IXI” + R +2X||R|sin(¢)) ", pr = ~ IXI1E] cos(p). (1.73)

On the other hand, one has
2
P = [XP 4 RE 42X R = (21 +la] +2y/T(I + |al) cos(® — X)). (1.74)
By comparison of (1.74) with (1.73) one finds that
ﬁ:go+x—g (mod 277). (1.75)
Observe from (1.72) that if a(t) is an everywhere positive function then |R(t)| > | X ()]

and so the center of coordinates always stays in the domain encircled by the spiral-like
trajectory. On the contrary, if a(t) is an everywhere negative function then the center
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of coordinates is never encircled by the trajectory. This can be nicely seen in Figures
1.1 and 1.2.
From (1.72) and (1.68) one deduces the asymptotic behavior

1X| = Qth +0<10f/<? ) ,

2
|R| = 221& + O<10%2> > as t — +oo0. (1.76)

We still need some information about the asymptotic behavior of the phase x(t). To
this end, let us compute the derivative x'(¢). This can be done by differentiating the
equality

r(cosf,sinf) = | X|(cos x,sin x) + |R|(cos ¥, sin )
and then taking the scalar product with the vector (—siné,cos#). One has

, OH a b

f=—=— 4 —

8p9 r2 2

where H is the Hamiltonian (1.4) expressed in polar coordinates. Furthermore, in view

of (1.75), ¥ = x’' + ¢'. After some straightforward manipulations one finally arrives at
the differential equation

,  |Rla’'cos o

| X|br?

Equation (1.77) admits an asymptotic analysis with the aid of similar methods as
those used in Section 1.3. In order to spare some space we omit the details. We still
assume that /b € N. Recalling (1.68), (1.69) one observes that the main contribution
to the growth of x(t) over a period T' = 27 /b equals

1 T a'(t) cos(bt + ¢(0))
4CnT ilg%l /0 1+ V1 —a? sin(bt + ¢(o0)) «

(1.77)

x((n+1)T) = x(nT)

Proceeding this way one finally concludes that
x(t) = Dlog(t) + x(00) + o(1) ast — +o0 (1.78)

where x(00) is a real constant and

i £ (-9 1 -9) e

Given the Fourier series f'(t) = 352 (ay cos(kt) + by sin(kt)) one can also express

; i (ag sin(k&) + by cos(k§)) Z a, cos(k€) — by sin(k€)) .

k=1

Thus (1.68), (1.78) and (1.75) imply that
V(t) = bt + Dlog(t) + ¢(o0) + x(00) — g +o(1) ast— +oo. (1.79)
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Relations (1.76), (1.78) and (1.79) give a complete information about the asymptotic
behavior of the trajectory q(t) = X (t) + R(t). The length of the guiding center position
vector and that of the gyroradius vector are almost equal and grow with the square
root of ¢, and | X (¢)|? — |R(t)|*> = —2a(t)/b. The gyrophase ¥(t) grows linearly with the
frequency b while the growth of the phase of the guiding center, x(t), is only logarithmic
and so comparatively very slow.

Finally let us state a formula for the acceleration rate using now all physical constants
(including m and e). One has

welal
2(21 + |a| +2\/I(I + |a]) sing)

Applying Conjecture 1.12 we find (to lowest order in the flux amplitude) the positive
acceleration rate

Vace = —=— lim T/ t)dt, with ©'(t) =

27{' T—o0

Yace = =t <I>’<—1 (gp(oo) + g)) > 0. (1.80)

47 We

Moreover, by equation (1.76) one has for the guiding center | X (¢)|* ~ 27acct/(mw?2).
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Chapter 2

Quantum Mechanics
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2.1 Introduction

Now we consider a quantum point particle of mass m and charge e moving on the plane
in the presence of a homogeneous magnetic field of magnitude b; here all constants
m, e, b are supposed to be positive. Assume further that the particle is driven by an
Aharonov-Bohm magnetic flux concentrated along a line intersecting the plane in the
origin and whose strength ®(t) is oscillating with frequency €. Let us study this model
in the framework of the non-relativistic quantum mechanics.

In the time-independent case, the Hamiltonian corresponding to a homogeneous mag-
netic field and a constant Aharonov-Bohm flux of magnitude ®, has the form

h? 1 1 edy  eBr?\’
— | == 0,10, + = | —i0y —
Qm( r " +T2< 1o 27r7'zc+ 2hc
where (r,0) are polar coordinates on the plane. So the Hilbert space in question is
L*(Ry x R,rdrdf).
It is convenient to set Ah=m = e = 1.
Making use of the rotational symmetry of the model we restrict ourselves to a fixed

eigenspace of the angular momentum J3 = —i0y with an eigenvalue j3, j3 € Z. Put
p = js — $o/(2m). Then this restriction leads to the radial Hamiltonian

1{ 1 1 b2\

in the Hilbert space s = L*(R,,rdr). Without loss of generality, we can assume
that p > 0 (note that H(—p) — H(p) is a constant). The boundary conditions at the
origin are chosen to be the regular ones (then H(p) is the so called Friedrichs self-adjoint
extension of the symmetric operator defined on smooth functions with compact support,
see Appendix B). If 0 < p < 1, then more general boundary conditions are admissible
[9], but here we confine ourselves to the above standard choice.

Note that the cyclotron frequency w, is equal to b. The operator H(p) has a simple
discrete spectrum, the eigenvalues are

E.(p)=b(n+p+1/2), n=0,1,2,..., (2.1)

with the corresponding normalized eigenfunctions

br? br?
Un(p;7) = calp) r” LY (;) exp (—Z) . n=0,1,2,...,

(p+1)/2 1/2
b 2n!
n =15 — ) :0,1,2,...,
e (0) <2> <F<n+p+1>> !

are the normalization constants and L) are the generalized Laguerre polynomials. The
set {1, (p)}2, forms an orthonormal basis of L?(R,r dr). This information determines
the operator H(p) unambiguously.

where
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Next we consider the periodically time-dependent Hamiltonian H (a(t)) where a(t) =
ptef(Qt), f(t) is a 2m-periodic continuously differentiable function, {2 > 0 is a frequency
and ¢ is a small parameter. Thus the Aharonov-Bohm flux depends on time as

O(t) = By — 2me F(Q). (2.2)

Without loss of generality one can assume that [J" f(t)dt = 0. As discussed in [4],
the domain of H(a(t)) in principle depends on ¢ which makes the discussion from the
mathematical point of view more delicate, particularly in the case 0 < a(t) < 1. But
here we ignore these mathematical subtleties.

This model has already been studied in the framework of classical mechanics in [5],
and Chapter 1 of this thesis. It turns out that in the resonant case, when ) is an integer
multiple of w,, the classical trajectory eventually reaches an asymptotic domain where it
resembles a spiral whose circles expand, as t approaches infinity, with the rate t'/2. As
the particle moves along the circles of the spiral-like orbit, approximately with frequency
w,, the extremal distances to the origin converge to zero and to infinity, respectively. At
the same time, the energy of the particle grows linearly with time. If £(¢) is the energy
of the particle depending on time, then the acceleration rate, as computed in Chapter 1
is given by the formula

'(7)], (2.3)

where 7 is a real number depending on asymptotic parameters of the trajectory.

The purpose of this Chapter is to show that in the framework of quantum mechanics
one can derive a formula analogous to (2.3). To this end and because of complexity of the
problem, we restrict ourselves to the case when f(¢) is a sinusoidal function. Moreover,
we study in fact an approximate time evolution which we derive with the aid of the
quantum averaging method.

2.2 The Floquet operator and the quasienergy

Let U(t, to) be the propagator (evolution operator) associated with H(a(t)). Without
going into details, we take its existence and natural properties for granted [1]. An
important characteristic of the dynamical properties of the system is the time evolution
over a period which is described by the Floquet (monodromy) operator U(T,0), with
T =27 /€. Our goal is to study the asymptotic behavior of the mean value of the energy

(U(T,0)Ny, H(p)U(T, 0)V )

for an initial condition ¥ as N tends to infinity. We focus on the resonant case when
0 = pw, for some natural number .

A basic tool in the study of time-dependent quantum systems is the quasienergy op-
erator K. It is nothing but the full Schrodinger operator (including the time derivative);
thus we put K = —i0; + H(a(t)). It acts in the so called extended Hilbert space which
is in our case & = LQ((O, T)x Ry, rdt d'r’), and the time derivative is taken with the
periodic boundary conditions. In general, this is a way, very similar to the approach
usually applied in classical mechanics, how to pass from a time-dependent system to an
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autonomous one'. The price to be paid for it is that one has to work with more complex
operators in the extended Hilbert space.

An important property of the quasienergy consists in its close relationship to the
Floquet operator [13, 25]. In more detail, if ¢(¢,7) € £ is an eigenfunction or a gener-
alized eigenfunction of K, K1 = ni, which also implies that (¢t + T, r) = (¢, r), then
the wave function e~ (t, r) solves the Schrodinger equation with the initial condition
Po(r) = (0,7r). Tt follows that U(T,0)1y = e "T4)y. Thus from the spectral decom-
position of the quasienergy one can deduce the spectral decomposition of the Floquet
operator.

Let Koy = —i0; + H(p) be the unperturbed quasienergy operator. Its complete set of
normalized eigenfunctions is

{T‘lﬂeimmwn(p; r);meEZLneE NO}

with the corresponding eigenvalues m$) + E,(p). Thus Kj has a pure point spectrum
which is in the resonant case (2 = uw.) infinitely degenerated. To take into account these
degeneracies we perform the following transformation of indices. Denote by [z] and {z}
the integer and the fractional part of a real number z, respectively, i.e. x = [z] + {z},
[z] € Z and 0 < {x} < 1. Furthermore, let p(u, k) = p{k/pu} be the remainder in
division of an integer k by u. The transformation of indices we wish to apply is a one-
to-one map of Z x Ny onto itself sending (m,n) to (k,¢), with k = pm+n and £ = [n/p],
and conversely,

m = m(h,€) = [k/] — €
n=n(k,l) = ul + p(u, k).

Using the new indices (k, ¢) we put
‘Ijk,f (p7 t? T) = T71/2 eim(k,f)Qt ¢n(l€,€) (p7 T)'

Then the vectors Wiy, (k,¢) € Z x Ny, form an orthonormal basis in the extended
Hilbert space J# . For a fixed integer k € Z let P, be the orthogonal projection onto the
subspace in J# spanned by the vectors Wy 4, £ € No. Then

KO:Z)\kPk where )\k:wc(k+p+1/2)
keZ

Furthermore, using the basis {Uy,} one can identify # with the Hilbert space
(*(Z x Ny). In particular, partial differential operators in the variables ¢ and r like the
quasienergy are identified in this way with matrix operators. In the sequel we denote
matrix operators by bold uppercase letters.

2.3 The quantum averaging method

The full quasienergy operator K = K () depends on the small parameter e. Let us write
K (¢) as a formal power series, K () = Ky + K + 2K, + ... In our case,

p 1) fsa)?

V= F@ e (G 5) K= 1

1'We have already mentiond this classical approach in Chapter 1, Section 1.2.
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and K3 = K, = ... = 0. The ultimate goal of the quantum averaging method in the case
of resonances is a unitary transformation resulting in a partial (block-wise) diagonaliza-
tion of K (¢). Thus one seeks a skew-Hermitian operator W (e) so that "' () K (g)e=" ()
commutes with Ky which is the same as saying that it commutes with all projections P.
This goal is achievable in principle through an infinite recurrence which in reality should
be interrupted at some step. Here we shall be content with the first order approximation.

Let us introduce the (block-wise) diagonal part of an operator A in £ as diag A :=
>wez PeAP,. Thus diag A surely commutes with K. The off-diagonal part is then
defined as offdiag A := A—diag A. Developing formally in € one has W (g) = eW;+0O(g?)
and

VEOK(€)e™E) = Ky 4 e Ky + ¢ [W, Ko + O(£%).

Choosing W, as
Wl == Z (>\k‘1 - )\k‘g)ilplelka

k1, ka2
k1Ko

one has [Wy, K] = — offdiag K and
VEOK(e)e™™E = Ky + e diag Ky + O(£?).

The solution W; is also expressible in terms of an averaging integral, and this explains
the name of the method [23, 16].

After switching on the perturbation, any unperturbed eigenvalue A\, gives rise to a
perturbed spectrum which, in the first order approximation, equals the spectrum of the
operator Ay + e¢P, K1 P, in Ran P, C . If the degeneracy of A\ is infinite then the
character of the perturbed spectrum may be arbitrary, depending on the properties of
P K1 Py.. The corresponding perturbed (generalized) eigenvectors span a subspace which
is the range of the orthogonal projection

Py(e) = e WEpWVeE = p— ¢ (W1, P] 4+ O(<?)
=P, —¢ (SkKlpk + PkKlSk) + O<82>

where S, = Z&#k(/\g — M) 1P, is the reduced resolvent of K taken at the isolated
eigenvalue \;. Thus the first order averaging method is in fact nothing but the stan-
dard quantum perturbation method in the first order but accomplished on the extended
Hilbert space simultaneously for all eigenvalues of K (compare to [18, Chp. 11§2]).
Our strategy in the remainder of the chapter is based on replacing the true quasi-
energy K (e) by its first order approximation Ky := Ko + ¢ diag Ky and, consequently,
U(T,0) will be replaced by an approximate Floquet operator Uy associated with K.

2.4 The approximate Floquet operator

To determine the approximate Floquet operator Uy one has to solve the spectral prob-
lem for K(;). To this end, as already pointed out above, one can employ the orthonor-
mal basis {WUy,} in order to identify operators in % with infinite matrix operators in
(*(Z x Ny). Let {el; k € Z} denote the standard basis in ¢?(Z), and {e?; ¢ € Ny} denote
the standard basis in £2(Np). Tt is convenient to write *(Z x Ny) as the tensor product
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of Hilbert spaces ¢*(Z) ® ¢*(Ny) which also means identification of the standard basis in
(*(Z x Ny) with the set of vectors {e; @ eZ; (k, () € Z x Ny}.

Let P}, be the orthogonal projector onto the one-dimensional subspace Cei C (2(Z).
Then the matrix operator K ) corresponding to Ky takes the form

K(l) = ZPk® ()\k +<€Ak)

kEZ

where Ay is a matrix operator in ¢*(Ny) with the entries
(Ar)e e, = (Yo, KiWhy,) -
To compute the matrix entries one observes that
(Whay, KV p,) = Ff](l2 — 1)
X (Un0)(P), (OH (p)/0p) (i) (P))

where Z[f](r) = (2r)! [§" e "*f(s)ds stands for the rth Fourier coefficient of f.
Recall that, by our assumptions, .#[f](0) = 0. Moreover, for ¢; # {5 one has

<¢”(kvf1)(p>» H(p)¢n(k,ﬁ2)(p)> =0.

Differentiating this identity with respect to p and using the explicit formulas for the
scalar products (1, (p), 0, (p)/0p) derived in [1] one finally obtains the relation

v(p;n(k, £)) v(p;n(k,&))}
Y(p;sn(k, 4)) " v(p;n(k, f))

We

(Ak)ere, = 0 Ffl(ly — ty) min{

where y(p;n) := (F(n +p+ 1)/n!)1/2.

Note that n(k,?) is p—periodic in the integer variable k£ and so is the matrix Ay,
ie. Apy, = Ay Moreover, since puw. = 27/T one also has e”Pw+ul/h = e=iMT/h,
For an integer s, 0 < s < u, let JZ be the closed subspace in the original Hilbert
space S = L*(R,rdr) spanned by the vectors ¥s;,(r), 7 = 0,1,2,.... Then S =
Hy ® A D ... ® I, and from the relationship between K(;) and Uy, as recalled
above, it follows that every subspace . is invariant with respect to U(y).

In the example which we study below in more detail (for a particular choice of f(t)),
the matrix operators A, have purely absolutely continuous spectra. For the sake of
simplicity of the notation let us confine ourselves to this case. For a fixed index s as
above, suppose that all generalized eigenvectors and eigenvalues of A, are parametrized
by a parameter € (as, bs). Let us call them x4(6) and 7,(0), respectively, i.e. Asx,(0) =
ns(0)xs(0), and write x5(0) = (£5,0(0),Es:1(0),Es2(8), .. .). The generalized eigenvectors
x(0) are supposed to be normalized to the 0 function, i.e. (x(0;),xs(02)) = 0(61 —02),
which in fact means that &,(f) as a function in the variables ¢ € Ny and 6 € (as, ;)
is a kernel of a unitary mapping between the Hilbert spaces ¢2(Ny) and L?((as, bs), d6).
Thus the spectral decomposition of A, reads: Vo € £3(Np),

A= / b 1s(0) (24(6), v) () 6.
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Put
ng,j ¢s+]u p;r ) (24)

Then again,
/0 0s(01,1)ps(02, ) rdr = 6(6; — 02)
and for all ¢(r) € I

U(l)'l/)(r) — 6727ri(8+p+1/2)/,u

bS .
X [T (0,1), 4 () (0,7) 0. (2.5)
2.5 Example: f(t) = cos(t)
We still assume that s € {0,1,...,u — 1} is fixed. In the remainder of the paper we

1,.
discuss the example when f(t) = cos(t). In that case an immediate computation gives

We Eopje+s+tv V2
A =2y .
( )]1,32 4 |71—J2|,1 <V1_[1 Wic +S+p+v

where j. = min{j1, jo}.
Thus A, is a Jacobi (tridiagonal) matrix with zero diagonal, i.e. a matrix of the type
(we/4)J where

0 a9 0 O
Qp 0 a1 0 .
J — 0 O{l 0 OZQ .. , (26)

0 0 a O

with the matrix entries «; being positive for all j. This is an elementary fact that the
spectrum of J is simple since any eigenvector or generalized eigenvector is unambigu-
ously determined by its first entry. Moreover, one observes, while applying the unitary
transformation determined by the diagonal matrix with the diagonal {1,—1,1,—1,...},
that the matrices J and —J are unitarily equivalent, and so the spectrum of J is sym-
metric with respect to the origin.

In our case, a; = 1 —p/(27) + O(j72) as j — oo. Hence J is rather close to the
“free” Jacobi matrix Jy for which a; = 1 for all j. The spectral problem for J is
readily solvable explicitly (see below). It turns out that the spectral properties of J
are close to those of Jy as well [11], see also [241]. In particular, it is known that the
singular continuous spectrum of J is empty, the essential spectrum coincides with the
absolutely continuous spectrum and equals the interval [—2,2]. Furthermore, there are
no embedded eigenvalues, i.e. if 1 is an eigenvalue of J then |n| > 2.

Splitting J into the sum of the upper triangular and the lower triangular part,
one notes that ||J|| < 2sup{ap, o, 2,...}. In our example, o; < 1 for all j and so
||J]| <2 and, consequently, the spectrum of J is contained in the interval [—2,2]. This
means that the only possible eigenvalues of J are +2. But one can exclude even this
possibility. In fact, suppose that Ju = 2u, with w = (ug, uy, ug,...) and ug = 1. Then
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Qj_1uj1 + ojujpy = 2u; for j = 0,1,2,... (while putting u_y = 0). Summing this
equality for j = 0,1,...,n, and using that o; < 1, one finds that u,41 > u, + 1 for
n =0,1,2,.... Hence u; > j + 1 for all j, and so w is not square summable. Let us
summarize that the spectrum of J is simple and purely absolutely continuous and equals
[—2,2].

Let us parametrize the spectrum of A, = A, (p) by a continuous parameter 6, 0 <
0 < m, so that n(0) := (w./2) cos(f) is a point from the spectrum and x(p;0) is the cor-
responding normalized generalized eigenvector with components &;(p;6), 7 = 0,1,2,...
(here we drop the index s at @ and £ in order to simplify the notation). The asymptotic
behavior of the components ¢; is known [15, 7]; one has

&(p;0) ~ A(p; ) cos(j6 — (p/2) cot(6) log(j + 1) + ¢(p; ) (2.7)

for j > 0. Here A(p;0) is a normalization constant and ¢(p; €) is a phase which depends
on the initial conditions imposed on the sequence {¢;} (i.e. £-1 = 0) but the asymptotic
methods employed in the cited articles do not provide an explicit value for it. In the
limit case p = 0 the generalized eigenvectors are known explicitly, namely £;(0;60) =
\2/7 sin((j + 1)0) for all j. Hence ¢(0;0) = 0 — /2.

The generalized eigenvectors are supposed to be normalized so that

(z(p; 01), T(p; 02)) = 6(61 — 0).
For p = 0, one can use the equality

1

_— 2.8
1—e (28)

d e =ni(z) — P
n=1
which is valid for z = 6; — 6, € (—7, ) and where the symbol P indicates the regular-
ization of a nonintegrable singularity in the sense of the principal value. It follows that
> €™ =2xd(x), and the normalization is an immediate consequence.

n=—oo

Proof of formula (2.8). Let ¢ € Z(—m, ) be a test function, that is a smooth function
with compact support in the interval (—m, 7). The limit

: - ikx : ¢ -1 ikx
fiis! (kZ * w) =i 3 [ gete) ds

o0
exists for any test function a defines a generalized function which is denoted by Z etk

k=1
Splitting the domain of integration we get

L 6 n -5 T 1= inT
<kzl e, 90> = Jim ( > e*rp(x) dr + (/_7r +/5 )e“’ 0 _eem () dx) —

=

() ([T ) o
N —iw_1' 7% 5g(r)l+ — s e _ 1 P\ AT

In order to simplify the second term on the right hand side we use the substitution and
obtain

lim /; ¢ o(—z) + éigo(x) dzr = /7r ¢ o(—z) + ———(x)dz. (2.9)

5—=04 Js e — 1 e~ — 1 0o er—1 e~ —1
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The last equality is correct since

lim, ( () + ‘?1so<x>) = 2i¢'(0) — (20 + 1)(0).

The Equation (2.9) thus becomes

T —inx inT T ) _ 0
90(0)'/ (e. +6.>dx+/ e"’“”(sé( I)—w.( )>+
0 1T —ix 0 e —1 1T

—w—1  —x
= —2p(0) /7r SIINT 4y + /7r e ( fo(x) — 90(0)) dr =
0o x -7 ecw -1 —ix
nm 0
= —20(0) [ ydy+\/_/[ igf)l—‘p(,)](—n)
0 - —iT
Consequently
lim (;le : s0> 1p0) = (P ¥
This proves (2.8). O

For general p, the contribution to the ¢ function should come from the most singular
and, at the same time, the leading term in the asymptotic expansion of &;(p;#), as
given in (2.7). This time, when investigating the singularity near the diagonal 6; = 6,
in the scalar product of two generalized eigenvectors, one is lead to considering the
sum Y2, n@e™® where a = p/(2sin?6) is a real constant. Using the Lerch function?

®(z, s,v) one has for |z] < 1,

St =2 B(z,5,1) =T(1—s) > (—log(z) + 2mni) . (2.10)
From here one deduces that, for any real a,
e = mi(s )+z73 + ga(®) (2.11)

where g¢,(z) is a regular distribution, i.e. a locally integrable function. Thus in the
general case, too, the normalization constant equals A(p;0) = {/2/.

2 Lerch function is defined by

oo

D(z,8,v) = Z(v +n)7%2", 2| <1, v#£0,—1,...,
n=0
and has a series expansion
O(z,8,v) =27"T(1—3s) Z (—log(z) + 2mni)s~te2™mvi,
n=—oo

where 0 <v <1, Res < 0, | arg(— log(z)2mni)| <, see [10, § 9.55].
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Proof of formula (2.11). Let ¢ € Z(—m,m) be a test function and note that

neeffn 5 (p//(x) dx
- (z(n +aln n))

) ] T eia:(n—l—alnn)
<n5+laazeznazfsn, 30) :/

holds for any sufficiently large integer n and € > 0. Hence

aa-te ina— 2m||¢”|
1aT+€ _INT—en < 0 . 212
‘(n € ’SO)‘_ (n+ alnn)? ( )

and

lim (g: niaxeinx’ @) — io: ( iax nm > — lim io: <n5+iax€n(ia¢7€)7 90) =

N—oo n—1 e—04 n—1
= lim 6+zax n(iz—e) —
=04 z_: Y
= lim (e“c—aCD(e”_e, —€ —iax, 1), gp).
e—04

Using the series expansion of Lerch function the last expression is equal to

. . > . N\ —e—tax—1
El&)r(r)l+ (F(l + ¢ +dax) n:z;oo (5 —ir + 2nm> , (p) -
=1 I'(1 azx)(—i e 2.13
Jim <x+i5’ (1+ e +iax)(—ix +¢) ,90)+ (2.13)
+ lim <r(1 tetiar) Y (—iz+et2onmi) go) (2.14)
e—U4
n#0

Recalling the well known Sokhotski formula,

1 1
lim — = —imd(z) + £—, in D' (—m,7),
e=04+ T + 1€ T

the limit in (2.13) is
(76, ¢) + (zﬁ@l gp) - (z‘(F(l +idax)(—iz) "' 1)*1 90)
’ z’ ' 7))

Third term comes from a regular distribution as does the contribution from (2.14).
Altogether we have derived the equality

lim (Z n'*e™, 90> = (Wé 1P+ ga(@), 90>, p € D(—m,m),
n=1

N—oo

where g,(x) is a regular generalized function. This completes the proof of (2.11) O
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2.6 The phase ¢(p;0) near the spectral point 0

As already mentioned, the phase ¢(p;0) in the asymptotic solution (2.7) remains unde-
termined. Though in the sequel we shall not need this information, let us remark that
a bit more can be said about the behavior of the phase near the spectral point 0 (the
center of the spectrum) which corresponds to the value of the parameter 6 = /2.

First of all, 0 always belongs to the spectrum of the Jacobi matrix J. Putting
u = (uo, ur, U, . ..), with ugj1; = 0 and

J—1

gy = (=1) ] =2 (2.15)
k=0 X2k+1
for j = 0,1,2,..., one has Ju = 0 and uy = 1. Recalling that, in our example,

a; =1—p/(2j) + O(j~2) one derives that
uzj = (=1 u (14 p/(85) + O %)) as j — o0,

where 1o = lim;_,oo(—1)7uy; is a finite constant (depending on p, however). Comparing

o (2.7), with A(p;0) = \/2/7 and 0 = /2, one finds that x(p;7/2) = \/2/7/%0
Moreover, ¢(p; 7/2) = 0.

Differentiating the equality Ja(p;0) = 2 cos(0)x(p; ) with respect to 6 at the point
7/2 and using the substitution

ox(p;m/2)/00 = — ( \/2/7/%0)

with v = (vg, vy, v9,...), one arrives at the equation Jv = w. From (2.7) one deduces
that

oy~ prsin(53) (i Bosti+ )+ 2EHZ) g

for 5 > 0. This suggests that one can seek a solution v such that vy; = 0 for all
j. This assumption on v is in fact necessary and makes the solution unambiguous
since otherwise one could add to v any nonzero multiple of w which would violate the
asymptotic behavior (2.16). Given that all odd elements of the vector u and all even
elements of v vanish the equation Jv = w effectively reduces to a linear system with
a lower triangular matrix which is explicitly solvable. Using (2.15) one can express the

solution as 4
1 J .
Ugjp1 = —— > (uaw)?, j=0,1,2,.... (2.17)
Qg U2j 1. —o

Noting that

J
P . P . -
prm— - 4
k§:0j <1+4k+2) j 1+ 7 (log4j +4) +7) + 0™,

where 7 is the Euler constant, and that (ug)? = u2 (1 + p/(4k) + O(k™2)) one derives
J
Z(u%> ]+1+4(10g(4j+4)+7>

k=0 \Uoo
i Z((“”“) - 4;;2> +OG™).
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Using (2.17) and comparing to (2.16) one finally arrives at the relation

o S w)

o :1+g(10g(2)+7)+22

2.7 Acceleration

We again fix an integer s, 0 < s < p. Suppose one is given a test function o(f) €
C3°((0,7)). Recalling (2.4) we put

0(r) = [ eul6,r)(0) 0.

In what follows, we drop the index s and, whenever convenient, write simply H instead
of H(p). Using (2.5), one has, for N € N,

<U({\)[¢,HU(1)1/) / / ie(cos 01 —cos 02 )w.TN/2
X (p(01,7), Hp(02,7)) 0(01)0(02) db1d0;

o0

Z 5+JM

™ . ’
/0 e eos(OweTN2¢ (- 0) () df)| |

Recall (2.1) and note that {£;(p; #)}32, is an orthonormal basis in L*((0, ), df) and so

= ["leto) av.

Hence the leading contribution to the acceleration rate comes from the expression

ZSCOb )(, /Sj(

o0

pe 35 + 1| [ e 0TV 2, 5 0)(5)

=0

Furthermore, restricting this sum to an arbitrarily large but finite number of summands
results in an expression which is uniformly bounded in N. This means that one can

replace &;(p; 0) by the leading asymptotic term, as given in (2.7) (with A(p;8) = \/2/).
Hence the leading contribution to the acceleration rate is expressible as

e N R AT AT

where

oo

M0, 02) = 3 (7 + 1) cos( 01 — & cot(6y) gy +1) + 6(pi01) )

Jj=0

X Cos<j62 — g cot(62)log(j + 1) + ¢(p; 92)) : (2.18)
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The singular part of the distribution h(f;,6s) is supported on the diagonal 6; = 0s.
The sum in (2.18) can be evaluated analogously as in (2.11) with the result

W00 = = 5 P — 5 ()~ 1)t - o)

200, 0;—0y 2
+ a regular distribution.

Estimating the acceleration rate we can restrict ourselves to a sufficiently small but fixed
neighbourhood of the diagonal with a radius d > 0. Thus we arrive at the expression

Q T [r 1 0 . o
_ Y ([ _—iesin(01)(01—02)w.TN/2 0 0 d0.d6-.
T P/o /0 01 — Oy 90, (6 o(01)o( 2)) 1d0

‘91—92‘<d

Further we carry out the differentiation, as indicated in the integrand, and get rid of the
terms which are not proportional to N or which are non singular. Moreover, we use the
substitution 6y = 6; + u. Thus we obtain

eQuJAN [ a1 . .
_ 1EN LW / sln(91)|g(91)|2 <P/ - ezasln(Ol)wcTNu/Q du> del
27 0 —dU

- d
= €QWCT]V/ sin(@)‘g(@)‘z </ iSin( % sin(e)wcTNU) du) de.
O 0

(e

Finally note that, for any a real,

. a1 T
lim — sin(aNu) du = — signa.
N—-oo Jo u 2

We conclude that the formula for the acceleration rate in the first-order averaging
approximation reads

= i
IYaCC N—)oo

m (UQje, Ho)URw) [ (NTIw]?)

|€|°;CQ /0 " sin(6)[o(60)[? d6 / /O " 1o(6)[2 6. (2.19)

Here we have used that |[¢]|> = JJ |o(0)]*df. Formula (2.19) can be compared to
formula (2.3), as derived for a classical particle, in the case when ®(t) is given by (2.2)
and f(t) = cos(t). Then (2.3) gives the acceleration rate Y. = |g|w.2sin(£)/2 where
¢ € (0,7) depends on some data which can be learned from the asymptotic behavior of
the classical trajectory. In addition, we note to this comparison that the classical case
suggests, as discussed in [5], that the first-order averaging approximation yields in fact
the correct acceleration rate (valid for the original system), and this is so even if the
parameter € is not assumed to be very small.

2.8 Numerical analysis

Purpose of this Section is to present our numerical results that support the predicted
acceleration rate (2.19). For the sake of simplicity we take =1 and s = 0. Let us fix
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a function p(6),

1/4
p(0) = (i?) exp ((—10(2 — 0)* + 8if)). (2.20)

For our numerical purposes it can be assumed to be in C§°((0,7)). For this choice of
p(0) we put

mo(r) = /O " 208, 1)p(6)d6.

In order to solve the time-dependent Schrodinger equation

0m(t) = H(a))n(t), n(0) = 1o,
we truncate the Fourier expansion of 7(t),

n(t) = ionn(t)wn(a(t)), m(t) = Wala(t), n(t)), n=0,1,...,

at some fixed order np.,. In this way we obtain a system of ordinary differential equa-
tions for the Fourier coefficients

i, (t) = En(a(t))na(t) —id'(t) D (¥alalt)), ¥i(a(t)))n; (1),
j=0
nn(o) = <¢n(a(0))7 T]0>7 n = 07 ]-7 e 7nmax7
where explicit formulas for the scalar products are known, see [1]. In order to approxi-

mately solve this system we employ explicit Runge-Kutta method of order 4 (RK4) with
fixed time stepsize h = 0.001. The mean value of energy at time ¢ is then approximated
by

T'max

(n(t), H(a(t))n(t)) ~ 2 Bufa(t)ln (0P

We present the results of our numerical experiments in Figure 2.1 and Figure 2.2.
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0.9 1

40 120 200 280 360

Figure 2.1: The numerical computation of the ratio of the energy mean value E(t) =
Sormax B (8)|1,(8)]? and time ¢. Various parameters are set to be p = 2.5, b =1, & = 0.4,
Q =1, f(t) = esin(Qt). The initial value is computed using (2.20), in this case the
predicted rate of acceleration is V... ~ 0.1796.
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1,000 +
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t

Figure 2.2: The mean value of energy, £(t) = S rma E,(t)|n,(t)]?, computed numerically
according to the description in the present Section. Particular values of those constants
are p = 05, b =2 = Q, ¢ = 0.7, f(t) = esin(2), and initial condition ny(r) =
exp ( — (10 —r)* + z’r).
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Appendix A

Evaluation of Auxiliary Integrals
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This Section contains the proof and corollaries of the following
Lemma A.1: For n € Ny and |3] <1, 8 € R it is true that

2m n
/ M dt = 2w P 7 COS @, (A.1)
o 14 fBsint /1_52(1+ /—1_52) 2
2m i n
/ Lﬂt dt = —2m P 7 sin @, (A.2)
o 1+ Bsint 4/1_52<1+4/1_52) 2
2m n—1
/ cos nt c.ost P I3 i Ln’ (A.3)
o 1+ fsint (1 + m) 2
and for' n € N one has
27 qj n—1
/ W dt =27 P 7 COS ™ (A.4)
o 1+ f(sint (14.@) 2

Proof. We will prove the equality (A.1). The proof of the rest is analogous. For the sake
of brevity denote the LHS of (A.1) by the symbol L. Note that under our assumptions
it holds

n

sinnt = ) <Z> cos® t sin™ ¥ ¢ sin g(n — k),

k=0
Z(n T
cosnt = Y cos® tsin" ¥t cos = (n — k),
o \k 2

1
1+ Bsint

i (—=B)™sin™t.

m=0

Plugging these relations into the left hand side of (A.1) and using the well known Beta
function

(1+(—1)k)(1+(—1)")3(1+k 140

21
/ cos® t sin” tdt = ,
0 2 2 k

)7 n7k€N07

one obtains, after some minor adjustments,

L= g:cos g(n — k) io(_ﬁ)m(_l)k(l + (1) )(; (= 1ymn
xB(lgk,;(l—%m-kn_k))'

Summands with & or m + n odd are zero. Hence we can assume that k and m + n are
even. Furthermore if n is also odd then cos(m(n — k)/2) = 0 and therefore J = 0. We
must investigate the case of n = 2N where N € Ny. After re-notation of indices we
clearly have

N (2N > 11
J:22< >(—1)N‘k262m3<k,+N+m—k>.
=\ 2k 2772

m=0

'For n = 0 this is obviously zero.
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Rewriting the Beta function in terms of Gamma function and using the Gauss hyperge-
ometric series

NG i la+m)L(b+m) 2"
['(a)T(b) C(c+m) m!’

m=0

F(a,b,c,z) =

we arrive at

N2m2N) X (—1)F

F*8(1,N —k+1/2,N + 1, 3>
A NG ST TTE TR T2 N+15,

where F"™8(a,b,c,z) = F(a,b,c,z)/T'(c) is regularised hypergeometric function. Next
step is to take advantage of the symmetry in interchange of a, b and of the integral
representation of hypergeometric function

F((I,b, C, Z) — F(b;((cc)_b) Al tb_l(l _ t)c—b—l(l . tZ>_a dt.

It turns out that

J= (_1>N+162N+1F(N +1,N +3/2,2N +2, )
=TT 22N ) ) ) )
where the binomial theorem was used. Final step is to look in [I] and find relation
15.1.14:

1—2a

F(a,a+1/2,2a,2) =227 (1= 2) (14 VI =2) .
Hence gon
IR+ vT=)
Combining results for odd and even n one obtains the formula which was to be proved.

For the sake of completeness note, that in the computation of the two last integrals
one needs [1], 15.1.13

J =2r(—-1)N

Fla,a+1/2,2a+1,2) = 291+ 1 — 2)~*. -

The Proposition just proved immediately implies
Corollary A.2: For n € Z ~ {0} and g € R, |B| < 1 it is true that

In|
L %7 cos(p) exp(—ing) . 1 38 . ' -
%/o L+ Bsin(p) P73 (m) exp (z (n— s1gn(n))2),

Obviously, if n = 0 the integral is zero. Further, assuming that n € Z and [ as above,
the following equality

1/27r 7@(})(_”@) dp = L < p >n| ex (mﬂ)
orJo 1+ Bsin(p) © VI-BE\1 1 V1P P\ )
holds.

And finally
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Corollary A.3: Suppose that @ > 1 and n € Z ~ {0} then the following formula

N [n]
1 g2 Cos , exp(®5) (1
— t ———r — dp=—"272(2) |
2T /0 arctan (a + sin go) exp( mcp) 14 2in a

holds. The integral is zero if n = 0.

Proof. For n # 0 this is straightforward consequence of integration by parts and the
preceding Corollary. If n = 0, then denote

1 2
F(a) = —/ arctan ﬂ de
21 Jo o+ sinp

for « > 1 and observe that

1 2 COos ¢
F'(a) = —7/ dg = 0.
(@) 2 Jo  a? 4 2asinp + 1 7

Since lim F(«) =0 we have F(o) = 0 for all a > 1. O

a——+00

Let us note, that one can arrive at similar conclusion in an alternative way. For

« > 0 consider
cos

S € |0, 27|.
o+ sin e @ € [0,2n]

f(p) := arctan

For any |z| < 1 we have the identity

arctan z = 22( +>122"+1 = % Z (( ) 2" — Zz”) =
n

n=0 n=1 n n
] 1 —az
— ;( —In(1 +2) + In(1 — iz)) L — (A.5)
Employing the identity
1 =«
arctan z + arctan — = —, 2z #0
z 2
we conclude, that (A.5) is valid for any z € R. Consequently
. 1 —Z COS.@ . 1 . i ’i(p . ‘n ' [e'e) ——y )
i o) e i i i
= lp—otsme _ "y - a” iy L eminp |
/(@) 2 ' Thime T2 Ty e 2(;1%"6 +,;—nan€ )
1 "
- _ iy
2 7;) naln ‘

From there it is easy to read out the Fourier coefficients of f.
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Appendix B

Friedrichs Extension
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In this Appendix we would like to point out some of the properties of the Friedrichs
extension of the operator

H(p) = ; (— i@ﬂ’@r + v(r)) ,  where v(r) = ;(p + er) , (B.1)

2
with the domain given by dom H(p) = C§°(R.) acting in the Hilbert space 77 =
L*(R,,rdr). Tt is sufficient to assume that p € R is nonzero and b € R,. Let us
consider the corresponding quadratic form

2
oo | b2
KMWWOZ;A ¢W+i%é+g>w¢vﬁn

where ;1) € domt = C§°(R, ). We will further suppress the dependence on p because
it does not play any significant role in the following discussion. Our only assumption is
that p is nonzero.

The form t is a densely defined sesquilinear and bounded from below with lower
bound 0. According to [18, Corollary VI-1.28] the form t is closable and its closure t has
the same lower bound as t.

By virtue of [18, Theorem VI-2.6] there is an operator 7" associated with t. This
operator is self-adjoint and bounded from below by the same bound as t. In particular,
T enjoys the following properties

a) domT C domt and
tp, 1) = (o, TY)
for every ¢ € domt and ¢ € domT.

b) domT is a core of t.

c) If ¢ € domt, ¢ € S and )
tn, ) = (0, ¢)

holds for any 7 belonging to a core of t, then ¢ € dom T and Ty = ).

The operator T' is uniquely determined by the first property and is called the Friedrichs
extension of (B.1).
Observe, that t = 51 4 59, where

1 foo__
awwo:§é @'Y’ rdr,
1 o)
52(%@ = 5/0 U(T)@W"dﬁ

where ¢, 1 € doms; = domsy, = C§°(R,). Both s; and s, are of the form

Sz’(wa 90) = <Szw7 SzSO>, 1= 1727

and the operators S;, ¢ = 1,2 act in 7 by

1
and  Syp = —v'%p,  for any ¢ € dom S; = C°(R,), i =1,2.

V2

1
Slgp = ﬁ@,
52



It follows that 5;(1), ) = <§iw, Egp> for any o, € dom = dom S;, i = 1,2. In our case
one can show that!

dom S; = {¢ € A Yisa.c inRy, ¢ €, 11)%1 Ynr = 0 for any n € dome},
r—=U+
dom S, = {w e v e jf},

where

1
dom S} = {wéz%”; P is a.c. in Ry, w'—f—r@Z)E%}.

According to the [18, Theorem 1.31] we know that t C 57 + 83, in particular we have
the inclusion
domt C D := dom5; N dom 55.

Note that if 1) € D then ¢’ + % € L? (]O, 1], rdr) and

R

Therefore there exist a finite limit liI(I]l |¥(r)] € R. Since ¢/r € Lz(](),l[,rdr) we
r—U4

1/}/ 1 qf 2’/’ _ |w/|2r N 71n|,¢’2 c Ll(]07 1[,(17’)

conclude that liI(I)l ¥ (r) = 0. Similarly, for any n € dom S} we have
r—U04

(\n|2r2)/ = (77(7/ + 7"717]) + (W—l— r1n>n>r2 el! ((O, 1),d7’)

and so there is a finite limit ligl r|n| € R. This implies that the last condition of dom Sy
r—=04

can be dropped in D.
The operator T indeed is an extension of the operator H(p) defined in (B.1). Suppose
that we have ¢ € dom T and set ¢ := T € J. For every n € dom t it is true that

tn,v) =, ¢). (B.2)

In particular,
/ 7 (;W + z) dr =0, forallne CPR,),
0

where z is an absolutely continuous function satisfying 2’ = nr — Lv¢p € LL (R, dr).
Consequently 53" + z = const and ¢ is an absolutely continuous function. It follows
that

1 1
Ty =p= (=" =¥ + o)) = 2.
Since ¢ € dom T belongs also to domt C D it follows that
A o) =0.

For a detailed discussion of a characterization of the Friedrichs extension one can consult
the reference [22].

I"a.c." is a shorthand for "absolutely continuous."
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Appendix C

Jacobi Matrix Operators and
Absolutely Continuous Spectrum
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In this Appendix we will review certain class of Jacobi operators and their spectral
properties. In the following it will be assumed that {\,}>°; is a real positive sequence
such that there is a positive a, 0 < o < 1, for which the condition

1 <M <1 (C.1)
«

holds for all n € N. Moreover, we assume that the sequence satisfy

A, An = 1
In order to simplify some expressions it is convenient to set Ao := —1. Keep in mind

that the condition (C.1) holds only for positive n, not for n = 0.
Let {e,}22, denote the standard basis in ¢? := (?(N,C). We are interested in the
analysis of the Jacobi matrix operator with matrix (with respect to the standard basis

of %)

0 A 0 0
M0 A 0
g0 % 0 N

0 0 X3 O

Under our assumptions J is a well defined bounded self-adjoint operator in ¢2. In fact,
the operator
A= Z Anl€n, *)
n=1
is a bounded diagonal self-adjoint operator. Let S be the right shift operator, Se, =

eny1 for all n € N. The adjoint S* is then the left shift operator. Our J can be expressed
in the form J = SA + AS™. Since ||S|| = ||S*|| = 1 and ||A|| = sup |\,| we see that
neN

[T < 2sup [An|.
neN

As an elementary consequence of this estimate we conclude that the spectrum of J
belongs to the interval [—2,2], o(J) C [-2,2].

The article by Janas and Naboko, [15] is concerned with a similar problem. Their ap-
proach relies on the theory due to Gilbert and Pearson [26]. The idea is that if one shows
that all solutions of the (generalized) eigenfunction equation, with spectral parameter
A € (a,b) are bounded, then (a,b) € o(J) and the spectrum of J has absolutely con-
tinuous component filling (a,b). There is also an article by Simon, [30], which contains
a short proof of this interesting result (in his own words "All eigenfunctions bounded
implies purely a.c. spectrum."). This result is reproduced in Section C.2.

The material of this Appendix is organized into several parts. In Section C.1 we
summarize results concerning Weyl m-function and its relation to the spectrum of J.
Section C.2 reproduces the result of Simon, in particular [30]. Finally, in Section C.3 we
show that the spectrum if J is absolutely continuous in (—2,2).
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C.1 Spectral measure and Weyl m-function

Note that e; is a cyclic vector for J, this means that the set {J"e;; n =0,1,2,...} is
dense in ¢*. Consequently (see [29], first volume, page 226), if one denotes

dp(A\) = d{eq, Pyey),

where J = fg( 5 AdPy, then J is unitarily equivalent to the operator of multiplication

by A in the Hilbert space L? (U(J), dp()\)).
The measure dp, also known as spectral measure of J, is a finite measure. More
precisely,

pR) = [ 1dp(N) = [les]* = 1.

Thus it makes sense to consider its Borel transform. The Borel transform of dp is a
complex function m defined by the formula

m(z) = /U(J) ipf);) = <el, (J — Z)_161> (C.2)

for any z € C\ R. This function is also called Weyl m-function of J.
It is important to note that due to our choice of Ay = —1 the vector £(z) = (J —
z)"'e; € €% solves the recurrence relation

M—1&n1(2) + Méni1(2) = 28,(2), neN (C.3)

with initial condition £y(z) = 1. Thus from the very definition (C.2) it follows that in
fact m(z) = &1(2).
From the recurrence relation (C.3) we conclude that the equality

L e &n(2) m
( )|€n( )| )\n—lfn—l(z) + )\n<2)§n+l(z) )\n_lfn_l(z) + )\nfn+1<2)
= A1 <€n<2)§n—1(z) - gn(z)gn—l('Z)) +An <£"<Z)§n+1 (Z) B fn(2)5n+1(2>>

holds for any positive integer n. Summing over n = 1,2,3,... and manipulating with
the sum on right hand side one obtains the equality

(5—2) i (I = (6060 — ().

Recalling that A\ = —1, &(2) = 1, and &, (z) = m(z) we arrive at an important formula'
Imz- Y [&(2)]* = Imm(z). (C.4)
n=1

Since m(z) is the Borel transform of dp, one can obtain dp via the Stieltjes inversion
formula from m(z) (see [21], in particular page 301). More precisely, the following
proposition holds true.

!The symbol Im z denotes the imaginary part of a complex number z.
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Proposition C.1: The measure £ Imm(A +ie)dA (here dA denotes the Lebesgue mea-
sure) converges weakly to dp(A) in the sense that the equality

lim 1/°° F(A\) Im (m()\+i5))d)\:/oo FNdp(N)

e=0+ 7T J-o0o —o0

holds for any continuous f bounded by const/(1 + A?).

A set M C Ris called an essential support for dp if M is a support (i.e. p(R\M) =
0) and any subset My C M which does not support p (i.e. p(My) = 0) has Lebesgue
measure zero. Let us denote (there is no danger of confusion, since we defined m(z) only
for z € C\ R)

Imm(\) := lim sup Im m(X\ + i¢)
e—0+

and let L(p) be the set of all A € R for which

lim Imm(\ + ie)
e—0+

exists, be it finite or infinite.
Recall the unique decomposition of the measure dp with respect to the Lebesgue
measure,

dp = dpac + dps,

where p,. is absolutely continuous with respect to Lebesgue measure (i.e. every set
A C R of zero Lebesgue measure satisfies pa.(A) = 0) and p; is singular with respect
Lebesgue measure (i.e. p; is supported on a set of zero Lebesgue measure). The singular
part can be further decomposed into a singular continuous and pure point part,

dps = dpsc + dppp,

where ps. is continuous on R and p,;, is a step function.
The following Lemma shows the relation between the Weyl m-function and essential
supports of various measures (see [21] page 303).

Lemma C.2: Essential supports M, M,., M for p, pac, ps respectively are given by
M = {)\ € L(p); 0 <Imm(A) < oo},
M,. = {)\ € L(p); 0 <Imm() < oo},
M, ={X€ L(p); Tnmm()\) = o0 }.

An obvious corollary of this Lemma is a criterion for the absolute continuity. More
precisely, if Imm(\) < oo for all A € (a,b), then p is absolutely continuous in (a,b). In
the next Section we will show how to find a bound for the imaginary part of a Weyl
function.

C.2 A criterion for the absolute continuity

The main result of this Section is Theorem C.5 and the proof follows [30]. For each
z € C let us denote by {u1(n, 2)}, and {us(n, 2)}, solutions of

A—1uj(n—1,2) + Aui(n+ 1, 2) = zuj(n,z), neN, j=1,2, (C.5)
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with initial conditions

We are interested in the set
S = {m € R; uy(-,z) and us(-,z) are bounded on N}.

For a given z € C and n € Ny set

T(z,n,0) := (

u(n+1,2) us(n—+1, z))
ui(n, 2) us(n, 2) '

This matrix is invertible. In fact, for n = 0 the very definition of sequences w;(z)
implies the equality detT'(A,0,0) = 1. On the other hand, taking n € N and using
the recurrence relation (C.5) n times one obtains det T'(\,n,0) = —1/\,. Taking into
account our convention for \y we see that this relation holds also for n = 0.

Thus it makes sense to define

T(z,n,m) :=T(z,n,0)T(2,m,0)"", n,m €Ny, z¢€C.

Let us note some properties of these matrices.

Lemma C.3: The matrix T'(z, n, m) defined above for n,m € Ny and z € C is invertible,

Am
det T(z,n,m) = —.
An
If one denotes the transfer matrix
z _Ap-1
A(Zan> = (Aln 6\n ) ;, nE N(),

then T'(z,n,0) = A(z,n)T(z,n — 1,0) for any n € N and
T(z,n,m—1)=A(z,n)A(z,n —1)--- A(z,m + 1)A(z,m).

Proof. The first part of the Lemma should be clear from the discussion preceding this
Lemma. The rest follows again from the recurrence relation and 7'(z,0,0) = ( h (1)) O

Suppose now that {n,} solves (C.3) (where ¢ is replaced by n) with prescribed initial
conditions 79 and 7;. Then using the uniqueness and linearity we get 1, = nus(n, z) +
mui(n, z) for any n € Ny. Thus, if we denote

d(n) = (";;:1>

®(n) = T(z,n,0) <771> .

Mo

then
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Consequently
O(n) =T(z,n,m)d(m).

For any real  set?
c(x) := sup HT(.?Z, n, m)H

n,mENp 2

Now we can estimate

HT(ac,n,m)H2 = HT(JE,7”L,O)T(:lc,m,())*1H2 < HT(x,n, O)H2 HT(ac,m,())*lH2 —

=5, [ ol [ mo), < ([T ol re.mof)

Therefore ¢(z) can be estimated as follows

c(x) < asup ||T(z,n,0)|3.
n€eNg

The right hand side of the last inequality is finite if and only if A € S. We are ready to
prove the following

Lemma C.4: If x belongs to S, then

1
liminf Imm(z + i) > —— (C.6)
e—04 (OzC(.CE))
lim sup [m(z + ic)| < (ac(z))". (C.7)

6*}04,

Proof. Suppose that x € R and € > 0. Using Lemma C.3 and observing that

A(x +ig,n) = ;\—5 <(1) 8) + A(z,n)

we arrive at the relation
. nle . 10 .
T(z +ie,n,0) =T(z,n,0) + > —T(x,n,j+1) T(x + ie, j,0).
iz Aj 00

Consequently

n—1
HT(x + i, n, O)H2 < c(z) +eac(z) Y HT(x + ie, J, O)H2

§=0

and then it follows that

|7 (z 4 ig,n,0)|]2 < kz": (Z) c(x)" ()t = c(x)(l + €ozc(x))n < c(z)em e (C.8)

*Here we use the Hilbert-Schmidt norm, for A € Mat(C,2), A= (%) this is defined by

1A]l2 = v/]a2] + [b]% + [cf2 + |d]>.

Recall that the operator norm (| - ||, the norm in %(C?) induced by the usual Euclidean norm of C?)
satisfies ||A|| < ||All2. If the matrix A is invertible, with o = det A # 0, then it immediately follows
from the definition and the explicit form of A~! that ||[A7Y2 = || 4]l2/|cl.
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Indeed, suppose that we are given 5, > 0 and a sequence a,, > 0, n € Ny such that it
satisfies

n—1
anSB"’ﬁ’yZa]

j=0
for any n € N and ag < 8. Then it holds that

< Zn: <n> [
i=0 \J
Now recall the definition of £(z), in Equation (C.3). We have the equality

<§n+1(x ﬂ'a)) (et ien.0) (m(:r + i€)> _

fn(x + 25) 1
And so
s ienort - [(5ie7) <
anac x gn (I + 26)
< ac(x)e ) < §ZZ$ +ie) ) | :

where we have again used the relation between Hilbert-Schmidt norm of the matrix and
its inverse, and the estimate (C.8). We have arrived at

é‘n 11‘_’_7/6 Enozc:c
H<£:93+Z€ \/1+|mx—|—ze)|

Squaring and then summing over n =1, 3,5, ... we finally get

> 1 1
> lela+io)l = s (1 m i) ).

And using the formula (C.4)

1 eac(z)

Imm(x + i) > C—
(ac(x))2 e — 1

(1+ m(x +ig)]?).

Consequently

I 3 1

lim inf mm(z + ic) 5 > 5.
0 14 ’m(w - 25)‘ (ac(x))

Since 1 + [m(x + i€)|?> > 1 this immediately implies (C.6). Because®

2
1+‘m(a:~|—i5)‘ . ‘
Imm(x +ie) — fm(z + )]
we also get (C.7). This completes the proof of the Theorem. O
14|z

3For z € C4 we have |2| < |2] - . Since we assume € > 0 and A € R it indeed holds

Imm(\ +ie) > 0, cf. (CA4).

Imz — Imz
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Finally, we can state the main theorem of the present Section.

Theorem C.5 ([30]): On S, the spectral measure p for J is purely absolutely continuous
in the sense that

(i) pac(T) > 0 for any T C S with |T'| > 0 (where | - | is the Lebesgue measure),

(i) ps(S) = 0.

Proof. Since for any A € S we have proved the estimate (C.7) the Lemma C.2 implies
that ps(S) = 0.

Let T' C S with nonzero Lebesgue measure. Take any sequence { f,,}°°; of continuous
functions with compact support such that |f,(z)| < 1 and lim, fn( ) = xr(z) for
almost all x € R. Then using the Lebesgue theorem and Proposition C.1 and Equation
(C.6) we obtain

T):/XTl'd,OZB = lim/fn z)dp(z) =

1 1
—hm hm/fn )Y Imm(z + ie)de > — - sup — - |T|. O

T N—00 e—0+ AT zeT c(;p)2

C.3 Application to our example

Let us now turn our attention to our particular example. We assume that the sequence
{A\n}o2, satisfies all conditions mentioned at the beginning of this Appendix.

Theorem C.6: Let A € (—2,2) be fixed and denote by w,, the solution of recurrence
relation
)\nflunfl + )\nunJrl = >\un> n €N

with prescribed initial conditions ug, u; € C. If the series

Z ‘>\n+1 - )\n|
n=1

converges, then {u,}2°, is bounded.
Proof. We have already seen how to express the solution using the transfer matrix

A(\, n), in particular

<W“>:A@Jmamn_muuﬂmmAuﬂ>GD, neN. (C.9)

Unp

Recall (Lemma C.3) that

A Ao
A\ n) = (/\f (j\n ) :

In the rest of the proof I will suppress the dependence on A. Looking at the discriminant
of the characteristic polynomial,
A2 A

D, =5 — 42"
X,

—>)\2—4<0, as n — 00,
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we see that there exists ng € N (which depends only on the sequence {\,} and X €
(—2,2)) such that for all n > ny we have D,, < 0, hence the transfer matrix A(\, n) is
diagonalizable. Eigenvalues of A(\,n), n > ny are

(A An— A2
ni(n):(ii 4= 1—).

A A A2

Note that since 7_(n) = 1, (n) both eigenvalues have the same modulus, in particular

A2 A1 A2 An—1
- glnt A |

Corresponding eigenvectors are

v, (n) = <”+1(”>> and v (n) = (’7—1(”)>.

Thus A(\,n) =T, B, T, !, where B, = diag (n+(n),n_(n)) and T,, = (v+(n),v_ (n))
Equation (C.9) implies

Unp, _ _
‘ ( U+1> < ||TTLBTLTn 1Tn—1Bn—1Tn}1 T Tn0+1Bn0+1T 0+1H

X [JAA, ng) - - AN, 1) [ /uf + ud (C.10)
< HTnH( 1T Iz 1Tk_1n) ( II HBkH) const(, oy o, ur)  (C.11)

k=ng+2 k=no+1

The second product behaves nicely,

n
IT Bl = =\ & — 00.
k=no+1 k= n0+1

The first one is a little bit more involved. First of all, observe that (recall detT, =
N (n) = n-(n) = iy/[ D)

1 _1<n+(n)—n—(n+1) n—(n)—n—(n+1)>_

TLT —
D] \ () F (1) = (n) + e (n+ 1)

This matrix converges to the identity matrix. We need to estimate the rate of this
convergence. S0
[T | < 1+ [T, - 1]

Note that the matrix 7,7, — I is of the form (9” 2” ) [ts norm can be estimated by

bn n

its Hilbert-Schmidt norm v/2y/|a,|? + |b,|?. In our case we have

1

= D (ne(n) = n-(n+1)) = 1,
1

by = |Dn|(77(n)—77(n—|—1)).
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It is straight forward to show that
tn = O(Mns1 = Anl + Ao = Auca]),
b, = O(|)\n+1 - >\n| + ’)\n - )\nfl‘)-

Hence
|ToA T = 14 O(Pass = Aal + [An = Anca]).

The boundedness of (C.11) now follows from the convergence of (it is our assumption!)
the series 3%, | A1 — Ap|- In fact?,

H (1 + 7|)\n+1 - An’) = exp Z In (1 + 7|)‘n+1 - A”’) S exXp (f}/ Z |)\"+1 - An‘)’
n=1

n=1 n=1
with v > 0. O]
Remark C.7: Theorem C.6 is in particular applicable to the case of A, = /=~ a > 0.
In fact

)\n—i-l - )\n = O(l/n2>7
as n — 0o. This example occurs in the Chapter 2.

Remark C.8: Also note that in our case we have 0 < A, < 1 for all n € N. This
implies that £2 ¢ o,,,(.J) and hence we have complete information about the spectrum.

Indeed. Let u be a solution of the eigenvalue equation Ju = 2u with u; = 1 (this is
no restriction, any other solution of this equation is a scalar multiple of this one). We
will prove by induction that w,,; > u, holds for any n € N and thus u ¢ [2.

e In fact, since A\jus = 2u; we have uy > u;.
e Suppose that u,; > u, holds for n € N. Then
2

n+1

An

)\nJrl

n-

Un+2 = )\7<2un+l - )\nun) > Un+1 + <)\ - 1) Up+1 —

n+1
Since 2/\, 11 — 1 is positive we can use our induction assumption to conclude that

2 An
Upta = Up —|—<—1—)un:un +
+2 2 Un+1 Moo Mot +1

2— )\n - )\n—l-l

)\ Up, 2 Un+1,
n+2

since we know that this u, and the fraction are positive.

The case of A = —2 can be dealt with similarly.

‘In(1+ z) < z for z > 0.
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C.4 Asymptotic analysis of the generalized
eigenvectors

According to previous Sections it is necessary to study the boundedness of generalized
eigenvectors of J. This Section is thus devoted to the asymptotic analysis of those
eigenvectors. This problem is of course interesting in its own right and the results of the
Chapter 2 are based on the information obtained in the current Section. Our exposition
roughly follows [27].

In accordance with [27] we introduce a number of useful notions. Suppose that
& ={&,}5°, is a sequence in a Banach space (27, || - ||). We shall say that ¢ € ! if and
only if >0, ||€a]| < co. Let A be the forward difference operator, (A&), := &1 — &
for each n > 1. We shall say that sequence £ belongs to the class D! if and only if it is
bounded and A€ € [t

Our interest in this section is the asymptotic behavior of solutions of the recurrence
equation

Tpi1 = AMn)x,, n>1,

where A(n) = V(n) + R(n) is a complex 2 x 2 matrix, n > 1, V € D' and R € I'.
Furthemore, we assume that V(n) is a real matrix and that®

limsupdiscr V(n) <0 and  lim V(n) = V.

n—oo

Under these assumptions it follows that there is ng > 1 such that V(n) has two
distinct (complex conjugate) eigenvalues 14 (n), n—(n) = ny(n). Thus [ny(n)| = |n_(n)|.
In the rest of these notes we will need the following Lemma (when we are dealing with our
particular example from the previous Section, we can check conclusions of this Lemma

directly, see the last Remark of this section).

Lemma C.9 ([27], Lemma 1.7): Let B = {B(n)},>n, be a sequence of d x d complex
matrices, nh_g)lo B(n) = By. If B € D! and B, has d different eigenvalues pu1, ..., fiq,

then there exist n; > ng, a sequence of diagonal matrices A = {A(n)},>n, € D1, and of
invertible matrices T' = {T'(n)},,>n, € D1 such that

B(n) = T(n)A(n)T(n)™', n>ny,

lim A(n) = Ay = diag(p, ..., 1q) and lim T(n) = T, where Ty, is invertible and

n—oo
By =T A TZ'

As a first step we will make a "change of variables" so that the new matrix is partially
diagonalized. According to the Lemma above there is some n; > ngy such that V(n) =

T(n)A(n)T(n)~', n > ny, where T'(n) are invertible {T'(n)},>n, € D! and

A(n) = diag(n; (n), 1 (n)).

Moreover lim A(n) = A, lim T'(n) = T, and Vi, = Too A T'. We set

n—oo n—oo

Yp i=T(n) 'z, n>ny.

5If A is a 2 x 2 complex matrix then, by discr A we denote the discriminant of the characteristic
polynomial of A.
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Thus the sequence y satisfies a new recurrence equation
yni1 = (M) + R (n) )y, 0= s,
where
R(n) = (T(n+1)"" = T(n) " )A()T(n) + T(n+ 1) R(n)T(n), n >,

is again of class [!, that is R’ € [1.
Let us now denote

= L), @m) = []AG) = diag (o) p-(r.m). 2

Jj=m Jj=m

and for n < m we set p.(n,m) = 1 and ®(n,m) = diag(1,1). Note that the order of
multiplication in the matrix product is irrelevant because A’s commute. Let us fix a
sequence ¥ = {v(n) }n>n, C C, y(n) # 0, n > nq, and set (Ny will be specified below)

{f {&}nsn, € C 1€ = sup ‘L’fn’)l‘ < oo}.

A, is a linear space and together with the norm || - ||, forms a Banach space. Our next
step is essentially contained in the following Lemma.

Lemma C.10: Denote®

. (
B(n) : JX;L o) |HR (C.12)
and suppose that there is Ny > ny such that
sup f(n) = fe < 1. (C.13)
n>No
Then the linear operator L : 25, — 2,
= X @1 N)RU N RGIEG) €€ 25 mz Noo (O1)

is well defined and
L], < B < 1.

Proof. Let us first check the convergence of the series in (C.14). The norm (]| - || to
be precise) of the summand can be estimated by (recall that our eigenfunctions have
identical modulus)

‘ 04 (7, No) IR DIIEG <

6This definition is correct, 3(n) is either finite or infinite.

@DIHIEN-
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Using the assumption (C.13) one see that indeed the series in (C.14) converges. Conse-

quently
L
W < By < Bili€ll, n > No

and so L§ € 2, with
L]y < BelIE]ly-

Hence for the induced operator norm we infer that ||L|, < 8, < 1. O
Suppose that the assumptions of the preceding Lemma are satisfied and moreover

that LN
sup (,0+(TL— ) 0)

— . C.15
o N i o <00 (C.15)

Then the vectors
bi(n)=¢i(n—1,Ny)er, b_(n)=¢_(n—1,Ny)ea, n >Ny
belong to 2. According to the Lemma C.10 the equation
(L4 Dys = by

has a unique solution in 2. In fact, —1 ¢ o(L). Moreover y; # 0 and

_ -1 ~1 o
lyslly = |2+ D70, < |2+ D7 sl < 7=
In other words, there are unique sequences y+ € 2~ such that
y=(n) = bi(n) — (Lyz)(n) = bx(n Z n =1, No)®(j, No) " R'(5)y (), n = No
: (C.16)
and y+ = O(7), where O is with respect to the original norm || - ||.
Let us now show, that these sequences y. solve the equation
ye(n+1) = (An) + R'(n))y=(n), n> N
This can be verified by a direct computation. In fact,
(An) + R (n))ys(n) =
= (A(n) + R'(n))bs(n) — 3 ®(n, No)(j, No) ™' R'(j)y=(j) — R'(n) (Lys ) (n)
j=n

= Abe(n) + R (n >( (1) = () = (Lys)(0) ) = (Lys)(n + 1)
=bi(n+1)— (Lys)(n+1) =ys(n+1).

Let us apply this result to our particular example of the previous Section. In this
case we have |nL(n)| = 1 for n > ny. Since R’ € D' we can choose v = 1 (then both
conditions (C.15) and (C.13) are satisfied) and from (C.16) we conclude that

y+(n) — bi(n (ZHR’ ) as n — 0o.
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Passing back to the original "coordinates" we get
2(n) = pu(n — L N)T(n)ey +O( L IR Q). asn— oo
j=n
This can be rewritten to the following form

_ ¥ (T% No)
w=(n) = (soi(i— 1,No)> +o(

S IEG))

Jj=n

Remark C.11: In our particular case of

where A € (—2,2) and 0 < A, < 1 for each n > 1 and

nhﬁr{olo)\n: L, 7;|>\n+1_>\n| < 00,

we take

Surely we have V € D! and R € I'. Moreover,

. A? 2 : A -1
dlsch(n):)\?—4—>)\—4<0, Voo:nlg{}ov(”): 1 0/

There exists ng > 1 such that the discr V(n) < 0 for any n > ng and V(n) has two
complex conjugate unimodular eigenvalues

We conclude that there are two linearly independent solutions of the generalized eigen-
function equation with asymptotics

us(n) = @r(n—1,Ny) + o(1).

)\n:ML, a >0,
n-+ o

Taking
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we obtain

1 a\ 2
i) - 2 )+ o
n(n) 2( ' T \IF o) O
as n — 0o.
In order to somewhat simplify our equations let us use 6 € (0,7) to denote rescale
the parameter A = 2cosf € (—2,2). With this choice we obtain

0 , cos 0
n+(n) = cosf £ isinf + acos <1$ Leos

) +O(1/n?) =

= eiw(l F ;—a ctg@) +0(1/n%), n — oo.
n

2n sin 0

Consequently,

vi(n,1) = ﬁ N+ (k) = exp (iin@ F ?ctg@lnn + f(@)) + o(1),
k=1

as n — oo
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