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We present a general formulation of the stationary scattering on finite cylinder with
magnetic flux in two dimensions. By using partial wave decomposition we break up
the task into songle modes, then derive a solution of the corresponding Schrodinger.
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Introduction

Main goal of this project is to investigate 2D quantum scattergin on the orthogonal finite cylinder potential
with magnetic flux contained inside and to apply WKB method in order to conveniently solve this task.

First chapter contains most important relations mainly of special functions which are extensively used
thorugout the rest of the document.

In second chapter is posed the task we are dealing with mathemathicly, giving us equation we are
interested in.

Chapter number three is dedicated to solving the equation inside the cylinder potential, especially in
the neoghbourhood of zero were comparison of exact and WKB based solution is given.

Fourth chapter deals with the asymptotic region in the neogbourhood of the infinity. Brief application
of general asymptotic scattering approach leads to exact expression of phase shift and realtions with
scattering amplitude, which will serve the determining of differential cross section later on.

In the fifth chapter WKB approximation of phase shift is made, followed by determining leading
terms for large energy behaviour of error term and phase shift itself. At the and of the chapter is also a
numerical comparison of approximation with exact expression.

Sisth chapter gives us desired approximate expressions of scattering amplitude based on previous
results followed by determining croos section.



Chapter 1

Important relations

This chapter contans well known realtions and properties, mainly of Bessel functions, which are exten-
sively used throughout the whole document. Theorems will be given gradually in chapters where used.
Cy, D, denote any of Bessel Functions J,,,Y,, v € R, for which following relations are taken from ([9],

Chp. 10).
Asymptotics
z—0:
z 14
Jo(2) = 1, Jo(2) ~ (5) JT(v+1), v#£—1,-2,-3,..
2 z\ v I'(v)
}/()(Z)N;IHZ7 YV(Z)N (5) T7 v>0
Z — 00!
2 s
— g _ Dy [Imz|
Ju(z) = - [sm (z 2(1/ 1/2)) +e O(l)}
2 T
— S _ - _ |[Tmz|
Y., (z) = - |:COS (z 5 (v 1/2)) +e O(l)]
Recurencies
C_,.(z) =(-1)"C,, n €N, Coo1(2)+ Cuia(z) = 271/01,(2)
Derivatives
, v
CV(Z) —Cyy1(2) + ;CV(Z)
=+4+Cy_1(2) — ZCV(Z)
2
p—— v41(2)Yu(2) = Ju(2)Yy11(2)
!

(1.0.1)

(1.0.2)

(1.0.3)

(1.0.4)

(1.0.5)



Integrals

/z”+1C,,(z)dz =2"TC,11(2) (1.0.6)
22
[ #Cua9)D,(az)ds = [26,(02)Due2) = Cos(02) Dy (@) = s (@9)Dyr(02)] (101
ZM+V+2
/ZHVHCH(CL«Z)DV(GZ)dZ = m [Cu(az)Dy(az) 4+ Cpsa(az)Dyya(az)] ptv#E-—1
(1.0.8)
Jo(t) x (1)t 2k
/ o) (2)+; TR (%) (1.0.9)
Series
cos(z cos ) Z )" Jan (2) cos(2n8)
sin(z cosf) = 2 Z Jant1(z) cos(2(n + 1)0) (1.0.10)
Graf’s addition theorem
C,(w) Cf’s Z Ci(u )Cos(ne) et < (1.0.11)
where w = \/u2 +v2 —2uvcosf, u—wvcos =wcosy, wvsinf=wsiny
in special case u = v:
. 0 v (m— - n
Cy (2us1n 2) eV(m=0)/2 — n:Z_DO Choo (1) T (w)e™? (1.0.12)
Jordan’s inequality
2 . m
—r <sinz <z, T € [O, f} (1.0.13)
T 2

Proof. Simply prooven by the picture of unit circle, angle x and anoter circle of radius sin x.



\J

\DE\g\EE’|§|f)E‘| & sinwgmggx = gxﬁsinxﬁx
0



Chapter 2

Scattering setup

General backgroung to scattering theory in this and following chapters is given in [2, 4, 6].

2.1 Equation

Problem of our interest is a stationary formulation of the scattering problem for a charged mass m particle
with a positive energy E = k2 on a finite cylindric potential potential V' with embeded magnetix flux s,
perpendicular to the trajectory of the particle. In order to simplify notation, m = %, h = 1. This setup
means solving Schrodinger equation, which in cylindrical coordinates (r, 8, z), where z-axis coincide with
axis of cylinder and vector of magnetic induction B=Vx fY, has a following form:

— r26—2+rg+ 2—Z'A (r) 2—V(?“) U(r,0) = k*(r,0) (2.1.1)
or? or 00 o T e o
where
2
r
__ Vr)=1V, <X,
Ao(r) =y r< X v o X (2.1.2)
— 5 r> X, =0, r>X.
Ar = — 8149(7’)
B =
Az =0 (O, 07 or >
Introducing factorization and wave decomposition
W(r,0) = ZR(T)ei"Q, (2.1.3)
nez
(2.1.1) becomes
P2R"(r) + 1R (r) + [T'A’ (2= V(r)) = (n— Ag(r)ﬂ R(r)=0, re(0,+o0)neZ.  (2.1.4)

From this expression should be clear that R(r) depends on n despite not being explicitely denoted in
(2.1.3) due to later convenience.

In analogy with classical scattering, we are looking for solution consisting of incident wave and scat-
tered outgoing wave

ezkr

7

so we can determine scattering amplitude f(6) and afterwards derive formula for differential cross section

da(@) - 2
a0 = O (2.1.6)

eikr cos 6 + f(@)

U(r,0) = R(r)e™’ (2.1.5)

neE”Z




Chapter 3

Zero neigbourhood

3.1 Theorems and proofs

Theorem 1. ([3], Chp. 5§4, 5) Differential equation

dPw dw
g2 TR Te(Hw=0 (3.1.1)
where for |z| < r exist convergent expansions
I, & 13
fl2) =2 fa”, 9(:) = 5 D 9.7, (3.1.2)
s=0 s=0

in which at least one of the coefficients fy,go, g1 is nonzero.
Let o be a root of the equation

Q(a) :== afa —1) + foa + go = 0, (3.1.3)
given by solving (3.1.1) while restricting ourselves to the leading terms

Pw | fodw | go
-z - — 0 :> fr— s
dz? z dz + z2w w==z

and substituing the solution back into (3.1.1).
Then series

w(z) = z¢ Z as2°, (3.1.4)
s=0

converges and solve equation (3.1.1) for |z| <, if the roots of (3.1.3) differs by a noninteger value.

Proof. Substituing (3.1.4) and (3.1.2) into (3.1.1) gives following:

(o] o0 (oo} (oo} (oo}
Z as(s+a)(s +a—1)2"T72 4 Z a;(j+ a)? ot Z fo 4 Z a2l ngz“Q =0
s=0 7=0 5=0 7=0 5=0

i as(s +a)(s+a—1)5T"2 ¢ i i faa;(j + a)2itote=2 4 i i gsa; i TETO"2 =

s=0 5=0 j=0 5=0 =0

S ass+a)(s+a— D2t 1 S TS L+ a) + g a2 =0
5=0 5=0 =0

10



0o 00 s—1
Zas(8+a)(s+a 5*“2—#2 [fo(s + ) + go] a5+z [fsmj(G+a)+gs—jla;| 2*T*2=0
s=0 s=0 7=0
Whence for coefficients of power z°7*~2 we have
s—1
Qa+s)a Zfsjj+a + gs—j] aj, s> 1. (3.1.5)
7=0

This equation recursively determines coefficients agz, s > 1 for given ag. Formula clearly doesn’t work if
Q(a + s) = 0 for some positive integer s, giving condition on difference of roots of indicial equation.
To prove convergence we take arbitrary positive p < r and denote

Kngi};{\zf( ) 12%9(2)1} -
Cauchy’s integral formula then yealds

27 X
FETDO)] | L[ Fpet)

(s—1! | |21 ) poeise

0

| fs| = ’ pe'?dp| < Kp~*, lgs| < Kp~*

Next, let 3 denotes the second root of (3.1.3), n := ||a — S]], and define

bs = |as], s=0,1,...,||a—Bl], (3.1.6)
s—1

s(s—|a—B)bs=KS (lal+j+1)bjp' ", s> ||a—8l]. (3.1.7)
j=0

Using (3.1.5) and identity given by factorization by roots
Qla+s) =[(a+s) —af[(a+s) =Bl =s(s+a—p)
we show, using induction, that |as| < |bsl:
s < [la =Bl bs = fas]

s—1—s:
s—1
|s(s + a — Bas| = Zf”1+a+g”]
SK [+ led + 1] ]ay]p”—*

<K []+|a|+1]bjpj_s:s(s—|a—/3|)bs

j=0
s+ (a—p)
= <b
S—|C¥ 6||S|_S ‘as|_s
————
>1

Substracting (3.1.7) for s — 1 from the one for s multiplied by |p| gives simple recurent relation for bs.

1
52b,

ps(s — o= Bbs = (s =1)(s = 1 = Ja = B)bs—1 = K(|er| + 8)bs—1

11



la — S| 1 L+|a—pB\ bs—1 (Jal+s) b1 s t00 bs—1
p(l— s B 1_5 1= s be =K 52 b p= b =0

This means that radius of covergence of the series Zf:;o bsz® is p, and since this series is majorant to
(3.1.4), radius of convergence of (3.1.4) is at least p, and due to possibility to choose p arbitrary close
to r, radius of convergence is at least r. Thus, we verified that (3.1.4) solve (3.1.1) within the region
|z| < r. O

Remark 1. Second linearly independent solution ws(z), when exponents differ by a nonnegative integer
n=a-— [, is given by

wa(z) = wi(2)v(2), wy(z) = 2° Zaszs,
s=0

where wy(2z) is solution from theorem 1. Substituing it into (3.1.1) leads to equation for v(z):

o)+ 25 4 p)] v =0

which can be asily solved.

V(2 )exp[ /{2Z'Ez)+f( )} dz] eXp[ 21nw, (2 /f ]
0= [ e |- 0]

Let’s see how does wa(z) behave in the neighbourhood of zero.

(w1

From (3.1.3), when compared with factorization by roots, follows fo=1—a— =1+ n — 2a, whence

e [ o] = 255

where ¢(z) is analytic at z =0, thus it can be expanded into series

Z) = Z ¢szsv
s=0

and ¢s can be expressed i terms of as, fs, particulary ¢g = aaz. Consequently,

n—1
¢s2°
wa(z) [ — S+¢nlnz+ Z
s:O Z s=n+1 §—n
When n =0,
w(2) = gowr (2) In(z) + 22 "b,z*,
@]
~2RE L. (3.1.8)
ao
When n > 0,

wo(2) = dpwi(2) In(z) + 28 Z cs2®,

~— z— 0. (3.1.9)

nag’

12



Theorem 2. ([3], Chp. 6§2, 5) In a given interval (a1, a2), let f(x) be a positive, real, twice continuously
differentiable function, g(x) a continuous real or complex function, u large positive parameter, and

Py = [ [l - s

Then in this interval the differential equation

d>w

o5 = [u®f(z) + g(z)] w (3.1.10)

has twice continuously differentiable solutions

wj(u,x) = u~ Y2V 4(2) exp [(—1)j+1u/f1/2(:r)dac] 1+¢e(u,x)], j=12, (3.1.11)
such that
€, 2) - _
s gy < e |50 [ 1P @l | ~1 =12,

provided that f |F'(t)|dt < oo. If g(x) is real, then the solutions are real.
It suffices to establish the theorem for the case j = 1, corresponding result for j = 2 then follows on
replacing x in (3.1.10) by —x.

Proof. Due to observation above we proove only the case j = 1. Substitution
w(z) = @ W(ER), @) =u [ 720t

modifies (3.1.10) as follows.

diVV fl/de d2W u _1/2ﬁdW

_u w2
dx ¢’ dz? 2f dr d¢ f

52’

dz?’

dW d
_ 1/4 9 1/2 2/3/4M u? 3/4 )
Wt *M* = ag 7 d£2

d;g/ _ {1 I (? _ f3/4j;2f1/4>} W = [1+ ¢ (&())] W,

[W’f +g] fW = de ' 1/4+2(dW)<df 1/4>+f 14 W

where we denoted

T 2
vle(o) = (AT - ) ).

Introduction of another substitution
W(€) = e* [L+h()]
leads to equation

h(€) + 20/ (§) = ¥ (&) [L + h(E)]
13



which can be solved by variation of constants.

W€ +20(€) =0 = hE=ce* te
W) = —2c1e”% + 0'16_25 + b, 0/16_25 +cdy= . 0
h'(€) + 20 (€) = €7 (41 — 2¢) + 2 (—2c1e7 %) = =2¢j e = (&) [1 + h(£)]

$(E) [1 4 h(E)]

£
/w [1+ At

w\»—*

& = —5%0(E) L+ h(E)], &=

l\.’)\r—\
w\'—'

Cc1 = —

3
/ e2(t) [1 + h(t)] dt,

631

£
h(g) = % / (1= 2] () [1 + h(o)] at (3.1.12)

o
Assuming |a1| < co,9(§) continuous at «, later equation can be solved by successive aproximations.

13

ho(€) = 0, h(€) == 5/ [1 _ e2<t*€>} GO [+ her (D] dE,  s>1

a1

To proove convergence of the series, we show by induction following inequality.

he(©) B (©)] < S, we) = [l
s=1:
1 j 1 i
(@)= |5 [ [1- 9] v < 5 [ 1w
s>1:

< %/w(m Iho(t) — ho1(t)] dt

B \I,erl(g)
- 2/‘1/’ 5'28 C (s 1)l2sHl

o0 s+1

O3 e ©) = holO1 < 3 (7 pypper & =
=0



hi(6)

[1 _ 62“—9} P(t)dt = 2k (€),

+1(8) = h(€)

B, S~

(1= O () [ha(6) = hams (8] dt = 2 [hess (€) = hu(€)]

D) = hea (1)

s=0

1'(&)] =

=12 Z [hsy1(8) — hs(6)]
s=0

HE), 5l (©)] < ¥ —1

w(z) = u” 2@ W (E() = w2 @)ef (@) [L+ h(E(2)] =

=u V274 (x) exp u/fl/Q(t)dt [+ h(©)]

ai

Comparing with (3.1.11) it is clear that
e1(u, z) = h(&(x)),

and using defining relations

&(x) &(z)
_ oy d? _ 1.
wmmw:/u2§—fW3?fV4ﬁ:u1/@1fVmﬁuwﬁ:
a1 aq w_/

:ufl/ |F'(z)]| dt, (ar) = ax,

£ u,) = G = G Ee)uf (a),

what gives desired error bounds

le1 (u, )], 2'2}(32:5 < { /|F’ |dt]

In case of infinit a; or discontinuity of ¥ (§) at «y, convergence of fjl [t(t)|dt is sufficient to ensure
convergence of all integrals appearing in previous calculations.

It is also worthy to mention that if g(z) has a finite step discontinuity, it is carried into ¢ (£) and
consequently also into ¥(§) and h(£). Thus the solution has also finite step discontinuity at the same
point. However, except of that, validity of the theorem is not violated. O

3.2 [Exact solution and its asymptotic

In this case, we are dealing with (2.1.4) in region r < X:

r?R"(r) +rR(r) + R(r) =0, n ez, (3.2.1)




which can be, for convenience, treated under restriction of n € Ny as follows:

P2 (k2= V) - (n - TQ%W)Q

where upper sign corresponds to originally positive, and lower sign to negative n. Introducing substitution

r?R"(r) +rR'(r) + R(r) =0, n € No, (3.2.2)

n r2 (& +
R(r)=2 oot r"G(z), z =12 (X/;)’

(3.2.2) is transformed into confluent hypergeometrical equation ([9], Chp. 13 §2(i), 2(v))
2G"(2)+ (n+1—-2)G'(2) —aG(z) =0, n € Ny,
where

(k% — V) X2 — 2(£p)
4(£p)

a = —

Pair of indipendent solutions is
Gl(z) = 1F1(a,n + 172) =1+ O(Z)v

Go(z) = Ula,n+1,2) = m O,

Whence pair of corresponding solutions in terms of R(r) is

ng1 12 + nt1
Ri(r) = 2" e 2(;2“)7"” 1F1 (a,n + 177‘2( /;)> = 2" 1" 40 (T"+2) ,
nt1 _ r2(ER) (£p) w1 D(n) X2 _
=2 z 1,72 = 2 n nt2y
falr) =2 ==ty U(a’n+ X ) " (@) E ror

It is clear that only the first one of two is convergent, thus inside the cylinder of potential V' we will be
interested only in solution of the form

n r? + n
R(r) = 02" e~ ax " | 1y (a,n +1,1 (X’;)> = 2T+ 0. (3.23)

3.3 Approximate solution
Introducing transformation
R(r) = VFR(r),
(3.2.1) become
2\ 2
. v o (n-wge) -5

RH(T') _ k2 - ﬁ + 12, R(T) (331)

f(r):=

In order to find small argument asymptotics of the solutions corresponding to n # 0, resp. n = 0, it is
favourable to treat these two cases separately in different ways.

16



3.31 n#0

For convenience we denote

_ n? —1/4 \% 2un 2
fr)y=ar 24+ b+ cr? a= 5, b:(fl+ﬁ—k2x2), ¢= v
Furthermore, by setting
1
— o JE2 4
“ s
(3.3.1) gains following form.
~ - f(r
R = [i210) + )] RO, o)=L,

This equation has according to Theorem 2 convergent solution at vicinity of zero of the form

”

R(r) = w2 exp u/fl/z(x)dx (1+e(k,r)),
0

where

[ d

k<o | oo [IF@lde| <1 Flo) =5 g
0

F7V 4 (@) = gla) [P ().

After biref look at our f(r) can be seen that for sufficiently small  will be f(r) indeed positive, as needed
to use Theorem 2.
Performing straightforward calculations one obtains

_ —3a’r (b + 507‘2) +ard (Sb2 + 4ber? + 602r4) + 7P (b + cr2)3

F'(r)
4a (a + br? + CT4)5/2
3b
— —740/3/27‘ + O(T2).
Consequently
30l 5 3 36 3
le(k,r)| < |1+ Suad?" +0(r°)| —1= Suad? + O(r°),

T

R(r) =u~Y/? (ar™? +b+ cr2)_1'4 exp u/ (ar™? +b+ c7‘2)1/2 ()dx | (1 +¢e(k,r))

0
r

=y 2412 (1 + O(’/‘Q)) exp u/al/erl (1 + O(’I"Q)) (x)dz| (1 +e(k,r))

0
r1/2
= % (1 + O(’/‘2)) exp [n Inr + 0(7’2)] (1+e(k,r))
Tn+1/2
= (14+0(r?)
and finally
R(r) = \% (14+0(r?)). (3.3.2)

Comparing this resul with (3.2.3) is obvious that both expressions agrees.
17



3.3.2 n=0

Previous procedure cannot be used in this case due to nonpositivity of previously chosen f(r). Instead
we will examine original equation (3.2.1), which can be now rewritten as

1 w2
R"(r) + ;}wﬂ+(ﬁ—vyiﬁﬁAmm=m r € (0,+00), (3.3.3)
~~
fr):= g(r)i=
by applying Theorem 1. Whence denoting
12
9(r) = gor ™2 + g2 + gar?, 9o =0 g2 =k -V, =15

and considering only problematic leading terms of f(r), g(r) as r — 0 leads to
/! 1 /
R’'(r)+ =R'(r) =0.
T
This equation has an exact solution of the form R(r) = 2%, where « satisfies
ala—1)+a=0 = a=0.

Thus (3.3.3) has a analytic solution

—+oo +oo
R(r)=r® E asr® = E asr®,
s=0 s=0
where for given ag
s—1
1
aS:—S—2 E gs—jaj, s€Zy.
j=0

This already quite simple form, compared to one of full generality of referenced theorem, can be due to
form of g(r) simplified even more

400
1
R(r) = Sz:;)agstzs, az = —gaag, Qs = —w (gaa2s—4 + goaos—2), s>2. (3.3.4)
Whence
R(r) = ao + O(r?), (3.3.5)

what, as well as in case n # 0, agrees with (3.2.3).

18



Chapter 4

Neighbourhood of infinity

Analysis in this chapter is based on procedures given in [1, 5, 7, 8].

4.1 Exact Solution

In this case we are dealing with (2.1.4) in region r > X
R (r) + rR (r) + [kQTQ —(n— (i,u))2] R(r) =0, r € (0,400),n € Ny, (4.1.1)

where for later convenience as in previous chapter, restriction is put on n and plus, resp. minus sign
before 1 coresponds to positive, resp. negative n. This is Bessel equation, therefore solution can be
written in terms of Bessel functions as

R(r) = B1Jyxu(kr) + BaYor,u(kr), r > X,n € Ny, (4.1.2)

It is worth reminding that R(r) as well as constants Bj, By depends on n, however in most of the
following calculations we are dealing with expressions with arbtrary fixed n, it is convenient not to write
it explicitely.

In order to determine By, B2 we need to connect solutions at the boundary of the cylinder potential
V(r = X). Recalling (3.2.3) and (4.1.2)

nt1l 2 ER) —k2X? + VX2 4+ 2(+p) TQ(ZE[L))
R(r)=C2"2 e 2xz " I ,n+1, , r<X,
(r) T ( A(£p) X2 neZy, (4.1.3)
= BiJpgu(kr) + BoY, 5, (kr), r>X,
and substituing into bundary conditons
R(X+) = R(X-), R(X+) =R(X-),

gives after some straightforward algebra

By = —— " _CeFH/29"F Xy
n—+1
—k2X?% + VX2 +2(dp)

A(£p)

i+ 037 150 ) Dz (6) = o1 (6] +

—k2X?2 4+ VX2 42>+
+Yozu(kX) [Q(n—kl)(n:ﬂ:uhfﬁ( VX4 “);n+1;iu) +
4(£p)
—k2X2 + VX2 +6(+
+ (-F°X?+ VX?+2(+p) 1 F1 < +4E/iu) + 6( “);n +2; :|:,u>:|:|

19



By = CejF”/22 X"
n+1

X2+ VX% 4+ Q(iu)
A(+p)

x {k(n FX R < n+1; iu> [T psr (BX) = Jngpe1 (kX)) +

—k2X2 4+ VX2 42(+

e (kX) |:2(TL+1)(7”LZF;L)1F1( e 14, j:u) +
—k*X? 4+ VX?+6(+

— (FX? - VX% —2(£p) 1 F ( e ( M);n+2;iﬂ>:|

4.2 Asymptotic region

Being intrested in asymptotic behavior for large r allow us to use large argument asymptotics of Bessel
functions (1.0.2) in (4.1.2) and some trigonometry afterwards gives

R(r) = \/g {Bl sin (kr — g (v— 1/2)) — By cos (kr - g (v— 1/2))}

B
= /31 = Bcosdy, Bs; = —Bsind,, = tand, = —B—Q (4.2.1)
1
= \/iBsin (k‘r— I(1/—1/2)—1—5 )
—V wkr 2 "
- lBl {ei(’W*%(V*lﬂ)Mn) _ (k=3 (- 1/2)+5,L)} .
wkr

At this point it is good to remind ourselves, that we are interested in solution consisting of incident and
outgoing wave and rewrite incident part in terms of Bessel functions using (1.0.10).

zkr cos 0 n ing i(kr—m/4) i(kr—nm—m/4)
i"J(kr)e { +e” }
=2 WT 2

nez

Comparing two previous expressions one can see, that setting
B = /(55 +on) (4.2.2)

leads to desired form

~

[ i(krpm— % 424,) _’_efi(krfnﬂ'f%)} oinf

V2rkr

nez
. 1 ; = ; o i
~ ezkrcos() + [ez(kr+;ur—j+25n) _ el(kT‘—Z):| eme
Y V2mkr
~ eikrcosO + eikr e—wr/4 Z [ i(pm+28n) 1:| ein& . (423)
\/> V2rk nez

1(0)

Clearly to to determine scattering amplitude f(6), we need to know phase shifts d,,. HOwever those can
be easily derived from already found expressions of By, By according to (4.2.1):

8, = arctg (—2) (4.2.4)
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Chapter 5

Phase shift approximation

5.1 Theorems and proofs

Theorem 3. ([5], Chp. 682, 5) In a given interval (a1, as), let f(x) be a positive, real, twice continuously
differentiable function, g(x) a continuous real or complex function, u large positive parameter, and

Py = [ [l - g s

Then in this interval the differential equation

d*w
o [7u2f(:z:) + g(:z:)] w (5.1.1)

has twice continuously differentiable solutions

wj(u,x) = u~ Y2V (2) exp [(—l)jﬂiu/flm(ac)d:r} 1 +¢ej(u,x)], j=12, (5.1.2)

such that
€ (u, ) |
lej(u, z)], 217 = /|F )dt| —1, j=1,2,

when f |F'(t)|dt < oo. If g(x) is real, then the solutions are real.

Proof. Only difference compared to previous proof is absence of the coefficient % in bound of e(u, z)

arising from from (3.1.12) due to bound given by |1 — ?(*=9)| < 2. O
Remark 2. ([3/, Chp. 6 §5.4) Theorems 2 and 3 can be generalized to the case

2 2
% = [+ f(u, z) + g(u, )] w, resp. 271;} = [~ f(u,z) + g(u, )] w, (5.1.3)

when folowing conditions are fulfilled:

1. f(u,x) >0,
o s o , :
. S5 and g(u, x) are continuous functions of =,

3. f|F’(t)|dt:O(u) as u — oo.
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Theorem 4. ([3], Chp. 12 §6.2) If k > 0,n < 0,¢g(r) continuous and for finite r satisfying

X, /k r
Gnk,r)=m / Y, (kt)| T (k)| g(t)|dt + g / t[J2(kt) + V.2 (kt)] [g(t)|dt < 400
0 Xn/k

where X,, > 0 is smallest root of J,(r) + Y,(r) = 0, then equation

Cﬁ:[—k2+w+g(ﬂ}§, 0 <7< +00
has a solution
R(k,r) =112 (Jo(kr) + ek, 7)),
where
len(k,7)| < V2|0 (kr)| [exp (G (k, 7)) — 1] kr < X,
1/2

< (J2(kr) + Y2 (kr)) " [exp (Gp(k, 7)) — 1] kr > X,

Proof. Substituing (5.1.6) into (5.1.5) leads to differential equation for error term

r2el(k,r) +rel,(k,r) = [—k*r? + n?| en(k, ) + g(r)r® [Jo(kr) + e, (k,7)], 0 <7 < +o0,

which is equivalent to
/K 7, t) [Jn(kt) + en(k, t)] tg(t)dt, 0<r<4oo,

where

K(r,t) = Yy (kr)Jo(kt) — Jo (kr) Y, (kt).

(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)

(5.1.9)

Equivalence can be verified by differentiating integral expression and using basic relatons of Bessel func-

tions:

o) = 5 [ 2D 1 ) 4+ 0 0] g0+ 5 ) D) + 1)) ),

or
0 =0
1 _ T TaQK(r7t) ™ OK (r,t)
)= 5 [ S b+ e ntgtoyin+ 5 ST )+ bl g
0
Altogether,
r2ell (k,r) + rel( g / [r K(r, t raKa(’"’t)} [(Jn(Kkt) +en(k, )] tg(t)dt
T
0
+ [T (kr) + en(k, )] 72g(r),
where
2
2By ORI _ 2k k) 4 ke (k)] (k) — (12020 ) + kT k)

[—k2r24n2]Y,, (kr) [—k2r24n2]J,, (kr)
= [-k*r* + n®] K(r,1),
22
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gives (5.1.8). Having integral equation (5.1.9), we use method of succesive approximations to solve it and
write its solution as a series:

hma:g/mepmmmw%mm@@ﬁ, s> 1. (5.1.10)

In order to show convergence of the series let us introduce auxiliary function
Yo ()]

Jn(z)
=1, z > Xy,

E,(z)= 0<z<X,,

and take a closer look at it. Let us denote j,, resp. y, smallest positive zero of J,(x), resp. Y, (x), then
for every n € N holds y,, < j,. Thus, using small argument behavior of Bessel functions (1.0.1), it is
clear that J,(x) + Y, (z) is negative as x — 04 and positive as © — y,,, what leaves no other option than
Y, (x) <0,J,(x) >0 for 0 < z < X,,. Furhermore

/ [V, ()]’ Y, (2)\' (1.0.5) 2
(B2) = (D0) (L)oo 2
Jn(2) Jn(2) maJ2(x)
what means that E, (z) is continuous, positive nonincreasing function of . Having found key properties

of E,(z), we introduve two more auxiliary functions M, (z), 0, (x) by setting

Jo(x) = B (2) M, (x) cos 0, (x), Y.(z) = E,(x) M, (x)sin 0, (),

wha gives us

Mo(z) = \/2]Yn (@) Jn(z),  0<z<X,, GM@:—%, 0<z<X,,
— V@ @), @z X, — tan™! ?;8 r> X,
Having intorduced all auxiliary functions we need, getting desired bounds of J,,Y,,, K(r,t) follows.
E; N (kt)M,, (kt) = V2|, (kt)] > | T, (k)] 0<z< Xy,
Ji(@) + Y2 (x) > [Jn(R)t], x> X,
Eyp (kt) My (kt) = V2|V, (kt)] > |V (kt), 0<z<X,,
T2(@) + V2 (@) > Yo (k)1 > X
= ‘Y (kr)J I (kr) n(k;t)|
= |En(k kt) sin 0, (kr) cos 0, (kt) — E; (kr)E,, (kt) cos 0, (kr) sin 6,, (kt ‘M kr) M, (kt)
=| En( 2 (kt) sin 6, (kr) cos 6y, (kt) — cos 6y, (kr) sin 6, (kt)| E;, ' (kr) Ey, (kt) My, (kr) M, (kt)
—,_/
<1

< B, (kr)E, (kt) M, (kr) M, (kt)
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Now, in order to prove convergence of the series, we first use induction to show following inequality:

halr) — o (k)] < B ) ) 25 Gullkr) = 5 [ MEog(0)i
0
s=1:
mr) =12 / K (r, £)J, (t)tg(t)dt
0
< Egl(kr)Mn(kr)g / B, (kt) M, (kt)E; Y (kt) M, (kt)tg(t)dt
0
= By (k)Mo (hr) / M2(kt)tg(t)dt
0
= E;l(k:r)Mn(kr)Gn(k:, T)
s—1—s:

T

ho(r) — hy_1(r) = g / K (r, ) [ha(t) — he 1 (8)]tg(t)dt

0

< E;l(k:r)Mn(kr)g / B, (kt) M, (kt) [2E;1(k:t)Mn(kt)W tg(t)dt
0

= B M) [ 2t S g0y
0

Gn(k,r)stt

= E, Y (kr) M, (kr) (s+1)!

Whence,

X Gk, r)sH!

“+o0
len (b, 1) <D [hasa () = ha(r)| < Bt (k) My, (kr) = B, (kr)M,(kr) [exp (G (k,7)) — 1] .

!
s=0 s=0 (5 + 1)'
O
5.2 Large energy approximation
Original equation (2.1.4) can be, as before, transformed using substitution R = /7 R(r) into
d®R , n?—1/4 ~
where
r? 2nu
g(T)ZUQﬁ_F_FVa ’I"<)(7
2
P = 2np
=, r>X. (5.2.2)
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It is clear that only discontinuity is a step at r = X and

+00
/ lg(r)|dr < +o0.
0

Appllyinng (3) to (5.2.1) on interval (X, +00) leads to pair of independent solutions

~ Jj+1; ~ ~ 1 r
Ri(k,7) = k12D Hlikr [1+&;(k,m)], gj(k,r) <exp lk/ |g(t)|dt] -1, j=1,2,

where a; = X,as = 400. There is nothing preventing us from choosing another pair of independent
solutions taken as linear combinations of previous ones

ikr _—ikr :

e — sin(kr), cos(kr).

Consequently any solution of (5.2.1) can be written as

_ 1 1/2 1
Rk,r) = (m) (1+ ay) sin (kr g <nu 2) +§n> +0(1), 1+an>0,6,¢ (—mxl.

Using Theorem 4 and large argument asymptotics of J,, () we get another similar equality

Rlk,r) = <7fk>1/2 {Sin <kr - g (n - ;)) +0 (;)] + 2%, (k, 7).

Substraction of last two expresions leads to

(1+ o) sin (k:r - g (n - ;) + 5n) — sin (k:r - g (n - ;)) - (T)l/an(k,r) +0(1).
(5.2.3)

Here, instead of &, (k, ) we take only first term of its Liouville-Neumann Expansion (5.1.10) from Theorem
4:

r

en(k,r) w(kr /J kt)tg(t)dt — fJ (kr)/Jn(kt)Yn(kt)tg(t)dt
0 0

and using large argument asymptotics as r — 400 we get

enlhr) ~ — (%)” * cos (kr -z (n - ;)) 7J3(kt>tg(t)dt+
0
_ (%)1/2 sin (kzr - % (n - ;)) :/OO (k)Y (kt)tg(t)dt.

Now comparing with (5.2.3) after convenient cosmetic adjustments

sin(~-~+5n+%) :sin(...)cos((Sn—i—M—;)+cos(...)sin(§n+%),

one has

(”Sr)m en(k,r) + O(1) = sin <kr - g (n . ;)) {(1 + an) cos (5n + %T) - 1} +

m 1 W
—|—c05(k57‘—2(n—2)>(1—|—an)bln<5 + 5 )
25



From this expression is apparent, that
+oo
(1+ an)sin (5n + %”) = —g / J2(kt)tg(t)dt, (5.2.4)
0

thus we have expression of phase shift, however, we still need to ged rid of «, to obtain phase shift
explicitely. In order to deal wit this obsticle, let us start with bound of &, (k,r) (5.1.7) from Theorem 4,
where using asymptotic behavior of Bessel functions as r — +oo (1.0.2) gives

9 \1/2
len(k, +00)| < <7rk:r) (exp(Gn(k, +00)) — 1) < exp(Gp(k,+00)) —1

Thus from (5.2.3) follows

’(1 + o) sin (kr - g <n - ;) +5n> — sin (kr - g (n - ;))‘ < exp(Gy(k, +00)) — 1+ O(1).

Using convenient substiution

ocosn = (1+ ay)cos (5n + %) , osinng = (1 + «,)sin <6n + %r)
leads to
(14 ay)sin ( S 0n + %) —sin(...)=osin(---+n), 1+ an)ei(é”*%) =ge',

what combined with previous inequality immediately gives
lo| < exp(Gr(k,+00)) — 1.

If 0 <1, using Jordan’s inequality (1.0.13) we derive

| < o, 5n+Ml‘SSin_la§E,
2 2
what finally leads to
2
nls = [0+ 55| < exp(Gin(k, +00)) — 1.
Thus
G (k,+00) k2t = (14 ay)sin ((5n + %) ~ On + % + O(G? (K, +00)) for large k

and comparing with (5.2.4) one obtains desired approximation of phase shift

+oo

On + %T = —g / J2(kt)tg(t)dt + O(G2(k, +00)) for large k. (5.2.5)
0
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5.3 Error term behaviour for large energies

Let’s take a closer look at the error term of phase shift expression (5.2.5) that we just found. For suficently
large k we can suppose that X,,/k < X, thus

Xun/k +o0
Gulk,+oo) = [ V(KO T (kE)lg(Dldt + 5 / t [T (kt) + Y (kt)] lg(t)]de
0 Xn/k
X, /k

pit?  2un

. / Y (k)L (k) | Bl — 2 +V‘dt+

242
g / t [J2(kt) + Y2 (kt)] P 2pn

X /k
+oo 9 9
+g /t[Jg(kt)JrY,f(kt)] ‘“22“" dt

X

Xn 2,2 9
m P2y 2un
= fu=rtf =55 [ o) iy - %+ v

0

kX

2,2
T wey 2un
tam [0+ )] i - 2+ v v
Xn

+oo
3 |n? = 2ym| / [Jﬁ(y)JrYf(y)]% (5.3.1)
kX

+

First term is clearly of order 1712 Second term can be conveniently integrated, and using large argumetnt

(C,, stands for J,,Y,,):

asymptotics of Bessel functions (1.0.2) stripped of irelevant factors will lead to result we are looking for

1
Cp(kt) ~ —
(kt) ~ =
1 kX ) x |
201 gy 107 Y 2 1
= [ 1w 2 e w? - G )Con)] |~ (532
Xn
1 o 1 X 4 kX
5 [ =g [P heiw]a™ | 2 (020 - CotCon)]| 4+
Xn X Xn
kX
1
—1 [ V' [ChW) — Cos W)Coia(v)] dy (5.3.3)
Xn
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kX
1 1.03) (=1)7~1
R e R
Xn n
108 oyt kX
P () S [Cenn WG (0) + Cota ) Caia )] =
10.3) y kX
Y (O ) ) - Cua)Corav)] | (5.3.4)
kX EX
1 302 y* 2
= | YWy = | 7 (i) — Coa(W)Cria ()] | +
Xn
Xn
1 kX
s [ )y
XW,
y4 kX
- [ (G0 - CosCantw])] +
Xn
y4 kX
| G )Ca) — Coa1)Cosa(o)]
Xn
4 9 1 kX
~ |2 [w - e w0 - 500
Xn
~ % (5.3.5)

In the third term of G, (k,+o00) exppression (5.3.1) is due to large lower bound of integration sufficient
to substitute asymptotics of Bessel functions (1.0.2) straight into integral:

+oo +oo
dy dy 1
2 V2] L~ [ Lz 3.
/ T2 + Y] 5 il (5.3.6)
kX kX
All in all
1
Gn(k,+00) ~ T (5.3.7)
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5.4 Large energy behavior of phase shift

0n is also of order %, as it consists of almost the same integrals, hence can be also integrated in terms of
Bessel fuctions up to first order in % Using previous calculations we have

+oo

ut g =3 [ Takttg(t)de + O(G2(k, +oc)
0
(5.2.2) X 9,9 +oe 2
G371 T [ o pott 2un _z/ 2. 1 —2un 1
2T / T2 (kt)t {XLL . +v] R L L
0
5 kX 5 kX
_ /., — __ T 372 _ e 2
_/y_kt/— SXTE /y Tny)dy — 5 { X2 +V] /an(y)der
0 0
T 1
T2 / 20, Y
5 | pn] | Jn(y) , Tz
kX
(5.3.2)
(5.3.3)
008 w2 2 1
(129 —% [.]z(kX) - an—1(/fX)Jn+1(kX) - 3Jn—2(k?X)Jn+2(kX)] +
TX? 2un
-z [_XQ + V] [Jn(kX)Q - Jn_l(kX)JnH(kX)]—k
b 2(n +1) d 1
T o9 n Y
- = -2 n —dJn - Jn — 7.2
5 = 20m) [ 5,000 | <iao) + )| 2o ()
kX
(1.0.3) w2 2 1 1
= [J,%(kX) + gJ,%H(kX) - gJ,%(k;X) +0 (Hﬂ +
X2 2un 2 2 1
- {—X2+V] [Jn(kX) +Jn+1(kx)+o(k2)}+
e 1\]d 1
_Tr2 _1)ntl ~ % =
9 [N 2:“”] / [( 1) Jn(y)an(y)-i-O(kQ)} y +O(k2)
kX
(1.0.8) w2 ™
=T [Jg(kX) +J2 +1(kX)} -7 [F2um + VX [Jn(kX )2+ i (kX )F
T 9 (71)n+1 1
= 2 [~ 2pm] T[Jn(kX)J_n_Q(kX) +Jn+1(kX)J_n_1(kX)} +0(
. 2
(1.0:3) 7% {’; — 2un + VXQ} [Jg(kX) + J,%H(kX)} +
Tr o2 2 2 1 1
1 (1 — 2pn] {Jn(kX) +J, 1 (EX)+0 <k32> } +0 (k2>
m 2, 45 2 2 1
= =T VX2t 2p — dun| [J2(6X) + I, (6X)] +0 (5 ) - (5.4.1)

5.5 Numerical comparison

Following figures show graphical comparison of exact expression of phase shift (4.2.4) with approximation
(5.2.5) as a function of energy k, for a few values of n, when V' = 2, X = 1, u = 0.1, representing week
magnetic field.
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1 1 1 1 1 k
2 4 6 8 10
-01[
—02f — explicit
' —— aproximate
-03f
—04[
-051
Figure 5.1: 61(k)
65(k)
1 1 1 1 k
5 10 15 20
~0.05|
I — explicit
—— aproximate
-0.10}
-0.151
Figure 5.2: d5(k)
65(k)
L 1 1 1 1 1 k
1 2 4 5
-0.005
L — explicit
-0.010} P '
[ —— aproximate
-0.015
—0.020F

Figure 5.3: d5(k) - detail

In case of stronger magnetic field 4 = 1 accuracy for low energies is worse, however quickly improoves
as energy increases.



610(k)

1 n I I 1 I I I I 1 I I I I 1 I I 1 1 1 1 1 1 1 1 k
5 10 15 20 25 30
-0.02}
-0.04f
[ — explicit
-0.06 —— aproximate
—0.08}
-0.10f
-0.12f
Figure 5.4: §19(k)
610(k)
L 1 1 1 1 1 k
2 4 6 8 10
-0.001F
L — explicit
-0.002}F .
[ —— aproximate
-0.003
-0.004
Figure 5.5: d19(k) - detail
61(k)
1 1 1 1 1 k
1 2 3 4 5
— explicit
—— aproximate

Figure 5.6: d1(k) - detail
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-1.0

-1.2

— explicit
—— aproximate

L e e S e e B e e B O S

Figure 5.7: 65(k)

— explicit
—— aproximate

Figure 5.8: d19(k)
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Chapter 6

Cross section

6.1 Scattering amplitude

Having phase shift expression we can calculate scattering amplitude from (4.2.3):

10) = (;;fgz[zw% 1] 9)

(525 +o0
(5.3.7 2 ina T / 2 ind
—e ng [ 5 Ji(kt)tg(t)dt| e

0
+oo
—_ |1 m/4/ 2 in
,/le > T2(kt)tg(t)e™ | dt,
0 nez
where
“+o0 X 2{;2 5
/ [Z J2(kt)t ’"9] dt :/ [Z J2(kt)t {’}4 - % + V] e | di+
0 nez 0 nez
+o0 9 2un
2y 2R ind | gy 11
+ [ > k= (6:1.1)

X

In order to perform sumation it is convenient to write down equalities given by Graf’s theorem:

S 2 (ktyeint P (2kt sin (g)) : (6.1.2)

nez
, .0 . (0
nze:ZnJg(kt)eme = —1— ',;Z J2(kt)e™m? = Z%JO <2kt sin <2)> , (6.1.3)
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which come handy in calculating (6.1.1) one term after another

b's

2

1.2) W . (

1dt = ﬁ/tz {tJO (thsm (2>)] dt
0

w2 0
3 2 in
X/[t 2 Tilkoe
0

nez
2 3 0 [ o
pp- K~ ?70 <2kt sin <>> YL an () /t <2ktsin ()) “
X4 | 2ksin (E) 2 X4ksm ) 2
0
X
, 2
(1.0.6) “7.6 (2kX sin <G)> t (oL win (01)2 <2kt s <0)>
2k X sin (5) 2 (2ksin (%)) 2 0

_ %Jl (2kX sin< )) QkX sin (§
)+

2k X sin
o ().

))2J <2kX sin (Z))

2

- “7.@(11 (ZkX sin ( )

2k X sin

’c?
SJ
‘I\D
=
=
|
\N
~
S
7 N
]
5
~
9.
]
N
N~
'
QU
~

X
_2“/{ S nJ2(kt) ”“"] dt <2 90
0

2
nez 0
(1.0.6) 2ip 0 X o (?
2 50 [kam (g) Jy <2k‘Xsm <2>>]
i cos (g) . ( ))
2k X sin? (£) ' "\2)) "
" J] (QkX sin (9>> kX cos (0)
kX sin (g) ! 2 2
. 9 . 0
a0 ineos(3) <2szm <9>) Jineos(3) (2szin< ))
kX sin (5) 2 SN (E)

X
Z J2 kt zn@] (6 1.2) V/tJO (th sin (Z)) dt
0

nez

X
v/
0

+oo oo
1 , (6.1.2) 1 . (0
2 - 2 in6 e 2 - - _
m / lt E J2(kt)e ] dt ="p / tJO <2kt51n (2)> dt
% neZ X
. (0 1
|:—J_2 (Zk‘tsm (2)) +0 <k3/2>} dt

(1.0.6) M2 : 4 1
e o — N )5 ' = @ ;
2kX sin (g) ! ( 5111(2)) * <k5/2)

5

=

[N}
X\ér
o+ | =
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—+oo +oo
1 9 ind (6.1.3) . 10 . (0
—2u / lt Zan(kt)e ] dt =" 2ip / ;@cfo (2kztsm (2 dt
X nez X
i 0 0
= 2ip / EJ(/) <2kt sin <2)> kt cos ( ) dt
b'e

“+o0

= i cos <§> / 2k Jj, (Qk'tsin (Z)) dt
X

Putting all together results in

B 1[4 COS (g) 0 1[4 COS (g) —70
X s () (Q)Jl 2k X sin 3 +7sin 7 Ji sin 2 +

2
2k sin ) 2 2k X sin (5)

444 cos (g)
— I/X%m(@] . (6.1.4)

T VXein/4 e
—ﬁk/(ﬂ (M (2>>

6.2 Differential cross section

Scattering analysis would not be complete without determining cross section. It’s relation to the scattering
amplitude

27
do(6) 9 /da(@)
=|f(0 = db 2.1
Gl o= [, (6:2.1)
0
gives using (6.1.4) immediately
do(0) TV2X? < ) (9)) 1642 cos? (&)
=|f(6 7(] 2kX = 14+ 57| 6.2.2
do @) ~ 8k3 sin (2) ! "2 V2X*sin (g) ( :
Clearly there is singularity at # = 0. Hwever, this result shuld not surprise us, using (1.0.1) gives
do(6 V2x4 162 cos? (& 27 p?
a0) 7 1+ C0.82<29) ~ 6= 0. (6.2.3)
df 8k V2X4sin® (%) ksin® (%)

This result is in agreement with formula for differential cross section of scattering on a magnetic vortex
of infinitely small radius (see (21) in [1]).
Complete cross section is then given as

27
2 v2
UN/%CA (kaXsin <9)>
8k3 sin? (2) 2
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Chapter 7

Conclusion

We dealt with 2D quantum scattering of a charged particle by finite cylinder potential containing magnetic
flux perpendicular to the plane where particle’s movement is considered. Using partial wave decomposi-
tion, we broke up the problem into solving Schriodinger equations for individual modes, for which exact
solutions were found for both nighbourhood of zero, inside the cylinder potential, and infinity, far outside
the potential area.

Inside the cylinder we used WKB approach to find convenient approimations of exact results, following
by their comparison with leading terms of exact ones in vicinity of zero.

In case of asymptotic region of infinity we again used WKB approach to determine convenient approx-
imation of phase shift, compared to quite obscure exact expressions, folowed by determinig qualitative
large energy behaviour and numerical comparison which showed great fit. Consequently we calculated
differential cross section which was found to be in great agreement with result of well known scattering
on magnetic vortex of infinitely small radius.

Approximation of total cross section can be considered little inconvenient and further investigation
may be apropriate as well as generalising problem to potentials of different shapes or multiple cylinders.
However, goal of this project was to investigate scattering on finite cylinder, which was fullfiled.
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