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1. Introduction

Studying multiphase equilibrium of multicomponent mix-
tures and development of robust and efficient algorithms for its
computation play important roles in large-scale compositional
hydrocarbon reservoir simulations. While there was a main focus
on two-phase compositional modelling in the past, nowadays,
there is an increasing interest in three and generally multi-phase
compositional models which is motivated by CO, sequestration
[12], processes related to CO, or steam enhanced oil recovery [1]
or asphaltene precipitation from bitumens [14,15].

Injecting a pure component (e.g. CO, ) into a reservoir, it may dis-
solve in the reservoir fluid or it can mix and the mixture can split
into two or more phases. Let us consider a closed system of total
volume V containing a multicomponent mixture with mole num-
bers Ny, ..., N, at temperature T. To find out whether the system is
under given conditions in single-phase or splits into two phases, the
single-phase stability at constant volume, temperature, and moles
(the so-called VT-stability) is solved. In case of phase-splitting, the
two-phase split calculation at constant volume, temperature, and
moles (the so-called VT-flash) is performed to establish amounts
and compositions of both phases, and consequently the equilib-
rium pressure of the system is calculated from the equation of
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state. In our previous work [22,23,9], these problems were formu-
lated for two-phase systems and the algorithms were proposed and
tested on a number of examples. In [10], the results were partially
extended to three phases for CO,-H,0 system and the perfor-
mance of the algorithm was shown on several examples of two- and
three-phase equilibrium calculations of CO,-H,0 mixtures under
geologic carbon storage conditions. In this work, we extend the
method and propose a general strategy for [1-phase equilibrium
computation at constant volume, temperature, and moles, where
IT e N is the number of phases.

We use the formulations of phase stability and phase equi-
librium computation which are based on VT variables (constant
volume, temperature, and moles). This approach is alternative to
the traditional formulation based on PT variables (constant pres-
sure, temperature and chemical composition), which has been
widely used in many applications including compositional reser-
voir simulation. Both the stability testing and the phase-split
computation can be formulated either as local or global minimi-
zation problems, or as problems of direct solution of a nonlinear
system of algebraic equations. Depending on the problem formu-
lation and used variables, various methods have been developed
to find the local minima and the global minimum of the tangent-
plane-distant function in the stability testing [17,19,6], and the
global minimum of either the Gibbs energy [18,6,16], or the
Helmbholtz energy [22,9] in computation of phase-equilibria. The
reader is referred to [32] for a recent review of various global opti-
mization methods for phase equilibrium calculations.
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Besides the PT-formulations, formulations involving other inde-
pendent variables appear in the literature. The formulations in
which temperature and concentrations are the independent vari-
ables were used by Nagarajan et al. in [26] for the investigation of
phase stability and flash equilibrium calculation, and in [27] for the
critical point calculation. Using volume as an independent variable
in the PT-flash has also been shown advantageous by Pereira et al. in
[29]. Although in these works the independent variables are tem-
perature and concentrations or temperature, volume, and moles,
respectively, the problem specification variables are still pressure,
temperature, and composition. No matter how wide-spread the
use of the PT-specification variables is, this approach has limita-
tions which have already been noticed in the previous work. In
the PT-variables specification, pressure is specified and volume is
computed by inverting of the equation of state. In case of cubic
equations of state (e.g. the Peng-Robinson EOS), the problem of
multiple roots of the equation occurs; there may exist up to three
different roots from which one is selected, usually the one with the
lowest value of the Gibbs energy. In contrast, in the VT-approach
volume of the cell is given and pressure can be directly computed
from the equation of state without the need for inversion of the
equation of state. In the VT-formulation, the problem of root selec-
tion is completely avoided. This is even more important when using
non-cubic equation of state (e.g. the Cubic-Plus-Association EOS)
for which the number of roots is not known a priori.

To illustrate another shortcoming of PT variables, let us consider
pure CO, at temperature T=280K and saturation pressure Psq(T)
corresponding to the temperature T=280K. Using the PT variables,
one cannot decide whether the system occurs in vapor or liquid
state, or as a mixture of both, because all two-phase states and
both saturated gas and saturated liquid occur at the same pres-
sure Psq(T), temperature, and moles. Therefore, PT-stability and
PT-flash cannot distinguish between these states, but VT-stability
and VT-flash can, because these states have different volumes. This
example shows that the PT-stability and PT-flash problems are not
well posed since the volume of the system is not uniquely deter-
mined by specifying the pressure, temperature, and moles. On the
other hand, if volume, temperature, and moles are specified, the
equilibrium pressure is given uniquely by the equation of state.
The ambiguity of volume is not limited to pure component. In
[10] and in this work, we present non-trivial examples of multi-
component mixtures which exhibit in three- or even four-phase
the same behaviour as the pure substances at saturation pressure.

The phase stability testing and phase equilibrium calculation
are the integral part of the reservoir simulation. In compositional
models the stability and flash formulations are based virtually
exclusively on the PT-variables specification [4,8,21,24,25]. To the
best of our knowledge, the only use of the VT-flash in compositional
simulation has been reported in [30]. In [30] there is an example
which the codes based on the PT-variables specification gener-
ally fail to compute because of the ambiguity in volume for given
pressure, temperature, and overall composition. In the VT-flash for-
mulation, the problem does not appear at all. This motivates our
interest in the phase equilibrium calculation using the VT-variables
specification that does not suffer from these issues.

To solve phase equilibria in other variables specifications (like VT
in our case), Michelsen [20] proposed an approach based on nested
iterations; the PT-flash algorithm is used in the inner loop while
pressure isiterated in the outer loop until the correct pressure value
is found for which the respective volume constraint is satisfied.
This approach was used in [5] to find the conditions of thermody-
namic equilibrium in systems subject to gravitational fields and in
[3] to study segregation in centrifugal fields. This approach allows
to reuse existing implementations of the PT-flash but is not com-
putationally efficient since for a single computation of the VT-flash
many computations of the PT-flash have to be performed before the

correct value of pressure is found. In [22] it has been shown that
when the VT-flash problem is formulated directly using the mini-
mization of the Helmholtz energy, the computational efficiency of
the successive iteration method is about the same as for its PT-
based counterpart. Moreover, as the nested loop approach uses the
PT-flash in the inner loop, the method may not provide the correct
phase volumes when the volume is ambiguous.

In [9] we have proposed a numerical algorithm for constant-
volume two-phase split calculation which is based on the
constrained minimization of the total Helmholtz energy of the
mixture. The algorithm uses the Newton-Raphson method with
line-search and the modified Cholesky decomposition of the Hes-
sian matrix to produce a sequence of states with decreasing values
of the total Helmholtz energy. Fast convergence towards the exact
solution is ensured due to the Newton-Raphson method. Further-
more, as the method guarantees decrease of the total Helmholtz
energy of the system in every iteration, it always converges to a
state corresponding to at least a local minimum of the energy. To
initialize the algorithm, the results of the constant-volume stabil-
ity algorithm, which has been developed in [23], are used. In this
work, we extend the method and propose a general strategy for I'1-
phase equilibrium computation at constant volume, temperature,
and moles, where IT e N is the number of phases. As the number
of phases is not necessarily known a priori, the proposed strat-
egy is based on the repeated constant-volume stability testing and
the constant-volume phase-split calculation until a stable [T-phase
state is found. The performance of the algorithm is shown on several
examples of two-, three- and even four-phase equilibrium calcu-
lations of multicomponent mixtures under various conditions. The
basicapproach adopted here is close to that of Cabral et al. [2] where
the direct minimization of the Helmholtz energy is used to solve
thermodynamic equilibrium in a system with various bulk and
adsorbed phases. However, in [2] the authors claim that because
pressure can be negative during the course of the iterations, their
algorithm requires that a part of the computation be performed in
the complex arithmetics. On the other hand, our algorithm uses
formulation that can be performed in the real arithmetic. The use
of complex numbers is thus avoided.

The paper is structured in the following way. In Section 2,
we derive the equilibrium conditions in a multiphase system
which is described using the Helmholtz energy. In Section 3, the
constant-volume stability testing is applied on a multicomponent
mixture in a [T-phase state and a method of introducing a new
phase is described in the case that the I1-phase state is unsta-
ble and splits into IT+1 phases. Finally, we propose a fast and
robust numerical algorithm for the multiphase split calculation
based on the direct minimization of the total Helmholtz energy
of the I[T-phase system. At the end of the section, we summarize
essential steps of the algorithm and propose the general strat-
egy for constant-volume phase-equilibria computation based on
repeated stability testing and phase-split calculations. In Section 4,
we present several numerical examples showing the performace,
robustness and efficiency of the proposed strategy for multiphase
equilibrium computation at constant volume, temperature, and
moles. In Section 5, we discuss the results and draw some conclu-
sions. In Appendix A, we provide details of the Peng-Robinson and
Cubic-Plus-Association equations of state [28,13] that were used in
this work. In Appendix B, we provide the details of the modified
Cholesky factorization that is used in our method.

2. Multiphase equilibrium conditions for multicomponent
system

Consider a closed system containing a mixture of n components
with mole numbers Ny, ..., N, occupying total volume V at tem-
perature T. The system is described using the Helmholtz energy
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A=A(V, T, Ny, ..., Np). Let us assume that the mixture occurs in a
[T-phase state, where IT € N, and denote the volumes of each phase
Ve and the mole numbers of each component in each phase N,
wherea=1,...,ITandi=1,...,n The point is to derive conditions
of [T-phase equilibrium in the mixture.

Let us denote by Xy and X, vectors with components Ny, .. ., Ny,
Vand N1, ..., Nan, Vo, where =1, .., T1, respectively. Then, for
a single-phase system, the Helmholtz energy is given by

n
Al =A(Xo, T) = =PV + Y Nipi, (1)
i=1

where P=P(xg, T) is the pressure given by a pressure-explicit equa-
tion of state, and u;=pui(Xg, T) is the chemical potential of the
i-th component in the mixture. For the [T-phase system, the total
Helmholtz energy reads as

IT
ATl = ZA(XQ, T). (2)
a=1

The equilibrium state of the IT-phase system is the state for
which the increase in the total Helmholtz energy with respect to
an energy reference state given by

IT
AA = ZA(xa, T)— A, (3)

a=1

where the energy reference state A" can be chosen for example as a
single-phase state or a (IT — 1)-phase equilibrium state, is minimal
among all states satisfying the following constraints expressing the
volume balance and mole balance

I1
> V=V, 4
a=1
I1
ZNW-:M, i=1,...,n. (5)
a=1

Using the Lagrange multiplier method, the system of (n+1) nec-
essary conditions of [1-phase equilibrium is derived

P(leT):"':P(Xan)v (6)

Iu‘i(th):"':Mi(xan)’ i:]7'~"n' (7)
3. Numerical algorithm for computation of multiphase
equilibrium for multicomponent system

In the previous work [22,23,9], we dealt with the single-phase
stability analysis and the two-phase split calculation, both at con-
stant volume, temperature, and moles. Now, we extend these
results and present a general strategy for Il-phase equilibrium
computation at constant volume, temperature, and moles in a mul-
ticomponent mixture, where I'1 € Nis the number of phases whichis
now not known a priori. The proposed strategy is based on repeated
constant-volume stability testing and constant-volume phase-split
calculation until the stability analysis decides about a stable I1-
phase state.

Suppose we have a Il-phase equilibrium state of a multi-
component mixture which is in a closed cell of given volume at a
specified temperature. We are interested to find out whether the I'1-
phase state is stable or unstable splitting into IT+ 1 phases. This is
the problem of I1-phase stability investigation at constant volume,
temperature, and moles. In the case of phase-splitting we want to
establish equilibrium properties of each of the IT+1 phases, i.e.
chemical composition, mass densities and amounts (volumes) of

each phase, and consequently the equilibrium pressure from the
equation of state. This is the problem of general multiphase split
calculation at constant volume, temperature, and moles.

3.1. Multiphase stability testing

Multiphase stability testing is needed to examine whether the
mixture is stable in a given [1-phase state. It can be proven that
testing the stability of an IT-phase equilibrium state is thermody-
namically equivalent to the single-phase stability testing of any of
the IT equilibrium phases [11,6].

The constant-volume single-phase stability test from [23]
decides whether the single phase is stable or not at given volume,
temperature, and moles. The stability investigation is based on test-
ing trial phases of different compositions in order to find out if there
is a composition for which transfer of a small amount of the trial
phase from the initial phase causes a decrease in the Helmholtz
energy. The criterion of stability at constant volume, temperature,
and moles is formulated using the so-called tangent plane distance
D function (see [23] for details). The single phase is stable if

n

DT, €)= lim T2 = > [y 1) = piter o 1.)]
i=1
—[P(q,.‘.,C,’,,1,T)—P(Cl,.‘.,cn,1,T)] >0

(8)

for all admissible states (T, ], ..., cp). If this condition is satisfied,
the system s in single-phase and the VT-flash calculation is avoided.
If a trial phase composition is found such that the D function is
negative, the mixture is unstable and splits into two phases. In the
two-phase case, concentrations of the trial phase, for which the
value of D is negative, can be found using the algorithm from [23]
and used in the construction of an initial guess for the phase-split
calculation.

3.2. Introduction of a new phase

If a multicomponent mixture of n components occurs in an
unstable IT-phase state and splits into IT+1 phases, an initial
(IT+1)-phase split is needed to initialize the phase-equilibrium
computation. Using the stability algorithm from [23], a trial phase
with molar concentrations o for which the D function is negative is
found such that, if taken in a small amount from the initial [T phases,
the (IT+1)-phase split composed of the trial phase and the other
IT phases will have lower total Helmholtz energy than the initial
[T-phase system. We are interested in finding the initial phase-split
and establish its phase properties.

Assume that the initial unstable IT-phase state is described by
the volumes of each phase V,, and the mole numbers of each com-
ponentineach phase Ny ;, wherea=1,...,ITandi=1,...,n,and the
(IT +1)-phase split is described by the volumes V’, V; and the mole
numbers N, N;z,i' where the prime variables represent the trial
phase and *-variables represent the other IT phases, respectively.
Let us introduce for the initial I1-phase system the molar concen-
trations of each component ¢, ;=N i/V and the volume fractions
S« =Vy |V satisfying the volume- and mole-balance constraints in
the following form

1 m
ZS"‘ =1 and Zsacay,l =¢, i=1,...,n 9)
a=1 a=1

Further, let us denote the molar concentrations of each compo-
nent in the trial phase and in each of the other I phases, forming
together the (IT+1)-phase split, by ¢; = N;/V’ and Ci= N;J./Vg;,
respectively, and the volume fractions of the trial phase and each
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of the other I'T phases by §'=V'/Vand S}, = V;/V, respectively. Sup-
pose we transfer the same amounts of each component from each
of the IT equilibrium phases to form the new trial phase, then the
constraints (9) can be rewritten as

mn n
Z(S“ — %S/) +5 =1 and Z(Saca’,- - %S/c,f) +5'c; =,
(x=lw_’ C(:]%/_/
sk SaCy i
i=1,...,n.

From the last equation, the molar concentrations of each com-
ponent c,; and the volume fractions S} in each phase of the

(IT+ 1)—phése split except the trial phase read as

As an initial T1-phase split can be constructed as described
above, now we derive a numerical algorithm for calculation of the
IT-phase equilibrium at constant volume, temperature, and moles
based on the direct minimization of the Helmholtz energy increase
with respect to an initial [T-phase split satisfying the volume- and
mole-balance constraints (4) and (5). In the following, we denote
by X« a vector with components Ny 1, . . ., Ne,n, Voo and by X%, a vector
with components N;,] yoe o Ny Vo wherea =1, ..., I1.Similarly to
the algorithm presented in [9], the numerical procedure is based on
transferring an n-dimensional problem of minimization of a twice-
continuously differentiable objective function subject to a set of
t linear equality constraints into an unconstrained minimization
problem with the same objective function, but a lower dimension
n—t. The constraint equations (4) and (5) can be written in the
matrix form as Ax = b, or

N
X Ny
I I = s
X11 Nn
b

1 SaCai — 5 SC)
s* — S _ 75/ d R > 1
o o I dan COl,l 7501 ~ %S/

a=1,..,I,i=1,...,n (10)
satisfying the following constraints
1. 5% €(0;1),
2.¢c*.>0,
a,l
3.5 0 b <1,

a,i

where b; is the parameter from the Peng-Robinson equation of
state. Substituting (10) to the constraints, we obtain the following
restrictions on the volume fraction of the trial phase S

SeCo i
S'>0, §< T2,

a=1,..,I1,i=1,...,n (11)

i

n
S < TIS,, s’<nsaL#Q‘“bl,a:1,...,n. (12)
=D i1 Cibi

As the volume fraction of the trial phase is found to satisfy
the restrictions (11) and (12), the volume V' is given by V' =SV
and the bisection method can be used to reduce V>0 such that
AA=AT*1 _ ATl <0 for a (IT+1)-phase state in which one phase is
the trial phase with volume V' and mole numbers N; = ¢;V’ and
the other IT phases with volumes V; =S}V and mole numbers
N;Z,- = c;iVa are computed such that (4) and (5) hold. This way we
have constructed a (IT + 1)-phase state with lower total Helmholtz
energy than the initial [T-phase state.

3.3. Numerical algorithm for multiphase equilibrium
computation

Assume that a mixture of n components which occurs in an
unstable (IT-1)-phase state at given conditions splits into IT
phases. We are interested in establishing equilibrium phase prop-
erties, i.e. volumes of each phase V} and mole numbers of each
component in each phase N;,l., where =1, ..., ITandi=1,...,n.
Finally, the equilibrium pressure of the system is calculated from
the equation of state.

(13)

where A e R D*I14+1) jg the matrix formed by IT blocks of the
identity matrix in R™*! which is denoted by I, 1, X e RI("*1) is the
vector of unknowns, which is given as

T
X= (Nl,lv .. '7N1,na Vl, .. '7NH,]9 .. ~an,n7 VH)

and beR™! is the vector of right hand side. As the matrix
A has the full rank, the optimization problem with IT(n+1)
unknowns and n+1 linearly independent linear constraints
can be transformed into an unconstrained problem with
IM(n+1)—(n+1)=(IT-1)(n+1)variables. The reduction in dimen-
sionality can be described in terms of two subspaces Y and Z, where
Y is the (n+1)-dimensional subspace of RI("™1) spanned by the
rows of matrix A and 2 is (IT — 1)(n+1)-dimensional subspace of
RI(™1) of vectors orthogonal to the rows of matrix A. The repre-
sentation of Y is not unique and it can be chosen for example as
Y = AT. As Y and Z define complementary subspaces

Rl'[(n+1) =Ve z, (14)

every I1(n+1)-dimensional vector X can be uniquely written as a
combination of vectors from Y and Z as

X =YXy + ZXz, (15)

where Y and Z denote matrices from RIMDx(n+1) 3pd
RIm+D=(II=1)(n+1)  respectively, whose columns represent
bases of subspaces ) and Z, respectively, and the (n+1)-
dimensional vector Xy is called the range-space part of x, and
the (IT-1)(n+1)-dimensional vector Xz is called the null-space
part of x.

The solution x* of the constrained optimization problem, given
by

X" =YX}, + ZX%,
is feasible, whence
AX* = A(YX3, + Zx%5) =b.

From the definition of the subspace Z it follows that AZ = 0, there-
fore

AYX}, =b.
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From the definition of subspace ), the matrix AY is non-singular,
and thus from the previous equation the vector X3, is uniquely
determined. Similarly, any feasible vector X must have the same
range-space part, which means Xy = xj, and on the contrary, any
vector with range-space component X, satisfies the constraints
of the optimization problem. Hence, the constraints uniquely
determine the range-space part xj, of the solution, and only the
(IT—1)(n+1)-dimensional part x; remains unknown. This way
the expected reduction in dimensionality to (IT—1)(n+1) is per-
formed.

To represent the null-space Z, we use the LQ-factorization of
matrix A [7]. Let @ e R DxI(n4+1) he ap orthonormal matrix such
that

AQ=(L 0), (16)

where L e RTDx(+1) g 5 non-singular lower triangular matrix.
From (16) one can see that the matrix Y can be chosen as the first
n+1 columns of matrix Q and the matrix Z can be chosen as the
remaining (IT—1)(n+1) columns of Q, i.e.

Q=(Y z). (17)
As the matrix of constraints A e R 1XI+1) cap pe written as

A= (Tpr1 ... Iner),

Ix

then the matrices Y and Z may be chosen as

In+1
I
1 7 1 n+1
Y= —A"=— IMx,
I vTI
Iha
Iny1 Inyr oov Inpa
—Ipy1 O ... 0
1
z=—|0 —In+1 . (18)
VI
0 —Int1
TIx

H,
H(x) = V?AA =

For solving the constrained optimization problem we use an
iterative algorithm in which a feasible initial guess x(9 is given
and the algorithm generates a sequence of feasible iterates x(K). In
every iteration, the approximation of the solution x(¥) is updated as

x(k+1) — x4 Akd(k)’ (19)

where Ak € (0; 1) is the step size in the k-th iteration and d®) is the
direction vector in the k-th iteration. We assume that x(K) is feasible
and the feasibility of x¢*1) is required, so the direction vector d(¥)
must be necessarily orthogonal to the rows of A, i.e.

Ad® =0, (20)
which can be equivalently written as
a® = zd%), 1)

for some (IT - 1)(n+ 1)-dimensional vector d(Zk). It can be seen that
the search direction d®) is a TTI(n+1)-dimensional vector con-
structed to lie in a (IT-1)(n+1)-dimensional subspace Z. The
columns of matrix Z, which form an orthogonal basis of z, are given
by (18), so it remains to determine the vector dgf) e RIT-1(+1) Thjs
way the constrained minimization problem is transformed into an
unconstrained problem in a lower dimension.

To find the vector dgf), we use the modified Newton method
which is based on the quadratic approximation of function AA
around the point x(), Let us denote by g(x) € R1("*1) the gradient of
the function AA which is obtained by differentiating the AA with
respect to its variables, i.e.

mi(x3, T)

pn(xi, T)
—-P(x3,T)

g(x) = V(AA) = : : (22)

mi1(xg, T)

,LLn(XT_[ ’ T)
—P(x%,T)

Further, let us denote by H(x) € R 1xI(n+1) the Hessian of the
function AA which is obtained by differentiating the AA twice with
respect to its variables in a block-diagonal form with [1(n + 1) diag-
onal blocks given in the following form:

]B(Y C{I
and H,(x) = ,

C(YT ‘ D@

(23)
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whereo=1, ..., Il and
BY € R™M, Bg _ oL (x5, T),
8N;’j
C¥ e R", Cj‘?‘ =&?’;(x;,T),
DeeR, Do =—aa‘2(xz,r),

where i, j=1,...,n.

Approximating the function AA using the Taylor expansion
around the point x*) up to the quadratic terms, the search direc-
tiond®) = Zd(Zk) is found as a solution of the following minimization
problem

| HZZ H, H,
Hzx®) = 3 H, - H
H;, H, Hg

min  AAX® +d®)y = min  AAXK +zd®)~
d(k) crI(n+1) d(Zk)eR(n’l)(”“)
Ad® =0
T
~ min  AAXY) 4+ g(x®) za® + %(Zd(Z’f)) H(x})zd).

dg)ek(nq)(nm
(24)

Define a quadratic function ® as
o(dz) = g(xV) zd; + %dQZTH(x(k))Zdz,

then the vector dg‘) is the argument of its minimum. The function
® has a stationary point if and only if there is a d(zk) for which the

gradient of ® vanishes, i.e.

vod¥)=o. (25)

The stationary point d(zlf) is a solution of the following system of
equations

Hz(x)d) = —g(xV), (26)
where HZ(X(I()) c R(l_l—l Jn+1)x(IT-1)(n+1) and gz(x(k)) c R(H—l)(n+1 )
are the restrictions of the Hessian matrix and of the gradient vector
to the subspace Z defined as

Hz(x%)) = zTH(x*))z (27)
and
g:(x®)) = z"g(x). (28)

Combining (18), (22), and (23), it follows from (28) that
ni(xq, T) — u1(x5, T)

Mn(X7, T) = pn(x5, T)

—P(x3, T)+ P(x3,T)
g:(x®)) = 5 : . (29)

m1(x5, T) — pa (X, T)

N

pn(X;, T) = un(X3y, T)
—P(x¢,T)+ P(x%,T)

and from (27) that the restricted Hessian matrix can be found in
the following form

E(Y E(Y
and H%xY) = ,

& b

(30)
where «=2, ..., IT, H; € R™Dx(+1) i oiyen by (23) and
BY eR™", C*cR", DYeR,
- i ;i
BY = 2 T (X, T) + o (X5 T),
u ang SN%].
~ P P
C¥= -3, T) - —(x3,, T
7=y 0D gy 0D
J o.j
~ oP oP
D% = ———(x3,T) — x:, T),
avl*( 1 ) avz;( o )
where i, j=1, ..., n. The gradient vector in (22) depends on the

values of chemical potentials, which can be determined up to an
arbitrary constant. Unlike in (22), the restricted gradient given by
(29)is a function of differences of the chemical potentials between
two states whose values can be evaluated uniquely using the equa-
tion of state.

If dg‘) solves the system of the Eq. (26) and the matrix Hz is pos-

itive definite, then the search direction dg‘) is a descent direction.
If the matrix of the projected Hessian is not positive definite, then
either the quadratic approximation of the function is not bounded
from below, or a single minimum does not exist. In this case, it is
necessary to modify the direction d(zk). If the matrix Hz is indefinite,

then the vector dg‘) is found as a solution of a modified system of
the equations

Hz(x0)dl) = —g(x)), (31)

where Hz(x(¥) is a positive definite matrix obtained by the
modified Cholesky decomposition of the matrix Hz(x(¥)). In this
algorithm the usual Cholesky factorization is performed to decom-
pose matrix Hz(x(¥)) as

Hz(x®)) = LDLT,

where L is a unit lower triangular matrix and D is a diagonal matrix
with strictly positive elements. If a negative element appears on the
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diagonal of D during the Cholesky factorization, a suitable value is
added to the corresponding diagonal element of Hz(x(K)) to ensure
positivity of matrix D diagonal elements in the final decomposition
(see the Appendix B for details). This way we obtain the Cholesky
factorization of a positive definite matrix Hz(x()), which is used
instead of matrix Hz(x®)) in (31) to determine the direction d’
in the Newton method. Due to this modification of the Newton
method, the obtained direction is a descent direction. Therefore, for
a sufficiently small step size Ak >0, the decrease of AA can be guar-
anteed. In this work, the line-search technique is used to find the
step size AK. First, we set Ak =1 and test if AAX(K) +d(®)) < AA(xK)).
If this condition is satisfied, we set x(¥*1) = x(K) + d(¥), If not, we halve
the value of A¥ until the condition AA(x®) + Akd(K)) < AA(x(®)) is sat-
isfied and then set x(k*1) =x(K) + 2 kd(k), Now, a single iteration of the
Newton method is completed.

The iterations are terminated when either the maximal num-
ber of iterations is achieved (500), or when a stopping criterion is
satisfied and the required accuracy is achieved. In this work the
stopping criterion is given by

I (k)2 I(n+1)-1 d(k)z

d y
(k) . I[(n+1) J
1™ := E V2 + g N

=1 Jj=(1-1)(n+1)+1

<61 =1071,

(32)

where V is the total volume and N is the total number of moles. As
some of the elements of the vector d¥) have dimension mol and
other m3, the squares of the elements d®? are weighted with the
inverse square of moles and volume, respectively.

3.4. Modified Newton method for T1-Phase Split Calculation

Now we summarize the essential steps of the proposed algo-
rithm.

Step 1 Let Ny, ..., Np, Vand T>0 be given. Let IT is the number of
phases. Set the number of iterations k=0. Get an initial IT-
phase split (initial feasible solution) x(9) ¢ R1I("*1) from the
VT-stability algorithm as described in Section 3.2

Ni,1

N],n
Vi

X0 =

N1

NI'I,n

Vi

Step 2 Assemble the Hessian matrix Hz(x(X)) and the gradient vec-
tor g-(x(0)) of AA in the k-th iteration projected to the
subspace Z using (30) and (29).

Step 3 Compute the projected step direction d%) ¢ RT-D("+1) ang
the feasible direction d(®) ¢ RTI("™*1) ysing (26) and (21)

Hz(x0)dl) = —g,(x0),

k k
a® = zal,

If the matrix Hz(x(¥)) is not positive definite, find the vector
d(Zk) by solving a modified system of equations (31)

o k
H=(x)dE) = —g(x),

where Hz(x¥) is a positive definite matrix obtained from
the modified Cholesky decomposition of matrix Hz(x*)).

Step 4 Determine the step length A >0 for the k-th iteration satis-
fying

AAXD® 4 2kd®y < AAXB). (33)

First, set the step length to A¥=1 and test if the condition
(33) holds. If not, use the bisection method to find a value of
Ak satisfying (33).

Step 5 Update the approximation using (19)

xk1) — gk 4 Aka®

Step 6 Test the convergence using (32). If needed, increase k by 1
and go to Step 2. If not needed, the algorithm ends up with
the solution x(k*1),

3.5. General strategy for I1-phase equilibria computation

In general, we do not know the number of phases a pri-
ori. Therefore, the proposed strategy is based on the repeated
constant-volume stability testing and the constant-volume phase-
split calculation:

Step 1 Set the number of phases [T=1.

Step 2 Perform the IT-phase stability algorithm, which is discussed
in Section 3.1 and provided in the previous work [23], to
investigate whether the IT-phase state is stable or not. If it is
stable, calculate the equilibrium pressure from the equation
of state and the procedure ends.

Step 3 In the case the mixture is unstable, increase the number of
phases I'1 by one and add a new phase as described in Section
3.2 to get an initial guess for the phase split calculation.

Step 4 Perform the I1-phase flash calculation to establish compo-
sition, densities and amounts of the phases using the initial
guess from the stability algorithm. The numerical algorithm
for the Il-phase split calculation, which is described in
Section 3.3, is summarized above.

Step 5 If any of the phases disappears, i.e. Vo — 0+, where « € {1,
..., I1}, remove the pertinent phase and decrease I by one.
Repeat Steps 2-5 until the stability analysis decides about a
stable IT-phase state.

Notice that the number of phases is changing (increasing or
decreasing) during the calculation which means the number of
unknows and equations to be solved is not known a priori.

4. Numerical examples of VT-flash calculations

We have tested the proposed strategy for Il-phase equi-
librium computation on many mixtures described using the
Peng-Robinson equation of state and the Cubic-Plus-Association
(CPA) equation of state. In all cases the algorithm converged well
and we have not found a case in which the algorithm would not
converge. To demonstrate the performance of the algorithm and
its robustness and efficiency, we present six examples of differ-
ent level of complexity. While in Examples 1-4 the behaviour
of hydrocarbon mixtures is investigated, in Examples 5 and 6
the water-containing mixtures are shown. Parameters of the
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Table 1

Parameters of the Peng-Robinson and CPA equations of state for all components
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used in all examples (the notation is explained in Appendix A).

Component Tiare [K] Picric [MPal] wi[-] My,i [gmol~']
H,0 647.29 22.09 0.3440 18.01528
H,S 373.20 8.940 0.0810 34.10
CO, 304.14 7.375 0.2390 44.0

N, 126.21 3.390 0.0390 28.0

G 190.56 4.599 0.0110 16.0

G 305.32 4.872 0.0990 30.10
PCq 33391 5.329 0.1113 34.64
PG, 456.25 3.445 0.2344 69.52
PCs 590.76 2.376 0.4470 124.57
Cias 742.58 1.341 09125 248.30

Peng-Robinson equation of state for all components used are pre-
sented in Table 1. Details for both equations of state used can be
found in Appendix A.

In the following examples, we simulate isothermal compression
of a multicomponent mixture with molar fractions zy, ..., z; in a
closed cell. First, the stability analysis from [23] is performed to
detect the boundary between areas of different number of phases
for one specific temperature or an interval of temperatures and
for the whole range of feasible molar concentrations c;. Then, the
molar density c is changed at a selected temperature T and the
results of the constant-volume phase-split calculations are pro-
vided for the mixture at temperature T and molar concentrations
ci=cz;. At the end of the section, we present a detailed example
of the phase-equilibrium computation for a ternary system from
Example 3 which is unstable at given conditions. We summarize
the results from the phase stability testing, providing the values of
the D function, the numbers of iterations and the initial phase-split,
and the results from the phase-split calculation providing both the
phase properties and the equilibrium pressure as well as and the
numbers of iterations and information about the line-search.

4.1. Example 1

In the first example, we investigate the phase equilibrium
for a binary mixture of carbon dioxide (CO,) and methane (Cy)
with molar fractions zco, = 0.452587 and zc, = 0.547413. The
binary interaction coefficient co,-c, = 0.15. First, the general
phase-stability analysis at constant volume, temperature and
moles is performed for temperatures Te (180;260) K and the
whole range of feasible molar concentrations c. In Fig. 1 (left)
we can see the approximate boundary between the single-phase,

30

¢ [kmol m—3]

two-phase and three-phase areas in the c, T-space. As shown in
Fig. 1 (left), when compressing at temperature T=205K, the mix-
ture occurs in single-phase for the lowest molar concentrations,
then becomes two-phase for molar concentrations up to approx-
imately 12kmolm~3. Then the mixture becomes three-phase,
while at molar concentrations higher than 18 kmolm~3 becomes
two-phase again. For molar concentrations between 25 kmol m—3
and 35 kmolm~3 the mixture occurs in single-phase and for the
highest molar concentrations becomes two-phase again.

In Fig. 2, volume fractions and mass densities of each phase are
presented as functions of the molar density c. In Fig. 3, molar frac-
tions of both components in each phase can be seen as functions
of the molar density c. In Fig. 1 (right), the equilibrium pressure
is presented as a function of the molar density c illustrating a
steady rise of the equilibrium pressure during the compression
in two-phase, followed by the constant value of pressure within
the three-phase area (for molar concentrations between approxi-
mately 12 kmol m—3 and 18 kmol m—3) and the substantial increase
in pressure at molar concentrations higher than 18 kmol m—3 when
all gas is depleted. Notice that as the pressure is constant during
the compression in the three-phase region, the mass densities of
each phase and the composition of each phase remain constant as
well.

In Fig. 1 (right), the pressure in the three-phase domain is con-
stant, demonstrating the similar behaviour as pure components at
saturation pressure. For this value of pressure P, temperature T, and
mole numbers N, the volume of the system is ambiguous. In con-
trast, when we specify V, T, N, the pressure Pis determined uniquely.
This is an advantageous feature of the VT-flash. When PT-flash is
used in a compositional simulator, the ambiguity of volume in the
PT-formulation generally leads to breakdown of the computation
(see [30]). The VT-flash does not suffer from this issue.

Note that we can observe the second two-phase region for high
molar concentrations ¢ and low temperatures T corresponding to
a liquid-liquid two-phase area as can be seen from the values of
mass densities of the phases (see Fig. 2).

4.2. Example 2

In the second example, we investigate the phase equilibrium
for a binary mixture of nitrogen (N;) and ethane (C;) with molar
fractions zy, = 0.547413 and zc, = 0.452587. The binary inter-
action coefficient dy,-c, = 0.08. First, the general phase-stability
analysis at constant volume, temperature and moles is performed
for temperatures Te (120;280) K and the whole range of feasible
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Fig. 1. Approximate boundary between the single-phase, two-phase and three-phase regions in the c, T-space (left). Equilibrium pressure as a function of the molar density

cat T=205K (right). Example 1: binary CO,-C; mixture.
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Fig. 3. Molar fractions of both components in each phase as functions of

molar concentrations c. In Fig. 4 (left) we can see the approximate
boundary between the single-phase, two-phase and three-phase
areas in the c, T-space. As shown in Fig. 4 (left), when compress-
ing at extremely low temperature T=125K, the mixture occurs in
single-phase for the lowest molar concentrations, then becomes
two-phase, while at molar concentrations higher than 10 kmol m—3
the mixture becomes three-phase. For molar concentrations higher
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Fig. 4. Approximate boundary between the single-phase, two-phase and three-phase reg
cat T=125K (right). Example 2: binary N,-C, mixture.

the molar density c at T=205 K. Example 1: binary CO,-C; mixture.

than approximately 20 kmol m—3 the mixture occurs in two-phase
again.

In Fig. 5, volume fractions of each phase and mass densities of
each phase are presented as functions of the molar density c. Note
that the mass densities of both phases in the two-phase region
intersect at molar concentration approximately 25 kmolm—3 and
switch, i.e. the heavier phase becomes the lighter one and the
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ions in the c, T-space (left). Equilibrium pressure as a function of the molar density
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Fig. 6. Molar fractions of both components in each phase as functions of the molar density c at T=125 K. Example 2: binary N,-C, mixture.

lighter phase becomes the heavier one. Molar fractions of both
components in each phase are presented as functions of the
molar density c in Fig. 6. In Fig. 4 (right), the equilibrium pressure
is presented as a function of the molar density c illustrating a
steady rise of the equilibrium pressure during the compression
in two-phase area, followed by the constant value of pressure
within the three-phase area (for molar concentrations between
approximately 10 kmol m—3 and 20 kmol m~3), demonstrating the
similar behaviour as pure components at saturation pressure, and
the substantial increase in pressure at molar concentrations higher
than 20 kmolm~3 when the gas phase is depleted. Notice that as
the pressure is constant during the compression in the three-phase
region, the mass densities of each phase and the composition of
each phase remain constant as well.

Note that while at lower molar concentrations ¢ and low tem-
peratures T the two-phase region corresponds to a gas-liquid
two-phase region, at high molar concentrations ¢ and low
temperatures T we can observe the second two-phase area
corresponding to a liquid-liquid two-phase region as can be
seen from the values of mass densities of the phases (see
Fig. 5).

4.3. Example 3
In the third example, we investigate the phase equilibrium

for a ternary mixture of hydrogen disulfide (H,S), carbon diox-
ide (CO;) and methane (C;) with molar fractions zy,s = 0.4989,

Table 2

Binary interaction coefficients for the ternary mixture used in Example 3.
Component H,S CO, Cq
Ha,S 0 0.097 0.095
CO; 0.097 0 0.130
G 0.095 0.130 0

Zco, = 0.0988 and z¢, = 0.4023. The binary interaction coefficients
are presented in Table 2. First, the general phase-stability analysis
at constant volume, temperature and moles is performed for tem-
peratures T (100;350) K and the whole range of feasible molar
concentrations c. In Fig. 7 we can see the approximate bound-
ary between the single-phase, two-phase, three-phase and even
four-phase areas in the c, T-space. When compressing at extremely
low temperature T=150K (see the arrow A in Fig. 7), the mixture
occurs in single-phase for the lowest molar concentrations, then
becomes two-phase for molar concentrations up to approximately
2 kmol m~3, while for the molar concentrations up to 30 kmol m—3
occurs in three-phase. At higher molar concentrations the mixture
becomes two-phase again. When compressing at even lower tem-
perature T=130K (see the arrow B in Fig. 7), the mixture occurs in
two-phase and three-phase for the lowest molar concentrations,
then becomes four-phase for molar concentrations up to approxi-
mately 30 kmol m~3, while at higher molar concentrations occurs
in three-phase again.
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Fig. 7. Approximate boundary between the single-phase, two-phase, three-phase
and four-phase regions in the c, T-space. Example 3: ternary H,S-CO,-C; mixture.

In Figs. 9 and 10, volume fractions of each phase and mass den-
sities of each phase are presented as functions of the molar density
¢ for both temperatures T=150K and T=130K, respectively. We
do not present the plots of molar fractions of each component
in each phase as functions of the molar density ¢ which suffers
from the lack of clarity in three- and more component mixtures. In
Fig. 8 (right), the equilibrium pressure is presented as a function of
the molar density c for temperature T= 130K illustrating a steady
rise of the equilibrium pressure during the compression, followed
by the constant value of pressure within the four-phase area (for
molar concentrations between approximately 0.1 kmolm—3 and
30 kmol m~3) demonstrating the similar behaviour as pure compo-
nents at saturation pressure, and the substantial increase at molar
concentrations higher than 30kmolm~3 when the gas phase is
depleted. Similarly, the same is presented at temperature T=130K
in Fig. 8 (left) in which the equilibrium pressure within the three-
phase area seems to be constant but it is not exactly constant; there
is a very slow increase from 0.995166 MPa for molar concentra-
tion of 10kmolm~3 to 0.997523 MPa for molar concentration of
20kmol m~3. In this situation for each pressure P within this range
there is a unique volume of the system V, however, volume V is
very sensitive to small changes of the pressure P. This sensitivity
can cause numerical difficulties in compositional transport simu-
lation if the flash equilibrium is computed using the conventional

Table 3

Binary interaction coefficients for the reservoir fluid used in Example 4.
Component Na CO, C PG, PG, PCs Cios
Nz 0.000 0.000 0.100 0.100 0.100 0.100  0.100
CO, 0.000 0.000 0.150 0.150 0.150 0.150 0.150
Cy 0.100 0.150 0.000 0.035 0.040 0.049 0.069
PCy 0.100 0.150 0.035 0.000 0.000 0.000 0.000
PC, 0.100 0.150 0.040 0.000 0.000 0.000 0.000
PC; 0.100 0.150 0.049 0.000 0.000 0.000 0.000
Cio+ 0.100 0.150 0.069 0.000 0.000 0.000 0.000

PT-flash methods. Compositional simulators using the VT-flash do
not suffer from this issue, see [30].

Notice that as the pressure is constant and almost constant dur-
ing the compression in the four-phase and three-phase regions,
respectively, the mass densities of each phase and the composition
of each phase remain constant or almost constant as well.

4.4. Example 4

In the fourth example, we investigate the phase equilib-
rium for a seven-component mixture of a multicomponent oil
mixed with carbon dioxide (CO,). The oil is modeled by seven
(pseudo)components - Ny, CO,, methane (Cq), and four hydro-
carbon pseudo-components denoted as PC; (H;S+C; +C3), PC,
(C4=Cg), PC3 (C7-Cq1), and Cy3+. In this example oil is mixed with
CO, to obtain a CO,-rich seven-component mixture with molar
fractions zy, = 0.000131, zco, = 0.568185, z¢, = 0.246739, zpc, =
0.086275, zpc, = 0.033722, zpc, = 0.037006 and zc,, = 0.027941.
The binary interaction coefficients are shown in Table 3. First, the
VT-stability analysis is performed for temperatures T < (250 ; 650)
K and the whole range of feasible molar concentrations c. In Fig. 11
(left) we can see the approximate boundary between the single-
phase, two-phase and three-phase areas in the ¢, T-space. As shown
in Fig. 11 (left), when compressing at temperature T=260 K, the
mixture occurs in two-phase from the lowest molar concentrations
up to approximately 0.4 kmolm~3, then becomes three-phase,
while at molar concentrations higher than 14 kmol m~3 the mixture
becomes two-phase again.

In Fig. 12, volume fractions of each phase and mass densities
of each phase are presented as functions of the molar density
c. Note that the mass densities of a pair of phases intersect
even twice, first in the three-phase area, at molar concentration
approximately 10 kmol m~3, and second in the two-phase area, at
molar concentration approximately 15 kmolm~—3, and switch, i.e.
the heavier phase becomes the lighter one and the lighter phase
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Fig. 8. Equilibrium pressures as functions of the molar density c at T=150K (left) and T=130K (right). Example 3: ternary H,S-CO,-C; mixture.
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Fig. 10. Volume fractions (left) and mass densities (right) of each phase as functions of the molar density c at T=130K. Example 3: ternary H,S-C0O,-C; mixture.

becomes the heavier one. We do not present the plot of molar
fractions of each component in each phase as functions of the
molar density ¢ which suffers from the lack of clarity in multi-
component mixtures. In Fig. 11 (right), the equilibrium pressure
is presented as a function of the molar density c illustrating a
steady rise of the equilibrium pressure during the compression in
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two-phase and three-phase, and its substantial increase at molar
concentrations 14kmolm=3 and higher when the gas phase is
depleted.

Note that while at lower molar concentrations ¢ and low tem-
peratures T the two-phase region corresponds to a gas-liquid
two-phase region, at high molar concentrations ¢ and low
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Fig. 11. Approximate boundary between the single-phase, two-phase and three-phase regions in the c, T-space (left). Equilibrium pressure as a function of the molar density

cat T=260K (right). Example 4: seven-component mixture rich in CO,.
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Fig. 12. Volume fractions (left) and mass densities (right) of each phase as functions of the molar density ¢ at T=260 K. Example 4: seven-component mixture rich in CO.

temperatures T we can observe the second two-phase area corre-
sponding to a liquid-liquid two-phase region as can be seen from
the values of mass densities (see Fig. 12).

4.5. Example 5

In the fifth example, we investigate the phase equilibrium for a
binary mixture of water (H,0) and carbon dioxide (CO, ) with molar
fractions zy,0 = 0.5and zco, = 0.5 at temperature T=290.15 K. The
binary interaction coefficient y,0-co, = 0.063028467. The cross
association factor used in the CPA equation of state for temperature
Tis sco, = 0.017386941.

As can be seenin Figs. 13 and 14, when compressing the mixture
at temperature T=290.15K, the mixture occurs in two-phase from
the lowest molar concentrations up to approximately 0.7 kmol m~3,
then becomes three-phase, while at molar concentrations higher
than 26 kmol m—3 the mixture becomes two-phase again.

In Fig. 13, volume fractions of each phase and mass densities
of each phase are presented as functions of the molar density c.
Note that the mass densities of both phases intersect in the two-
phase region at molar concentration approximately 34 kmolm—3
and switch, i.e. the heavier phase becomes the lighter one and
the lighter phase becomes the heavier one. Molar fractions of each
component in each phase are presented as functions of the molar
density c in Fig. 14 in which the limited mutual solubility of CO,
and water can be seen. In Fig. 15, the equilibrium pressure is pre-
sented as a function of the molar density c illustrating a steady
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rise of the equilibrium pressure during the compression in two-
phase area, followed by the constant value of pressure within
the three-phase area (for molar concentrations between approx-
imately 0.7 kmol m~3 and 26 kmol m~3), demonstrating the similar
behaviour as pure components at saturation pressure, and the sub-
stantial increase at molar concentrations higher than 26 kmol m—3
when the gas phase is depleted. Notice again that as the pressure
is constant during the compression in the three-phase region, the
mass densities of each phase and the composition of each phase
remain constant as well.

Note that while at lower molar concentrations ¢ and low tem-
peratures T the two-phase region corresponds to a gas-liquid
two-phase region, at high molar concentrations c and low temper-
atures T we can observe the second two-phase area corresponding
to a liquid-liquid two-phase region as can be seen from the values
of mass densities of the phases (see Fig. 13).

4.6. Example 6

In the sixth example, we investigate the phase equilibrium
for a four-component mixture of water (H,0), hydrogen disulfide
(H3S), carbon dioxide (CO, ) and methane (C;) with molar fractions
ZH,0 = 0.5008, ZH,Ss = 0.3986, 2c0, = 0.0502 and Zc, = 0.0504 at
temperature T=310.95K. The binary interaction coefficients are
presented in Table 4. The cross association factors used in the
CPA equation of state for temperature T are sy,s = 0.038322796,
Sco, = 0.026637098 and s¢, = 0.0.
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Fig. 13. Volume fractions (left) and mass densities (right) of each phase as functions of the molar density c at T=290.15 K. Example 5: binary H,0-CO, mixture.
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Fig. 15. Equilibrium pressure as a function of the molar density c at T=290.15K.
Example 5: binary H,0-CO, mixture.

As can be seen in Fig. 16, when compressing the mixture at tem-
perature T=310.95K, the mixture occurs in two-phase from the
lowest molar concentrations up to approximately 0.3 kmolm~3,
then becomes three-phase, while at molar concentrations
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Table 4

Binary interaction coefficients for the four-component mixture used in Example 6.
Component H,0 H,S CO, Cq
H,0 0 0.13862 0.10402 0.06802
Ha,S 0.13862 0 0 0.100
CO, 0.10402 0 0 0.150
G 0.06802 0.100 0.150 0

higher than 30kmolm~—3 the mixture becomes two-phase
again.

In Fig. 16, volume fractions of each phase and mass densities
of each phase are presented as functions of the molar density c.
Note that the mass densities of both phases intersect in the two-
phase region at molar concentration approximately 42 kmol m—3
and attain the same value for higher molar concentrations. We do
not present the plot of molar fractions of each component in each
phase as functions of the molar density c which suffers from the lack
of clarity in multicomponent mixtures. In Fig. 17, the equilibrium
pressure is presented as a function of the molar density cillustrating
a steady rise of the equilibrium pressure during the compression
in two-phase and three-phase area, and its substantial increase at
molar concentrations higher than 30 kmol m~3 when the gas phase
is depleted.

Note that while at lower molar concentrations ¢ and low tem-
peratures T the two-phase region corresponds to a gas-liquid
two-phase region, at high molar concentrations c and low temper-
atures T we can observe the second two-phase area corresponding
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Fig. 16. Volume fractions (left) and mass densities (right) of each phase as functions of the molar density c at T=310.95 K. Example 6: four-component H, O-H;S-C0,-C;

mixture.
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Fig. 17. Equilibrium pressure as a function of the molar density ¢ at T=310.95K.
Example 6: four-component H,0-H,S-C0O,-C; mixture.

to a liquid-liquid two-phase region as can be seen from the values
of mass densities of the phases (see Fig. 16).

4.7. Detailed example of phase-equilibrium computation

To give a detailed example of the IT-phase equilibrium com-
putation using the general strategy, we investigate the phase
equilibrium for a ternary mixture of hydrogen disulfide (H,S),
carbon dioxide (CO;) and methane (C;) of total molar concentra-
tion c=28.02 kmol m—3 with molar fractions zy,s = 0.4989, zco, =
0.0988 and zc, = 0.4023 at temperature T=170.2 K. Parameters of
the Peng-Robinson equation of state for all components used are
presented in Table 1 and the binary interaction coefficients are
presented in Table 2.

Set the number of phases I1=1. Performing the single-phase
stability algorithm on the overall mixture, we obtain a negative
value of the D function (Dmin = -2.02265 - 10’ Pa); the mixture is
unstable. Note that we use several initial guesses in the modified
Newton algorithm, thereby we get several values of the D function
from which the minimal value is taken to determine whether the
mixture is stable or not. The result is achieved in 6 iterations, no
line-search is needed.

As the mixture is unstable, the stability algorithm provides us a
trial phase with the following molar concentrations of each com-
ponent:

-3
Cl’_IZS =5.23239mol m™°,
Cto, = 6.72906 mol m™2,

c¢, = 908.086 mol m>.

The volume fraction of the trial phase S is found to satisfy the
restrictions (11) and (12) as §'=0.1998. For the other phase the
molar concentrations of each component and the volume fraction
are computed from (10). The value of the trial phase volume fraction
is reduced using the bisection method such that AA=Al — Al <0,
where Al and A" are the single-phase and two-phase states,
respectively, and an initial phase-split with the following

Table 5
Parameters of the CPA equation of state for Examples 5 and 6 (the notation is
explained in Appendix A).

Symbol Units Value

KP [m3mol-1] 1.80151-1076
€“P iy (K] 1738.39360

o [Jm~3 mol—2] 0.09627

ot (-] 1.75573

&) [-1 0.00352

3 [-] —0.27464

Table 6

The change in the total Helmholtz energy in each iteration in the first two-phase
flash at constant temperature T=170.2K and volume for a ternary mixture of
H,S-C0,-C;.

Iteration Change in energy

—23,372.8
—8,594.3
-2,031.7

—204.7
-3.78
—0.002
-44.1078
-5.6-1078

0N WN =

properties is obtained for the two-phase split calculation such that
AA=-538314]

Ciyys = 5:23239mol m™>, ¢ ¢ =14713.9mol m™>,

Cto, =6.72906mol m~>, ¢, =2913.57mol m™>,

¢, = 908.086 mol m >,
S’ = 0.04995,

c¢, = 11817.4mol m~>,

§” =0.95005.

Increase the number of phases to IT=2. Performing the two-
phase split calculation, an equilibrium two-phase state is found
in 8 iterations, no line-search is needed. The change in the total
Helmholtz energy in each iteration is presented in Table 6. The
resulting phase properties are summarized in Table 7. The total
change in the Helmholtz energy with respect to the initial single-
phase state is AA=—-572521.4].

Performing the single-phase stability algorithm on one of two
equilibrium phases, we obtain a negative value of the D function
(Dmin = —4.1226 - 10° Pa); the mixture is unstable. The result is
achieved in 8 iterations, no line-search is needed. Further, the sta-
bility algorithm provides us a trial phase with the following molar
concentrations of each component

r:l’_IZS =1773.55mol m’3,
’ -3
Cco, = 864.69 mol m™~,

c¢, =21149.20mol m™>.

The volume fraction of the trial phase S is found to satisfy the
restrictions (11) and (12) as $=0.001307. For the other two phases
the molar concentrations of each component and the volume
fractions are computed from (10). The value of the trial phase
volume fraction is reduced using the bisection method such that
AA=A" _All <0, where A" and A" are the two-phase and three-
phase states, respectively. The initial phase-split with the following
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Table 7

Overall properties of the ternary mixture of H,S-CO,-C; and resulting phase properties in the first two-phase flash at constant temperature T=170.2K and volume. The

resulting equilibrium pressure is P=26.59 bar.

Property Unit Overall mixture Phase 1 Phase 2

Molar density [molm~3] 28,020.0 3,261.02 29,451.0
Molar fraction of H,S [-] 0.4989 0.006514 0.502051
Molar fraction of CO, [-] 0.0988 0.007875 0.099382
Molar fraction of C; [-] 0.4023 0.985611 0.398567
Phase volume fraction [-] 0.054640 0.945360
Mass density [kgm=3] 53.41 820.97

Table 8

The change in the total Helmholtz energy in each iteration in the second two-phase
flash at constant temperature T=170.2K and volume for the ternary mixture of
H,S-C0,-C;.

Iteration Change in energy

—48,169.1
—-103,222.4
—8,328.5
-104.5
—-0.02
-4.5.1078
-6.3-107°

N WwN =

properties is obtained for the three-phase split calculation such that
AA=-3660.5]

’ -3 7
Clyys = 1773.55mol m™~, ¢

f,s = 0.2150 mol m’3, c

HyS =

=15.521mol m’3, c”

= 864.69 mol m’3, cl co,

G co,

o,
c¢, =21149.20mol m >,

S$’'=0.001307, S” =0.053986,

Increase the number of phases to IT=3. Performing the three-
phase split calculation, we observe that in 24 iterations one of
the three phases disappears, i.e. its volume fraction is lower than
1.107°. Therefore, the pertinent phase is removed and an initial
two-phase split is obtained as

Ciy,s = 1664.420mol m >, ¢f; ¢ = 22428.651mol m >,

HpS =

Cto, = 1014.645mol m™>, ¢, =3971.652mol m >,
c¢, =20815.986mol m™, ¢ =4724.376,
S’ = 0.406924, S" = 0.593076.

The total change in the Helmholtz energy with respect to the initial
single-phase state is AA=-2222386.2].

The number of phases is decreased by one to I1=2. Performing
the two-phase split calculation, an equilibrium two-phase state,
which is different from the previous one obtained from the two-
phase flash (see Table 7 and 10), is found in 7 iterations. Note that
no line-search is needed in any iteration. The change in the total
Helmholtz energy in each iteration is presented in Table 8. The
resulting phase properties are summarized in Table 9. The total

Table 9

change in the Helmholtz energy with respect to the initial single-
phase state is AA=-2382210.7].

Performing the single-phase stability algorithm on one of two
equilibrium phases, we obtain a positive value of the D func-
tion; the two-phase state is stable and the equilibrium pressure
is P=52.78 bar.

To summarize, both the increase and decrease in the number
of phases are observed in this example demonstrating that pass-
ing through the region with higher number of phases (three-phase
region in this case) enables leaving the local minimum and mov-
ing to a state with lower both the number of phases and energy
(two-phase state in this case), i.e. the global minimum.

In all cases, the number of iterations were similar to those
in the detailed example regardless the number of components.
Furthermore, quadratic convergence of the Newton-Raphson

14794.917 mol m~>,
=2928.324mol m >,
c¢, =2996.913mol m~, ¢/ =11731.687mol m™>,
S = 0.944707.

method has been observed. Thus, numerical errors can be esti-
mated from the size of increment in the last few iterations [31].
Using the Euclidean norm, the estimated error is approximately
1014,

5. Discussion and conclusions

We have extended the results of our previous work, in which
we have dealt with the single-phase stability testing and two-
phase split calculation in a multicomponent mixture in a closed
cell, both at constant volume, temperature and moles, to a gen-
eral strategy for Il-phase split calculation at constant volume,
temperature and moles, where IT e N is the number of phases. As
the number of phases is not necessarily known a priori, the pro-
posed strategy is based on the repeated constant-volume stability
testing and constant-volume phase-split calculation until a sta-
ble IT-phase state is found. The proposed strategy has been tested
on many mixtures of different level of complexity under different
conditions including hydrocarbon mixtures and water-containing
mixtures described by the Cubic-Plus-Association equation of
state.

Overall properties of the ternary mixture of H,S-CO,-C; and resulting phase properties in the second two-phase flash at constant temperature T=170.2 K and volume. The

resulting equilibrium pressure is P=52.78 bar.

Property Unit Overall mixture Phase 1 Phase 2

Molar density [molm~3] 28,020.0 23,978.19 31,557.58
Molar fraction of H,S [-] 0.4989 0.086673 0.773045
Molar fraction of CO, [-] 0.0988 0.062169 0.123161
Molar fraction of C; [-] 0.4023 0.851158 0.103794
Phase volume fraction [-] 0.466737 0.533263
Mass density [kgm—3] 463.78 1054.95
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We present a detailed example of the phase-equilibrium com-
putation for a ternary system from Example 3 to demonstrate
both the increase and decrease in the number of phases. It can
be observed that passing through the three-phase region allows
to escape from a local minimum in two-phase flash and even-
tually find another two-phase state with lower energy. In this
example, we also provide information about the numbers of
iterations.

In the previous work [9], the non-uniqueness in determining
the equilibrium state using the PT variables has been observed
only in pure components at saturation pressure in two phases.
Extending the results to three phases for CO,-H,0 system under
geologic carbon storage conditions, the behaviour similar to that
of pure components has been observed in [10]. In this work, we
provide several examples of binary or multicomponent mixtures
exhibiting the same behaviour in three- or even four-phase region
showing non trivial mixtures for which volume is not a unique
function of pressure, temperature, and moles, or is extremely sen-
sitive to small pressure changes. We have indicated that this can
cause numerical difficulties when the PT-flash is used as a part of
a compositional simulator. In this situation, the VT-specification
is a well conditioned formulation providing robustness of the
computation.
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Appendix A. Equations of state
In this work we use in Examples 1-4 the Peng-Robinson equa-
tion of state [28] in the form

NRT A
V-B v2i28v-52

P(V»TaNla"'an):

where R is the universal gas constant, N = E?:le is the total mole
number, and coefficients A and B are given by

) S S

=1 j=1

RT; it
a; =(1-38;),/aa, b;=0.0778 Pl’;;’

R?T? . 2 T
icrit 1 K o
o 1+mi(1—+/T0l, T Too”

i,crit

a =0.45724

0.37464 + 1.54226w; — 0.26992&)1.2, for w; <0.5,

0.3796 + 1.485w; — 0.]6446()1.2 + 0‘0]6670)1,3 for w; >0.5.

In these equations §;_; denotes the binary interaction parameter
between the components i and j, Tj ¢, Pjcrir, and w; are the criti-
cal temperature, critical pressure, and accentric factor of the i-th
component, respectively.

In Examples 5 and 6 we use for the mixtures with water (H,0)
the Cubic-Plus-Association (CPA) equation of state [6,13]. This
equation uses the Peng-Robinson equation of state for the phys-
ical interactions and the thermodynamic perturbation theory for
the bonding of water molecules. Consider a mixture of n compo-
nents containing water (H,O) with mole number N; and nonwater
species such as linear alkanes (methane, ethane, etc.), 1-alkenes
(ethene, propene, etc.), aromatic hydrocarbons (containing ben-
zene ring), H,S, CO, or N, with moles N, ..., N,. We assume
that each water molecule has four association sites of two types
(mark them « and f), so each type has two sites. We assume the

same for each molecule of nonwater species (call them pseudo-

associating components), whose association sites can be marked

as of and B, where i€ {2, ..., n}. Let xo and xg be the mole frac-

tions of water not bonded at site o and g, respectively, and let

1

and xg be the mole fractions of pseudo-associating component i
1

not bonded at site o’; and f';, respectively. Assuming neither cross
association nor self association between any molecules of pseudo-
associating components, i.e. the association strength Aa;ﬁ} =0 for
i,j=2,...,n,and symmetric cross association between the two sites
of different type of water and pseudo-associating component i, i.e.
A% = A“;ﬁ, we obtain the following simplified expressions for the
symmetric four-site association model [13]

AP Ny aeh
m +Z,_

xaf=xﬁr=xi=7 =2,...n
1+2fo A%

In these equations, the association strength between molecules of
water is given by

AP = gic*Plexp(e®f ksT — 1)),

where kg is the Boltzmann constant, *# and €*# are the bond-
ing volume and energy parameters of water, respectively, and g is
the contact value of the radial distribution function of hard-sphere

mixture that can be approximated as g =g(n)~ 21’05?3" where
-n

n = B/4V. The association strength between water and pseudo-
associating component i is related to the strength between water
molecules as A%Pi = 5; A% where s; is the temperature-dependent
cross association coefficient which can be determined together
with the binary interaction coefficient §;_; by fitting the experimen-
tal data. If s; = 0 for some i, the cross association between water and
i-th component is neglected. As a result, the CPA equation of state
for mixtures of n components, i.e. water and nonwater pseudo-
associating species, is given by

NRT A
P(V’T’NI’NZ"”’NH)ZV—37V2+ZBV 2
8 Ncross
+2RT(] i g+1 Z[* 1))

where R is the universal gas constant, A and B are the parame-
ters from the Peng-Robinson equation of state, nerss is the number
of pseudo-associating components for which the cross associa-
tion coefficient s; # 0, N = Z" N; is the total mole number, and
dg _ 2.5-
(-

the first component in the mixture) read as

2 3 2
a; =¢c|1.0+¢ (17 Tm)+c;(1— Tm) +C3(17 Tm) ,

by =1.45843.107°,

)4 The coefficients a; and b; for water (marking water as

where T;; is the reduced temperature of water, which was defined
above, and cg, ¢, ¢2, c3 are the parameters of the equation of state
given in Table 5.

Appendix B. Cholesky factorization

A symmetric positive definite matrix A € R”" can be written as

A =LDLT,
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where L is a unit lower triangular matrix with all diagonal ele-
ments equal to one, and D is a diagonal matrix with strictly positive
elements. This factorization is called the Cholesky factorization.
Writing the above equation as

... Gip

app ap a 1 di

azy dpz ... Qdzp 121 1 d22

an1 Gna ... Gmn b by ... 1 dnn

it can be seen that the j-th column of the matrices D and L can be
computed directly from columns 1 to j — 1 of the matrix A as

j-1
dj = a; -y _ddd,
k=1
1 I
li = —((1" — dkkl'kl', )
ij d; ij Z jktik

k=1

If the matrix A is positive definite, then all its leading principal
minors are positive, a unique Cholesky decomposition exists, and
the decomposition is stable [7].

If the matrix A is not positive definite, then the Cholesky
decomposition need not exist or may be unstable. The positive
definiteness of A is not tested a priori. The usual Cholesky decom-
position is attempted, and if a non-positive (or even a too small
positive) element appears on the diagonal of D in the course of the
Cholesky decomposition, then the corresponding diagonal element
of A is modified to a sufficiently large positive value to ensure that
all the diagonal elements of matrix D are positive. This way we
obtain a Cholesky factorization of a matrix

A=A+E=LDLT,

that is symmetric and positive definite and differs from the origi-
nal matrix A by matrix E, which is non-negative and diagonal. The
matrix A can be used in the Newton method instead of A. Having
the Cholesky decomposition of A available, the systems with matrix
A can be solved readily. The modification of the diagonal elements
of A is performed so that all elements of D are strictly positive and
the elements of L satisfy a uniform bound

dy>8 and |lg\/dyl =B, i>k,

where g is a positive value. Moreover, to reduce the norm of the
modification, symmetric interchanges may be used; at the j-th step
of the factorization the j-th row and column are chosen as those
with the largest value of the diagonal element.

The essential steps of the modified Cholesky algorithm from [7]
are described below.

B.1. Modified Cholesky factorization

Step 1 [Compute the bound on the elements of the matrices L
and D] Set B2 =max {y, &/v, €y} where € is the machine
precision, y and & are the maximum magnitudes of the
diagonal and off-diagonal elements of the matrix A, and

v =max{1, \/ﬁ}.
Step 2 [Initialize] Set the column index j = 1. Define auxiliary quan-

tities ¢;i=a;,i=1,...,n.
Step 3 [Find the maximum prospective diagonal and perform
row and column interchanges] Find the smallest index g

such that |cqq| = max|c;|. Interchange all information cor-
j<izn

responding to rows and columns g and j of matrix A.

1 Iy In
1 ln2
1

Step 4 [Compute the j-th row of L. Find the maximum modulus of
ldjj] Setly = cj/di fork=1, .. .,j — 1.Compute the quantities
Cj = ajj — Z]1<_—11 licci fori=j+1,...,nand set; = max |c;|

- j+1<i<n

(if j=n, define 0;=0).

Step 5 [Compute the j-th diagonal element of D] Define dj;; =
max{3, |c;l, 9}?/;32}, where § is a small positive number
(in this work, §=10-3), and the diagonal modification
ejj=djj — cjj. If j=n, exit.

Step 6 [Update the prospective diagonal elements and the column
index] Set ¢;; = ¢j; — Ci?/dj-, fori=j+1,...,n.Setjtoj+1and
go to Step 3.

List of notation.

Symbol Meaning

A Helmholtz energy

b; Covolume parameter of the Peng-Robinson EOS

c Molar density

Ox—y Binary interaction coefficient between components X and Y

ij Component indices

k Iteration index

i Chemical potential of the i-th component

M, i Molar weight of the i-th component

n Number of components

N; Mole number of the i-th component

[on Accentric factor of the i-th component

P Pressure

Picrit Critical pressure of the i-th component

Number of phases

R Universal gas constant

T Absolute temperature

Ti crit Critical temperature of the i-th component

1% Total volume of the system

Zi Overall molar fraction of the i-th component
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