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NESTED BETHE ANSATZ FOR THE RTT ALGEBRA OF sp(4) TYPE

C. Burdik* and O. Navratil*

We show how to formulate the algebraic nested Bethe ansatz for RTT algebras with an R-matrix of the
sp(4) type. We obtain the Bethe vectors and Bethe conditions for any highest-weight representation of
these RTT algebras.
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1. Introduction

The quantum inverse scattering method, or algebraic Bethe ansatz, formulated by the Leningrad
school [1], provides eigenvectors and eigenvalues of the transfer matrix. The latter is the generating function
of the conserved quantities of a large family of quantum integrable models. The transfer matrix eigenvectors
are constructed in the framework of the representation theory of the RTT algebras. To obtain these
eigenvectors, we should first construct Bethe vectors depending on a set of complex variables.

The Bethe vectors for gl(n)-invariant models were first constructed by Kulish and Reshetikhin in [2],
where the nested algebraic Bethe ansatz was formulated. In the framework of this method, the Bethe
vectors are given by a recursion on the rank of the algebra. The Bethe vectors corresponding to the algebra
of higher rank are expressed in terms of the Bethe vectors of an algebra of lower rank using the embedding
gl(n — 1) C gl(n), while the result for the case gi(2) is well known. In [3], the construction was generalized
to the cases of the RTT (super)algebras and deformed RTT (super)algebras with an R-matrix of gl(m|n)
type. We describe this scheme in detail for the known case of the RTT algebra of gi(3) type. The crucial
fact for this construction is that the RTT algebra of gl(2) type is the RTT subalgebra of the RTT algebra
of gl(3) type.

In the case of R-matrices invariant under the action of the SO(n) and Sp(2n) groups, the Bethe
vectors and Bethe conditions have been found only for special representations. The reason is that there is
no obvious embedding of the RTT algebra of sp(2n—2) type into the RTT algebra of sp(2n) type. In [4]
and [5], Reshetikhin studied representations for which the matrix Bethe ansatz can be used, and Martins
and Ramos in [6] dealt with representations that are directly constructed using the R-matrix. Our aim here
is to extend this scheme to the case of an arbitrary representation of the algebra sp(4).

This paper is structured as follows. In Sec. 2, we give the basic definitions for RTT algebras and
formulate our problem. In Sec. 3, we recall the known results regarding the algebraic Bethe ansatz for the
RTT algebra of gl(2) type and the main ideas of the nested Bethe ansatz for the RTT algebra of ¢l(3) type.
Our main result is in Sec. 4, where we show how to generalize the method of the nested Bethe ansatz to
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the RTT algebra of sp(4) type. Using this generalization, we obtain eigenvectors and the Bethe conditions
for the RTT algebra of sp(4) type. In the conclusion, we compare our construction with the already known
results for the Bethe vectors and Bethe conditions of the RTT algebra of sp(4) type.

The proofs of many statements of this paper are simple but relatively long. We therefore do not include
them in text here, but they can be found in [7].

2. RTT algebras

We let Ef denote a matrix that has all elements equal to zero except the element at the intersection
of the ith row and kth column, which is unity. Then I = >, EZ is the unit matrix, and the relations
EFES = §*E¢ hold.

We consider an R-matrix

R(z,y) = Y R\ (z,9)Ef @ B},

i,k,r,s

which is invertible and satisfies the Yang—Baxter equation
Ria(z,y)Ris(@, 2)Re3(y, 2) = Ra3(y, 2)Ras(z, 2)Ra2(2, y). (1)

The RTT algebra A is an associative algebra with the unit generated by the elements T} (x), where the
monodromy operator

T(z) = Y E} @ Tj(z)
ik
satisfies an RTT equation

Ri2(7,y)T1(2)T2(y) = T2(y)T1(z)Ra2(7, y). (2)

It follows from the invertibility of the R-matrix that the operator
H(z) = TrT(2) = 3 T} (a)

has the property H(z)H (y) = H(y)H (z) for any z and y.
We consider the RTT algebras of the types gl(2) and ¢l(3), which are defined by the R-matrix of gl(n)
type

1 n )
R(z,y) = <I®I+gw,y 1®Ef),
( ) f(a:,y) ( )iﬁzl k
where 1 41
_ _ Ty
g(xay)_x_ya f(xay)_ x_y )

and also the RTT algebra of sp(4) type, which is associated with the R-matrix

2 2
R(z,y) = IoI+g(xy) > E,@E—h(zy) Y eiekEmE_ﬁg),

o
f(z,y) ik=—2 ik=—2

where the indices 7 and k take the values +1 and +2 and the function h(z,y) has the form

1

h(x,y)=x_y+3,

€; = sgn(7).



All these R-matrices satisfy Yang—Baxter equation (1) and the unitarity relation
R(z,y)R(y,z) =I® L
We assume that in the vector space W of a representation of the RTT algebra A, there exists an
element w € W, called the vacuum vector, for which YW = Aw and we have the relations
Ti(x)w =0 fori >k, TiH(z)w = \i(2)w. (3)
The values of A;(z) define a concrete representation of the RTT algebra.

We seek the eigenvectors of H(z) in the vector space W = Aw, i.e., nonzero vectors w € W such that
H(z)w = E(x)w holds for any x.

3. Nested Bethe ansatz for RTT algebras of the gl(2) and gl(3)
types

We define the vacuum vector w by equalities (3). For the gl(n) RTT algebra, RTT equation (2) is
equivalent to the commutation relations

Ti(@) T (y) + 9(, ) T (2)Te(y) = T2 () Ti (@) + g (2, )T ()T (),
Ti(@)T3 (y) + gy, ) Ts () T3 (y) = T2 (y) i) + gy, 2)TE ()T (),
whence it follows that T} ()T} (y) = Ti(y) T} (z) for any i, k and =, y.
3.1. Bethe ansatz for the RTT algebra of gl(2) type. The Bethe ansatz for the RTT algebra
of gl(2) type means that we seek the eigenvectors of H(z) = T} (x) + TZ(x) in the form
@) = T (@, where T3 (@) = T} (ur) T3 (uz) -+ T ().
In this paper, we use a special notation for sets of complex numbers
= {uj,ug,...,un}, ap =a\ {ug}
Lemma 1. In the RTT algebra of gl(2) type, we have the relations
T} (2)T3 (a) = F(u,2)T; (@)T} (x) —
= > glug, o) F (g, u) Ty ({1, )T} (u),

U EU

T3()T (@) = F(z, @) T, (@)T5 () —

= D gla, ) F(up, w) Ty ({an, o) T3 (ur),

UL €U

where

F(a,z) = [[ fux),  Fea) =[] fl@w).

UL €U uR €U

Applying Eq. (4) to the vacuum vector w, we obtain the following result.

Theorem 1. If the Bethe condition
A (ug)F (g, ug) = Ao (ug) F (ug, @)

is satisfied for any uj € @, then the vector |u) is the eigenvector of the operator H(x) for any x with the
eigenvalue
E(xz;u) = M(2)F(a,x) + Ao (z)F(x, ).

This result can found in [1].



3.2. Nested Bethe ansatz for the RTT algebra of gl(3) type. The nested Bethe ansatz for
the RTT algebra of ¢l(3) type (see [2]) is characterized by the fact that the eigenvectors of H(z) =
Ti(z) + T§(x) + T3(x) can be found in the form

2
Z T (v1) 157 (v2) -+ T5™ (0nr) Py sas,e.cans -

a1,a2,...,ap=1

Here, o, ap,...an € W = Aw, A is the RTT algebra generated by the elements T¢(z), a,b=1,2, and

2 2
. 1 . )
R(z,y) = fe.y) (I(2> @I +g(z,y) > Ef ®EZ>, 12 =3 K
’ a=1

a,b=1

is the R-matrix of gl(2) type. Because the commutation relations between the elements T} (x) are the same
as in the RTT algebra A, the RTT algebra A is the RTT subalgebra of A.

It is essential for the Bethe ansatz that the subspace W is invariant not only under the actions of
the elements T} (x) and T3 (z) but also under the action of T5(x). This follows because the commutation
relations yield

T3 ()T (y) = T () T3 (2) + g(z,y)Ts ()T (z) — gz, y)T5 ()T (y),
T3 ()T (y) = T () T2 (2) + g(z, ) TE (W) T (x) — g2, y) T (@) T (y),

Because T2(z)w = 0 for a = 1,2, we conclude that the equations

a,b,c=1,2.

T3(x)w = 0, T3(z)w = M\3(x)w

hold for any element w € W. 1t is also easy to see that the commutation relations between T5(z) and
T¢(x), a,b=1,2, restricted to the subspace W are

T3(@)T5(y) = T3 ()15 (), T5(2)T(y) = T(y)T5 (x),
R (2, y)T1(2)Ta(y) = T2(y)T1(2)Ra2(2, y),
where T(z) = Zi,b:l E) @ T¢(x). Tt follows from the commutation relations that the eigenvectors of

H(z) = T}(z) + T(z) € A on the space W are simultaneously eigenvectors of H(z) e A.

Remark. The original work [2] on the gl(n) case used the fact that the RTT algebra A with the
monodromy operator T(z) = ngil E! ® T (x) and the R-matrix R(z,y) is the RTT subalgebra of the
RTT algebra A and also the fact that T'(x) acts as a multiple of the unit operator on the vector space
W. But another interpretation of the commutation relations on the vector space W is also possible. The
commutation relations can be written in the form of the RTT equation

R (z,y)T ()T (y) = T () T (2) R (2, y),

where
RO(z,y) =E3QES + E} 0 1? + 1 @ E + R(z,y)

and T (z) = E3 @ T3(2) + T(z). Because the R-matrix R0 (z, 1) satisfies the Yang-Baxter equation and
the condition R (z, )R (y,z) = I® I, we can consider the RTT algebra A®) generated by the elements
T3(z) and T (z) with the R-matrix R(®)(z,y). But the RTT algebra A is no longer an RTT subalgebra
of A. It is in fact the RTT algebra of gi(2) type generated by the elements T;*(x), where a,b = 1,2, with
the R-matrix R(z,y) extended by the central element T3 (z). This is precisely the interpretation that we
use in considering the nested Bethe ansatz for the RTT algebra of type sp(4).
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We permute T} (z), T3(z), and T3(z) with T5*(vi)---T5™ (vpr). To avoid a long expression with
indices, we introduce the notation

2
b(v) =) e, @T5(v) €V® A,
a=1

where e; and e, form a basis of the two-dimensional vector space V. In general, for an ordered set of M
pairwise distinct numbers ¥ = (v1, va,...,vn ), we define

b1, .m(V) = bi(vi)b2(v2) - - - bar(var) =

2
= Z €, ®€ay @+ @ €qy, @ T3 (v1)T57%(v2) - T3 (o) €V @ --- @V ® A
~

ai,az;..,ap=1 M times

Let f® be dual bases of the dual space V*. Hence, (e,, f’) = 0. We can write the assumed form of the
eigenvector as

2
S T )T (02) - T () ®ay s ans = (D12, (), B),

a1,a2,...,ap=1

where
2

b = Z fbl ®fb2®'“®fbM®q)b1,b27...,bMel)*@)'\;@Vi@W:W.

b1,b2,....,bpr=1 M times

We regard the matrix Ef as a linear map on the space V defined by the formulas Efe. = d¢e;. The
corresponding dual map is denoted by Fj, and we hence have the equations

(Ele., ) = (e., Fifd), ie., Fifd=5ife
Then I = 22:1 F¢ is an identical map on V*, and in contrast to similar relations for the map E{, we have
the relation F¢Fq = 6;F9.

Using the above notation, we can write the interesting commutation relations like

T3(2)b(v) = f(z,0)b(u)T3 () — g(z, v)b(2) T3 (v),

To(2)(b1(v),I® £*) = f(v,2) (b1 (v), To 1+ (z;v) (L @ £*)) — g(v, z)(b1 (x), To,1- (v) (L ® £*)),
where

To-(z;0) = Roa- (2, 0)To(z),  Toa-(v) = To1(v;v) = Ry 1-To(v),

2
~ 1
Ro,1-(z;v) = Fo,2) (I ®I" +g(v,z) Z Ej ® FZ),
’ a,b=1

2
Ro,1+ = Ro,1+(v,v) = Z E{ @ F?.
a,b=1



It can be shown that for any ® € 17\/\, we have the relations
T3 () (br2,...m(T), ®) = Aa(2) F(x,0) (b2, m(7), ®) —

= > As(vr)g(@, ve) F (0, 06) (brsr 2, v (2, ), Ry o, i (0) @),

youay

VE EV

=
where
bri,2,... v (2, U;) = br(2)bi(vi)ba(v2) - - - br—1(Vg—1)bryi1(Ve11) - - by (var),
o 1 . o T -
RoAW@)= 0 0 <I @1 +g(y, z) a,%:l Fj ® Fa>,
ﬁ2;172,...7k(5) = ﬁz,l(vk, Ul)ﬁz72(vkav2) T f{lik—l(vka Vk—1), ﬁl;l...,l(ﬁ) =T,
To...m(2;7) = Ro1- (w,v1) - Roar+ (2, var) To (2),
1ATk;o,l ,,,,, Mm(¥) = ri‘0,1,.,,,1\/1(%;17)-
If we set

2
(@)= Y Bl eTiwe), T ey o oV ol

i,k=1 M times

then we obtain the following proposition.

Proposition 1. Let ® € W for any x be an eigenvector of the operator

Hi ... (2;0) = T} (23 0) + Tg(a;7)

IEEREER)

with the eigenvalue E(;zc7 v'). If the equations
A3 (vi) F (v, B) = E(vg; ©)F (6, i)
hold for each vy, € U, then (b1, m(V), ®) is an eigenvector of the operator
H(z) = T () + T3 () + T3 (x)

with the eigenvalue

~

E(x; 0, 1) = A3(x)F(x,0) + E(x; U)F (v, x).

Hence, we must find eigenvectors of the operators I/-j172,,,,7M(x; ¥'). It is easy to see that T0,17...,M($; v)
satisfy the RTT equation

~ ~

Ro,o(2,9)To,1,...0(2;0)Tor 1,00 (y57) = Tor1,.or (43 7) To g, .0 (23 0)Ro,o (2, y).



This means that they generate the RTT algebra of type gl(2). Therefore, if we find a vacuum vector in the
vector space W, then we can use Theorem 1 to construct eigenvectors of Hy o . ar(z;7).
W can show that for the vector 2 = £2 R ® fi ® w, we have

~
M times

;o) =0,  TH@;0)Q=p(@6)Q T3 (2;0)0Q = pa(2:7)Q,
where

(i) = g i) = dota).

We obtain the following proposition from Theorem 1.

Proposition 2. If the equality
A1 (uk)F(ﬂk, uk) = Ag(uk)F(uk, ﬁk)F(’T}, uk)

holds for every uy, € u, then the vector ®(u; V') = flz(m 17)@ is the eigenvector of the operator ﬁ1,27,,,,M (x;7)

with the eigenvalue
F(u,z)
F(v,x)

From Propositions 1 and 2, we then obtain the final result for the RTT algebra of ¢i(3) type.

E(z;u;0) = M\ () + Xo(2)F(z, 7).

Theorem 2. Let the Bethe conditions

Al(uk)F(ﬁk, uk) =X (uk)F(T), uk)F(uk, @k),

A3 (vg) F (vg, 0k) = Ao (vi) F (v, v ) F(vg, @)
be satisfied for every u; € @ and vy, € U. Then the vector |U,u) = (b12,.. m(T); ®(a; 7)) is the eigenvector
of the operator H(x) with the eigenvalue
E(z;u;0) = M (2)F (4, z) + Ao (2)F(z,a)F (0, z) + A\3(z) F (z,0).

This theorem follows directly from the results in [2].
4. Nested Bethe ansatz for the RTT algebra of sp(4) type

The vacuum vector w for the RTT algebra A of sp(4) type is defined by the relations
Ti(x)w =0 fori<k, THx)w = N\i(2)w  for i = £1,£2.

From the RTT equation, we obtain the commutation relations
2

Ti(2) T2 (y) + gz, )T (2)Tiy) + 8" h(wy) Y e T (@) TP (y) =

p==2

2

=TI (y)Ti(x) + g(z, v) T} W T () + 66 —sh(z,y) > exe,Ty(y)T",(2),

Ti(@) T (y) + 9y, 2)Ti(@) T (y) + 0, —sh(y,x) Y ese)Tp()T7,(y) =

p=—2

2
= T (y)Ti(x) + gy, ) TL ()T} (@) + hly,2)8" " Y e, T ()T} " (x).

p=—2

It follows from these formulas that T} (z)T} (y) = T} (y)Ti () for any z and y and for all i and k.



4.1. The RTT algebra A. There are two RTT subalgebras AT and A in the RTT algebra A,
which are respectively generated by the elements T} (x) and T~} (x), where i,k = 1,2.
First, we consider the vector space

Wo = ADADw c W = Aw.
Using commutation relations (5), we can prove the following statements.

Lemma 2. We have T,;i(x)w =0 for all i,k = 1,2 and any w € W),.
We introduce the notation

2 2
=Y EfoTi T (@) =) EfeT (),
i,k=1 i,k=1

2
1
’ zk:l

2
R(’)(x,y):f(xly)<1 QI_+g(x,y) ZE L QOE” )

i,k=1

2

R (z,y) =T, @1 —k(z,y) > ELoET,
i,k=1
2
RO (z,y) =1_ I, — Z E_]
i,k=1
where
N 1
I, =) E, ZE_“ k(x,y)zx_y_l.
i=1

Lemma 3. On the vector space W, the relations
Ry ()T ()T (9) = Ty ()T ()R ()
hold for any €1,€2 = =+.
Proposition 3. If we set
R(z,y) = R (2,y) + RO (2,9) + RO (@,9) + RO (),
T(x) = TH (2) + TO(2),

then the RT'T equation
Ri2(z,y)T1(2)T2(y) = T2(y)T1(x)Ri2(2, y)

is satisfied on the space Wy. Moreover, the R-matrix f{(x, y) Is invertible and satisfies the Yang—Baxter
equation
Ria(z,y)Ri3(z, 2)Ra3(y, 2) = Ra3(y, 2)Ra3(2, 2)Ra2(2, y).



We let A denote the RTT algebra defined by the R-matrix R(x,y). For generators of the RTT algebra
A, we use T} (x) and T~} (z). If these operators act on the vector space Wy, then we let T} (x) and T~} ()
denote them. Using the commutation relations in the RTT algebra A, we can easily prove the following
lemma.

Lemma 4. In the RTT algebra ;l, we have the following relations for any x and y:

1. For any i and k,

Ti(@)Ti(y) = TiW)Ti(x),  T{ @) T (y) = T ()T ().

2. For any i # k,

Ti(@)T=F(y) = T-F () Ti().
3. For the operators H™) (z) = Ti(z) + T2(z) and H)(z) = T-}(z) + T-2(x), we have
HO (@) HD (y) = HD () H D (2),  HO(2)H ) (y) = HO () HO (2),
If_r(+)(x)ﬁ(f)(y) — ﬁ(*)(y)ﬁ(ﬂ(x)_

4.2. General form of eigenvectors. We let 4 = (uy,us,...,uy) denote an ordered set of pairwise
distinct numbers. We seek the transfer matrix eigenvectors for the RTT algebra A in the form
2
ST T )T () T () B Y e ey,

11,82, 0N 01,82,..0N
11,82,...,aN=1,
k‘l,kQ,...,szl

Let e; and ey be the basis of the two-dimensional space V. ~ C? and f! and f2? be its dual basis in
V7. Similarly, let e_; and e_3 be the basis of the vector space V_ ~ C? and f~! and f—2 be its dual basis
in V*. We set

2
Bl(u) = Z €; ®f_k ®Tik(u) S V1+ ®Vik7 ®A
i,k=1
and
B1)2,___7N(ﬁ) = Bl(ul)BQ(UQ) e BN(UN) (S V+ ® Vi ® A,

where V, =V, ® Vo, ®---®@Vy, and V* =V} ®@V; ®---®Vy_. Specifically,

where

e;=¢€;, ®e;, R Ve €V, Q@Vo, ® Q@ VN, =Vy,

fh_fhgihg. . of EV @V ®---@Vy =V,

T #(T) = Tflkl (ul)Tiz,€2 (ug) -+ -Tfl\,;N (un) € A.

We can write the general form of the eigenvector as (B1 2. n (@), ®), where
=D ge 00 VIRV @Wy=Wy, &7 =0 [N €W,

£ =1 of2g...QfN EVI, ®V5, ®---@Vy, =Vi,

er;=€e_, Qe_, R  Qe_y, €V @V @ - QVN_ =V_.



4.3. Some commutation relations and their consequences. We now find the operator action
of T(H)(x) and T(-) () on the assumed eigenvector (By o . n (i), ®).

Lemma 5. In the RTT algebra of sp(4) type, we have the relations

T5 (2)(Bi(u), £ @ e_y) = f(u,2)(B1(u), TS (z;u) A0 £ @ e_,)) —

— g(u,2)(By(2), TH () T @ " @ e_y)),

~

TS () (Bi(u), £ @ e_y) = f(z,u)(Bi(u), Ty, (r;u) A0 7 @ e_y)) —

— g(z,u)(B1(2), TS ()T £ @ e_y)),
where

T (w30) = R (2,0 T (0)RE T (2, 0),

2
1 * T s
R(g—lt)( ) f(u iC) <IO+ ® Il+ + g(ua 33) Z Es ® Fr)v

r,s=1

2
R (@u) =L,_ 0T, —k(uz) Y EZLOF
r,s=1

~

TE) () = REETY RG,

+,+ T s
RO =RG D ZE ® F?,

r,s=1
m(—+ o (—+ * —r r
RO =RUTwuw =1, o1, + Y B 0F,
r,s=1

2
R(+ —) R(+ (u u) _ IO+ oI, + Z Er ® Ef;

r,s=1

R~ =R Z ETQE.

r,s=1

To formulate and prove the following lemma, it is convenient to define a linear map (R*)*+1)(z, ) by
the relation

RED (@, y)(es, ®ey,), I @F72) = (e, @ ey, (RY) T (a,y) (£ @ £72)),

ie.,

2
1 .
R*) ) (2,y) = (I*®1*+gxy > 1®F§“).
R wy) fx,y) :

i,k=1

s

We let @ denote the set of elements @, i.e., @ = {uy,ua,...,un}, and recall that @ = @\ {ug}.
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Lemma 6. We have the relations

= F(a,2)(By,. n@), TS y@m@)Ief @e s)) — Y gluw,o)F(ar,ur) x

(), RO @R (@I, y@) At @e ),

.....

V@I NI @e ) — Y gla,w)F(ur, ) x

where

TG, w(@id) =RGE @@ T @RG (@),
G v (@) = RGT (2,0 RE S (@, w0) - R (2,u),

ROy (23@) =Ry (@ un) - R (@, us)RET (2, w0),

®)TE@) = R () (R (g uz) -+ (R (s wim),

R, (@) = R (un ) RS (i) -+ R (ke ),
B2, n(z,Ux) = Br(x)Bi(u1) - - Br—1(uk—1)Brg1(ugs1) - - - By (un),

Tigr. (@) = TG, |yl @) = RET | ns (wns @) T (o) RET v (uns ),

and the products over the empty sets (R*)gf’jﬁ) (@) and Rg::l) (@) are understood as identity maps.

The following proposition follows directly from Lemma 6.

Proposition 4. Let ® € 17\/\0 be the eigenvectors of the operators

-~

with the eigenvalues E) (z;@) and B (x; ). If

F(ak,uk)E(+)(uk; ﬁ) = F(uk,ak)E(_)(uk;ﬁ)

for any uy, € u, then (B12,. n(@),®) are the eigenvectors of the operator H(x) with the eigenvalue

E(x;@) = F(a,2)E) (z;@) + F(x,0) B (z; 7).



4.4. Operators ’i‘:(l:;)w,N(:B;ﬁ) and the RTT algebra A. Proposition 4 transforms the original

problem into the problem of finding eigenvectors of ﬁ(i)(x; ) = I;TS)N(QC, i) on the vector space Wo.

We show that the operators f,z(a:, 4 ) and f:,i(a:, @), where ¢,k = 1,2, and

restricted to the space 17\/\0 are generators of the RTT algebra A and that the representation contains a

vacuum vector.
Lemma 7. For any ® € 17\/\0, we have the RTT relation

RGO (2, )T (@) TS ()@ =

)

=T )T @ ORES (@,9)®, e e = £

EERER}

Lemma 8. Let a vector Q have the form

~

O=fle. -of 9e 1® Qe @ weW,.
~ -~ -~ ~ ~ -
N times N times
Then
T @) =0, T 2x;@)=0, T/ (ax;@)Q= p(a, 0)Q,
where
_ _ _ )\2(33
. — F -1 . —
lul(x7u) A1(‘,1:) (U,ZII )7 ILLQ(QZ,U) F(ﬂ,$)7
_ _ _ )\_2(33)
_1(x;u) = A_ F 1 _o(x;u) = .
1 1($au) A 1(1:) ($+ ,U), H Z(Q:au) F(x,ﬂ)

4.5. Nested Bethe ansatz for the RTT algebra A. In the space 17\/\0, we seek common eigenvec-
tors of the operators

for any .
We study the representation of the RTT algebra A with the generators f,z (z) and T:,i (z) on Wo = A,

where @ is the vacuum vector for which we have the relations
T(x)o =T 2@)o0 =0, Tiz)o=p)o,  THa)d=p_(z)o.
We seek the common eigenvectors of
HY(2) = T{ (@) + T3(),  H ) (2) = T2} (2) + T3 ()
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in the form

[0, w) = TF (0)T =5 ()& = T (w1)T7 (wa) - - T (vp) T2 (w1) Ty (w) - T3 (we) @,

where U = {v1,v2,...,wp} and @ = {w1, wa,...,wQ}.
Lemma 9. In the RTT algebra A, we have the relations

T} (2)T} (0) = F(a,0) T (0)T} (x) = Y g(@,v0)F(vr,0,)TF (0, 2) T} (vy),

v €D

T3 (2)T7 (2) = F(0,2) T (0)T5 () = Y g(vr, @) F(0r,0,)T7 (@, 2)T5 (v,),

VrED

T3 ()73 (w) = Fla, )T (@) T3 (x) = Y glw,wy)F(ws, 0,)T23 (@, 2) T3 (wy),

ws EW

+ ZQ(UM z + 2)F(vy, UT)TE(ET)f—_Ql (a:)ff(vr),
v €D

T23(2)T7(0) = Fla +2,0)T7 (0)T5 () +

+ Z 9(x +2,v,)F(vr, ar)ff(ar)f—_zl (x)fll (7).

v €D

Applying the equations of Lemma 9 to the assumed form of the eigenvector, we obtain the following
statement.

Lemma 10. For a representation of the RTT algebra A with the highest weight p;(x), we obtain

T} (@)[030) = o1 (2) F(2,0)F (@ — 2, )05 @) —

- Z p1(vr)g(@, vr) F(vp, 0r) F (v — 2, @) {0, 2}; @) +

13



T3(2)|v; @) = pa() F (0, 2) F (0, x — 2)|0;0) —

- Z p2(vr)g (v, ) F (0, v, ) F (w0, v — 2) {0y, 2} 0) +

vV ED

+ Z p—1(ws)g(ws, x — 2)F (T, ws + 2)F (s, ws)|{7, 2}; ws),

T (2)|5;@) = p_1(2) (0,2 + 2)F (0, 2)|5; @) +

+ Z p2(vr)g(vp, @ + 2)F (0, v ) F (w0, v — 2)[0p; {w, }) —

VrED

— ) o (we)g(ws, 2)F (0, ws + 2)F (w5, w,)|5; {5, 2}),

T=3(@)|5;@) = p_a() F(x + 2,0)F (2, @)|5; @) +

+ Z w1 (ve)g(x + 2,v.)F (v, 0y ) F(vp — 2,@)|0p; {0, 2}) —

VrED

- Z pi—2(ws)g(w, ws) F(ws + 2,0) F(ws, ws)|0; {1ws, 2}).

ws EW

From Lemma 10, we almost immediately obtain the following theorem, which gives Bethe conditions

for the eigenvectors in the RTT algebra A

Theorem 3. If the conditions

w1 (v)F(vp, 0 ) F (v — 2,0) = pa () F (0, v.)F (0, v — 2), ©
p—1(ws) F (0, ws + 2)F(ws, ws) = p—a(ws)F(ws + 2,0)F(ws, Ws)

are satisfied for any v, € v and ws € W, then the vector |U; w) = Tf(@)f:zl(u?)w is the eigenvector H™ (x)

and H™) () with the eigenvalues

1 (@0, 0) = py(2)F(z,0)F(x — 2,®) + po(x)F (0, 2)F (w0, x — 2),

k=l

p—1(2)F (0,2 4+ 2)F(0,z) + p—o(x)F(x + 2,0)F(x, D).

71'21)

<

P (=

4.6. Eigenvectors for the RTT algebra of sp(4) type. The following statement is a corollary of
Theorem 3.

Proposition 5. If the conditions

A1 (v F (@, v )F (1, v, — 1) F (v, 0,)F (v, — 2,0) = Aa(v,)F (0, v, ) F (@0, v — 2),
A1 (ws) F(ws, 0)F(ws + 1, 0)F(0,ws + 2)F (s, ws) = A_o(ws) F(ws + 2,0) F(ws, ws)

~

are satisfied for any v, € v and ws € W, then the vectors ®(u; v;w) = f(f);ﬁ)Tﬁl(’;ﬁ)ﬁ € W, are
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common eigenvectors of the operators ﬁl(Jg)N(x, @) and ﬁl(;)N(x, @) with the eigenvalues
F(v,z)F(w,z —2)

EW (x4, 0,w) = M () F (@, 2 — 1) F(2,0)F(z — 2,®) + X () F(a,z) ;

F(a:—|—2,6)F(x,w).

EC) (i1, 0,w) = A1 (2)F (2 + 1,0)F(0, 2 + 2) F(w, 2) + A_s(x) F(x,u)

Because of the identity
F(ﬁk,uk) . F(uk,ﬂk) . 1

F(ﬂ,uk) a F(uk,ﬂ) o f(uk,uk)

from Propositions 4 and 5, we immediately derive our main result giving the Bethe vectors and Bethe

:O7

conditions for the RTT algebra of sp(4) type.

Theorem 4. Let the conditions

A (ug) F (g, ug — 1) F (g, ug) F(ug, 0)F (ug, — 2,@0) =

= A_1(ug)F(ug + 1, ag) F(ug, @g) F (0, ur, + 2)F (0, ug),
A (vr) F (U, vp — 1) F (U, vp) F(vr, 0r) F(0r = 2,@) = A (0r) F (r, vy F(0, v — 2),
Ar(ws) Fws + 1, @) F(ws, 0) F(0, ws + 2) F(0s, ws) = Ag(ws) F(ws + 2,0) F(ws, ws)

be satisfied for any ux € @, v, € 0, and ws € w. Then the vector |U;0; W) = (B1,2,... n(¥), ®(d; v;w)) Is the
eigenvector of H(x) with the eigenvalue

E(z;d,0,w) = A (x)F(a,z)F(a,x — 1)F(z,9)F(x — 2,®) +
+ A1 (x)F(z,u)F(z+ 1,0)F(v,x + 2)F(w, z) +

+ X (x)F(0,2)F (0,2 — 2) + A_a(x)F(z + 2,0)F(z, ).

5. Conclusion

We have formulated the nested Bethe ansatz for the RTT algebra of sp(4) type. We showed that the
auxiliary RTT algebra A, which is not an RTT subalgebra of the RTT algebra of sp(4) type, can be used
to construct the Bethe vectors and the Bethe conditions. The first outline of this idea can be found in [4].

We note that we here assumed that a highest-weight representation of the RTT algebra of sp(4) type
is known. This representation must be given to obtain concrete physical models. At present, we explicitly
know only two nontrivial representations. One of these representations was used in [4]. In that case, the
representation of the RTT algebra A is one-dimensional. The second representation is constructed using
the R-matrix. The construction of the Bethe vectors and the Bethe conditions for this representation can
be found in [6]. This construction does not use the auxiliary RTT algebra A, and we are convinced that
this is possible only because the representation is relatively simple.
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