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1. Introduction

In 1973 M. Gaudin [2-4], proposed a new class of integrable quantum models. This
sl(2) Gaudin model was studied by many authors [2-11] from different point of view.
Let us remember you well know Bethe Ansatz method for finding the eigenvectors and
the eigenvalues [3,12-14]in this case.

Let the generators e, f and h form a standard basis in sl(2) which fulfil the
commutations relations

[h.e] =2¢, (b, f] = =2, e, ] = h. (1)
For second order Casimir operator we obtain
C':ef+fe+%h2.

We will define

- N f@) 5 N () = N ) 5
(W) =27, (W)= 20— (W) = 20— (2)

The central point in Bethe ansatz method for Gaudin model play an operator

2

T(u) =1 <E(u)F(u) + F(u)E(u) + 1 H2(u)) . (3)

It is possible to rewrite the operator (3) in the form

N H. N C(i)
T(u) = L iN~_ 7
(u) i:zlu_zi+2izzl(u_zi)2’

where H; are given by
1 @) pG i) £(j i) £(i
LR RG) 4 o) f0) 4 o) £ |

HZ:Z Zi — %5

and C® is the Casimir operator acting on the i*" factor of Viny-
It is easy calculation to show that from the commutation relations (1) and the

(4)

definitions (2) we obtain for u # w

[B(u), E(w)] = [Fu), F(w)] = [H(u), H(w)] =0,
[H (u), E(w)] = _gLiw
[H(u), F(w)] =2 w

For construction of Gaudin model we will use highest representations

e(i)v)\(i) == 0, h(i)v)\(i) == /\(i)v)\(i) .



The New Formulas for the Eigenvectors of the Gaudin Model in the so(5) Case. 3

It is easy to see that the vector |0) = vya) ® Vy@) ® ... ® vy is eigenvectors of T'(u)
and the relations
N\
E(u)|0) =0, H(u)|0) = Au)|0) = >

=107 <4

10), T(u)]0) =7(w)]0),

where 7(u) = § A*(u) — 5 N'(u), are hold.

— 2
We will fix notation

F(w) = F(w)F(ws) ... F(w,),
Fw—w,)=F(w)... Flw,_1)F(wyy1) ... F(w,),
F(w+u)=F(u)F(wy)...F(w,)

and we can try to obtain in correspondence with Bethe Ansatz method further

eigenvalues as |w) = F'(w) | 0).
Direct calculation gives

Applying this equation to the hight vector | 0) we obtain
T(u) |w) = To(u) [w) + Ti(u) [w) , (5)

where

Tou) | w) = ) [w) = 35 (M - 3 ) 1

)
r st — Ws/ U — Wy

L) [w) = 3 (Muwy) — ¥ —2— ) W)

r=1 s#rWr — Ws U — Wy

It is evident that | w) is eigenvector T'(u) for all w if
Ti(u)|w) =0 and Tp(u)|w)="7(u;w)|w).

The first equation is equivalent to the Bethe equations

M) = Y —

=0 foral r=1,...,n (6)
s#r Wr — Ws

and the second condition gives corresponding eigenvalue

T(u;w) = 7(u) — )

noo\ 2
u)+

1U— Wy r;és(u_wr)(wr —ws)
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2. The Gaudin model for so(5).

Now we will similarly as in the case sl(3) [1] use the Bethe ansatz method for so(5) model.
This algebra is 10-dimensional and we will use as a basis hy, hy, e a f,, k=1, ..., 4.
The second order Casimir operator is given by formula

4
Cy = Y (exfy + fre,) + hi + h3.

k=1
N x()
We define by X (u) = > for any element of basis and we have
i=1U — %
Z(u) — Z
(). v ()] = - 202 g gy -

For operator T'(u) we obtain

T(u) = & ( é (Bx(w) Fi(w) + Fiw) By(w)) + H3 () + Hi(w))
- z Fi(u) By (u) + & (H2(u) + H3(u) — 3H](u) — Hy(u))

For any k=1, ..., 4 we will define
Fk(Wk) = F(wm)F(wk’Q) e F(wk,nk)

and because Fj(wy) not commute more we will fix ordering Fy(ws), F3(ws), Fi(wy),
Fy(w1). We know from paper [15] that generally it is not possible to find the eigenvalues

in the form
| Wo, W3, Wy, W) = Fh(wa)F3(wW3) Fy(wy)Fi(Wy) | 0)

but anyway we finally obtain explicit form of action 7'(u) on such vectors. (see Appendix
B for explicit formulas). In this representation we start with

Ep(u)|0) =0, H(u)|0) = Ai(u)[0), T(u)]0)=7(u)|0),

where 7(u) = 3 ()\%(u) + A2 (u) — 3N (u) — A’Z(u)>
For the calculation will be useful next lemmas.

Lemma 1. If we denote H.(u) = Hy(u) £ Hy(u), we obtain

[T(u), i (w)]

+F4(w)E3u“_E)F4(U)E3(w) e
[T(w), Fafw)] = FQ(“)HWJU—_f(wH(u) P () ~ BB
(), Fy(w)] = FQ(U)FI(U)J :52(10)1‘71(1&) Fg(U)Hl(wli :53(w)H1(u)
+F4(u)E1 w) — Fy(w)Ey (u)
Fy(u)Fy(w) © B{w) Fi(w) | Fy() ()~ Fy(w)H. ()
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PROOF: The simple direct calculation.

We will fix again notation

Fk(Wk) = Fk(wm)Fk(wk,Q) C.e Fk(wkm) y
Fk(Wk - wk,r) = F(wk,l) . Fk(wk,rq)Fk(wk,rH) e Fk(wkn) )
Fk(Wk + U) = Fk(u)Fk(wk,l) RN Fk(wkm) .

Lemma 2. For commutators T'(u) with Fj(wy), Fo(ws), F3(ws), Fy(wy) we obtain

[T(u), Fi(w1)] = ZFl (W1 +u —w,)

_TZFI(:V:) .

r U — Wy

(Hofu) ~ ¥ —— )

rr Wr — Wr

(o)~ ¥ ! )+

7 Wy — Wr

T Fyw,) % Bafu) - SRy g wf”””) Ea(w,)+
) TR ) - 5 ) DO ) -
B o i —w —wy) o
§?F4( ) @;:—( o) (w, = w?))&( W)+
) G, =) P
[T (u), Fa(ws)] = ;F e e ) (H. () - o 2 =)=
) -y )y
s ;zwws_ y ) s£sWs — Wa
PR (Fy(w) By () — Fy(w) Bx(w)
(70, Fafows] = SFa) 0 ) — ) P g+

U — Wt t U — Wt

s B () - S
St (i - S )
F3(w3 B T4t

+22

t

—>_Fy(u)

Fs3(ws —w, — wy)

(u—w)(wy —wy) )

t£t
B w Fs(ws — wy — wy) "
R T R

F3(ws — wy — wy)
+) _Fo(wy
2 ) 7 )

Fy(wp)
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(7). Fiw)] = SR 20 p ) - S D p )

pp Bt e ) (g ) 2 )

. U — Wy iy Wy — Wr

B -y 2 )

r U — Wy Foty Wy — Wy

Now we can calculate the action of T'(u) by this way

T(u)Fa(wo) F3(ws) Fa(wWa) i (W1) = Fo(wWa) F3(ws) Fa(wa) Fy (wW1) T (u)+
+ [T(u), Fa(wa)| Fs(ws) Fy(wWa) Fi(w1)

+ Fy(w2) [T(u), F3(ws)] Fy(wa) Fi(w1)+
+ FQ(Wz)Fg(W3)[T(U),F4(W4>] 1(wy)+
+ Fy(wo)F3(ws)Fy(wy) [T(u),Fl(Wl)} )

But we see that from lemma 2 that some generators are not still in good position. In the
next lemma we summarize formulas for F3(wjs) case, which will be useful for reordering.

_|_

Lemma 3.
Fy(u)F3(ws3) = F3(ws)Fi(u) + ;]%(WS—U%KF“(U) B F4(wt)>
Fg(Wg)FQ(U) = FQ(U)F3(W3)
F3(u)F3(ws) = F3(ws + u)
Fy(u)Fs(ws) = Fs(ws)Fy(u) . 2
Hy(u)F3(ws) = Fy(ws)( Hi(u) — ;u _ wt) + ; 3(WZJ—H;U; !
Hy(u)Fy(ws) = Fy(ws)Hs(u) r
By (u)F3(ws) = F3(ws3)Ey(u) + ;<F2(U) - FQ(wt)> 3(;”5 ;twt)

>&%—w—w
(u = wy) (wy — wy)
Es(u) Fy(ws) = Fy(ws) Es(u) — ;R’(ﬁ—;“’” (Ha(w) = Hy(w)) +

s F3(ws3 — wy) B ZFg(Wg +u — wy — wy)

t;éf(u — wp) (wp — wy) AT (u — w) (wy — wy)

Ei(u)Fy(ws) = Fy(ws)Ey(u) — ;Fg(wj—;twt) (B1(w) = By(w) -
~Y(Fa(w) — Fa(wy))

F3(W3 — Wy — wf)
t£E

The similar formulas are valid for Fj(wy), Fo(wa), Fi(wy) but we will not write its
explicitly here.
After this preparation we are able to calculate the action of T'(u)

(u — wy)(wy — wp)

T(u) | wa, W3, Wq, W) = <T0(u) + T (u) + To(u) + T5(u) + T4(u)) | Wo, W3, Wy, W1),
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where the final results for Ty(u), T1(u), To(u), T3(u) and Ty(u) are given in Appendix
B.

Now we define

| Wo — Wa 4, W3 + W q, Wy, W1 — W1 q)
P|wy, ws, wy, wy) = ’ : —+
| 2 3 4, 1> <% /lUQ,a — /lUl,d
Ny | Wa, W3 — w3p, Wy + w3 p, W1 — w1,d>)
W3p — W1 d

Similarly as in [1] we define
> 1
[Wa, W) = > - P" | w2,0,0, wy).
n=0T0:

This is our ansatz for eigenvectors.

Theorem. If the Bethe Ansatz conditions: for any d
1 1
Ap(wig) =P ———e b D (8)

a W2q = Wid g#4W1,d — Wi,a

and for any a

2 1
A_(wa,) = — 9
(20) a/z;é:awza — W zd:wz,a —Wig4 (9)
are fulfilled then the vector
[e’e) Pn
|W2,W1) = Z —,‘W270,07W1>
n=0 T

is the eigenvector of the so(5) Gaudin model and

T(u)|we, Wq) = 7(u; Wa, Wy) | Wo, W1) ,

where
(wwo,wi) = 7() ~ DA - ¥ 2yt
T(u; wo,wp) = 7(u —
? ! a ’;ﬁaw2a W2 o d W2q — W14/ U — Wz,
1 1
Ao (u) + — )
Z< 2( ) ;wld W2 q dédwl,d_wl,d’ U— W14

r(u) = } (A%(u) + X() = 3N, (1) — Ny(w))

PROOF: In order to be | wg, wy) the eigenvector of the T'(u) with eigenvalue 7(u; wo, Wy ),
must be

Tl(u) |W27W1) = TQ(U) |W2,W1) = Tg(u) |W2,W1) = T4(’LL) |W2,W1) =0
To(u) [ wa, wi) = 7(u; wa, W) [ W, wy) .
In our paper we show T5(u) | wo, wq) = 0 in the next Lemma 4 in the details. Because

the proves of the relations Th(u) | we, wq) = T3(u) | we, wq) = Ty(u)|wq, wy) = 0 and
To(u) | wo, wy) = 7(u; Wo, W) | Wo, W) is similar we will skip it.
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Lemma 4. If it is valid (8) and (9) then T5(u) | wo, wy) = 0.
PROOF: From (11) in Appendix B we have

TQ(U) |W2,W3,W4,W1> —
2 1 1
A T . )
za:< (w20) a%;awza — Wa g/ Zb:wz,a — w3 Zd:wz,a — Wiy 4
% | Wo +u— w2,a7w37w47wl>

U — W24
| Wo + U — W 4, W3 + Wa , — W3 p, Wa, W1)

_Z _
a,b

(U - w3,b)(w3,b - w2,a)
| Wo + © — W 4, W3, Wa, W1 + Wa,q — W1 q)

2 (4~ w20) (wa — w1,0) !
iy | Wo + u, W3 — ws p, Wa, Wi + W3p) B
b U — Ws3p
_y | Wo + U, W3 — W3 p — W3y, Wy + W3 p, W1)
b#b! (U - w3,b’)(w3,b’ - w3,b)

For the proof we define

— W 4, W3 + W 4, Wy, W1 — W1 4)

A%
Pl |W27W37W47W1> = Z| 2

a,d Wo,q — W1,d
p _ | Wo, W3 — W3y, Wa + W3, W1 — W1,q)
2 | Wy, W3, Wy, W1> - Z
b,d W3 p — Wi1d

P:P1+P2.

By induction it is possible to prove that for any n the relation

1 (n
Pn|W2,0,0,W1> = Z 2_k(k)P§P?_k|W27070aW1>
0<k<n/2

hold and we can write

o0 n 1
= —_PpPkpr 0,0 . 10
|W2,W1) n;OkZ:OQkk!n! 2 1|W27 ) 7W1> ( )

Further we point out that

n' ‘ Wo — An, Ak,na Ak, Wi — Dn+k>

2

251 |W2’ ! ’Wl) (n — k)' AniDpyi XnYk,n |

where the summation is with respect all possible A,, or D, ordered subsets of wy or
w, A, and Ay, are the sets consist of the first £ and the last n — k elements in A,, and

k
Xn = H (w27ar - wl,dT) ) Yk’,n = H (wQ,ar - wl,dnJrr) .

r=1 r=1
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Now we explicitly calculate in this notation

w _AnyA nyA , W _Dn
T2(u) Z | 2 k, k 1 +k:>:

AniDp ik XnYk,n
2 n 1
- Y (M) X e Y T
An+1§Dn+k a¢An+1 w2,an+1 - wQ,a T=k+1w2,an+1 - w2,ar

1 )\W2+U—An+1,Ak,n,Ak,W1 — Dyi)
W14 (U, - w2,an+1)XnYk,n
. Z Xn: ’ Wy +u — An+1> Ak,n+1 — W2,q,, Aka W1 — Dn+k> .
An+1§Dn+k7':k+1 (u - w27a'r)(w27ar - w27an+1)XTLYk?,n
. Z ‘ Wy +u— An-{—l; Ak‘,na Ak‘a W1 + w?,an+1 - Dn+k+1>
An+1;Dng kg1 (u - w27an+1)(w2,an+1 - wl,dn+k+1)Xnkan
w |W2+U_AnaAk,n _w2,ar7AkaW1+w2,ar _Dn+k>

VDS -

An; Dy pr=k+1 (U - w?,ar)XnYk,n
_ n | Wy +u— Ay, Ak,n — W24, — W2,a,, Ap + W2.a,, W1 — Dn+k>
An; Dy pr#s=k+1 (u - w2,as)(w2,as - w2,ar)XnYk,n

If we substitute (9) and do some reordering of summation, we obtain

wo — A, Apn, A, w1 — D,
TQ(U,) Z | 2 k, k 1 +k> _

AniDpyk XnYk,n
k 2 n 1 n+k 1
- v (z + 3 -3 )%
Api1;Dpyp r=1W2,a, 47 — W2a, r=k+1W2,a,11 — W2a, r=1W2q,,; — Wid,
x ‘ Wo +u— AnJrla Ak,na Aka W1 — Dn+k>
(U - w2,an+1)XnYk,n
‘ wo +u— Apy, Ak+1,n+17 A, Wy — Dn+k>
Ap+1;Dnyk U= W54 )\ W2,a544 W2,a,41 ntkn
‘ Wo + U — A1, A, A, Wi+ Wag,,  — Dn+k+1>

-2

An+1§Dn+k+1 (u - w2,an+1)(w27an+1 - wl,dn+k+1>XnYk,n
+(n_k:) Z |W2+u—An)Ak,nflaAk7W1 +w2,an _Dn+k>_
An;Dypyk (u —wa,0,) XnYin

Wy +u— Ap, Appin-1, Agr1, W1 — Digr)

—(n—k)(n—k—-1
( ) )Angﬁ-k (U - w2,an)(w2,an - w?,ak+1)XnYk,n
—n—k) T | W2 + 1= Angr, A, Ak, Wi — Dis)

Ant1;: Dy (u - w27an+l>(w27an+1 - w2,an>(w2,an+1 - wl,dn)Xn—IY}c,n
(wQ,ak — wl,dk) | Wo + U — An+17 Ak,m Aku W1 — Dn+k>

Ant1:Dnyi (u - w2,an+1)(w2,an+1 - w2,ak)(w2,an+1 - wl,dk)XnYk,n
(w2,ak - wl,dn+k) | Wo + U — An+17 Ak,rm Ak7 W1 — Dn+k>

S _

Ani1:Dnyi (u - w27an+1>(w27an+1 - w2,ak>(w2,an+1 - den.t,_k)Xn}/}ﬂ,n
(w27ak+1 - wl,dk+1) | Wy +u— An—l—la Ak‘ﬂ’ba Ak‘7 Wi — Dn+k>

(k) % -

An+13Dnt g (u - w27an+1)(w27an+1 - w2,ak+1)(w2,an+1 - wl,dkﬂ)XnYk,n
Wy +u— Ap, Aprin—1, Ak, W1 — Diyi)

~(n=B)n—k-1) ¥ -

Anan+k (u - w27an)<w27an - w27ak+1)XTLYk?,n

+

+k

+
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_ Z }W2+U_An+1714k,n7 Ak:;Wl +w2’an+1 _D7’L+k+1>
Ant1:Dn k1 <u o wQ’“nH)(w?’anH - wlvdn+k+l>XnYk,n
+(7’L _ k) Z | W3 +u— An; Ak,nfla Ak, Wi + U&}an — Dn+k>

An;Dpyi (’LL - w2,an)XnYk,n

If we put this expression to (10) we obtain

1
T W)= Y —
o(u) [wo, W) 0§;§n2kk5! (n— )|

o [ ( | wWo +u — Apyo, Ak 1, A, Wi — Dyggrr) _
Ant2;Dny k41 (U - w27an+2)(w27an+2 - w2,an+1)(w27an+2 - wl,dn+1>XnYk7n+1
B (wQ,akH - wl,dkﬂ) | Wy + U — An+27 Ak,n—i-h Ak7 Wi — Dn+k+1> ) +
(u - w27an+2)(w27an+2 - w27ak+1)(w27an+2 - wl,dk+1)Xn+1Yk,n+1
S ( (Wo,ap0, — Wrdy,y) | W2+ 1w — Ango, Apringt, Akg1, W1 — Dryig2)
(u - w2,an+2>(w2,an+2 - w27ak+1)<w270«n+2 - wl,dk+1)Xn+1Yk+1,n+1
41 W01 — Widyypre) | W2+ U — Apgo, Apit g1y Ar1, W1 — Diggga) _
2 (u - w2,an+2)(w2,an+2 - w2,ak+1)(w27an+2 - wl,dn+k+2)Xn+1Yk+1,n+1
I wetu— Ao, Ayt Ak, Wi — Do) n
(U - w2,an+2)<w2,an+2 - w2,ak+1)Xn+2Yk,n+2
by <’ Wo +u — Apy1, Agny Ak, W1+ Woa,, — Dn+k+1> _
Aps1:Dysin (U — wagp 1 ) Xnt1Yent
‘ Wo +u — An—&-l, Ak,m Ak, W1 + w2,0n+1 — Dn+k+1>>:|
(u - w2,an+1)(w2,an+1 - wl,dn+k+1>XnYk,n

If we use substitution (@41, dk+1) <> (@ni1, dny1) the first member will be cancelled.
We see that last term is zero too after the transformation d,,1 — dpi0 — ... —
dntk+1 — Aoy
The second term have two constituents. The substitution di,1 <> d,,4 5o transforms
first on second

1 1
> - X
Any2:Dpgg2 (w2,an+2 - wl,dn+k+2)Xn+1Yk,n+1 Xn+2Yk,n+2
% | Wo + U — An+27 Ak+1,n+17 Ak—f—h Wi — Dn+k+2>

(u - w2,an+2)(w2,an+2 - w27ak+l)

so after the substitution d,, ;o — d,13 — ... — dpikro — d,po this will be cancelled.

3. Concluding remarks and open problems

In the present paper we have proposed the new formulas for the eigenvalues of the
Gaudin model obtained by using the Bethe ansatz method in so(5) case.

In the nineties last century Feigin, Frenkel, Reshetikhin [15] proved the formulas
for eigenvectors for general semisimple Lie algebra g. The eigenvectors should be
constructed by applying to the vacuum |0), the operators Fj(w), j=L1,...,]l, connected
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with simple roots. If now Fj(w;)) and Fy(wsy)) not commute we are not able to find
Bethe equations for Fj(wy))Fa(w2))|0). So it is needed to add some extra terms. The
right formula can be extracted from solutions of the KZ equation [16](and in fact can
be obtained as quai-classical asymptotic of such solutions [17].)

N 1)
i in o i _ 51 5 la 0 .
|w17w2’ ’wm> Z H(wj—wA]')(wd_w-j)...(w.j —z)| >
_ — 2 5 25 13 Ta J

Here the summation is taken over all ordered partitions I' U I? U ... U IV of the set
{1,...,m}, where I/ = {i], i}, ... i, }- The proof is based on Wakimoto modules over
affine algebras at the critical level [15].

The first interesting problem is to find explicit connection. We were able to rewrite
one to other only in some simple examples as:

)y

= (F F
| Wa 1, Wi1) < 1 (wr) Fy(wq) + —

and

So it is look as an interesting question to find general connection.

In our paper [1] we study the case of algebra sl(3) explicitly and here the so(5) case.
We believe that similar formulas are possible for general semisimple Lie algebra. Some
calculation for other algebras in progress. So the second open problem is to generalize
our results for other Lie algebras.

All proofs in presented paper are direct calculations. So as the last problem we
formulate is to find some indirect proof which can be useful in general case.
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Appendix A
We will work in basis hy, hy, e, and f,, £k = 1, ..., 4, and use explicit commutation
relations

[hl,el] =0, [h1,62] = €y, [hl,es] = €3, [h1,64] = €y,

[hy.eil] =e;, [hye] =—ey, [hye3] =0, [hy,es] = ey

[y fi] =0, [hy £ = —f,,  [hyf5] = —f5,  [hy, ] = £,

[hy fi] = —fi,  [hy,£] =£, [hy, f5] =0, [hy, £y] = —£,

|:el7e2} = €3, [e17e3} = €4, |:el7e4} :()7

|:e27e3} :Oa [62764} :Oa |:e37e4} :()7
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[fi,6] = —f5,  [fi,f3] = —fy, fi,fa] =0,

[£5,65] =0, (£, 6] =0, [£5.£] =0,

[el,fl} =hy, [el,fﬂ =0, [el,fg] =—f, [el,f4] = —f;
[eg, fl} =0, [eg, fﬂ =h; — hy, [627 fg] =1, [eg, f4} =0

[93, fl} = —€2, [63, fﬂ =€, [937 fg] =hy, [63, f4} =1

[64, fl} = —eg, [64, fﬂ =0, [947 fg] =er, [64, f4} =h; + hy

Appendix B
After a lengthy and troublesome calculation we obtain for action of T'(u))
T(u) | wa, Wy, Wy, Wy) = <T0(U) + Th(u) + To(u) + T3(u) + T4(U)> | W2, W3, Wy, W1)

where
Tl(u) | Wa, W3, Wy, W1> =

1 1 1
= wg+) ——y —— — —>><
zd:< 2(w1a) %:U—wza ZC:U—UM,C d’z;é:dwl,d_wl,d’
X‘W2,W37W4,W1+U—w1,d>

+
U — W4

| Wo — Wo g, W3 + Wa g, Wa, W1 + U — Wy g — W)

+ 2

a; dAd' (U —waq)(u — wyq)(W1,g — Wi ,a)
s | Wo, W3 — W3 p, Wy + W3, W1 + U — W1 g — Wy gr) B
by d£d’ (u— w3,b)(“ - wl,d)(wl,d - wl,d’)
| Wo + w3 p, W3 — W3 p, Wyq, W1 + W)

_Z _

b U — Ws3p
‘W27
2

W3 + Wy, Wy — Wy e, W1 + )
U — Wy,

TQ(U) | W2, W3, Wy, W1> =

2 1 1
TR S . )
za:< (w20) a%;awz,a — Wa zb:wQ,a — w3 zd:wz,a — Wig
" | Wa + U — Wa 4, W3, Wyq, W1) B

U — Wy,
| Wo + u — w4, W3 + Wa g — Wsp, Wy, W)

—g - (11)

(u — wszp)(W3p — Waa)
5 | Wo + U — W g, W3, Wa, Wi + Wa g — W1 q)
a,d (U - w2,a>(w2,a - wl,d)
4y | Wo + u, W — w3, Wa, W1 + W3)
b U — Ws3p

s | W + 4, W3 — w3y — Wy, Wa + Wap, W1)

bAb! (U - w37b’)(w3,b’ - w3,b)

+
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T3(u) | Wa, W3, Wy, W1> -

1 1 1
GRS S NS S N
Zb:< 1{wso) za:ws,b—wz,a b%:’:bwi’),b_w&b’ Zc:w3,b—w4,c
X’W27W3+U—w3,byw4yw1>_

U — W3p
> | Wo + w3y — Wo e, W3 + U — W3 p, Wa, W1)

ab (U - wz,a)(wz,a - wS,b)
5 | W2 — Wo 0, W3 + U + Wae, Wy — Wae, W)
ac (U - wz,a)(wz,a - w4,c)
RS | Wa — Waa, W3 + U+ Wa, Wy — Wy, W1)
a,c (U — U)47C) (w4,c — w27a>
5 | Wo, W3 + u — w3 p, Wy + W3 p — Wae, W1) B
be (U — wye) (Wye — w3p)
| Wo — W 4, W3 + U, Wy, W1 — W1 q)
% (/\2(w2,a) /\2(w1,d)> (u — w2,a)(w2,a — de)
| Wy — W 4, W3 + U, Wy, W1 — W1 q)

+ 3 -

ardza (U — W o) (Weq — Wi a) (Wi g — Wi q)
| Wo — Waq, W3 + U, Wy, W1 + Wa g — W1 g — Wi,q)

+

- +

a;%d/ (U - wz,a)(w2,a - w1,d)(w1,d - wl,d/)
s | Wa, W3 + U, Wy — Wy e, W1 + W)

c U — Wy,c

T4(U) |W2,W3,W4,W1> =
1 2 1
S (A (wy) - — = —) X
zc:< +(ac) zb:wél,c — W3p c%;c’uu,c — Wy zd:wél,c —Wig
y | Wo, W3, Wy + U — Wa,c, W1) B
u — w470
’W27W3 —wgb,W4+u,W1 —'lU1d>

— Ao (w b)) — Ao (w d ) : —+

§< 2(wsp) = da(t01.0) (u — wsp)(wsp — wy,a)
n | Wa, W3 — W3 p, Wy + U, W1 — Wy q) B

b; d£d! (u - ws,b)(w3,b - w1,d/)(w1,d' - w1,d)
| Wa, W3 — W3 p, Wy + U, Wi + W3 — W1 g — Wi a)
b; dd! (U - w3,b)(w3,b - wl,d)(w1,d - w1,d')
RS | Wa, W3 + Wa,e — Wap, Wy + U — Wy W)
b.c (u - w3,b)(w3,b - w4,c)
| Wo + w34, W3 — W3 — Wspy, Wy + U, W1)

(]

_b%’ (U - w3,b’)(w3,b’ - w3,b)
ns | Wa, W3, Wy + U — Wa e, W1 + Wy — Wy q)
c,d

(U - w4,c)(w4,c - wl,d)

13
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TO(U) |W27W37W47W1> - T(U) |W27W37W47W1> -

N R T Syl &

a/;éawZ,a — W3,a! b W24 — W3p d W20 —
« | W2, W3, Wy, W1>

U — W24
R S ek
J— u J— _— J—
b ! a W3y — W2a p£W3p — W3y c W3p — Wy
% ’ Wa, W3, Wy, W1> _
U — Wszp
I 3 B E
— u — —_— — p—
c * b Wae — W3y tcWhe — Wy d Wae — W14
« | W2, W3, Wy, W1> i
u — ’l,Ug,C
Sty )
—_— u —_— _—
d ? a Wid — W24 c Wi, d — W4  g£qWil,d — Wid

« ’ Wo, W3, Wy, W1>

U—Wid
FE () = Aglay ) 2 e e W Z004)
ad — Wag)(U — Wi g
| Wo — W q, W3 + Wa g, Wy, Wi — W1 q)
a; d£d! (u— w2,a)(u - wl,d’)(wl,d’ - wl,d)
3 (al) — Aafan )) 22 T W) _
bod — wsp) (U — Wy g
B | Wa, W3 — W3 p, Wy + W3 p, W1 — W1 q)
by d£d! (u— w3,b)(u - wl,d’)(wl,d’ — w1 q)
| Wo + w3, — Wa g, W3 + Waq — W3 p, Wy, W1)
+ bl b b b
Z (U —waq)(u —wsp)
Z | Wo — Wa g, W3 + Wa g + Wy, Wy — Wae, W)
(U — waq)(u — W)
Z | Wo, W3 + Wy — W3 p, Wy + W3 — Wy, W1)
(u —wzp)(u— wy,)
3 | Wo + w3, W3 — Wsp — Wy, Wy + W3y, W1)

+

+

+

+

bAb! (u —w3p)(u — w3p)
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