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1. Introduction

In 1973 M. Gaudin [2–4], proposed a new class of integrable quantum models. This

sl(2) Gaudin model was studied by many authors [2–11] from different point of view.

Let us remember you well know Bethe Ansatz method for finding the eigenvectors and

the eigenvalues [3, 12–14]in this case.

Let the generators e, f and h form a standard basis in sl(2) which fulfil the

commutations relations

[
h, e

]
= 2e ,

[
h, f

]
= −2f ,

[
e, f

]
= h. (1)

For second order Casimir operator we obtain

C = ef + fe + 1
2
h2 .

We will define

F (u) =
N∑

i=1

f (i)

u− zi

, E(u) =
N∑

i=1

e(i)

u− zi

, H(u) =
N∑

i=1

h(i)

u− zi

. (2)

The central point in Bethe ansatz method for Gaudin model play an operator

T (u) = 1
2

(
E(u)F (u) + F (u)E(u) + 1

2
H2(u)

)
. (3)

It is possible to rewrite the operator (3) in the form

T (u) =
N∑

i=1

Hi

u− zi

+ 1
2

N∑
i=1

C(i)

(u− zi)2
,

where Hi are given by

Hi =
∑

j 6=i

1
2
h(i)h(j) + e(i)f (j) + e(j)f (i)

zi − zj

. (4)

and C(i) is the Casimir operator acting on the ith factor of V(λ).

It is easy calculation to show that from the commutation relations (1) and the

definitions (2) we obtain for u 6= w

[
E(u), E(w)

]
=

[
F (u), F (w)

]
=

[
H(u), H(w)

]
= 0 ,

[
E(u), F (w)

]
= −H(u)−H(w)

u− w
,

[
H(u), E(w)

]
= −2

E(u)− E(w)

u− w
,

[
H(u), F (w)

]
= 2

F (u)− F (w)

u− w
.

For construction of Gaudin model we will use highest representations

e(i)vλ(i) = 0 , h(i)vλ(i) = λ(i)vλ(i) .
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It is easy to see that the vector | 0〉 = vλ(1) ⊗ vλ(2) ⊗ . . . ⊗ vλ(N) is eigenvectors of T (u)

and the relations

E(u) | 0〉 = 0 , H(u) | 0〉 = λ(u) | 0〉 =
N∑

i=1

λ(i)

u− zi

| 0〉 , T (u) | 0〉 = τ(u) | 0〉 ,

where τ(u) = 1
4
λ2(u)− 1

2
λ′(u), are hold.

We will fix notation

F (w) = F (w1)F (w2) . . . F (wn) ,

F (w − wr) = F (w1) . . . F (wr−1)F (wr+1) . . . F (wn) ,

F (w + u) = F (u)F (w1) . . . F (wn)

and we can try to obtain in correspondence with Bethe Ansatz method further

eigenvalues as |w〉 = F (w) | 0〉.
Direct calculation gives

[
T (u), F (w)

]
= −

n∑
r=1

F (w)

u− wr

(
H(u)− ∑

s6=r

1

u− ws

)
+

+
n∑

r=1

F (w + u− wr)

u− wr

(
H(wr)−

∑
s6=r

2

wr − ws

)
.

Applying this equation to the hight vector | 0〉 we obtain

T (u) |w〉 = T0(u) |w〉+ T1(u) |w〉 , (5)

where

T0(u) |w〉 = τ(u) |w〉 −
n∑

r=1

(
λ(u)− ∑

s 6=r

1

u− ws

) |w〉
u− wr

,

T1(u) |w〉 =
n∑

r=1

(
λ(wr)−

∑
s 6=r

2

wr − ws

) |w + u− wr〉
u− wr

.

It is evident that |w〉 is eigenvector T (u) for all u if

T1(u) |w〉 = 0 and T0(u) |w〉 = τ(u;w) |w〉 .

The first equation is equivalent to the Bethe equations

λ(wr)−
∑
s 6=r

2

wr − ws

= 0 for all r = 1, . . . , n (6)

and the second condition gives corresponding eigenvalue

τ(u;w) = τ(u)−
n∑

r=1

λ(u)

u− wr

+
∑
r 6=s

2

(u− wr)(wr − ws)
. (7)
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2. The Gaudin model for so(5).

Now we will similarly as in the case sl(3) [1] use the Bethe ansatz method for so(5) model.

This algebra is 10-dimensional and we will use as a basis h1, h2, ek a fk, k = 1, . . . , 4.

The second order Casimir operator is given by formula

C2 =
4∑

k=1

(
ekfk + fkek

)
+ h2

1 + h2
2.

We define by X(u) =
N∑

i=1

x(i)

u− zi

for any element of basis and we have

[
X(u), Y (w)

]
= −Z(u)− Z(w)

u− w
iff

[
x,y

]
= z .

For operator T (u) we obtain

T (u) = 1
2

( 4∑
k=1

(
Ek(u)Fk(u) + Fk(u)Ek(u)

)
+ H2

1 (u) + H2
2 (u)

)
=

=
4∑

k=1

Fk(u)Ek(u) + 1
2

(
H2

1 (u) + H2
2 (u)− 3H ′

1(u)−H ′
2(u)

)
.

For any k = 1, . . . , 4 we will define

Fk(wk) = F (wk,1)F (wk,2) . . . F (wk,nk
)

and because Fk(wk) not commute more we will fix ordering F2(w2), F3(w3), F4(w4),

F1(w1). We know from paper [15] that generally it is not possible to find the eigenvalues

in the form

|w2,w3,w4,w1〉 = F2(w2)F3(w3)F4(w4)F1(w1) | 0〉
but anyway we finally obtain explicit form of action T (u) on such vectors. (see Appendix

B for explicit formulas). In this representation we start with

Ek(u) | 0〉 = 0 , Hi(u) | 0〉 = λi(u) | 0〉 , T (u) | 0〉 = τ(u) | 0〉 ,
where τ(u) = 1

2

(
λ2

1(u) + λ2
2(u)− 3λ′1(u)− λ′2(u)

)
.

For the calculation will be useful next lemmas.

Lemma 1. If we denote H±(u) = H1(u)±H2(u), we obtain

[
T (u), F1(w)

]
=

F1(u)H2(w)− F1(w)H2(u)

u− w
+

F3(w)E2(u)− F3(u)E2(w)

u− w
+

+
F4(w)E3(u)− F4(u)E3(w)

u− w[
T (u), F2(w)

]
=

F2(u)H−(w)− F2(w)H−(u)

u− w
+

F3(u)E1(w)− F3(w)E1(u)

u− w[
T (u), F3(w)

]
=

F2(u)F1(w)− F2(w)F1(u)

u− w
+

F3(u)H1(w)− F3(w)H1(u)

u− w
+

+
F4(u)E1(w)− F4(w)E1(u)

u− w[
T (u), F4(w)

]
=

F3(u)F1(w)− F3(w)F1(u)

u− w
+

F4(u)H+(w)− F4(w)H+(u)

u− w
.
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Proof: The simple direct calculation.

We will fix again notation

Fk(wk) = Fk(wk,1)Fk(wk,2) . . . Fk(wk,n) ,

Fk(wk − wk,r) = F (wk,1) . . . Fk(wk,r−1)Fk(wk,r+1) . . . Fk(wk,n) ,

Fk(wk + u) = Fk(u)Fk(wk,1) . . . Fk(wk,n) .

Lemma 2. For commutators T (u) with F1(w1), F2(w2), F3(w3), F4(w4) we obtain

[
T (u), F1(w1)

]
=

∑
r

F1(w1 + u− wr)

u− wr

(
H2(wr)−

∑
br 6=r

1

wr − wbr
)
−

−∑
r

F1(w1)

u− wr

(
H2(u)− ∑

br 6=r

1

wr − wbr
)
+

+
∑
r

F3(wr)
F1(w1 − wr)

u− wr

E2(u)−∑
r

F3(u)
F1(w1 − wr)

u− wr

E2(wr)+

+
∑
r

F4(wr)
F1(w1 − wr)

u− wr

E3(u)−∑
r

F4(u)
F1(w1 − wr)

u− wr

E3(wr)−

−∑
r 6=brF4(u)

F1(w1 − wr − wbr)
(u− wr)(wr − wbr) E2(wr)+

+
∑
r 6=brF4(wr)

F1(w1 − wr − wbr)
(u− wr)(wr − wbr) E2(u)

[
T (u), F2(w2)

]
=

∑
s

F2(w2 + u− ws)

u− ws

(
H−(ws)−

∑
bs 6=s

2

ws − wbs
)
−

−∑
s

F2(w2)

u− ws

(
H−(u)− ∑

bs6=s

2

ws − wbs
)
+

+
∑
s

F2(w2 − ws)

u− ws

(
F3(u)E1(ws)− F3(ws)E1(u)

)

[
T (u), F3(w3

]
=

∑
t

F2(u)
F3(w3 − wt)

u− wt

F1(wt)−
∑
t

F2(wt)
F3(w3 − wt)

u− wt

F1(u)+

+
∑
t

F3(w3 + u− wt)

u− wt

(
H1(wt)−

∑
bt6=t

1

wt − wbt
)
−

−∑
t

F3(w3)

u− wt

(
H1(u)−∑

bt6=t

1

wt − wbt
)
+

+
∑
t

F3(w3 − wt)

u− wt

(
F4(u)E1(wt)− F4(wt)E1(u)

)
−

−∑
t 6=btF2(u)

F3(w3 − wt − wbt)
(u− wbt)(wbt − wt)

F4(wt)−

−∑
t 6=btF2(wt)

F3(w3 − wt − wbt)
(u− wbt)(wbt − wt)

F4(u)+

+
∑
t 6=btF2(wt)

F3(w3 − wt − wbt)
(u− wt)(u− wbt) F4(wbt)
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[
T (u), F4(w4)

]
=

∑
r

F3(u)
F4(w4 − wr)

u− wr

F1(wr)−
∑
r

F3(wr)
F4(w4 − wr)

u− wr

F1(u)+

+
∑
r

F4(w4 + u− wr)

u− wr

(
H+(wr)−

∑
br 6=r

2

wr − wbr
)
−

−∑
r

F4(w4)

u− wr

(
H+(u)− ∑

br 6=r

2

wr − wbr
)

Now we can calculate the action of T (u) by this way

T (u)F2(w2)F3(w3)F4(w4)F1(w1) = F2(w2)F3(w3)F4(w4)F1(w1)T (u)+

+
[
T (u), F2(w2)

]
F3(w3)F4(w4)F1(w1)+

+ F2(w2)
[
T (u), F3(w3)

]
F4(w4)F1(w1)+

+ F2(w2)F3(w3)[T (u), F4(w4)
]
F1(w1)+

+ F2(w2)F3(w3)F4(w4)
[
T (u), F1(w1)

]
.

But we see that from lemma 2 that some generators are not still in good position. In the

next lemma we summarize formulas for F3(w3) case, which will be useful for reordering.

Lemma 3.

F1(u)F3(w3) = F3(w3)F1(u) +
∑
t

F3(w3 − wt)

u− wt

(
F4(u)− F4(wt)

)

F3(w3)F2(u) = F2(u)F3(w3)

F3(u)F3(w3) = F3(w3 + u)

F4(u)F3(w3) = F3(w3)F4(u)

H1(u)F3(w3) = F3(w3)
(
H1(u)−∑

t

1

u− wt

)
+

∑
t

F3(w3 + u− wt)

u− wt

H2(u)F3(w3) = F3(w3)H2(u)

E1(u)F3(w3) = F3(w3)E1(u) +
∑
t

(
F2(u)− F2(wt)

)F3(w3 − wt)

u− wt

E2(u)F3(w3) = F3(w3)E2(u)−∑
t

F3(w3 − wt)

u− wt

(
F1(u)− F1(wt)

)
−

−∑
t6=bt

(
F4(u)− F4(wt)

)F3(w3 − wt − wbt)
(u− wt)(wt − wbt)

E3(u)F3(w3) = F3(w3)E3(u)−∑
t

F3(w3 − wt)

u− wt

(
H1(u)−H1(wt)

)
+

+
∑
t 6=bt

F3(w3 − wt)

(u− wbt)(wbt − wt)
−∑

t 6=bt
F3(w3 + u− wt − wbt)

(u− wt)(wt − wbt)
E4(u)F3(w3) = F3(w3)E4(u)−∑

t

F3(w3 − wt)

u− wt

(
E1(u)− E1(wt)

)
−

−∑
t6=bt

(
F2(u)− F2(wt)

)F3(w3 − wt − wbt)
(u− wt)(wt − wbt)

The similar formulas are valid for F1(w1), F2(w2), F4(w4) but we will not write its

explicitly here.

After this preparation we are able to calculate the action of T (u)

T (u) |w2,w3,w4,w1〉 =
(
T0(u) + T1(u) + T2(u) + T3(u) + T4(u)

)
|w2,w3,w4,w1〉 ,
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where the final results for T0(u), T1(u), T2(u), T3(u) and T4(u) are given in Appendix

B.

Now we define

P |w2,w3,w4,w1〉 =

(∑
a,d

|w2 − w2,a,w3 + w2,a,w4,w1 − w1,d〉
w2,a − w1,d

+

+
∑
b,d

|w2,w3 − w3,b,w4 + w3,b,w1 − w1,d〉
w3,b − w1,d

)

Similarly as in [1] we define

|w2,w1) =
∞∑

n=0

1

n!
Pn |w2, 0, 0,w1〉 .

This is our ansatz for eigenvectors.

Theorem. If the Bethe Ansatz conditions: for any d

λ2(w1,d) =
∑
a

1

w2,a − w1,d

+
∑

d′ 6=d

1

w1,d − w1,d′
(8)

and for any a

λ−(w2,a) =
∑

a′ 6=a

2

w2,a − w2,a′
−∑

d

1

w2,a − w1,d

(9)

are fulfilled then the vector

|w2,w1) =
∞∑

n=0

Pn

n!
|w2, 0, 0,w1〉

is the eigenvector of the so(5) Gaudin model and

T (u) |w2,w1) = τ(u;w2,w1) |w2,w1) ,

where

τ(u;w2,w1) = τ(u)−∑
a

(
λ−(u)− ∑

a′ 6=a

2

w2,a − w2,a′
+

∑
d

1

w2,a − w1,d

) 1

u− w2,a

−

−∑
d

(
λ2(u) +

∑
a

1

w1,d − w2,a

− ∑
d′ 6=d

1

w1,d − w1,d′

) 1

u− w1,d

τ(u) = 1
2

(
λ2

1(u) + λ2
2(u)− 3λ′1(u)− λ′2(u)

)
.

Proof: In order to be |w2,w1) the eigenvector of the T (u) with eigenvalue τ(u;w2,w1),

must be

T1(u) |w2,w1) = T2(u) |w2,w1) = T3(u) |w2,w1) = T4(u) |w2,w1) = 0

T0(u) |w2,w1) = τ(u;w2,w1) |w2,w1) .

In our paper we show T2(u) |w2,w1) = 0 in the next Lemma 4 in the details. Because

the proves of the relations T2(u) |w2,w1) = T3(u) |w2,w1) = T4(u) |w2,w1) = 0 and

T0(u) |w2,w1) = τ(u;w2,w1) |w2,w1) is similar we will skip it.
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Lemma 4. If it is valid (8) and (9) then T2(u) |w2,w1) = 0.

Proof: From (11) in Appendix B we have

T2(u) |w2,w3,w4,w1〉 =

=
∑
a

(
λ−(w2,a)−

∑
a′ 6=a

2

w2,a − w2,a′
−∑

b

1

w2,a − w3,b

+
∑
d

1

w2,a − w1,d

)
×

×|w2 + u− w2,a,w3,w4,w1〉
u− w2,a

−

−∑
a,b

|w2 + u− w2,a,w3 + w2,a − w3,b,w4,w1〉
(u− w3,b)(w3,b − w2,a)

−

−∑
a,d

|w2 + u− w2,a,w3,w4,w1 + w2,a − w1,d〉
(u− w2,a)(w2,a − w1,d)

+

+
∑
b

|w2 + u,w3 − w3,b,w4,w1 + w3,b〉
u− w3,b

−

−∑
b6=b′

|w2 + u,w3 − w3,b − w3,b′ ,w4 + w3,b,w1〉
(u− w3,b′)(w3,b′ − w3,b)

For the proof we define

P1 |w2,w3,w4,w1〉 =
∑
a,d

|w2 − w2,a,w3 + w2,a,w4,w1 − w1,d〉
w2,a − w1,d

P2 |w2,w3,w4,w1〉 =
∑
b,d

|w2,w3 − w3,b,w4 + w3,b,w1 − w1,d〉
w3,b − w1,d

P = P1 + P2 .

By induction it is possible to prove that for any n the relation

Pn |w2, 0, 0,w1〉 =
∑

0≤k≤n/2

1

2k

(
n

k

)
Pk

2P
n−k
1 |w2, 0, 0,w1〉

hold and we can write

|w2,w1) =
∞∑

n=0

n∑
k=0

1

2kk! n!
Pk

2P
n
1 |w2, 0, 0,w1〉 . (10)

Further we point out that

Pk
2P

n
1 |w2, 0, 0,w1〉 =

n!

(n− k)!

∑
An;Dn+k

|w2 − An, Ak,n, Ak,w1 −Dn+k〉
XnYk,n

,

where the summation is with respect all possible An or Dn+k ordered subsets of w2 or

w1, Ak and Ak,n are the sets consist of the first k and the last n− k elements in An and

Xn =
n∏

r=1

(w2,ar − w1,dr) , Yk,n =
k∏

r=1

(w2,ar − w1,dn+r) .
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Now we explicitly calculate in this notation

T2(u)
∑

An;Dn+k

|w2 − An, Ak,n, Ak,w1 −Dn+k〉
XnYk,n

=

=
∑

An+1;Dn+k

(
λ−(w2,an+1)−

∑
a/∈An+1

2

w2,an+1 − w2,a

−
n∑

r=k+1

1

w2,an+1 − w2,ar

+

+
∑

d/∈Dn+k

1

w2,an+1 − w1,d

) |w2 + u− An+1, Ak,n, Ak,w1 −Dn+k〉
(u− w2,an+1)XnYk,n

−

− ∑
An+1;Dn+k

n∑
r=k+1

|w2 + u− An+1, Ak,n+1 − w2,ar , Ak,w1 −Dn+k〉
(u− w2,ar)(w2,ar − w2,an+1)XnYk,n

−

− ∑
An+1;Dn+k+1

∣∣w2 + u− An+1, Ak,n, Ak,w1 + w2,an+1 −Dn+k+1

〉

(u− w2,an+1)(w2,an+1 − w1,dn+k+1
)XnYk,n

+

+
∑

An;Dn+k

n∑
r=k+1

|w2 + u− An, Ak,n − w2,ar , Ak,w1 + w2,ar −Dn+k〉
(u− w2,ar)XnYk,n

−

− ∑
An;Dn+k

n∑
r 6=s=k+1

|w2 + u− An, Ak,n − w2,ar − w2,as , Ak + w2,ar ,w1 −Dn+k〉
(u− w2,as)(w2,as − w2,ar)XnYk,n

If we substitute (9) and do some reordering of summation, we obtain

T2(u)
∑

An;Dn+k

|w2 − An, Ak,n, Ak,w1 −Dn+k〉
XnYk,n

=

=
∑

An+1;Dn+k

( k∑
r=1

2

w2,an+1 − w2,ar

+
n∑

r=k+1

1

w2,an+1 − w2,ar

−
n+k∑
r=1

1

w2,an+1 − w1,dr

)
×

×|w2 + u− An+1, Ak,n, Ak,w1 −Dn+k〉
(u− w2,an+1)XnYk,n

−

−(n− k)
∑

An+1;Dn+k

|w2 + u− An+1, Ak+1,n+1, Ak,w1 −Dn+k〉
(u− w2,ak+1

)(w2,ak+1
− w2,an+1)XnYk,n

−

− ∑
An+1;Dn+k+1

∣∣w2 + u− An+1, Ak,n, Ak,w1 + w2,an+1 −Dn+k+1

〉

(u− w2,an+1)(w2,an+1 − w1,dn+k+1
)XnYk,n

+

+(n− k)
∑

An;Dn+k

|w2 + u− An, Ak,n−1, Ak,w1 + w2,an −Dn+k〉
(u− w2,an)XnYk,n

−

−(n− k)(n− k − 1)
∑

An;Dn+k

|w2 + u− An, Ak+1,n−1, Ak+1,w1 −Dn+k〉
(u− w2,an)(w2,an − w2,ak+1

)XnYk,n

=

= (n− k)
∑

An+1;Dn+k

|w2 + u− An+1, Ak,n, Ak,w1 −Dn+k〉
(u− w2,an+1)(w2,an+1 − w2,an)(w2,an+1 − w1,dn)Xn−1Yk,n

+

+k
∑

An+1;Dn+k

(w2,ak
− w1,dk

) |w2 + u− An+1, Ak,n, Ak,w1 −Dn+k〉
(u− w2,an+1)(w2,an+1 − w2,ak

)(w2,an+1 − w1,dk
)XnYk,n

+

+k
∑

An+1;Dn+k

(w2,ak
− w1,dn+k

) |w2 + u− An+1, Ak,n, Ak,w1 −Dn+k〉
(u− w2,an+1)(w2,an+1 − w2,ak

)(w2,an+1 − w1,dn+k
)XnYk,n

−

−(n− k)
∑

An+1;Dn+k

(w2,ak+1
− w1,dk+1

) |w2 + u− An+1, Ak,n, Ak,w1 −Dn+k〉
(u− w2,an+1)(w2,an+1 − w2,ak+1

)(w2,an+1 − w1,dk+1
)XnYk,n

−

−(n− k)(n− k − 1)
∑

An;Dn+k

|w2 + u− An, Ak+1,n−1, Ak+1,w1 −Dn+k〉
(u− w2,an)(w2,an − w2,ak+1

)XnYk,n

−
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− ∑
An+1;Dn+k+1

∣∣w2 + u− An+1, Ak,n, Ak,w1 + w2,an+1 −Dn+k+1

〉

(u− w2,an+1)(w2,an+1 − w1,dn+k+1
)XnYk,n

+

+(n− k)
∑

An;Dn+k

|w2 + u− An, Ak,n−1, Ak,w1 + w2,an −Dn+k〉
(u− w2,an)XnYk,n

.

If we put this expression to (10) we obtain

T2(u) |w2,w1) =
∑

0≤k≤n

1

2kk! (n− k)!
×

×
[ ∑

An+2;Dn+k+1

( |w2 + u− An+2, Ak,n+1, Ak,w1 −Dn+k+1〉
(u− w2,an+2)(w2,an+2 − w2,an+1)(w2,an+2 − w1,dn+1)XnYk,n+1

−

−(w2,ak+1
− w1,dk+1

) |w2 + u− An+2, Ak,n+1, Ak,w1 −Dn+k+1〉
(u− w2,an+2)(w2,an+2 − w2,ak+1

)(w2,an+2 − w1,dk+1
)Xn+1Yk,n+1

)
+

+
∑

An+2;Dn+k+2

(
1
2

(w2,ak+1
− w1,dk+1

) |w2 + u− An+2, Ak+1,n+1, Ak+1,w1 −Dn+k+2〉
(u− w2,an+2)(w2,an+2 − w2,ak+1

)(w2,an+2 − w1,dk+1
)Xn+1Yk+1,n+1

+

+1
2

(w2,ak+1
− w1,dn+k+2

) |w2 + u− An+2, Ak+1,n+1, Ak+1,w1 −Dn+k+2〉
(u− w2,an+2)(w2,an+2 − w2,ak+1

)(w2,an+2 − w1,dn+k+2
)Xn+1Yk+1,n+1

−

−|w2 + u− An+2, Ak+1,n+1, Ak+1,w1 −Dn+k+2〉
(u− w2,an+2)(w2,an+2 − w2,ak+1

)Xn+2Yk,n+2

)
+

+
∑

An+1;Dn+k+1

(∣∣w2 + u− An+1, Ak,n, Ak,w1 + w2,an+1 −Dn+k+1

〉

(u− w2,an+1)Xn+1Yk,n+1

−

−
∣∣w2 + u− An+1, Ak,n, Ak,w1 + w2,an+1 −Dn+k+1

〉

(u− w2,an+1)(w2,an+1 − w1,dn+k+1
)XnYk,n

)]

If we use substitution (ak+1, dk+1) ↔ (an+1, dn+1) the first member will be cancelled.

We see that last term is zero too after the transformation dn+1 → dn+2 → . . . →
dn+k+1 → dn+1.

The second term have two constituents. The substitution dk+1 ↔ dn+k+2 transforms

first on second

∑
An+2;Dn+k+2

( 1

(w2,an+2 − w1,dn+k+2
)Xn+1Yk,n+1

− 1

Xn+2Yk,n+2

)
×

×|w2 + u− An+2, Ak+1,n+1, Ak+1,w1 −Dn+k+2〉
(u− w2,an+2)(w2,an+2 − w2,ak+1

)

so after the substitution dn+2 → dn+3 → . . . → dn+k+2 → dn+2 this will be cancelled.

3. Concluding remarks and open problems

In the present paper we have proposed the new formulas for the eigenvalues of the

Gaudin model obtained by using the Bethe ansatz method in so(5) case.

In the nineties last century Feigin, Frenkel, Reshetikhin [15] proved the formulas

for eigenvectors for general semisimple Lie algebra g. The eigenvectors should be

constructed by applying to the vacuum |0〉, the operators Fj(w), j=1,. . . ,l, connected
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with simple roots. If now F1(w1)) and F2(w2)) not commute we are not able to find

Bethe equations for F1(w1))F2(w2))|0〉. So it is needed to add some extra terms. The

right formula can be extracted from solutions of the KZ equation [16](and in fact can

be obtained as quai-classical asymptotic of such solutions [17].)

|wi1
1 , wi2

2 , . . . , wim
m 〉 =

∑

p={I1,...,IN}

N∏
j=1

f
(j)

ij1
f

(j)

ij2
. . . f

(j)

ija

(wij1
− wij2

)(wij2
− wij3

) . . . (wija
− zj)

|0〉.

Here the summation is taken over all ordered partitions I1 ∪ I2 ∪ . . . ∪ IN of the set

{1, . . . , m}, where Ij = {ij1, ij2, . . . , ijaj
}. The proof is based on Wakimoto modules over

affine algebras at the critical level [15].

The first interesting problem is to find explicit connection. We were able to rewrite

one to other only in some simple examples as:

|w2,1,w1,1〉 =
(
F1(w1)F2(w2) +

F3(w1)

w1 − w2

)
| 0〉

and

|w2,1,w2,2,w1,1,w1,2〉 = spoč́ıtam!!!!!!!

So it is look as an interesting question to find general connection.

In our paper [1] we study the case of algebra sl(3) explicitly and here the so(5) case.

We believe that similar formulas are possible for general semisimple Lie algebra. Some

calculation for other algebras in progress. So the second open problem is to generalize

our results for other Lie algebras.

All proofs in presented paper are direct calculations. So as the last problem we

formulate is to find some indirect proof which can be useful in general case.
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Appendix A

We will work in basis h1, h2, ek and fk, k = 1, . . . , 4, and use explicit commutation

relations
[
h1, e1

]
= 0 ,

[
h1, e2

]
= e2 ,

[
h1, e3

]
= e3 ,

[
h1, e4

]
= e4 ,

[
h2, e1

]
= e1 ,

[
h2, e2

]
= −e2 ,

[
h2, e3

]
= 0 ,

[
h2, e4

]
= e4[

h1, f1
]

= 0 ,
[
h1, f2

]
= −f2 ,

[
h1, f3

]
= −f3 ,

[
h1, f4

]
= −f4 ,

[
h2, f1

]
= −f1 ,

[
h2, f2

]
= f2 ,

[
h2, f3

]
= 0 ,

[
h2, f4

]
= −f4[

e1, e2

]
= e3 ,

[
e1, e3

]
= e4 ,

[
e1, e4

]
= 0 ,

[
e2, e3

]
= 0 ,

[
e2, e4

]
= 0 ,

[
e3, e4

]
= 0 ,
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[
f1, f2

]
= −f3 ,

[
f1, f3

]
= −f4 ,

[
f1, f4

]
= 0 ,

[
f2, f3

]
= 0 ,

[
f2, f4

]
= 0 ,

[
f3, f4

]
= 0 ,

[
e1, f1

]
= h2 ,

[
e1, f2

]
= 0 ,

[
e1, f3

]
= −f2 ,

[
e1, f4

]
= −f3[

e2, f1
]

= 0 ,
[
e2, f2

]
= h1 − h2 ,

[
e2, f3

]
= f1 ,

[
e2, f4

]
= 0

[
e3, f1

]
= −e2 ,

[
e3, f2

]
= e1 ,

[
e3, f3

]
= h1 ,

[
e3, f4

]
= f1[

e4, f1
]

= −e3 ,
[
e4, f2

]
= 0 ,

[
e4, f3

]
= e1 ,

[
e4, f4

]
= h1 + h2

Appendix B

After a lengthy and troublesome calculation we obtain for action of T (u))

T (u) |w2,w3,w4,w1〉 =
(
T0(u) + T1(u) + T2(u) + T3(u) + T4(u)

)
|w2,w3,w4,w1〉 ,

where

T1(u) |w2,w3,w4,w1〉 =

=
∑
d

(
λ2(w1,d) +

∑
a

1

u− w2,a

−∑
c

1

u− w4,c

− ∑
d′ 6=d

1

w1,d − w1,d′

)
×

×|w2,w3,w4,w1 + u− w1,d〉
u− w1,d

+

+
∑

a; d6=d′

|w2 − w2,a,w3 + w2,a,w4,w1 + u− w1,d − w1,d′〉
(u− w2,a)(u− w1,d)(w1,d − w1,d′)

+

+
∑

b; d 6=d′

|w2,w3 − w3,b,w4 + w3,b,w1 + u− w1,d − w1,d′〉
(u− w3,b)(u− w1,d)(w1,d − w1,d′)

−

−∑
b

|w2 + w3,b,w3 − w3,b,w4,w1 + u〉
u− w3,b

−

−∑
c

|w2,w3 + w4,c,w4 − w4,c,w1 + u〉
u− w4,c

T2(u) |w2,w3,w4,w1〉 =

=
∑
a

(
λ−(w2,a)−

∑
a′ 6=a

2

w2,a − w2,a′
−∑

b

1

w2,a − w3,b

+
∑
d

1

w2,a − w1,d

)
×

×|w2 + u− w2,a,w3,w4,w1〉
u− w2,a

−

−∑
a,b

|w2 + u− w2,a,w3 + w2,a − w3,b,w4,w1〉
(u− w3,b)(w3,b − w2,a)

−

−∑
a,d

|w2 + u− w2,a,w3,w4,w1 + w2,a − w1,d〉
(u− w2,a)(w2,a − w1,d)

+

+
∑
b

|w2 + u,w3 − w3,b,w4,w1 + w3,b〉
u− w3,b

−

−∑
b6=b′

|w2 + u,w3 − w3,b − w3,b′ ,w4 + w3,b,w1〉
(u− w3,b′)(w3,b′ − w3,b)

(11)
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T3(u) |w2,w3,w4,w1〉 =

=
∑
b

(
λ1(w3,b)−

∑
a

1

w3,b − w2,a

− ∑
b′ 6=b

1

w3,b − w3,b′
−∑

c

1

w3,b − w4,c

)
×

×|w2,w3 + u− w3,b,w4,w1〉
u− w3,b

−

−∑
a,b

|w2 + w3,b − w2,a,w3 + u− w3,b,w4,w1〉
(u− w2,a)(w2,a − w3,b)

−

−∑
a,c

|w2 − w2,a,w3 + u + w4,c,w4 − w4,c,w1〉
(u− w2,a)(w2,a − w4,c)

−

−∑
a,c

|w2 − w2,a,w3 + u + w2,a,w4 − w4,c,w1〉
(u− w4,c)(w4,c − w2,a)

−

−∑
b,c

|w2,w3 + u− w3,b,w4 + w3,b − w4,c,w1〉
(u− w4,c)(w4,c − w3,b)

−

−∑
a,d

(
λ2(w2,a)− λ2(w1,d)

) |w2 − w2,a,w3 + u,w4,w1 − w1,d〉
(u− w2,a)(w2,a − w1,d)

+

+
∑

a; d 6=d′

|w2 − w2,a,w3 + u,w4,w1 − w1,d〉
(u− w2,a)(w2,a − w1,d′)(w1,d′ − w1,d)

−

− ∑
a; d6=d′

|w2 − w2,a,w3 + u,w4,w1 + w2,a − w1,d − w1,d′〉
(u− w2,a)(w2,a − w1,d)(w1,d − w1,d′)

+

+
∑
c

|w2,w3 + u,w4 − w4,c,w1 + w4,c〉
u− w4,c

T4(u) |w2,w3,w4,w1〉 =

=
∑
c

(
λ+(w4,c)−

∑
b

1

w4,c − w3,b

− ∑
c′ 6=c

2

w4,c − w4,c′
−∑

d

1

w4,c − w1,d

)
×

×|w2,w3,w4 + u− w4,c,w1〉
u− w4,c

−

−∑
b,d

(
λ2(w3,b)− λ2(w1,d)

) |w2,w3 − w3,b,w4 + u,w1 − w1,d〉
(u− w3,b)(w3,b − w1,d)

+

+
∑

b; d6=d′

|w2,w3 − w3,b,w4 + u,w1 − w1,d〉
(u− w3,b)(w3,b − w1,d′)(w1,d′ − w1,d)

−

− ∑
b; d 6=d′

|w2,w3 − w3,b,w4 + u,w1 + w3,b − w1,d − w1,d′〉
(u− w3,b)(w3,b − w1,d)(w1,d − w1,d′)

−

−∑
b,c

|w2,w3 + w4,c − w3,b,w4 + u− w4,cw1〉
(u− w3,b)(w3,b − w4,c)

−

−∑
b6=b′

|w2 + w3,b,w3 − w3,b − w3,b′ ,w4 + u,w1〉
(u− w3,b′)(w3,b′ − w3,b)

+

+
∑
c,d

|w2,w3,w4 + u− w4,c,w1 + w4,c − w1,d〉
(u− w4,c)(w4,c − w1,d)
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T0(u) |w2,w3,w4,w1〉 = τ(u) |w2,w3,w4,w1〉−

−∑
a

(
λ−(u)− ∑

a′ 6=a

2

w2,a − w2,a′
−∑

b

1

w2,a − w3,b

+
∑
d

1

w2,a − w1,d

)
×

×|w2,w3,w4,w1〉
u− w2,a

−

−∑
b

(
λ1(u)−∑

a

1

w3,b − w2,a

− ∑
b′ 6=b

1

w3,b − w3,b′
−∑

c

1

w3,b − w4,c

)
×

×|w2,w3,w4,w1〉
u− w3,b

−

−∑
c

(
λ+(u)−∑

b

1

w4,c − w3,b

− ∑
c′ 6=c

2

w4,c − w4,c′
−∑

d

1

w4,c − w1,d

)
×

×|w2,w3,w4,w1〉
u− w3,c

−

−∑
d

(
λ2(u) +

∑
a

1

w1,d − w2,a

−∑
c

1

w1,d − w4,c

− ∑
d′ 6=d

1

w1,d − w1,d′

)
×

×|w2,w3,w4,w1〉
u− w1,d

+

+
∑
a,d

(
λ2(u)− λ2(w1,d)

) |w2 − w2,a,w3 + w2,a,w4,w1 − w1,d〉
(u− w2,a)(u− w1,d)

−

− ∑
a; d6=d′

|w2 − w2,a,w3 + w2,a,w4,w1 − w1,d〉
(u− w2,a)(u− w1,d′)(w1,d′ − w1,d)

+

+
∑
b,d

(
λ2(u)− λ2(w1,d)

) |w2,w3 − w3,b,w4 + w3,b,w1 − w1,d〉
(u− w3,b)(u− w1,d)

−

− ∑
b; d 6=d′

|w2,w3 − w3,b,w4 + w3,b,w1 − w1,d〉
(u− w3,b)(u− w1,d′)(w1,d′ − w1,d)

+

+
∑
a,b

|w2 + w3,b − w2,a,w3 + w2,a − w3,b,w4,w1〉
(u− w2,a)(u− w3,b)

+

+
∑
a,c

|w2 − w2,a,w3 + w2,a + w4,c,w4 − w4,c,w1〉
(u− w2,a)(u− w4,c)

+

+
∑
b,c

|w2,w3 + w4,c − w3,b,w4 + w3,b − w4,c,w1〉
(u− w3,b)(u− w4,c)

+

+
∑
b6=b′

|w2 + w3,b,w3 − w3,b − w3,b′ ,w4 + w3,b′ ,w1〉
(u− w3,b)(u− w3,b′)
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