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Abstract. In this paper we make some general considerations about the geometry of complex
Riemannian foliations, we introduce a leafwise characteristic connection and we write Einstein
equations with respect to it. Next, using an one-to-one correspondence between leafwise
holomorphic Riemannian metrics and leafwise anti-Kéahlerian metrics, we focus on the Einstein
condition for a leafwise holomorphic Riemannian metric and the associated real leafwise anti-
Kahlerian metric on a manifold endowed with a complex foliation.

1. Introduction

The importance of (holomorphic) complex Riemannian metrics in mathematical physics is
without question (see for instance [3, 16, 20]). We recall that a (holomorphic) complex
Riemannian manifold is a complex manifold M, together with a (holomorphic) complex tensor
field G that is a complex scalar product (i.e., nondegenerate, symmetric, C-bilinear form) on each
holomorphic tangent space of M. The (holomorphic) complex Riemannian geometry possesses
an underlying real geometry consisting of a pseudo-Riemannian metric of neutral signature and
there is a strong relation between holomorphic Riemannian metrics and anti-Kéhlerian metrics
(also known as Kéhler-Norden metrics [10, 18, 19, 21]). In [2], it is proved that an anti-Kéhlerian
metric must be the real part of a holomorphic metric. There is studied the Einstein condition
for anti-K&ahlerian metrics and some generalized Einstein conditions on holomorphic Riemannian
manifolds are investigated in [19]. Also, we notice that in [6, 7, 8], a study of connections and
curvatures on (holomorphic) complex Riemannian manifolds is given, and the anti-Hermitian
metrics which are locally conformal with anti-K&hlerian metrics are investigated in [5].

In this paper we work in the category of smooth manifolds endowed with complex foliations,
and we check that more of the techniques used in the study of (holomorphic) complex
Riemannian geometry can be adjusted to the foliated picture. Thus, we generalize the main
notions from the geometry of complex Riemannian manifods to that of complex Riemannian
foliations. Incidentally the classical case is contained in the foliation formalism by taking the
foliation which consists of the leaf M only.

The structure of the paper is as follows. In the second section, we brief recall the definition
of a complex foliation which is used for instance in [4, 13, 14] , we define the leafwsise complex
Riemannian metrics and we present some examples. Also, following [2, 7, 11] we generalize
some notions from complex Riemannian manifolds to that of complex Riemannian foliations (not
necessarily leafwise holomorphic). More exactly we consider the associated leafwise characteristic
connection, we study its properties and we write Einstein equations with respect to it. In the
last section we study the Einstein condition for leafwise holomorphic Riemannian metrics.



The main methods used here are similar and closely related to those used in the study of
complex Riemannian manifolds [7, 8, 11] and anti-K&hlerian manifolds [3, 2, 19, 21]. For this
reason the most proofs are omitted here.

2. Complex Riemannian foliations
Let M be a smooth (2m + n)-dimensional manifold endoweed with a smooth regular foliation F
of codimension n. Then the dimension of the foliation F is 2m. We denote by T'F the tangent
bundle along the leaves and by T*F its dual.

An almost complex structure along the leaves of F is defined as a smooth real vector bundle
automorphism Jr of T'F satisfying J]2E = —Id . Given such a leafwise almost complex structure,
we obtain the decomposition TcF = TF ®@r C = THOF @ T F, where

TYWF={X —iJeX|X € T(TF)} and TWWF = {X +iJrX | X € T(TF)}.
Moreover, if the Nijenhuis tensor along the leaves
Ny = [JrX, JrY] = Jr[Jr X, Y] — J£[X, JFY] — [X,Y], for X, Y € I'(TF) (2.1)

vanishes, then Jr is called a complex structure on F and (F,Jr) is called a complex foliation
on M. In this case, the complex foliation F can be defined by an open cover {U;}, ¢ € I, of
M and diffeomorphisms ¢; : Q; x O; — U; (where Q; is an open polydisc in C™ and O; is an
open ball in R™) such that, for every pair (i, j) € I x I with U; NU; # ¢, the coordinate change
bij = qﬁj_l o¢i : ¢ H(UiNT;) — qﬁj_l(Ui N Uj) is of the form (2/,2") = ( }j(z,w), ?J(ac)) with
qﬁzlj (z,x) holomorphic in z for every x fixed. A such adapted atlas will be called leafwise complez.

If we set 2% = u® + ju™*e

Jr: TF — TF is given by

0 0 0 0
) = —_— = =1,...
I <0ua) Jumta’ Jr (8um+a> gua * T ™

and its complex extension to T¢F is given by

0 .0 0 .0
Jf(w) —Zaza“’f<aza> =g e b

Remark 2.1. The above notion of complex foliations is also related to laminations. For instance,
a lamination by Riemann surfaces is a topological space locally homeomorphic to a model space
of type D x T, where D is the open unit disc in C and 7T is a topological space. The transition
functions between two such charts is assumed to be of the form D x T'— D x T" and defined
by (z,z) — (f(z,2),g(x)), where f(z,z) is holomorphic in z and continuous in x, and g(z) is a
continuous function of = (see Section 2 in [9]).

, a = 1,...,m, then the complex structure along the leaves

We have the following simple examples of complex foliations.

Example 2.1. Any complex manifold M of dim¢ M = m is a complex foliation of complex
dimension m and codimension 0.

Example 2.2. Let M be an open set of C" x N, where N is an n-dimensional smooth manifold.
For every t € N, the set M* = {2z € C™|(2,t) € M} is an open set of C™ called the section of
M along t. Then, sections of M are leaves of a complex foliation F of dimension m called the
complex canonical foliation of M.



Example 2.3. Let F' be a complex manifold of dim¢ ¥ = m and N an n-dimensional smooth
manifold. Every locally trivial fibration F© < M — N whose cocycle takes values in the
automorphism group Aut(F') of (the complex manifold) F' is a complex foliation, the fibers
being the leaves. If the fibration is trivial, that is M = F x N, we say that F is a complex
product foliation.

For more examples of complex foliations, see for instance [13, 14] and references therein.
Definition 2.1. A leafwise complex Riemannian metric on (M, F, Jr) is a covariant symmetric
2-tensor field G : I'(TeF) x I'(TcF) — C, which is non-degenerate at each point (z, z) of (M, F)
and satisfies o

G(Z1,Z2) = G(Zy1, Zy) for every Zy,Zy € T'(TcF), (2.2)
G(Z1,Z5) =0 for every Z; € (T’ F) and Zy € T(T% F). (2.3)

It is easy to see that the relation (2.3) is equivalent to
G(J]:Zl, J]:Zg) = —G(Zl, ZQ) for every Zy, Zs € F(T(CJT), (2.4)

where, we have denoted again by Jr the C-linear extension of Jr to TgF. Thus, a leafwise
complex Riemannian metric on (M, F, Jr) is completely determined by its values on T'(T+0F).

Definition 2.2. The pair (M, F, Jr,G) consisting by a smooth (2m + n)-dimensional manifold
M endowed with a complex foliation (F,Jr) and with a leafwise complex Riemannian metric
G on (M, F, Jr), will be called a complex Riemannian foliation.

If (z',...,2m,2',...,2") is an adapted local coordinate system (leafwise complex) on
(M, F,Jr), such that T'(TcF) = span{d/9z%,0/92"}, we put

o 0

GAB(Z,.’L') =G <8ZA, 8ZB> s A,B c {1, . ,m,T, e ,m} (25)
Then, for a leafwise complex Riemannian metric G, the defining conditions (2.2) and (2.3) can

be expressed locally in the form
GZE = GAB and GaE = Gab =0. (26)

Definition 2.3. A leafwise complex Riemannian metric G on (M,F,Jr) is called leafwise
holomorphic Riemannian metric if the local components Gyp(z,x) are leafwise holomorphic
functions, that is

aGab
0z°¢
As in the case of complex Riemannian manifolds (see [7]) for a given leafwise complex

Riemannian metric G on (M, F,Jr), we define the leafwise tensor field G on (M, F,Jr) by
setting

=0, forevery ce {1...,m}. (2.7)

G(Zl, ZQ) = (G o J}‘)(Zl, ZQ) = G(J]:Zl, ZQ) for every Zl, Zy € F(T(c]:). (28)
This metric is called leafwise twin metric, and locally, it satisfies
Gap = iGap and G_; = —iG_7. (2.9)

Also, we notice that given a leafwise complex Riemannian metric G on (M, F, Jr) it induces a
leafwise real Riemannian metric g on the underlying real foliated manifold (M, F, Jr) by setting

9(X,Y)=2ReG(X,Y), X,Y € [(TF), (2.10)



where X = (1/2)(X —iJrX),Y = (1/2)(Y —iJ£Y) € T(T*0F), and this real metric satisfies
9(JrX,JrY) = —g(X,Y) for every X,Y € I'(T'F), (2.11)

or, equivalently
9(JrX,Y) = g(X, JrY) for every X, Y € I'(TF). (2.12)

Such a leafwise real metric will be called a leafwise anti-Hermitian metric, or leafwise Norden
metric and (M, F, Jr, g) will be called the realization of (M, F, Jr,G).

Conversely, every leafwise anti-Hermitian metric on the underlying real foliated manifold
(M, F, Jr) induces a leafwise complex Riemannian metric on the (M, F, Jr) by setting

1

G(X,Y) = 5

where X,Y € I(TF) and X = (1/2)(X —iJrX),Y = (1/2)(Y — iJ£Y) € T(T*OF) as above,
and next we extend G to have the conditions (2.2) and (2.3), which is possible because of (2.11).

We recall (see [17]) that a leafwise (or tangential) connection V on (M,F) can be seen
as a linear map V : I'(TcF) x I'(TeF) — T'(IcF) with VixY = fVxY and Vx(gY) =
X(g) - Y + ¢gVxY for every f,g € C°(M) ®gr C and X,Y € I'(TcF). Given any leafwise
connection D on (M,F,Jr), with respect to an adapted coordinate system (z,z) (leafwise
complex), we put

0 0
D o —— =L%5(z,2)—.
afA 028 AB( )azc
We notice that the leafwise covariant differentiation, which is defined for leafwise real vector

fields in I'(T'F), can be extended by complex linearity on leafwise complex vector fields from
[(TcF). Then LS - = LY, where A = A.

Definition 2.4. A leafwise (real) connection D on (M, F, Jr) is called leafwise almost complex
if DJr = 0.

By direct calculus, we easy obtain

Proposition 2.1. A leafwise connection D on (M, F, Jr) is leafwise almost complez if and only
if Ly, = LS5 =0

Let us consider the leafwise (or tangential) Levi-Civita connection of a tangential Riemannian
metric (see Proposition 5.18 in [17]). We have

Definition 2.5. A leafwise anti-Hermitian metric g on (M,F,Jr) is called leafwise anti-
Kadhlerian metric if the leafwise Levi-Civita connection of g is leafwise almost complex.

In the following we present some examples of leafwise anti-(K&hlerian) Hermitian metrics on
manifolds endowed with complex foliations.

Example 2.4. Let (M, J,g) be a locally conformal anti-Kéhler manifold, with a parallel Lee
form and a non light-like Lee vector field (see [5]). Then, its vertical foliation (defined by Lee
and anti-Lee vector fields) carries a complex structure with respect to which the induced leafwise
metric is anti-Hermitian (see Theorem 5 in [5]).

Example 2.5. It is well known [3] that every parallelisable complex manifold G (including
complex Lie groups) can be endowed with anti-K#hlerian metrics. Thus, it is easy to see that
every product complex foliation defined by trivial fibration M = G x N — N where G is a
parallelisable complex manifold and IV is a paracompact smooth manifold, can be endowed with
leafwise anti-Kéhlerian metrics.



Example 2.6. We consider an m-dimensional smooth manifold M and let 7 : TM — M
its tangent bundle with the total space TM, called the tangent manifold of M. Let (z%, y%),
a =1,...,m the local coordinates on the manifold 7 M, where (z) are the local coordinates on
M and (y®) are the vector coordinates with respect to the basis { 82“ }. The fibers of T'M define
the vertical foliation V, and we shall denote by V = TV the tangent bundle along the vertical
leaves, which is the vertical bundle. Now, we consider the total space TV of the vertical bundle
V — T'M, which is a 3m-dimensional manifold, called the vertical tangent manifold of M. The
iterated tangent manifold 7 (7 M) has local coordinates (z%,y%, £* n®), where £, n are vector
coordinates with respect to the natural basis {%, aiya}v and the vertical tangent manifold 7V

may be seen as the submanifold of 7 (7 M) defined by £&* = 0. For the projection p: TV — M
given by p(x,y,n) = x its kernel is the Whitney sum W = V; @ V;, where Vo =2 V; = V.
The vertical bundle W = span{ 8%(1, %} is called the double vertical bundle, which defines the
double vertical foliation W, with leaves defined by z* = const., see [22]. Moreover the following

operator

0 0 0 0
8ya) - 67770” JW(ana) - _aiyaa

defines an almost complex structure on W, which is integrable. Thus (W, Jyy) is a complex
foliation on 7V and, we can consider the holomorphic coordinates along the leaves of W by
putting 2% = y* 4 in.

Let us consider now a (locally) Lagrange metric L : TM — R with the fundamental metric
tensor gup(z,y) = 02L/0y?dy’. Tt defines a nondegenerate Riemannian metric on the vertical
bundle V' by formula

Jw(

(2.14)

gV(Xv Y) = gab(xay)Xa(x7y)Yb(x7y)7 (215)

for every X = X%(x,y)0/0y*, Y = Y%(x,y)0/0y* € I'(V). This metric descends to a vertical
pseudo-Riemannian metric on W, defined by

ow(X,Y) = gap(@, 9) X (2, y,m) YL (2,9, 0) — gap(, ) XS (2, y, ) YD (2, 9,7m), (2.16)

for every X = X{(x,y,n)0/0y" + X3(z,y,n)0/0n", Y = Y{"(z,y,1n)0/0y" + Y5'(x,y,n)0/On" €
['(W). By direct calculus we get gy (S (X), Jw(Y)) = —gw(X,Y), for every X, Y € T'(W)
which says that gy is a leafwise anti-Hermitian metric on the complex foliation (TV, W, Jy).
If we consider V the leafwise Levi-Civita connection associated to this metric, then it is locally

given by

0 0 0 0 0 0

R — (c _ _ e

Ay Vnop - vy Vg T Vi oy O (2.17)
where Ly
9bd

ab = ingTya' (2.18)

We observe that V o Jw(a%b) =—Jw (Vi a%b), which says that VJyy # 0, so the metric gyy
oy oy
is not leafwise anti-Kéahlerian.

Example 2.7. Sasakian-like almost contact complex Riemannian manifolds. Let (M, ¢,&,1,g)
be an almost contact complex Riemannian manifold (see [12]), that is M is a (2m+1)-dimensional
smooth manifold endowed with a quadruple (¢, &, 7, g) consisting of an endomorphism ¢ of the
tangent bundle, a vector field ¢ and its dual 1-form 7, and ¢ is a pseudo-Riemannian metric on
M of signature (m + 1, m), satisfying the conditions

pol=0,¢"=-Id+n®&, nop=0,n) =1, g(¢X,Y) = —g(X,Y) +n(X)n(Y). (2.19)



The associated twin metric is given by g(X,Y) = ¢(¢X,Y) + n(X)n(Y) and, the almost
contact complex Riemannian manifold (M, p,&,n,g) is said to be normal if the Nijenhuis
tensor associated with the endomorphism ¢ satisfies N,(X,Y) 4 2dn(X,Y)¢ = 0 for every
X,Y e I'(TM). Also, we consider the structure tensor F' of type (0,3) on (M, ,£,n,g) given
by F(X,Y,Z) =g((Vxy)Y,Z), and according to [12], the almost contact complex Riemannian
manifold (M, p, &, n,g) is called Sasakian-like almost contact complex Riemannian manifold if
the structure tensors p, &, 7, g satisfy

F(X,Y,Z)=F(Y,Z)=F(,¢Z)=0and F(X,Y,{) = —g(X,Y), X,Y,Z e (TM).

(2.20)
Moreover, it is proved (see [12]) that if (M, ¢, &, n, g) is a Sasakian-like almost contact complex
Riemannian manifold, then it is normal and the fundamental 1-form 7 is closed. Then, H = kern
is an integrable 2m-dimensional distribution which defines a complex foliation (H, Jg = ¢|m) on
M and the leafwise metric h = g|g, induced on each leaf of H, is anti-Kéhlerian. Indeed, from
the first relation of (2.20) it follows that h((VA%Jy)Y,Z) = F(X,Y,Z) = 0, X,Y,Z € T'(H),
where V" is the leafwise Levi-Civita connection of h. For more concrete examples of such kind
of structures we refer [12].

Similary to the case of complex manifolds [18, 19, 21] (see also, [2, 3]), we have the following
one-to-one correspondence between the leafwise anti-Kéahlerian metrics and leafwise holomorphic
Riemannian metrics on (M, F, Jr).

Proposition 2.2. Let M be a smooth (2m + n)-dimensional manifold endowed with a complex
foliation (F,Jr). If G is a leafwise holomorphic Riemannian metric (M,F,Jr) then g defined
in (2.10) is a leafwise anti-Kdhlerian metric on the realization (M,F,Jr), and conversely if g
is a leafwise anti-Kdhlerian metric on the underlying real foliated manifold (M, F,Jr) then G
defined in (2.13) is a leafwise holomorphic Riemannian metric on (M,F,Jr).

Now, let us denote by V and V the leafwise Levi-Civita connections of G and é, respectively.
Then, as usual, the leafwise Christoffel symbols of G are given by

g, = Lger (2Con , %Gap 2
AB = 0z4 028 0zb )’

(2.21)

where (GAP),,«m denotes the inverse matrix of (GAB)mxm, and similarly for the leafwise

Christoffel symbols ¢ ap of G.
Taking into account (2.6) and (2.9), we have the following relations which relates the leafwise

Christoffel symbols of G and G, respectively

~ 0G oG oG
c cd bd ad ab
ab — ab - 7G < 92 + 920 - 924 ) (222)
~= oG ~ oG
c L ~ed ab c — ~(ed bd
ab — ab - G 82’3 > +ab ab G 82“ (2'23)

By analogy with the case of complex manifolds [7], we define the fundamental leafwise tensor @
of a leafwise complex Riemannian metric G by setting

(2, Zy) =N g, 2o — N 2,23, for every Zy, Zy € T(TeF). (2.24)
By this definition, we deduce

D(Z1,7Z9) = ®(Z1,2Z), for every Zy1,Zy € T(TcF). (2.25)



Using (2.24), (2.22), (2.23) and (2.25), it follows that the nonvanishing components of the
fundamental leafwise tensor ® are given by

c 230G, _
¢y = chﬁ and ¢, = P, (2.26)

Also, from (2.24) and (2.26) we have

Proposition 2.3. The fundamental leafwise tensor of a complex leafwise Riemannian metric
G satisfy

(21, Zo) = ®(Z2, Z1) , ®(JFrZ1, Zs) = —Jr®(Z1, Z3) , ¥ Z1, Zy € T(TeF). (2.27)

Remark 2.2. If (M, F, Jr, g) is the realization of a complex Riemannian foliation (M, F, Jr, G)
we can define as in (2.24) the fundamental leafwise tensor for real leafwise vector fields, and the
property (2.25) of ® implies that ® is the complex extension of the real fundamental leafwise
tensor on (M, F,Jr,g).

In the following, we extend the study from [7] to the case of complex Riemannian foliations,
and we shall construct a leafwise characteristic connection on (M, F,Jr,G).
We consider the fundamental leafwise tensor of type (0,3) defined by

\IJ(Zl, Zg, Zg) = G((I)(Zl, Zz), Zg) y for every Zl, Zg, Z3 € F(T((jf). (2.28)
In an adapted coordinate system (leafwise complex) on (M, F, Jr), we have
U apc =P5Gpe, (2.29)

and the nonvanishing componets of ¥ 45 ¢ are

9Gab . 1d o= Vape. (2.30)

\Ijab,E - 8ZE a

We have

Theorem 2.1. On every complex Riemannian foliation (M, F,Jr,G) there exists an unique
leafwise connection D with local coefficients LE{B such that
(i) D is symmetric, that is LG5 = LS 4;
(ii) D is leafwise almost complez, that is LS, = LZE =0;
(iii) The leafwise covariant derivatives DoGp. = OGpe/0z* — LgbGdc — L& Gyq vanishes.

Proof. 1If we define the local coefficients of D by
1 1
Lip =T%p + Q(I)gB - §GCD(\I’DA,B +Ypp,a), (2.31)

where FgB are the leafwise complex Christoffel symbols of GG, then by direct calculus we obtain
that D satisfies the conditions of theorem.

Also, if D’ is another leafwise connection with local coefficients LfB which satisfy the all
conditions of theorem, we denote by DgB = L,(Z;B - LfB the leafwise difference tensor. Then,

we easily obtain ~
DgB = DgA ) Zb = Dgg =0, ngGdc + Dchab =0, (232)

which implies DSB =0, that is D = D’, and the uniqueness then follows. O



The leafwise connection from the above theorem, will be called the leafwise characteristic
connection of the complex Riemannian foliation (M, F, Jr, G).

The defining equality (2.31) of the leafwise characteristic connection and the properties of
the fundamental leafwise tensor, implies

Corollary 2.1. On every complex Riemannian foliation (M,F,Jr,G) there exists an unique
leafwise connection D such that
(i) D is symmetric;
(ii) D is leafwise almost complex;
(11i)) DaGpc = Vpc,a, i.e the leafwise covariant derivative of the metric G is the fundamental

leafwise tensor V.

Remark 2.3. The third condition of Theorem 2.1 says that the nonvanishing components of
the leafwise tensor DG o are

DaGbC = \I/bc,a and DGGEE = DEGbc- (233)

On the realization of a complex Riemannian foliation we have

Corollary 2.2. If (M,F,Jr,g) is the realization of a complex Riemannian foliation
(M, F,Jr,G), then the leafwise characteristic connection D on (M,F,Jr,q) is the unique
leafwise connection which satisfy the conditions

(i) D is symmetric;
(ii) D is leafwise almost complex;
(i11) (Dxg)(Y,Z) = (Dj,x9)(JrY,Z), for every X,Y,Z € T'(TF).

The defining equality (2.31) together with (2.30) imply that the nonvanishing coefficients of
the leafwise characteristic connection D are

Ly =Tg and L, = LS, (2.34)
that is, D is completely determined on T'(T*0F).

We notice that a leafwise vector field Z = Z%(z,1)0/02* € T(T'VF) is leafwise holomorphic
if Z* are leafwise holomorphic functions on (M, F,Jr). Also, using the leafwise Cauchy-
Riemann equations, it is easy to see that for a given leafwise vector field X € I'(T'F), then

X = (1/2)(X — iJrX) € T(T'OF) is leafwise holomorphic if and only if

(LxJr)Y =[X,JrY] - Jr[X,Y]=0,VY € I(TF). (2.35)
In that follows we denote the set of leafwise holomorphic vector fields on (M, F,Jr) by
Lot (THOF).

Definition 2.6. A leafwise connection D on (M, F,Jr) is called leafwise holomorphic if
Dy, Zy € Tyo(THOF) for arbitrary leafwise holomorphic vector fields Z;, Zs.

We have

Proposition 2.4. The leafwise characteristic connection D of a complex Riemannian foliation
(M, F,Jr,G) is leafwise holomorphic if and only if the leafwise complex Christoffel symbols
LS, =T, are leafwise holomorphic functions.

As a direct consequence of (2.30), (2.22), (2.23), Corollary 2.1 and (2.31), we get

Theorem 2.2. For every complex Riemannian foliation (M, F, Jr,G), the following assertions
are equivalent:



(i) The fundamental leafwise tensor ® (or V) is zero;
(ii) The local components Gqp of the leafwise metric G are leafwise holomorphic functions;
(iii) The leafwise Levi-Clivita connection V of G is leafwise almost complez, that is VJr = 0;
(iv) The leafwise characteristic connection D is metrical with respect to G, that is DG = 0;
(v) The leafwise Levi-Clivita connection V coincides with the leafwise characteristic connection
D.

Let R be the leafwise characteristic curvature tensor of the leafwise characteristic connection
D, defined as usual by

R(X,Y)Z = [Dx,Dy| Z — Dix yZ, for every X,Y,Z € T'(Ic.F).

The local components of R are given by

o 0 0 D 0
f <8zA’ 87:3) 9.0 ~ flcang. b (2:36)
and the nonvanishing components of R are

oLy,  OLY, o

Riab = aza 82’1) + LZde(l - LgaL?b7 Rgﬁg = Riabv (237)
oLy, o ——
Sab = 3Zbac , g,az = Reap: (2.38)

It is easy to see that Rfﬁb = 0 if and only if D is a leafwise holomorphic connection. Also, the
leafwise characteristic Riemann curvature tensor of D is defined as usual by R(Z1, Zo, Z3, Zy) =
G(R(Z1,%2)Zs,Z4) and its local components are Rapcp = GDFRg,AB' Its nonvanishing
components are

Rapea = Gdef,ab and Rgpeq = Gdeéf,ab» (2.39)
and their complex conjugates.
Moreover, every nondegenerate 2-plane in T, (1;;)]: is called a leafwise holomorphic 2-plane,

and the leafwise holomorphic characteristic sectional curvature, for a given leafwise holomorphic

2-plan P = span{Zy, Zs}, where Z1, Z € F(T(lz’(lg)]:), (z,x2) € M, is defined by

R(Zlv Z27 Zl, ZQ)
G(Z1, 21)G(Z2, Z2) — (G(Z1, Z2))*

K0 (P) = (2.40)

Then, the following Schur type theorem holds.

Theorem 2.3. Let (M, F,Jr) be a connected complex foliation with m > 3 endowed with a
leafwise holomorphic metric G. If the leafwise holomorphic sectional curvatures does not depend
on the 2-plane P, then it is a basic function c(z).

In the end of this section we describe the Einstein equations for complex Riemannian
foliations. The associated leafwise characteristic Ricci tensor Ric is locally given by

. o 0 :
Ric (azc,, 8ZA> = RICCA = Rg,AB’ (241)

and its nonvanishing components are

Rice, = R?,; , Riceg = R%,; , Riczg = Riceq , Ricg, = Rice. (2.42)

c,ab c,ab



The function p defined by
p = GRicos = GRice, + G ®Riceg (2.43)

is called the leafwise scalar curvature of D and it is a real valued function.
The equation

Ric — gG = 8mcT (2.44)

is called the Finstein equation of the complex Riemannian foliation (M, F,Jr,G). In the
equation (2.44), the left hand side is called the leafwise Einstein curvature which is constructed
using the leafwise complex Riemannian metric G, while in the right hand side we have a
leafwise tensor 1" called the leafwise stress-energy-momentum tensor and represents the matter
and energy that generate the gravitational field of potentials (G4p). The constant ¢ is the
gravitational constant. Locally, the leafwise Einstein equation is expressed as

Ricap — gGAB = 8mcTspB. (2.45)

Remark 2.4. i) If the Einstein equation holds, then taking into account (2.6) it follows that
Ric; = 8ncl ;. (2.46)

ii) In the empty leave space (no matter, no energy) we have Typ = 0, and contracting (2.45)
with GAP one gets p = 0 and so it reduced to

Ricap = 0. (2.47)

Consequently, Ricq, = Ric,; = 0.

iii) Letting E4ap = Ricap — (p/2)Gap and Eg = GACE¢p, the leafwise divergence of F is
defined by
div E = Eg 4, (2.48)

where ”|” denotes the leafwise covariant derivative with respect to V and we have div E = 0.
Indeed, the assertion follows using the second leafwise Bianchi identity > (VxR)(Y,Z) =0
cycl
written in a local basis {9/ 8z‘4} of I'(TcF). Assuming the Einstein equation holds, by using
div E = 0, we must have
divT =0, (2.49)

which is called the leafwise continuity condition for complex Riemannian foliation
(M7 F, J]:aG)

Also, by analogy with the case of complex manifolds, see [11], the following result concerning
the Einstein condition for complex Riemannian foliations holds.

Definition 2.7. The complex Riemannian foliation (M,F,Jr,G) is said to be leafwise
characteristic Einstein if Ricz = 0 and Ric., = fGeq, where f = f1 + if2 is a complex valued
function on (M, F).

Theorem 2.4. Let (M,F,Jr,G) be a leafwise characteristic Einstein complex Riemannian
foliation with m > 3. Then the leafwise characteristic scalar curvature pg = G°“Riceq 1S a
leafwise anti-holomorphic function on (M,F,Jr) and Riceq = (po/m)Geq.



Example 2.8. Let us consider the complex foliation (W, Jyy) defined by the double vertical
bundle W on the vertical tangent manifold 7V as in the Example 2.6 endowed with leafwise
anti-hermitian metric gyy from (2.16). If we consider z* = y*+in®, a = 1,...,m the holomorphic
coordinates along the leaves of W and the leafwise complex vector fields

8_1 a—z’a i—} a+i8 a=1 m
0z 2\0ye One) 022 2\oyr  ome)’ T

then the corresponding leafwise complex Riemannian metric Gyy induced by gy (using (2.13))
have the local components

o 0

Gab = Gw (82“’ 9.0

1 o 0 — 1
) = §9ab7 Gag = Gw (82’“’ 8Zb> =Gap = igab and Gag = Ga = 0.

Moreover, the local coefficients of the corresponding leafwise characteristic connection are
L¢, = (1/8)C¢, and the local components of characteristic curvatures of Gy are given by

1 /ocd  oacd 1
d _ = cb ca Fnfd _ Af d
Rc,ab(GW) 16 < aya ayb ) + 64 (chcfa Ccacfb)
_ 1 d 3 acgb acga
- 64Rc,ab(gV) + 64 ( aya ayb
and p
1 0C
d _ = cb
Rc,&b(GW) - 16 aya )

where R. . (gy) denotes the local components of the curvature of vertical metric gy from (2.15).
The corresponding leafwise Ricci tensors are

1 0CY

16 Oy

, 1. 3 [0Ch ach,
Rlcca(GW) = @Rlcca(gV) =+ 674 < ayab - Byb

> and Ricg(Gw) =
Hence, it is easy to see that if ac};b/aya = 0C%, /Oy® = 0 and the vertical metric gy is Einstein
(in the next section, the definition of an Einstein metric is recalled), then (TV, W, Jyy, Gyy) is
leafwise characteristic Einstein.

3. Leafwise holomorphic Riemannain Einstein metrics

We recall that a (real) metric g on the (real) manifold M is said to be Einsteinian if Ric(g) = Ag,
where \ is a real constant and Ric(g) denotes the Ricci tensor of the metric g. By analogy, a
(real or complex) leafwise metric G on (M, F) is called leafwise Einstein metric if

Ric(G) = A\G, (3.1)

where )\ is a (real or complex) constant and Ric(G) denotes the Ricci tensor of the leafwise
metric G.

The aim of this section, is to point out that by taking the real part of a leafwise holomorphic
Einstein metric on a smooth (2m+n)-dimensional manifold M endowed with a complex foliation
(F, JJr) one gets a real leafwise Einstein metric on the real foliated manifold (M, F) obtaining
a result similar to Theorem 5.1 from [2] from the anti-Kéhlerian manifolds case.

Let (M, F, Jr,G) be a complex foliation (F, Jr) on M endowed with a leafwise holomorphic
Riemannian metric G. Then, as we already noticed in the previous section the relations (2.10)
and (2.13) establishes an one-to-one correspondence between the leafwise anti-Kéhlerian metrics



on the (real) foliated manifold (M, F, Jr) and the leafwise holomorphic Riemannian metrics on
the complex foliation (F,Jr) on M.

Although we can follow an argument similar from [2, 3], for a better presentation of the
notions that we use, in this section we denote the leafwise holomorphic Riemannain metric G
by g and we follow an argument similar to [19, 21] for K&hler-Norden manifolds.

Without loss of generality, we consider the real leafwise vector fields X, Y, ... € I'(T'F) such
that X ,}A/, .o. € Tho(THOF), are leafwise holomorphic vector fields on the complex foliation
(M, F,Jr), that is the relation (2.35) holds. Then, we easily obtain

[JFX,Y] = [X,JrY] = Jr[X.Y], [JeX, J5Y] = [X,Y], [X,V] = [X,Y] = [X,Y].  (3.2)

Also, by a direct calculation, we have that for every leafwise complex function f = Re f +ilm f
on (M, F,Jr), and every real leafwise vector field X € I'(TF), the following relation holds
FX = ((Re /)X + (Im f) X, (3.3)

and, moreover, if f is leafwise holomorphic, then the leafwise Cauchy-Riemann equations imply
X(Re f) = (JrX)(Imf), (JrX)(Re f) = =X(Im f), X f = X(Re ) +iX(Im f).  (3.4)

Now, for every real tangent space along the leaves T(, .y rF, (z,2) € M, we can choose an
adapted orthonormal (real) frame {e,, Jreq}, a € {1,...,m} in I'(T'F), such that

9(€a, ) = bab > 9(JFea, Jrey) = —dap, glea, Jrey) =0, a,b € {1,...,m}. (3.5)

Then, we obtain an adapted leafwise complex frame {é,}, a € {1,...,m}, for F(T(lz’gc)
ea = (1/2)(eq — iJre,) for which g(e,, ep) = (1/2)0ap-

Let V and V be the leafwise Levi-Civita connections of the leafwise anti-Kihlerian metric g
and of the leafwise holomorphic Riemannian metric g, respectively. We also consider the leafwise
Ricci tensor fields associated to the leafwise metrics g and g, respectively, given by

F), where

Ric(9)(X,Y) = Tr{Z — R(Z,X)Y} and Ric(§)(X,Y) = Tr{Z — R(Z, XY}, (3.6)
and let us denote by @) and @ be the associated leafwise Ricci operators, given by
9(QX,Y) = Ric(g)(X,Y) and §(QX,Y) = Ric(g)(X,Y). (3.7)

Following step by step the construction from the case of Kéhler-Norden manifolds (see [21]), we
have the following result which relates the leafwise Ricci tensors Ric(g) and Ric(g).

Proposition 3.1. The leafwise Ricci tensors Ric(g), Ric(g) and the leafwise Ricci operators @,
Q satisfy the following relations

Ric(g)(JrX,Y) = Ric(g)(X, JrY), Ric(9)(JrX, JrY) = —Ric(9)(X,Y), QJr = JrQ (3.8)

and
NPRE S 1. - ~s
Rie(3)(¥,7) = J (Ric(9)(X, ¥) ~ iRic(g) (X, J5Y)) , QX = QX. (3.9)
The first relation of (3.9) leads to the announced result, that is

Theorem 3.1. Let us suppose that g is a leafwise anti-Kdhlerian metric on (M,F,Jr), that
is (M, F,Jr) is endowed with a leafwise holomorphic Riemannian metric § = (gap(z, 1)),
a,b € {1,...,m} and with a real leafwise metric g = (gas(u,x)), o, B € {1,...,2m} given
by g = 2Req. Then, the leafwise holomorphic metric § is Einstein with the real constant \ if
and only if the real leafwise metric g is Finstein with the same constant.



Remark 3.1. We notice that starting from the original leafwise anti-K&hlerian metric ¢
n (M,F,Jr), the real leafwise twin metric g = h can be considered, that is h(X,Y) :=
(9o Jr)(X,Y) =g(JrX,Y), for every X, Y € I'(T'F). We find

hMX,Y) =2Img(X,Y), VX,Y € T(TF). (3.10)

Moreover, if we denote by V the covariant differentiation of the Levi-Civita connection associated
to the leafwise anti-Ké&hlerian metric g, then we have

Vh=VgodJr+goVJr=0. (3.11)

The above relation says that, the leafwise Levi-Civita connection of g coincides with the leafwise
Levi-Civita connection of h, thus they have the same real and complex leafwise Riemann and
Ricci tensors (see also the discussion from the previous section). In the real case only one of two
leafwise twin metrics can be Einsteinian. In the complex case the Einstein condition Ric(g) = A\g

implies Rlc(h) = z/\h that is, both leafwise holomorphic metrics g and 1 are Einstein metrics
at the same time. We can conclude that the leafwise metric h is an Einstein metric with an
imaginary cosmological constant.

__ Finally, we notice that if the leafwise holomorphic metric g is Einstein with complex constant
A, that is L
Ric(g) = Mg, A € C, (3.12)

then, similarly to the Kéahler-Norden manifolds case (see [19]), we can describe the following
generalization of Theorem 3.1.

Theorem 3.2. The leafwise holomorphic Riemannian metric g on (M,F,Jr) is leafwise
holomorphic Einstein with complex constant X = A1 + iAs if and only if

Ric(g)(X,Y) = Mg(X,Y) + Xag(X, J£Y). (3.13)

Moreover, in the formula (3.13), we have \y = K/2m and Ao = —K* /2m, where K = TrQ and
K* =Tr(JrQ).

Acknowledgement

This paper is supported by the Sectorial Operational Program Human Resources Development
(SOP HRD), financed from the European Social Fund and by the Romanian Government under
the Project number POSDRU/159/1.5/S/134378.

References

[1] Anastasiei M and Girtu M 2014 Einstein equations in Lie algebroids Scientific Studies and Research, Series
Mathematics and Informatics 24(1) 5.

[2] Borowiec A, Francaviglia M and Volovich I 2000 Anti-K&hlerian manifolds Diff Geom. Appl. 12 (2000) 281.

[3] Borowiec, Ferraris M, Francaviglia M and Volovich I 1999 Almost complex and almost product Einstein
manifolds from a variational principle J. Math. Phys. 40 3446.

[4] Deninger C and Singhof W 2002 Real polarizable Hodge structures arising from foliations Ann. Glob. Anal.
Geom. 21 377.

[5] Dragomir S and Francaviglia M 2000 On Norden Metrics which Are Locally Conformal to Anti-Kéhlerian
Metrics Acta Appl. Math. 60 115.

[6] Ganchev G and Borisov A 1986 Note on the almost complex manifolds with Norden metric Compt. rend.
I’Acad. Bulg. Sci. 39(5) 31.

[7] Ganchev G and Ivanov S 1991 Connections and curvatures on complex Riemannian manifolds. (Internal
Report, International Centre for Theoretical Physics, Miramare-Trieste, 41).

[8] Ganchev G and Ivanov S 1992 Characteristic curvatures on complex Riemannian manifolds Rivista di Mat.
della Univ. di Parma 1(5) 155.



[9] Ghys E, Laminations par surfaces de Riemann 1999, Dynamique et Géométrie Complexes (Lyon, 1997)
Panormas et Symtheses 8 Soc. Math. France Paris 49.

[10] Iscan M and Salimov A 2009 On Kéhler-Norden manifolds Proc. Indian Acad. Sci. (Math. Sci) 119(1) 71.

[11] Ivanov S 1994 Holomorphically projective transformations on complex Riemannian manifold J. Geom. 49
106.

[12] Ivanov S, Manev H and Manev M 2014 Sasaki-like almost contact complex Riemannian manifolds (Preprint
dg/1402.5426v1)

[13] El Kacimi Alaoui A 2010 The 0 operator along the leaves and Guichard’s theorem for a complex simple
foliation Math. Ann. 347(4) 885.

[14] El Kacimi Alaoui A and Sliméne J 2010 Cohomologie de Dolbeault le long des feuilles de certains feuilletages
complexes Ann. Inst. Fourier 60(1) 727.

[15] Kobayashi S and Nomizu K 1969 Foundations of Differential Geometry II (New York: Interscience).

[16] LeBrun C 1983 Spaces of complex null geodesics in complex-Riemannian geometry Trans. AMS 278(1) 209.

[17] Moore C C and Schochet C 1988 Global Analysis on Foliated Spaces MSRI Publications, 9 (New York:
Springer-Vedag).

[18] Olszak K 2005 On the Bochner conformal curvature of K&hler-Norden manifolds Cent. Eur. J. of Math. 3(2)
309.

[19] Olszak K and Olszak Z 2006 Generalized Einstein conditions on holomorphic Riemannain manifolds Acta

Math. Hungar. 113(4) 345.

0] Penrose R 1976 The nonlinear gravitons and curved twistor theory Gen. Rel. Grav. 7 31.

1] Sluka K 2005 On the curvature of Kiahler-Norden manifolds J. Geom. Phys. 54 131.

2] Vaisman I 2014 Hessian geometry on Lagrange spaces Int. J. of Math. and Math. Sci., Art. ID 793473, 9 pp.

(Hindawi Publishing Corporation).

SRS



