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Abstract

This paper focuses on generalized pseudostandard words, defined by de Luca and
De Luca in 2006. In every step of the construction, the involutory antimorphism
to be applied for the pseudopalindromic closure changes and is given by a so called
directive bi-sequence. The concept of a normalized form of directive bi-sequences
was introduced by Blondin-Massé et al. in 2013 and an algorithm for finding the
normalized directive bi-sequence over a binary alphabet was provided. In this paper,
we present an algorithm to find the normalized form of any directive bi-sequence over
a ternary alphabet. Moreover, the algorithm was implemented in Python language
and carefully tested, and is now publicly available in a module for working with
ternary generalized pseudostandard words.
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1. Introduction

This paper focuses on generalized pseudostandard words. Such words were defined
by de Luca and De Luca in 2006 [1] as a generalization of standard episturmian words.
In every step of the construction, the involutory antimorphism to be applied for the
pseudopalindromic closure changes and is given by a so called directive bi-sequence.
While standard episturmian and pseudostandard words have been studied intensively
and a lot of their properties are known (see for instance [2, 3, 4, 1]), only little has
been shown so far about generalized pseudostandard words.

In [1] the authors defined generalized pseudostandard words and proved there that
the famous Thue-Morse word is an example of such words. Jajcayovd et al. [5] char-
acterized generalized pseudostandard words in the class of generalized Thue—Morse
words. Jamet et al. [6] dealt with fixed points of the palindromic and pseudopalin-
dromic closure and formulated an open problem concerning fixed points of the genera-
lized pseudopalindromic closure. The first and the third author of this paper provided
a necessary and sufficient condition on the periodicity of binary and ternary gene-
ralized pseudostandard words in [7] and studied complexity and formulated a new
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conjecture on complexity of binary generalized pseudostandard words in [8]. The
second and the third autor of this paper found a new class of fixed points of mor-
phisms among binary generalized pseudostandard words and formulated a conjecture
concerning such fixed points in [9]. Binary generalized pseudostandard words were
primarily studied by Blondin-Massé et al. [10], the following results were obtained
for instance:

e The concept of a normalized form of a directive bi-sequence was introduced.
Such a form can be found for every generalized pseudostandard word and has
some additional useful properties compared to a non-normalized directive bi-
sequence.

e A necessary and sufficient condition to decide if a directive bi-sequence is nor-
malized over a binary alphabet was provided.

e An algorithm to find the normalized form of any directive bi-sequence was
presented.

In this paper, we generalize the results from [10] to a ternary alphabet in the
following sense:

e We introduce an algorithm to find the normalized form of any directive bi-
sequence over a ternary alphabet. The algorithm for the ternary alphabet turns
out to be much more complex than in the binary case.

e The algorithm was implemented in Python language and carefully tested, and is
now available in a module for working with ternary generalized pseudostandard
words.

The paper is organized as follows. In Section 2, we first introduce the definitions
and notations from combinatorics on words used in the sequel, we recall what gene-
ralized pseudostandard words are, and mention some of their properties. Section 3 is
devoted to the normalized form of ternary directive bi-sequences. Section 4 summa-
rizes the key aspects of the implementation of the normalization algorithm. In the last
section, we summarize open problems concerning generalized pseudostandard words.

2. Preliminaries

A finite non-empty set A of symbols is called an alphabet, the symbols are called
letters. A finite (infinite) word u is a finite (infinite) sequence of letters. The length
|w| of a finite word w is the number of letters it contains. The concatenation of two
words ©u = ujuy...u, and v = vivy...0,, is the word uv = u;...u,vy...0,,. The
neutral element for concatenation of words is the empty word € and its length is set
to |e| = 0. The set of all finite non-empty words over an alphabet A is AT, if we add
the empty word, then A*. The symbol AY denotes the set of infinite words over an
alphabet A.

The factor of an infinite, resp. a finite word u is a finite word w € A* such that
u = pws, where p is a finite word and s is an infinite, resp. a finite word. The factor



p is called a prefix and the word s a suffiz. If |p| = |s| and u is finite, then w is
a central factor of u. A factor of u is called proper if it is not equal to the whole
word u. Let u, v, w be three words such that w = uv. The word wv~! is the word w
without its suffix v, i.e., wo™! = u. If w = ux~'v for some non-empty word z, then
we say that v and v overlap and x is their overlap.

2.1. Involutory antimorphisms and pseudopalindromes

An involutory antimorphism is a map 9 : A* — A* such that for every u,v € A*
we have J(uv) = 9(v)Y(u) and ¥? is the identity map. Any antimorphism is given
if the letter images are provided, i.e., ¥(a) for every a € A. This work will focus on
the binary alphabet A = {0,1} and the ternary alphabet A4 = {0,1,2}. Over the
binary alphabet, there are only two involutory antimorphisms. First, the reversal map
R given by R(0) = 0 and R(1) = 1. Second, the exchange antimorphism satisfying
E(0) =1and E(1) = 0. We will use the following notation: 0 = 1,1 =0, R = FE, and
E = R. Over the ternary alphabet, there are exactly four involutory antimorphisms,
denoted by Fy, Ey, Es, and R:

o Ey(0) =0, Ep(l) =2, and Ey(2) =1,
o E,(0)=2, B,(1) =1, and E,(2) =0,
o Fy(0) =1, Ey(1) =0, and Ey(2) = 2,

e R(0)=0, R(1) =1, and R(2) =
Observation 1. E,E;E;, = Ej; fori,j,k € {0,1,2} pairwise different.

Proof.
EiE;E(i) = EiEy(5) = Ei(j) = k = E;(i),
EE;EL(j) = EiE;(i) = Ei(k) = j = E;(j),
E.E;E(k) = E,E;(k) = Ey(i) = i = E;(k).

]

Definition 2. Let w be a ternary word. Then any element of the set {J(w)|d €
{Ey, E1, E2, R}} is called an image of w.

Let ¥ be an involutory antimorphism. A finite word w is a ¥-palindrome if w =
Y(w). For example, over the binary alphabet the word 00100 is an R-palindrome
(or just palindrome) and the word 01001101 is an E-palindrome. Over the ternary
alphabet, 0112 is an E;-palindrome and 12010120 is an Fs-palindrome. If we do not
need to specify which antimorphism is used, we can say w is a pseudopalindrome.

Observation 3. Let w be a ternary word and w be its image, i.e., W = Y(w) for
VY € {R, Ey, E1, Es}. Let p be a suffiz of w. Then the word v = wp~ 1w, where |p| > 0,
1s a pseudopalindrome. Moreover, it is a V-palindrome.



Proof. First, let |p| = 0. Then d(ww) = Hwd(w)) = 9 (w)d(w) = wd(w) = w.
Now, let |p| > 0. If v = wp~'10, then we know that w = up and that J(w) = pd(u).

At the same time, ¥(w) = Y(up) = J(p)d(u). We obtain that p = J(p). Hence,

J(v) = I upd(u)) = 99 (u)d(p)d(u) = upd(u) = v. O

Observation 4. Let w = ¥4 (w), V1,92 € {R, Ey, E1, Ea}, U1 # ¥s. Then ¥2(w) is a

pseudopalindrome. Moreover :
o [fY) = R, then Vy(w) is an R-palindrome.
o [f1y =R, then R(w) is a ¥y-palindrome.

o If ¥y = E; and ¥y = Ej, then Uy(w) is an Ej-palindrome, where {i,j, k} =
{0,1,2}.

Proof. We have ¥s(w) = V(1 (w)).
o If ¥ = R, then R(Va(w)) = V2(R(w)) = Ja(w).
o If ¥y = R, then ¥, (V3(w)) = 1 (R(w)) = R(V1(w)) = R(w) = Ja(w).
o If ¥y = E; and ¥y = E;, then Ey(¥2(w)) = EyE;E;j(w) = Ej(w) = ¥2(w).
[l

Definition 5. The ¥-palindromic closure u” of some finite word u is the shortest
¥-palindrome having u as prefix.

Remark 6. The ¥-palindromic closure of some word u can be found in the following
way: we find the longest ¥-palindromic suffix p of u, then u = vp and u® = vpd(v).
For instance, we have (01011)" = 01011010 (the longest R-palindromic suffix is
11), (01201)F2 = 01201 (the longest E»-palindromic suffix is the whole word 01201),
(01011)%0 = 0101122020 (the longest Ey-palindromic suffix is ).

2.2. Generalized pseudostandard words
Generalized pseudostandard words were first introduced in the paper [10] as a

generalization of words obtained by pseudopalindromic closure with only one anti-
morphism.

Definition 7. Let A be an alphabet and G be the set of all involutory antimorphisms
on A*. Let A = 6105... and © = 9195..., where §; € A and 9J; € G for all i € N.
The infinite generalized pseudostandard word u(A,©) is the word whose prefixes w,
are obtained from the recurrence relation

Wp+1 = (wn5n+1)ﬁn+1 )

Wo = €.

(1)

The sequence (A, ©) is called the directive bi-sequence of the word u(A, ©).



Example 8. A =01021..., © = RELE1EXR ...

(0)

(0) =012

= (0120)"* = 012012

= (0120122)%2 = 012012201201
(0120122012011) = 012012201201102102210210

In Example 8, w, are pseudopalindromic prefixes of u(A, ©). However, it is easily
seen that the sequence (w,,) does not contain all of them: for instance 01, 0120, 01201
are pseudopalindromic prefixes and are not equal to any w,,. This was the reason to
define normalized directive bi-sequences, which will be discussed in the next section.

2.3. Normalization

It can be easily seen that one pseudostandard word can be generated by different
directive bi-sequences and that the sequence (w,) of a generalized pseudostandard
word does not need to contain all pseudopalindromic prefixes of the generated word.

For this reason, the notion of a normalized directive bi-sequence was introduced in
[10].

Definition 9. A finite or infinite directive bi-sequence (A, ©) of a pseudostandard
word u(A, ©) over an alphabet A is called normalized if the sequence of prefixes (wy,)
defined in (1) contains all pseudopalindromic prefixes of u(A, ©).

If a pseudopalindromic prefix is not contained in the sequence (w,,), we say that
this pseudopalindromic prefix was missed. If a ¥-palindromic prefix was missed be-
tween w,, and w,1, then it has an image of w,, (see Definition 2) as its suffix. Images
of w,, contained in w,; are very important while looking for pseudopalindromic pre-
fixes because every pseudopalindromic prefix contains an image of w,, as a suffix.

Definition 10. Let w7(10) = w, and let 71,...,4, where 1; < --- < i, be all occur-
rences of images of w,, in w,y; from Definition 7. Denote the images of w, starting

in iy,...,1 by wr(}), . w,(L) (clearly, w® is a suffix of Wyp41). Furthermore, denote

w,(lj’m) the factor stating in ¢; and ending in 4,, + |w,| — 1, i.e., the factor wfll’m) has

() (m)

wy;’ as prefix and wy,  as suffix.

The authors of [10] showed that every binary directive bi-sequence can be nor-
malized, i.e, a unique directive bi-sequence can be found such that it generates the
same word and the corresponding sequence (w,) contains all R- and FE-palindromic
prefixes. Their result is summarized in the next theorem:

Theorem 11. Let (A,0©) be a directive bi-sequence of a binary generalized pseudo-
standard word. Then there exists exactly one normalized directive bi-sequence (A, (:))
such that u(A,0) = u(A,8). Moreover, in order to get the normalized bi-sequence
(A, ©) from (A, ©), it is sufficient to replace the prefiz (if it is of the following form,):

5



e (aa, RR) — (aaa, RER),
e (¢!, R"'E) — (a'a, R'E) fori>1,
e (d'aa, R'EE) — (a'aaa, R'ERE) fori > 1,
and then, to replace from left to right any factor
o (abb, 990 with (abbb, ¥999),
where a,b € {0,1} and ¥ € {E, R}.

Theorem 11 shows an easy-to-use algorithm. A natural question follows. Does
there exist an algorithm that normalizes every directive bi-sequence over a ternary
alphabet?

The next chapter responds affirmatively to this question and presents a similar (but
more complex) algorithm.

3. Normalization over a ternary alphabet

3.1. The number of missed pseudopalindromic prefixes

The aim of this section is to prove that, over a ternary alphabet, at most two
pseudopalindromic prefixes may be missed between w,, and w,,, from Definition 7.

Assumption 12. Let wg), ce ,wy(Lk), k > 2, be images of wy in wpiq from Defini-

tion 10 such that there exists j € {1,...,k—1} satisfying w overlaps with both w?

and wflk). (1t is obvious that at least one pseudopalindromic prefix was missed between
wy, and wy4q in this case.)

Lemma 13. Let Assumption 12 hold. Then the length of the overlap of WY and
W™ s the same for all valid i.

Proof. Using Assumption 12, we have that three consecutive images wg), wy(fH),

and w7(f+2) overlap pairwise for every possible 7. Suppose there exists a triplet wy(f ),
w,(fﬂ), and w{™ such that w ™Y is not a central factor of w(" %, Since w{*? is

a pseudopalindrome by Observation 3, there exists another image of w, that is not
included in the sequence of w' ), which is a contradiction.
O

Theorem 14. At most two pseudopalindromic prefizes may be missed between the
prefizes w, and w,41 of (A, ) from Definition 7.

Proof. 1. First, suppose that Assumption 12 holds. We will now consider the

possible palindromic nature of w,go) and w,(lo’l), see Figure 1 for a better under-
standing:



Figure 1: Overlaps of w,, and its images in w, ;1.

° wﬁf) is an R-palindrome and wr(LO’

In order to construct w7(10,2)7 we seek the longest v-palindromic suffix of

ng’l), which is R(w%o)). Thus ¥ = R and w>? is an R-palindrome.

Analogously, we can deduce that all wi™ are R-palindromes and hence
Wyny1 1s also an R-palindrome. But this means that no palindromic pre-
fix was missed between w,, and w,,; by the construction of w,; as the

R-palindromic closure of w,,.

° U}?(lo) is an F;-palindrome and w7(10’

Y is an R-palindrome:

Vs an E;-palindrome:

Using similar arguments as in the case above, we deduce that no pseu-
dopalindromic prefix was missed between w,, and w, 1.

° w7(10) is an R-palindrome and wéo’l)

Now, in order to construct wﬁ?’”, we look for the longest ¥-palindromic
suffix of w™", which is Ei(wfzo)). It is an R-palindrome, thus w? is

is an F;-palindrome:

an R-palindrome, too. Similarly, in order to obtain wﬁf”?’), the longest ¥-
palindromic suffix of w®? is R(w,(lo’l)), which is an FE;-palindrome and so

is (wq(zf 3 We get that wq(zO’Q) is an R-palindrome, w,(IO’S) is an F;-palindrome,
0,4

wy "’ an R-palindrome etc. There are two possibilities for w,,; since it
is obtained by a pseudopalindromic closure: It is either an R-palindrome
and then w, 1 = wgm) and one F;-palindromic prefix was missed. Or, it is
an Ej;-palindrome and then w1 = w and no pseudopalindromic prefix
was missed.

(0)

. . 0,1
e wy is an F;-palindrome and wf(z )

is an R-palindrome:
Similarly as in the case above, at most one pseudopalindromic prefix may

be missed.
° wy(lo) is an F;-palindrome and wY s an Ej-palindrome:
When we construct w7(10’2), the longest ¥-palindromic suffix of w® s

Ej(wgo)), by Lemma 4, it is an Ej-palindrome. Hence, w®? is an E,-

palindrome. Following the steps, we deduce that wr(zo), wT(LO’l), wT(LO’Z), ...are
successively F;-, Ej-, Ey-, E;-, Ej-, Ey-, ... palindromes.
Since w,11 is constructed using a pseudopalindromic closure, it follows
that at most two pseudopalindromic prefixes were missed between w,, and
Wy
2. Now, we will address the situation where Assumption 12 is not satisfied, i.e.,
there is no image of w, that overlaps with the prefix occurrence of w, and

7



the suffix occurrence of an image of w,. This can happen only if 2|w,| + 1 <
|wp 1| < 2|w,| + 2.

e |w,i1| = 2|w,| + 1: In this case, it is easy to see that at most two pseu-
dopalindromic prefixes were missed because there are only two ways to
place the images of w,, inside w, 1 so that Assumption 12 is not satisfied.

o |wni1| = 2|w,| + 2: Here, there are four ways to place the images of
w,, inside w,;; so that Assumption 12 is not satisfied. Suppose that we
place three images of w, inside w, 1, for example as in Figure 2. By
Observation 3, w7(lo,3) is a pseudopalindrome. It is thus easily seen that
wy41 contains another image of w, that satisfies Assumption 12, which is

a contradiction. The other possible cases can be excluded in a similar way.

‘ Wn+41

f | w®

- w? | l

. T, .

| | 7 | |

o it |

: | image of w,

: Vs x /]

Lo e T — I
pseudopalindrome

Figure 2: Tllustration of the contradiction for the case |wp41| = 2|w,| + 2.

O

Corollary 15. Let Assumption 12 be satisfied. Then we can deduce from the proof
of Theorem 14 the following statements:

e [f exactly one pseudopalindromic prefix w™ was missed between w, and wy, 1,

then w(o) = Wy, w7(10 1), and w(o D = wy,1 are successively either an R-; Ej-,
and R-palindrome or an Ej;-, R-, and Ej-palindrome or an Ej-, Ej;-, and FEj-
palindrome.
o [f exactly two pseudo ahndromlc pr)eﬁxes w%o .= and w? were missed between
(0,1) (0,2 0,3

w, and w, 1, then w) , w!! wn and wy, ' = w, 1 are successively an Ej;-

Ej-, Ey-, and E;-palindrome.

3.2. Special cases

In the proof of Theorem 14, we set apart the instances where Assumption 12 was
not satisfied. In this section, we will investigate separately those cases and show that
they lead only to special cases of infinite words. In the first place, we will state three
useful lemmas discussing cases where w is a pseudopalindrome and wa or wab are
also pseudopalindromes for a,b € A. This kind of pseudopalindromes appears to be
significant for examining the words where Assumption 12 is not satisfied.



Lemma 16. Let A be a finite alphabet, n € Ny, a,.1 € A, and 91, Y9 be two involu-
tory antimorphisms over A. Let w = % (w) = ay ...a,. Then wa, 1 = V2(wa, 1) if,
and only if, wa, 1 = a19291(ay) . .. (V2091)"(a1) and anq = 92(ayq).

Proof. 1t is a direct consequence of Lemma 17 from [10]. ]

Lemma 17. Let A = {0,1,2}, n € Ny, a,41 € A, and V1,95 € {Ey, Ey, Es, R}.
Furthermore, let w = O1(w). If wap1 = Yo(wany1), then there exist i,j,k € A
pairwise different such that wa, 1 is the prefix of length n+ 1 of one of the following
infinite words:

o ¥

o (ij)”,

o (ijk)“.
Proof. From Lemma 16 we know that wa, 1 = ¥s(wan41), if, and only if,
Wap1 = a19901(ay) . .. (¥291)"(a1) and a,1 = Y¥2(ay). We will address in the sequel
the different possible cases of the antimorphisms vy and 5 and the letter a; denoted
by :

e ¥ =y = R, then 9,9, = I, hence wa, ., = ",

e ¥, =y = E;, then ¥99; = I, hence wa,; = ",

e ¥, = R Yy = E; (or the other way around), then ¥y, = E;R, thus wa,1 =
,l’n—i—l,

n+1

e ¥, = R 1y = Ej, then n is odd and 9991 = ER, thus wa, ; = (ij)%,

B

e ¥y = Ej, ¥ = R, then n is even and ¥91; = RE}, thus wa, 1 = (ij)21,
o U, = Ej, ¥y = Ej, then n = 2 mod 3 and V90, = E;Ey, thus wa,,; = (ijk)nTH,
e ¥, = E;,¥y = E;, then n = 0 mod 3 and o9, = E;E;, thus wa,, = (ijk)51,

e U, = E;,05 = Ej, thenn = 1 mod 3 and Y99, = E,E;, thus wa, 1 = (Z]k)%Z]

O
Lemma 18. Let w, and w,y1 be the prefizes of u(A,©) from Definition 7, where
|wp1| = |wn| + 2. If Assumption 12 is not satisfied, then w,,1 is a prefiz of one of
the following infinite words:
* (if)*,
e (ijji)”,
o (ijk),



[ ]
—~ —~ —~ —~ —~
. . o~ . .
x>
<.
~—
€

[ ]
where 1,7,k € {0,1,2} are pairwise distinct letters.

Proof. 1f w,, =i, then w,1 € {iji,ijk}, and if |w,| = 2, then w,1 € {iijj,ijij,ij71,

ijjk,ijki}. Now, we can suppose that |w,| > 2. Let w? denote the prefix occurrence

of w, in w,;; and w,(f) denote the suffix occurrence of an image of w,, in wy, ;.

Suppose first that w,,; end in two different letters. Without loss of generality, let

those two letters be 01. Since w!® has 01 as a suffix, then w?) has two different letters,
say 7, as a suffix, too. Suppose that w® is a 9;-palindrome and that w{’ = o(w (p))

(i.e., w, = V1 (w,) and w1 = V2(wyy1)). The factor w® has then ¥2(01) as prefix,
thus 9192(01) as suffix. It implies that w,, 1 is a suffix of ... (9792)%(01)(9192)(01)01
etc. Let us examine the different possible cases:

1)# or (10)%,

e ij =01, then w,01 is a prefix of (0
e ij = 10, then w,01 is a prefix of (0110)“ or (1001)~,
(

e ij =12, then w,01 is a prefix of (201)“, (120)%, or (012)“,

e ij =21, then w,01 is a prefix of (1210)“ or (1012)~,
here, the words (2101)* and (0121)“ had been considered, but their prefixes
ending in 01 are not pseudopalindromes,

e ij = 20, then w,01 is a prefix of (122001)“, (200112)%, or (011220)*,

e ij =02, then w,01 is a prefix of (1020)“ or (2010)~,
other words could have also been considered, but their prefixes ending in 01 are
again not pseudopalindromes.

Now, we have to address the situation where the suffix of w,; of length two is
equal to i7. Once again, the suffix of w(p) will be ¥195(ii). The word w,y; can now
only be a suffix of (jji1)“ or (kkjjii)“. O]

The aim of the following observations is to find all possible pseudopalindromic
prefixes w,, and w, 41 such that a pseudopalindromic prefix was missed between them
and Assumption 12 is not satisfied.

Proposition 19. Let w, and w,.; be the prefives of u(A,©) from Definition 7 and
|wp 1| = 2|w,| + 2. Suppose Assumption 12 does not hold. Furthermore, suppose the

overlap of Wl and wl is either of length |w,| —1 or of length |w,| —2. Then w1,
Wy, and the missed pseudopalindromic prefiz(es) are of the form:

10



Wyt1 Wy, Missed pseudopalindromic prefix(es)
il -1 il

(i)t (ki) (i7) i for [ > 2: (ij)!, for I = 1: ij, ijk
(ig)'ik(jk)' (i5)’ (ij)"i

177kkiig gk 177k 177kke, ij5kkiig

177kke 1] 177k

ijjity ij ijJ1

(ijkj)' (ikij)' (igkg)' " ligk | (ijhkg)ti

(igkj)'ighi(kiki)' || (ijkg)'i (igkj)'ijk

Proof. Since |wy, 11| = 2|w,|+2, it is easily seen that w1 is of the form wy,ij Ey(w,),
where i, 7, k are pairwise different letters. Without loss of generality, suppose that
Wpy1 = w01 Ey(w,). Two cases are possible:

1. The length of the overlap of w” and w" is equal to |wy,| — 1.
If |wy,| = 1, the only possibility is w,1 € {0011,2012}. Consider |w,| > 2.
By Observation 3 and Lemma 17, w,0 is a prefix of i, (i), or (ijk)*, i.e.,
either w,0 = 0' and w,,; = 0'1!, or w,0 is a prefix of (i0)~, (0i)“, or w,0 is a
prefix of (i70)“, (i07)“, or (0i7)“. In the case where w,0 is a prefix of (ij0)“,
(107)%, or (0ij)“, the longest FEs-palindromic prefix of w,0 is clearly not an
empty word, thus this case cannot happen. We will now address the remaining
possibility: w,,0 is a prefix of (i0) or (0i)¥. The case i = 1 cannot happen for
the same reason as in the previous cases. Hence, only the case ¢ = 2 remains
possible. It leads to two possible forms of wy,,1: w,01FEy(w,) = (20)!(12)" and
w01 By (w,) = (02)'01(21)".
Overall, we get wy,,1 = 0", w,; = (20)(12)!, or w,1 = (02)'01(21)".

2. The length of the overlap of w”) and w{ is equal to |wy,| — 2

If |wy,| = 2, then w,+; € {100110,200112}. Consider |w,| > 2. The word w,01

has an image of w,, as a suffix. Let 5 denote the factor preceding 01. By Lemma

18, the following cases can happen:

(a) If ij = 01, then w,01 is a prefix of (01) or (10)“,
(b) If ij = 10, then w,01 is a prefix of (0110) (1001)
(c) If ij = 12, then w,,01 is a prefix of (201)*, (120) (012)“’,
(d) If ij = 21, then w,01 is a prefix of (1210)“ o (1012)
(e) If ij = 20, then w,01 is a prefix of (122001) (200112)¢, or (011220},
(f) If ij = 02, then w,,01 is a prefix of (1020)“ or (2010)“.
The cases (a), (c), (d) are not possible because the longest Fy-palindromic suffix
of w,,0 is not the empty word (in the case (a) and (d), 10 is an Es-palindromic
suffix of w,0, in the case (c), 120 is an Es-palindromic suffix of w,,0).
The case (b) happens only for w,01 = 1001 (w,4+1 = 100110). Otherwise, 1100
is an Fs-palindromic suffix of the word w,0.
Similarly, the case (e) occurs for w,01 € {122001, 2001}, it follows that w,,; €
{1220011220,200112}. Otherwise, 112200 is an FEs-palindromic suffix of w,0.
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The case (f) can happen and leads to w, 1 € {(1020)!(1210), (2010)'2012(1012)'}.
[

Proposition 20. Let w,, and w,. be the prefives of u(A,©) from Definition 7 and
|wpi1| = 2|wy,| + 1. Suppose Assumption 12 does not hold. Furthermore, suppose
the overlap of W and wl is of length |w,| — 1. Then wy,.1, w,, and the missed

pseudopalindromic prefix(es) are of the form:

Wha1 Wy, Missed pseudopalindromic prefix(es)
(i)"i (ki)' (i)' (i)'
(i5)'ijk(jk) (i)' (@)™
ijkij i ijk, ijki
(ijk)ijkji(kji) " || (k)i | (ijk)’
(ijk)'iji(kji)’ (ijk)'i (ijk)"ij
(igk)"i(kji)' (igk)’ (ijk)"i
Proof. Since |wy 41| = 2|w,| + 1, it directly follows that w,; is either of the form

Wnt1 = wWpjR(wy) or w1 = w,jEj(w,) for some j € {0, 1,2} because j is a central
factor of wy, 1. If |w,| =1, then w, 1 € {iji,ijk}, where i, j, k are pairwise different
letters. Now, we can suppose that |w,| > 2.

Without loss of generality, assume that w, 1 = w,0R(w,), or w,+1 = w,0Ey(w,,).
By Observation 3 and Lemma 17, w,0 is a prefix of i, (ij)*, or (ijk)*, i.e., w,0 is a
prefix of 0¢; (:0)“, (0¢)*, (i70)“, (i05)%, or (0ij)~.

The first case cannot happen because the longest Ey- or R-palindromic suffix of
w0 is 00.

If w,0 is a prefix of (i0)*, or (04)“, then w,y; € {(0:)'0(;0)!), (i0)'i05(05)'} when
we make an FEjy-palindromic closure. The case of an R-palindromic closure cannot
happen since the R-palindromic suffix is 0:0.

If w,0 is a prefix of (i70)%, (i07)“, or (0i7)*, then, for the case of an Ey-palindromic
closure, the only possibility is w,0 = 750, which leads to w,; = ij0ij (for longer
prefixes, 050 is an Fy-palindromic suffix of w,0). In the R-palindromic closure case,
we obtain w,0 € {(i50)"~%i;505i(054)" ", (405)40i(50i)!, (0i5)'0(5i0)'}. m
3.8. Missing one pseudopalindromic prefiz

Having solved special cases that can appear if Assumption 12 is not satisfied, we
will restrict our attention to the cases where Assumption 12 holds. In this section, we
will assume that we missed exactly one pseudopalindromic prefix and thus wﬁf) = W,,

wéo’l), w? = wyy1 are the only pseudopalindromic prefixes between w,, and w;,1.

Remark 21. Through the whole section, wflp_)l denotes the prefix of length |w,,_1| of

w? (e, w?, =w, ), and w'?, denotes the prefix of length |w,_;| of wS".
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Lemma 22. Let w, = w,_1p; ‘U1 (wn_1) and wpy1 = wypy Va(w,), where 91,05 €
{Eo, E1, B2, R} and py,ps € {0,1,2}*. Furthermore, suppose that exactly one pseu-
dopalindromic prefiz was missed between w,, and w, 1 such that Assumption 12 holds
and suppose that the prefix of length n of the directive bi-sequence is normalized. Then

p1] = [pal.
Proof. By Lemma 13, we know that w is a central factor of Wp+1. We will proceed
by contradiction:

1. Assume |p1| > |pa|. For a better understanding see Figure 3 (a). Then wr(fg_)1

and w'” | overlap and the factor having w'”), as prefix and w'? | as suffix is a

¥-palindrome by Observation 3. Moreover, it is a -palindromic prefix of w,, 1
longer than w, and shorter than wﬁ?’”, which is a contradiction.
Wn+1 . 3 Wn+1
: :

2 | ? @ | |
w? | : Wn | : |
. b2 : ‘ p2 :
o.m 3 T A i
‘ ‘ 0 ‘
w® /] ) Z po (p)
| w(p)l ' | | w 21
\_/ n— W n
1 w :
| (1) [ T 1 ! (l)l
I wn ! Lw e
1 2 0O, A,
1 e T

¥-palindrome ¥-palindrome

Figure 3: (a) Illustration of the case |p1| > |p2|. (b) Illustration of the case |p1| < |pa|.

(»)

2. Assume |p1| < |psl, see Figure 3 (b). Again, w,”; and w,(le overlap and the

factor having wgp_)l as prefix and wﬁf_l as suffix is a ¥-palindrome for the same
reason as above. However, in this case, the obtained ¢-palindromic prefix of
wy,11 is shorter than w,, which is a contradiction with the fact that the prefix

of length n of the directive bi-sequence is normalized.

]
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Proposition 23. Suppose that exactly one pseudopalindromic prefix was missed be-
tween w, and wy,y1 such that Assumption 12 holds and suppose that the prefiz of
length n of the directive bi-sequence is normalized. Then:

1. If w, = w11 (wy_1) for some i € {0,1,2} and 91 € {Ey, E1, Eq, R}, then
Wpy1 = wyjte(wy,) for some j € {0,1,2} and 95 € {Ey, E1, Eo, R}.

2. If wpyr = wpjda(wy,) for some j € {0,1,2} and ¥ € {Ey, Ey, Ey, R}, then
either w, = w,_1i%1(w,_1) for some i € {0,1,2} and ¥, € {Ey, E1, Eq, R}, or
Wyt1 and wy, are of one of the following forms forl > 1 (w, = w,_1a" 91 (w,_1)
for some a € {0,1,2}):

L W1 H Wy, Missed pseudopal. prefix ‘
a. | (igh)'k~" (kji)'k(igk)' k™" (kji)' || (ijk)'k~" (kji)" (igk) k=" (kji)'k(ijk)'k ™
g O 073 A KO3 3
o | k) igi(kye) ™ k(igh) (k%iii (178 ji (ki) (ijk) W(kﬂ()ijkfl'ié
a | VIR G G GR )
e. | (ij)"i(ki)'k(jk)"5(ij)" (ig)"i(ki)" (ig)"i(ki)'k(jk)’

Proof. 1. If w,_; = ¢, then w, =i and w,y1 € {iji,ijk}. In the sequel, assume
lw,_1| > 1. First, suppose that w, = w,_1i0; (wy_1) and W, = w,py Vo (w,)
for some py € {0,1,2}*, |pa| > 2. Then w'®, and w'?, overlap and, similarly as
in the proof of Lemma 22, it is a contradiction with the fact that the prefix of
length n of the directive bi-sequence is normalized. Therefore, this case is not
possible. Moreover, the length of p, has to be odd because wg) is a central factor
of w1 and the length of w,, is odd. Hence, |ps| is either 1, or w1 = w,jd2(wy,)
for some j € {0,1,2}.

If |ps] = 1, then wffll is a prefix of the suffix it (w,_1) of w,. Since w, is a
pseudopalindrome, then an image of w,_; is also a suffix of w,_17, see Figure 4.
This implies that w,_17 is a pseudopalindrome and this is a contradiction with
the fact that the prefix of length n of the directive bi-sequence is normalized.
Thus, only the case w11 = w,jUs(w,) remains possible.

2. We have now w,, 11 = w,j¥2(w,). We will consider all different possible lengths
for w,_;. First, suppose that |w, 1| = 0. Then w, = i (since the length of
wy, is odd) and wy41 € {iji,ijk}. Second, |w,_1| = 1. Then w, € {iji,ijk}
because the length of w, is odd. But at the same time, w,, & {iji,ijk} because
the prefix of length n of the directive bi-sequence is normalized. From now on,
suppose |w,_1| > 2.

Assume now that w,, = w,_1p; 91 (w,_1) for some p; € {0,1,2}*, where |p;| >
2. Then, as in the first part of the proof, the factors wflp_)l and wr(lcll overlap
and two pseudopalindromic prefixes were missed between w,, and w, 1, which
is not possible. Since the length of p; is odd, only the cases where w, =
Wy_11 1 (wy—q) and w,, = w199 (w,_1) remain.
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A
Y

W,
. Wn—1 .
.= 1
[
} | \w(c)1
M
pseudopalindrome

Figure 4: Illustration of the case |p2| = 1.

We will derive the remaining forms of w,, 1 from the case w,, = w1719 (w,_1).
Suppose that wl) = Wy, w,&o’l), and w?
¥o-palindromes. Let p denote the overlap of w® and w. See Figure 5 for a
better understanding. It is easily seen that the length of p is equal to |w, 1| —1
and that p is a v-palindrome by Observation 3. Moreover, pj is a pseudopalin-
drome, too (pj is an image of w,_1). Hence Lemma 17 is applicable: pj is a

prefix of either a*, (ab)“, or (abc)* for some pairwise different a, b, c € {0, 1, 2}.

= w,,1 are in order a ¥;-, ¥-, and

Wn+1

A
\j

Figure 5: Illustration of the overlap p for w, = wy,_1i =91 (w,_1).

Furthermore, w,,, clearly satisfies the following equation:

Wp11 = V1(p)ipja(p)Va(i)d201(p). (2)

By Corollary 15, we know that ¢, ¢/, and 95 are either successively R, FE,,,
R,or E,,, R, B, or E,,, E,, E,. The different cases will be addressed in the
sequel:



L4 '191:R,19:Em, 792:R1
Using Equation (2), we obtain:

Wy i1 = R(p)ipj R(p)ip, (3)

where 7, j, m are either the same or pairwise different letters.

If pj is a prefix of a¥, then a = j and pj is a palindromic suffix of w,7,

which is a contradiction with w, 11 = w,jR(w,) and |w,| > 2.

If pj is a prefix of (ab), then, since p is an E,,-palindrome, the letters

i,j,m are pairwise different and p = (ji)!, which is also a contradiction

with the fact that w, 1 = w,jR(w,).

If pj is a prefix of (abe)®, then two cases can occur:

(a) i = j = m, then p = a(bja)'~'b (it is easy to see that other cases are
not possible), and thus, using (3), we obtain:

Wy = blajb) taja(bja) " bjb(ajb) taja(bja) .

By simplifying the form of w,.; and changing the letters to ¢, j, k so
that they appear in this given order, we obtain the form 2.a. of w, ;.
(b) 4,7, m are pairwise different, then, by the same approach, we obtain:
— p = (jmi)" and w1 = (img)li(jmi)tj(img)ti(jmi)t, which leads
to the form 2.b. of wy, ;.

— p = m(jim)'=, wps = (mif)' " mim(jim)=j(mig) = mim(jim) =,
which gives the form 2.c. of w, 1.
o V1 =FE,, =R, 0=E,:
Using (2), we obtain:
Wns1 = En(p)ipj En(p)En(i)p = E;(p)jpiE;(p)ip, (4)

where p is an R-palindrome. We used the fact that j is a central factor of
an F,,-palindrome and that ipj is a central factor of an R-palindrome in
order to derive the latter form.

If pj is a prefix of a*, then a = j and pj is an Ej-palindromic suffix of w,j
longer than j, which is a contradiction with w, 41 = w,jE;(w,,).

If pj is a prefix of (ab)¥, then using the fact that p = R(p), we have
p=a(ja)~t. Applying (4), we obtain

Wnt1 = b(jb) " ja(ja) " jb(jb) " ja(ja) T,

which leads to the form 2.d. of wj,11.
If pj is a prefix of (abc)®, then p cannot be an R-palindrome.

L] 191:Em,19:ET,192:E52
Now, we obtain by (2)

Wy i1 = B (p)ipi Es(p) Es (1) Es En(p) = Ei(p)ipi E;(p)rEi(p),  (5)
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where we used the fact that j is a central factor of an F,-palindrome and
ipj is a central factor of an E,-palindrome.

If pj is a prefix of a“, then it is a contradiction with the fact that p is an
E,-palindrome with r # j.

If pj is a prefix of (ab)¥, then p = (ji)! because p is an E,-palindrome and

war = (ir)'i(53)' 5 (rj) v (i)',
which corresponds to the form 2.e. of wy,11.
And finally, if pj is a prefix of (abc)®, then since p is an E,-palindrome, it

can be of the form p = (jri)! or p = r(jir)!. Neither of them is possible
because j is not the longest £j-palindromic suffix of the resulting w,j.

]

Proposition 24. Suppose that exactly one pseudopalindromic prefix was missed be-
tween w, and wy,y1 such that Assumption 12 holds and suppose that the prefiz of
length n of the directive bi-sequence is normalized. Then:

1. Ifw, = w, 1ij (w,_1) for two differenti,j € {0,1,2} and ¥, € {Ey, E1, Es, R},
then w1 = w,kldsy(wy,) for two different k,1 € {0,1,2} and 95 € {Ey, E1, Es, R}.

2. If wyy1 = wyklYsy(w,,) for two different k1 € {0,1,2} and V5 € {Ey, F1, Es, R},
then either w, = w,_1ijY1(w,—1) for two different i,5 € {0,1,2} and ¥, €
{Eo, E1, B3, R}, or w,yq1 is of one of the following forms for | > 1 (w, =
Wy 1V1(wy_1) 0 the first four cases and w, = wy,_1(ab) 'V (w,_1) for some
a,b € {0,1,2} in the last two cases):

Lwnﬂ ‘ Wy, Missed pseudopal. prefix
a. iljl+1il+1jl iljl illerlZ'l
b. | (i) jk(ik)likgi(ji) ik (ik)b i(51) ik (ik)ti i(31) 5k (ik)tikgi(ji)t
c. ’iljl+1kl+1il Z'ljl Z’ljl—i—lkl
d. | (ij)'ik(jk)'ji(ki)'kj(if)' (i)' ik (jk)' (i)ik(jk) ji (ki)'

(igkj) " Vijki(kjki)kj . .. (igkj)tijki . .. (igkj) " Yijki(kyki)=1 ...

© o (igkg) T igki(kjka)t 1 o (kjki)t o kj(igkg)
¢ ij(kjif) " tkjik(ijik) = igi. .. || ig(kji)) " Yhjik ... | ij(kjig) " Tkgik(igik)="t. ..
C L kjk(ikiR) Yk gi(Gkg0) ik .. (igik) =i igikgk(ikik) Y

Proof. The proof is analogous to the proof of Proposition 23.

1. For w,_; = € and w, = 1J, the assumption that the prefix of length n of the
directive bi-sequence is normalized is not met. Consider further on |w,_1| > 1.
First, suppose that w, = wy,_19j91(w,_1) and w1 = w,p; " Ya(w,) for some
p2 € {0,1,2}*, |ps| > 4. Then w'”, and w'?, overlap as in the proof of Lemma

22 and thus it is a contradiction with the fact that the prefix of length n of the
directive bi-sequence is normalized.
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Since an image of w,, = w,_1ijY (w,_1) is a central factor of w,, 1, |p2| has to be
even. Further, we want to eliminate the cases where |ps| € {0, 2}, see Figure 6.
In the first case, the prefix of w,; of length |w, 1| + 1 is a pseudopalindrome,
in the second case, the prefix of w,,;1 of length |w,,_1|+2 is a pseudopalindrome,
and thus we have a contradiction with the fact that the prefix of length n of
the directive bi-sequence is normalized. Thus, only the case w;, 11 = w,ijds(wy,)
remains possible.

Wn+1

A
\j

Ip2| = 0: - ’

|
|
|
|
I < J
|
|
|

Hf_/

pseudopalindrome

Wn+41

A
\4

‘pg’ZQI ‘ .
| O e fe—

i
i
i
i
i
i
i
i

pSeudopalindrome

Figure 6: Ilustration of w41 for |po| € {0,2}.

2. We will proceed exactly in the same way as in the second part of the proof of
Proposition 23. We have w11 = w,sts(w,) for some distinct s,t € {0, 1,2}.

We will consider all different possible forms of w,,. If w, = w,_1p; ‘Y1 (w,_1) for

(c)

some p; € {0,1,2}*, |p1| > 4, then the factor wgpjl and w,”, again overlap, and

thus two pseudopalindromic prefixes were missed between w,, and w,, 1, which
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is not possible. Since the length of p; is even, the only remaining possibilities
are |p1| € {0,2} and w, = w,_1ijY1(w,_1). The last case is possible and we
will derive the special forms of w,, from the other two cases:

o Let w, = wp_ 1V (wn—1) (|p1] =0). If |wp_1| =1, w1 € {ijjiig,ijjkki}.
Now, we can suppose that |w,_;| > 2. Let wl) = Wy, w,(LO’l), and wi™? =
Wy be in order a Y-, Y-, and vYs-palindromes. Let p denote the over-
lap of w and wél), see Figure 7. The length of p is equal to |w, 1| — 1
and p is again a v-palindrome by Observation 3. Moreover, ps is a pseu-
dopalindrome, too (ps is an image of w,_1), hence Lemma 17 is applica-
ble: ps is a prefix of either a¥, (ab)*, or (abc)® for some pairwise different

a,b,c €{0,1,2}.

UAU
y

Wy = wnflﬁl(wnfl)

(

Figure 7: Illustration for w,, = wy,—1%1 (w,—_1).

Furthermore, w,,, satisfies the equation:

Wy i1 = V1(p)igpsta(p)da(if) et (p). (6)

By Corollary 15, ¥4, 9, and 1, are either successively R, E,,, R, or E,,, R,
E,., or Ey, E,,, E,. The different cases will be addressed in the sequel:
- 191:R,79:Em, 192:R2
This case is not possible since st cannot be a central factor of an
R-palindrome for two different letters s, t.

9, =FE,, 0 =R, 0y — E,,:
Using (6), we obtain:

W1 = B (p)ijpst By, (p) Enm(if)p = En(p)ijpjifon,(p)ijp,
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where 7, j, m are pairwise different. We used the fact that ijpst is a
central factor of an R-palindrome.
Now, if pj is a prefix of a¥, then pj = j'** for some I, and using (6),
we obtain w,,, = ¢! 71521254+ which is the prefix 2.a.
If pj is a prefix of (ab)“, then either p = (ij)" and pj is a non-empty
E,,-palindromic suffix of w,j, which is a contradiction with the fact
that w, 11 = w,jiEy,(w,). Or, p = (mj)'m, which is possible, and we
obtain the prefix 2.b.(when changing the letters to ¢, j, k so that they
appear in this given order).
The factor pj cannot be a prefix of (abc)® because this word does not
contain any R-palindrome (except of length 1, which has been already
examined above).
- ﬁlek,ﬁ:Em, ’(92:ET,Z
Here, two cases can happen: either m = ¢ or m = j. Thus we obtain
two possible equations from (6):

W1 = Ex(p)ijpkiE;(p)jkEx(p), where p = E;(p),
or (7)
W1 = E(p)ijpikE;(p)kiEy(p), where p = E;(p).

If pk or pj is a prefix of a®, then only the case p = j' is possible
and we obtain the form 2.c. (p = k' is not possible since k' is not an
E;-palindrome).

If pk or pj is a prefix of (ab)“, then only p = (kj)! is possible, thus
w1 = (ik)'ij(kj) ki(ji) jk(ik)!, which is the form 2.d.

The case where pj or pk is a prefix of (abc)” cannot happen because
such factors have a suffix of length three composed of three different
letters. Therefore, w,k, resp. w,j does not have an empty Ej, resp.
E;-palindromic suffix, which is a contradiction with the form of w,, ; =
wpkiEj(wy,), resp. wpi1 = wpjkE;(wy,).

e Let now w, = w,_1(ij) "1 (w,_1) (|p1] = 2). For |w,_1| = 2, we have

|w,| = 2, which is not possible. We further consider |w,_1| > 2. Let w?,

wgo’l), and w? be in order a %1, ¥, and ts-palindromes. Let p denote
again the overlap of wr(LO) and wq(ll), see Figure 8. The length of p is equal
to |w,_1] — 2 and p is a ¥-palindrome by Observation 3. Moreover, pst is
a pseudopalindrome, too (pst is an image of w,_1). Hence, Lemma 18 is
applicable: pst is a prefix of (ab), (abba)“, a(baca)¥, (abbcca)®, a(bcba)®,
(aabb)®, (aabbec)® for some pairwise distinct a, b, ¢ € {0,1,2}.
Furthermore, w,; satisfies (6).

By Corollary 15, 91, ¥, and vy are either successively R, E,,, R, or E,,, R,
E,, or B, E,, E,. The different cases will be addressed in the sequel:

—191:R,?9:Em,192:R2
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Figure 8: Illustration for w,, = wy,_1(ij) " 91 (wp_1).

This case is not possible since st cannot be a central factor of an
R-palindrome for two different letters s, t.

’191:Em,’l9:R, 192:Em:

Using (6), we obtain:

W1 = Ep(p)igpji L (p)ijp,

where, i, 7, m are pairwise different.

Since p is an R-palindrome, pji cannot be a prefix of (abbcca)®, (aabb)®,
and (aabbce)®.

If pji is a prefix of (ab)¥, then p = (ij)'~Li. If pji is a prefix of (abba)®,
then p = (jiij).. If pji is a prefix of a(baca)®”, then p = i(miji)!=tmi.
In all three previous cases, the E,,-palindromic suffix of w,j is non-
empty, which is a contradiction with w, 1 = w,jiE,, (w,).

If pji is a prefix of (abc)?, then p = m. If pji is a prefix of a(bcba),
then p = m(jijm)"=!. These two cases lead to the form 2.e.

’191 = Em7 Y= E'r7 192 = qu

Using the fact that st is a central factor of an E,-palindrome and
17pst is a central factor of an E,-palindrome, we obtain two possible
equations for w4, from (6):

Wnt1 = En(p)ijpmiE;(p)jmE,,(p), where p = E;(p),
or (8)
Wyt1 = Ep(p)ijpjmE;(p)miE,,(p), where p = E;(p).

Since p is an Ej;-, resp. Ej-palindrome, pmi, resp. pjm cannot be a
prefix of (ab)®, (abba)¥, (aabb)®, (aabbce)®.
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If pmi, resp. pjm is a prefix of (abc)*, then p = (mij)!, resp. p =
(mij)'~'mi, and w,m, resp. w,j has a non-empty Fj;, resp. Ei-
palindromic suffix, which is a contradiction with w,,+1 = w,miE;(w,),
resp. Wy = wpjmE;(wy,).

If pmi is a prefix of a(baca)®, then p = i(miji)"~"' and w,m has a
non-empty Ej-palindromic suffix. Moreover, pjm cannot be a prefix
of a(baca)® for p = E;(p).

If pjm is a prefix of (abbcca)?, then p = (jmmiij)' and w,j has a
non-empty E;-palindromic suffix. Moreover, pmi cannot be a prefix of
(abbcca)® for p = E;(p).

If pjm is a prefix of a(bcba)®, then p = m(jijm)'~'ji and we obtain the
form 2.f. Moreover, pmi cannot be a prefix of a(bcba)® for p = E;(p).

-1

l

O

3.3.1. Normalization rules

At this point, it is necessary to mention that the normalized form of a directive
bi-sequence is not always unique over a ternary alphabet. The directive bi-sequence
(A,0), where A = i' and © € {R, E;}*, is normalized and generates the word i'. It
is easily seen that if a prefix w, of u(A,©) contains two different letters, then the
normalized sequence is defined uniquely starting from the index n.

Remark 25. Suppose that #' is the longest prefix of u(A, ©) that contains only the
letter . From now on, we will say that the bi-sequence (A, ©) is normalized if (A, ©)
is normalized according to Definition 9 and the prefix of © is E!. This preprocessing
of the prefix of the directive bi-sequence will be done before starting the normalization
process.

Example 26. The directive bi-sequence (0“; EY) is normalized. The directive bi-
sequence (0001¥, REyREY) is not, its normalized form is (0001%, EgEqEyEY) and we
directly see that both of them generate the same generalized pseudostandard word.

Prefix rules
Now that every generalized pseudostandard word has exactly one normalized directive
bi-sequence, we will derive prefix substitution rules for cases where one pseudopalin-
dromic prefix was missed from Propositions 19, 20, 23, and 24. These rules define
how to rewrite prefixes of (A, ©) so as not to miss any pseudopalindromic prefix.
On the left, the prefix of length n of (A, ©) is normalized and there is one missed
pseudopalindromic prefix between w,, and w,1. On the right, the prefix of (A, ©) is
rewritten so that the same prefix of a pseudostandard word is obtained and that the
prefix of (A, ©) of length n + 1 is normalized. The index [ in the rules can take any
positive integer value.

First, the special forms of w,,; from Propositions 19, 20, 23, and 24 are considered
one by one. Their corresponding non-normalized and normalized directive bi-sequence
is found, followed by the new prefix substitution rule obtained:
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Wnt1 = ilj :
The normalized bi-sequence of w,, = i'~1 is (i', E!). If we want to obtain directly
Wyy1, then 6,1 is 7 and 9,4 is Fjy. Furthermore, we know that we missed the
pseudopalindromic prefix i!. Thus, the non-normalized bi-sequence of w,,; is
(i', E"'E},) and the normalized bi-sequence is (i'j, E'Ey). We obtain the new
prefix rule:

(i', BBy — (i, ELE)). (1)
Wyt = (1) (ki)'
(i(ji)' "4, B(ExR)' T Ey) — (i(ji) " jk, Eif(ExR) ™ ELE;), (2)

for [ > 2 (for [ = 1 two pseudopalindromic prefixes were missed).

Wi = (i) ik (k)

((ij)", B;Ey(REY)''E;) — ((ij)'ik, E;EL(RE),)" RE;). (3)

W1 = ijjkki:
(ijj, BiEpE;) — (ijik, B ELEGE;). (4)

W41 = 17 J10]:
(¢j7, BiEyEy) — (iji, E;ExRE,). (5)

W1 = (ijk7) (ikig)":
(ijk(jj) "4, BBy E;(RE;)' ™ Ey) — (ik(j5)" ' jk, E;ExE;j(RE;) REy).  (6)
W = (ijkg)ijki(kjki)

(ijkj(jj)' "4, B;ExE;R(E;R) ' E;) —

c ey e eN]—] - 1—1 (7>
(ijkj(j3)" "' ji, B EyE;R(E;R) ™ E;Ey).
Wyl = 1J1:
(ij, B;R) — (iji, E;ELR). (8)
Wp4+1 = Z]k
W1 = (i7)4i(ki)':
(i5(i5)" ", B Bp(REy) ™ E;) — (i5(ij)" ik, B Ey(REy)' ™' RE;). (10)
Wyy1 = (i7) gk (jk)"
(i(ji)'j, Ei(ExR)'E;) — (i(ji)'jk, Ei(ExR) ELE;). (11)
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Wyt = (ijk) " Yigkgi(kji) 1

(1K) igh, (BiEcE;) ™ EiExR) — ((ijk)'j, (EiEcE))'R).
W1 = (igk)liji(kji)t:

((ijk)"ij, (EiByE)) EiR) — ((ijk)"iji, (B By Ej) E; By R).
w1 = (ik)i(kji)':

((ijk)', (B ExEj)'R) — ((ijk)'ik, (E;ExE;) EiR).

Wyt = (15k) k= (kji) k(igk) k1 (kji)t:

((ijk) ik, (E:BiEj) RR) — ((ik)'jkk, (E;ELEj) RER).
Woy1 = (i7k)i(kji) k(ijk)(kji)':
((ijk) ikk, (B ELE;) E;RR) — ((ijk)'ikki, (F;ELE;)' E;RE;R).
Wyt = (ik) " Yigi(kji) = k(ijk) Yigi(kji) 1

((ijk)tijik, (B;ELE;) ' E;ELRR) —

((ijk) " Yijiky, (E;EyE;) ' B ELRER).

Wy = i(52) iR (iR) T (i) g (k) e

(12)

(13)

(14)

(15)

(16)

(17)

(i(ji) " jkj, Bi( By R) T ELE E;) — (i(53) " ikjj, Ei(ExR) " Ey E;RE)).

W1 = (i)' i(ki) k(5k) 5 (ig)":
(i5(ig) " ikk, B Ex(REy) " REEy) —
(ij(i§)" " tikkj, B;E(REy) ' RE,E;E}).

o141
Wy = 4G

(i'jj, B'ExEy) — (i'ji, ELELREY).
Woy1 = i(§i) Gk (ik) ikji(5i) ik (ik)bi:
(i5(ij) kk, B;E(RE) E,E;) — (ij(ij)'kkj, B;Ey(RE) ' E;RE;).
Wiy = il L

(i3, B'ELE;) — (i'jjk, ELELESE;).
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o wor = (i) ik(jk) Gi(ki)k;(ij)"

(ij(ig)""ikj, B Ex(REy)' ™ RE; Ey) —

23
(i5(ij)tikjk, B;Ey(RE,) " 'RE;E;Ey). (23)
o w1 = (ijkj) " Yijki(kjki) = kj(ijks) " Yijki(kjki) 1
(igk(jj)'" ik, Ei BB (RE;) ™ EiE;) —
J J (24)
(ijk(j§)" " Yikj, BiEyE;(RE;)' ™ E;RE;).
o wy =ij(kjij) kjik(ijik) " Vijik ik (ikjk) - Vikgi (ki) gk
ijk(i)) ki, B;ExE;(RE;) 'RE,E;) —
J J J (25)

(ijk(jj)" "' jkik, E;ExE;j(RE;)" ' RELEE;).

Factor rules

The next theorem concludes the section concerning one pseudopalindromic prefix
being missed between w, and w,.;. Three factor substitution rules are obtained.
Those three rules contain factors of the directive bi-sequence that are not normalized
on the left, and their normalized transcription on the right.

Theorem 27. Let (A,0) = (§102...,%Vs...) be a directive bi-sequence having a
normalized prefiz of length n. Moreover, let the prefiz of (A, ©) of length n + 1 be
different from any prefix on the left side of the prefiz rules (1) to (25). Then there
15 exactly one missed pseudopalindromic prefiz between w, and wy,y1 if, and only if,
(0n—-1070n+1, Un—19,0,41) has one of the following forms:

o (abiby, RE;E;), where by = E;(by), (except (iii, RE;E;) for w,_y =i 1),
e (abiby, B;RR), where by = E;(by), (except (iii, E;RR) for w, 1 =i"'), (9)
[ ((lblbg, EZE]EZ), where Ez(bl) = Ej(bz)

Therefore, we obtain a set of factor substitution rules (not necessarily applicable
to a prefiz):

1. (ablbz, REZEI) — (ablebl, REZRE1>, where bl = El(b2)7
2. (ablbg, ElRR) — (ablbgbl, EZRElR)7 where b1 = Ez(bg),
3. (ablbg, EZEJEZ) — (ablng,;Ej(bl), EZEJE]CEZ>, where Ez(bl) = Ej(bg)

Proof. (=) : From Lemma 22 and Propositions 23 and 24, one of the following pos-
sibilities holds:

o W, = w,p; O2(w,) and w, = w,_1p; 01 (w,_1), where |pi| = |pal,
® W1 = Wyiby(wy,) and wy, = wy 1501 (Wn-1),

o Wy = wyijbe(w,) and w, = w,_1klb (w,_1).
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Hence, w,, 1 is of one of the following forms:

o Wyi1 = Wy 1Py 01 (Wn_1)ps 0201 (w_1)02(p1) " Oa(ws_1), [p1| = |p2l,
® Wpt1 = wn—1j91(wn—1)i9291(wn—1)92(j)92(wn—1)7 (10)
® Wnpy1 = wn_lkzlﬁl(wn_l)ijﬁggl(wn_l)ﬁg(k:l)%(wn_l).

The rest of the proof will be focused on the first form of w,1, the second and
third case can be treated analogously. The assumptions of Theorem 27 guarantee

that Assumption 12 is met, thus wg)) is a central factor of w,,;. We can deduce
from the given form of w, 4, in (10) that the missed pseudopalindromic prefix w® s
Wy 197 01 (Wn—1)py 0201 (w,_1). Moreover, since 0 (w,,_1) is its central factor, it is of

the same pseudopalindromic type as w,(LO’l). See Figure 9 for a better understanding.

3 Wn+1 o
. i .
‘ 5n+1
01(wn—1) o (wp—1)
| D1 | D2 2(2?1)

l
|

Figure 9: Illustration of the first form of w,,41.

Since one pseudopalindromic prefix was missed between w,, and w,,;1, by Corollary
15, 91 = 92 == R, 01 = 92 = Ei, or 01 = Ej and 82 = Ez In the first case, an Ei—
palindrome was missed between w, and w,1, in the second case an R-palindrome,
and in the third case an Ej-palindrome.

091:92:RZ

Since w, = (wWp_10,
w'l. Since, wV is a (missed) E;-palindromic prefix, 6,1 = E;(d,). Moreover,
01(w,—1) = R(wy_1) is an E;-palindrome, and thus w,_; is an E;-palindrome

by Observation 4.

) is an R-palindrome, R(d,) = 4, is the letter preceding

Overall, w,_1 = Ei(w,_1), w, = R(wy,), w11 = R(wpy1), where 6, = E;(0p41).
The letter & following w'’™" is R(R(0,,)) = 0. Using the notation §,,_1 = a,
511 = bl, 5n+1 = b2 and 19n—1 = Ei, 79n = R, 19n+1 = R, we obtain the rule 2.
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e 0 = 0y = E;: Similarly, we obtain that w,_1 = R(w,_1), w, = E;(w,), wy41 =
Ei(wpy1), where 6, = FE;(0,41). The missed pseudopalindromic prefix is an
R-palindrome and the letter ¢’ following it is E;(E;(d,)) = 6,. Consequently,
we have the rule 1.

° 81 = Ej and 92 = Ez Here, Wp—1 = El‘(wn_1>, Wy = Ej(wn), Wp4+1 = Ei(wn+1).
Since w is a (missed) Ej-palindromic prefix, E;(d,) = Ej(d,+1), which is
equivalent to E;(0,) = E;j(0n+1). The letter ¢ following wi™Y is Ei(E;j(0,)). It

corresponds to the rule 3.

(<) : It is easily seen that if (0,-10,0n+1,Un_19nUn11) has one of the form in
(9), then w,.; has one of the forms in (10). In order to have this implication, it
was necessary to exclude (i, B;RR) and (iii, RE;E;) for w, 1 = i"~ . In the first
case, the (only) missed pseudopalindromic prefix between w, and w,; is the factor
w7(10,1) = Wy_1py 01 (Wn_1)p5 10201 (w,_1). Similarly, for the remaining two cases.

Finally, we obtain the non-prefix rules by knowing ¢ and what type of pseu-
dopalindrome was missed.

1. (ablbz, REZEI) — (CLblebl, REZRE1>, where b1 = Ez<b2),
2. (ablbg, EZRR) — (Cbblbgbl, EZREZR)7 where bl = Ez(bg),
3. (ablbg, EZE]EZ) — (ablngiEj(bl), Where EZE]EkEZ), Ez(bl) = E](bg)

]

The rules obtained in Theorem 27 are applicable to any factor of the directive
bi-sequence including the prefix. Since we decided that a normalized directive bi-
sequence (A, 0) has (i', E!) as prefix whenever i' is a prefix of u(A, ©), it is possible
that the R-palindromic closure of the rule 1, resp. 2 in Theorem 27 has been re-
placed by the antimorphism FE; during the preprocessing procedure. For example,
if the beginning of (A,©) is (00000020, REyRRE(RFE,E;), then we process it to
(00000020, EgEgEgEoEgEgE1Ey) and the factor rule is not applicable anymore even
if it should because the palindromic prefix 000000222222000000 was missed. This
situation will be prevented by adding three more additional rules that we will now
derive taking into account the possible forms of the rule 1, resp. 2:

1. (ZZZ,REZEZ) or (ZZZ, EZRR> If the preﬁx of (A, @) is (ZZZZ, {R, El}lEZEZ), [ > 1,
or (iii, {R, E;}'RR), | > 1, then it is normalized and no additional prefix rule
is needed.

2. (iij, REyE},): This leads to the prefix of (A, ©) equal to (i Yiij, B ' E;ELEy,).
In this case, the prefix is not normalized already between the last antimor-
phism E; and the first antimorphism FEj (the prefix rule (1) is applicable), so
no additional prefix rule is needed.

3. (iji, REyEy): Here, if the prefix (A, 0) is (i'ji, {R, EB;}'EyEy), | > 1, then we
transform (A, ©) to (i'ji, B! ExEy) and we obtain a new prefix rule:

(i'ji, E{EyEy) — (i'jij, B} ExRE},). (26)
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4. (ijj, RE;E;): 1If the prefix of (A,0) is (ijj, EiE;E;) or (ijj, RE;E;), then
(ij, E;E;) is already not normalized and the prefix rule (9) is applicable, hence
no new prefix rule is needed. On the other hand, if the prefix of (A, ©) is
("5, {R, E;}'*'E;E;), | > 1, then the factor rule is applicable and we obtain
a new prefix rule:

(i'ijj, ELE;E;E;) — (i'ijjj, B E;E;RE;). (27)

5. (ijk, RE;E;): With similar arguments as in the case of (ijj, RE;E;), we obtain
a new prefix rule:

(i'ijk, BiE,EE;) — (i'ijkj, B'E;E; RE). (28)

Now that we solved the case where one pseudopalindromic prefix was missed be-
tween w,, and w, 1, we will examine the remaining case where two pseudopalindromic
prefixes were missed.

3.4. Missing two pseudopalindromic prefixes

In this section, we suppose that Assumption 12 is satisfied and that we missed
exactly two pseudopalindromic prefixes between w,, and w,, .

We are interested only in the cases where w? overlaps with w? . 1f w overlaps
with wﬁ{q’), then clearly all images of w, overlap pairwise. If w,1 = w, ¥ (w,), then
w® and w? also overlap. If w,41 = w,ijdi(wy,), resp. Wy = wyith(w,), then
the cases where w” and w(” do not overlap are treated in Proposition 19, resp.

Proposition 20.

Definition 28. Suppose that exactly two palindromic prefixes were missed between
the prefixes w,, and w,., such that wﬁlo) and w,(?) overlap. Furthermore, suppose that
the prefix of length n of the directive bi-sequence (A, ©) is normalized. Then the
overlap of w{” and w{™ will be denoted by p®. The overlap of p® and pl+D will
be denoted by ¢®.

Lemma 29. The factor p® is an image of w,_, fori € {0,1,2}.

Proof. Since wéo) overlaps with wff), the assumptions of Lemma 22 are satisfied with

Wy, = wq(@O) and wy,4q 1= w7(1072).

We obtain w(? = W17 V1 (Wno1)py 0201 (wn1)0a(p1) 0o (wn—1), where [p] =
|p2|. We have, w? = Wy _1py 1 (w,_1) and wl = V1 (wn_1)p5 0991 (w,_1). Hence,
the overlap of w” and wi” is p© = Y1 (w,_1). It is readily seen that p) and p® are
images of p(¥), i.e., they are images of w,_;.

]

Our further considerations are divided into two cases. Either p(® overlaps with
p), which is equivalent to say that wé‘” and wg’) overlap, or it does not. The first
case is treated in Lemma 30, the second one in Proposition 31 (it provides us with

four new prefix substitution rules).
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Lemma 30. Suppose that exactly two pseudopalindromic prefixes were missed between
Wy, and w41 such that W and w? overlap. Assume that the prefix of length n of
the directive bi-sequence (A, ©) is normalized. Furthermore, suppose that p® overlaps
with p@. Then ¢ and ¢V are both images of wy,_.

Proof. Tt is easily seen that the word p(®? is a prefix of some generalized pseudostan-

dard word. Furthermore, if we make the pseudopalindromic closure (p(®4)? with §
and 9 satisfying w,11 = (w,6)”, we obtain the word p(®?, and the word p(®! was
missed. Thus, p(® and p(®?) satisfy the assumptions of Lemma 22.

Now, p®2 = w!,_p; ") (), )ps 0, (1, )0 (pr) 104, ), where |pa| = |pal.
Using the same arguments as in the proof of Lemma 29, the overlap of p(® and p is
equal to ¥} (w!,_,). Since p¥ is an image of w,,_1, then ¥/ (w’,_,) is an image of w,,_s.
Thus ¢ is an image of w,_s. Since ¢/ is an image of ¢(©, it is an image of w,_o,
too. [

Proposition 31. Suppose that exactly two pseudopalindromic prefixes were missed
between w,, and w,,1 such that w and w? overlap. Assume that the prefix of length
n of the directive bi-sequence (A, ©) is normalized. Furthermore, suppose that p©
does not overlap with p®. Then either ¢© and ¢V are both images of wy_o, 0T Wyi1
15 of one of the following forms:

o (if)'i(ki)'k(jk)'j(i5)"i (ki)' k(jk)’

° ilelkHliHlelk’l

o (ij)'ik(jk) ji(ki)'kj(ij) ik (ik) ji(ki)!

o ij(kjij)tkjik(ijik) " Yigikik(ikjk) " Yikji(ikgi) L. .
. kgiki(jiki) ik (kikg) ki

7(10_)1 and wff_)l do no overlap, neither.

Therefore, if we put w,, := w,_; and w, 1 := w,(LO’l), then the assumptions of Propo-

sition 23 or Proposition 24 are satisfied. (Notice that w'™? = wﬁlo’l).)

Proof. If p©@ and p® do not overlap, then w

If w = W11 (Wp—1) and wy,—1 = Wy_2j01 (wy—2), then

wr(LO’l) = ’wn_gj’ﬁl(wn_g)l.’ﬂgﬁl (wn_g)ﬁz(]’)’ﬁg(’wn_g)
and ¢ is an image of w,_,. Similarly in the case where WY — Wy 11§09 (w,—1) and
Wp—1 = wn_gklﬁl(wn_g).

Now suppose that w™ has one of the rest of the forms of Wy,41 in Proposition 23
or Proposition 24. Since we consider the situation of two missed pseudopalindromic
prefixes between w,, and w, 1, by Corollary 15, there exist ¢, j, k pairwise different
such that w, and w,; are E;-palindromes, w’™) = E; (wﬁlo’l)), and w{"? = Ek(wflo’Z)).
Therefore, we can exclude the cases where w, = R(w,) or wi™ = R(wT(LO’l)). The
remaining cases are:
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° wn 1= (ig)hi(kd):
= (i7)%(ki)'k(jk)'(ij)" is an Ej-palindrome.

= (ij)'i(ki)'k(jk)" is an Ej-palindrome.

Now, the Ej-palindromic closure of w,j is
(wng)"™ = (i5)"i(ki)' k() 5 (i) i (ki) k(jk)" = wn1
and we missed the Ej-palindrome w™ and the E;-palindrome
0,2

wn® = (i)1i(ki) k(i)' (1) i (ki)'
R

0,1 . .
wfl ) _ il l+1kl+1l

is an F;-palindrome.
wy, = i'j" k! is an Ej-palindrome.

Now, the Ej-palindromic closure of w,k is
(wnk)E’] - jl+1kl+1 J+1 l+1kl = Wpi1

(0,1)

and we missed the FE;-palindrome wy, " and the Ej-palindrome
w£0,2) = gl i
w1 = (i) ik(jk)

wﬁ?’” = (i)'ik(jk) i (ki)'kj(if)! is an Ej-palindrome.
= (ij)'ik(jk) ji(ki)! is an E;-palindrome.
Now, the F;-palindromic closure of w,k is
(W k)P = (i) ik (k) ji (ki) kj(ig) ik (k) ji(ki) = wne

and we missed the Ej-palindrome wfl 0 and the Ej-palindrome

wi™® = i)k (k) ji(ki) ki (i ik (k)"

w1 = 15 (kjij) " kjik(igik)! " lij

wi'V = i (kgig)kjik(ijik)igikik(ikik) - Vikgi(kii) ik = Ey(wd™).
=ij(kjij) tkjik(ijik) " Yijikjk(ikjk)! "1 is an E-palindrome.

Now, the E;-palindromic closure of w,k is

(wo k) = i (kjig) " kjik(igik) " igikik(ikik) " ikji(kga) L
- gkjiki(jiki) T jikg (kiky)' T ki
and we missed the F;-palindrome w™ and the Ej-palindrome
Wi = ij(kjij) T kjik(ijik) = Vijikik(ikik) " ikji(ki) "V ikjiki(fiki) g
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3.4.1. Normalization rules

Prefix rules

The following prefix substitution rules for the case of two missed pseudopalindromic
prefixes between w,, and w,; are deduced from Propositions 19, 20, and 31 and its
proof:

® W, = ijki:

0w, = ijjkkiijjk:
® w, 1 =1jkij:
o wypy = (i7)'i(ki) k(jk)'j(i5)" (ki) k(jk)"
(i(ji)'kkj, E;( ExR)' E;E;E;) — (i(ji) kkjik, E;( By R) EE; EyE,E;). (32)
° Wy = iljl+1kl+1il+1jl+1k'l:
(i'4jk, BiEE E) — (i'jkij, B EE; B By Ey). (33)

o Wiy = (i7)ik(jk) gi(ki) ' kj(ig)ik(jk) ji(ki)':
(i(§i)'kik, Bi(ExR)' E; E;E;) — (i(ji)'kjkij, Bi(ExR) E; E;EyE; ;). (34)

o wo = ij(kjij)' kjik(ijik)'~igikgk(ikjk)' ikgi(ikji) Tt
. gkjiki(jike) T ik (kikg) T ki

(ijk(j§)' "' jkik, E;ExEj(RE;)" ' RE.EE;) — (35)
(ijk(jg)'~" jkikji, RE;EyE;(RE;)' ™ EyE,E;ELE).
Factor rules

The next theorem concludes the section concerning two pseudopalindromic prefixes
being missed between w,, and w, ;. The last factor substitution rule is obtained.

Theorem 32. Let (A,0) = (§102...,%17s...) be a directive bi-sequence having a
normalized preficz of length n. Moreover, let the prefiz of (A, ©) of length n + 1 be
different from any prefix on the left side of the prefix rules from (1) to (35). Then
there are exactly two missed pseudopalindromic prefizes between w,, and w,.1 if, and
only if, (0p—26n—10n0n+41, Un—2Un_10,0,11) is of the form (abibbs, B, E;ELEy), where
E;(by) = Ej(by) = Ej(bs). We obtain the last factor substitution rule:
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o (ablbgbg,EiEjEkEk) — (ablbzbgblbg,EiEjEkEiEjEk>, where Ez(bl) = Ej(bg) =
Ex(b3).

Proof. (=): Two pseudopalindromic prefixes were missed between w,, and w,1.
Thus, by Corollary 15, w,, = Ex(w,), w® = Ei(wg)’l)), w®? = Ej(w,(lo’Q)), and
Wpy1 = Ex(wyyq) for pairwise different i, j, k.

The word p'® is a central factor of w7(10,1), thus it is an F;-palindrome, too, and,
moreover, p'¥ = Ej(w,_1) by Lemma 29 and its proof. Consequently, by Observation
4, w,—1 = Ej(w,_1). Analogously, we deduce that w,_o = E;(w,_2).

B : I Wnt1 = Ep(wpt1)

| 3 3 3 02 0.2
| ‘ i ‘ ‘ I w® = E,(w®?)

Ei(5n+1)f ; ; ;
I I\l f f I WOV = (w0

Ey(p?)

Figure 10: Tlustration of the relation between §,, and d,,41.

We will now find the relations of d,,_1, d,, and d,,1. For a better understanding
see Figure 10. The prefix w, (and also p®) is followed by the letter 6,,;. Since p(®)
is a central factor of the E;-palindrome wi™ , p is preceded by the letter E;(6,41).
In addition, the prefix w,_, = E(p®) of w, is followed by the letter ,. Since w, is
an Ej-palindrome, p(®) is also preceded by the letter E.(d,). We obtain the equality
Er(6n) = Ei(dps1)-

Using the suffix ¢'*) of the word w, and the Ej-palindrome w7(10,2)7 the equality
Ei(6n—1) = E;(d,4+1) can be deduced analogously. Overall, we obtain:

(«<): Knowing the form of (0,,_20,-10,0n41, Vn_oUn_19,9,41), We can easily de-
duce that E;(w,_2) is the longest Ej-palindromic suffix used when constructing wy,.
Thus

Wy = W1 (Ej(Wn—2)) " Ex(wn_1). (11)

Now, let us look for the longest FEj-palindromic suffix of w,b3, see Figure 11.
When constructing w,_;, we looked for the longest suitable E}-palindromic suffix of
wy—2 — let p denote this suffix. Hence, w,_; = w,_op ' E;(w,_2), from which we have

p = (wlyw, 1 EBj(wn ) ~") 7"
Since w,,_s is an Ej;-palindrome, F;(p) is an Fjg-palindromic prefix of w,_». Since p is
followed by by, it is preceded by E;(b1), consequently, E;(p)E;E;(b) is a prefix of wy,.
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E;(b1)
E;(p) i Ei(p)

w, = E, (wn) mEzE](bl) ‘ EkEiE]‘ (b1) m bs
wp—1 = Ej(wy_1)l \f_\ b1 | by
EE;(bi)
Wp—2 = Ei(wn_g) m/m bl
Ei(p) p
| |
Er(E;i(p)) Ej(p)

Figure 11: Finding the longest Fj-palindromic suffix of w,,bs.

Applying the antimorphism FE; on the previous equation, we obtain:

Ei(p) = ((Ex(wn-2)) " Ei(wn-1)(wp—2) ") " (12)

Since w, is an Fy-palindrome and E;(p) is an Ej-palindromic prefix of w,,, then E;(p)
is also an Fj-palindromic suffix of w,. Moreover, the suffix F;(p) of w, is preceded by
the letter By E;E;(by) = E;(by) and followed by the letter b3. Thus, E;(p) is the longest
suitable Fj-palindromic suffix of w,,, where we used the fact that the prefix of length
n of the directive bi-sequence is normalized, and the assumption that E;(by) = Ej(bs).
Combining the equations (11) and (12), we obtain:

Wp+1 = wn—l(Ej(wn—Q))_lEk(wn—l)(Ek(wn—2>)_1Ei(wn—1)(wn—2)_1
W1 (Ej(wn—2)) " Ep(wp-1).
The two missed pseudopalindromic prefixes can be easily found in (13):

PV = w1 (Bj(was)) " Eg(wa1) (B (w—2)) " By(wa1) = Bi(w),

(
W = w1 (Ej(wn )" Eg(wn 1) (Eg(wn—)) ™ Ei(wn 1)

(Wn—2)""wn1 = Ej(w?).

(13)

w

Finally, we obtain the factor substitution rule knowing the equalities for d,,_1, ¢,,, and
On+1, and the missed pseudopalindromic prefixes:

[ ] (ablbgbg,EiEjEkEk) — (ablbgbgblbg, EZEJE]CEZEJE]C), Where Ez(bl) = E](bg) =
Ex(b3).

]

3.5. Final algorithm

Before presenting the algorithm, we will compile the final list of prefix substitution
rules. The rules (4), (5), and (30) were removed because they were special cases of the
rules (22), (20), and (33), respectively. The rule (8) was merged with the rule (13),
and the rule (9) was merged with the rule (11). Moreover, for a better readability,
the index [ was changed to n + 1. Thus, n can take any non-negative integer value.
The condition in the rule (2) was removed by incrementing the index by one.
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Definition 33. A normalization prefiz rule is one of the following set of prefix sub-
stitution rules:

I e e e e e e o
= o © 0N o Jtk W= O

22.
23.
24.
25.
26.
27.

28.
29.
30.

© 0N O WD

(4
(
(
(
(45
(
(
(
(
(
(
(
(
-
- (15 (i)" L kk, B;Ex(REL)" T EE;) — (15(i7)" " kkj, B Ey(REy)" T E;RE;),
(z
(2]
(
(1
(2
(z
(
(
(z
(
(
(
(u
(
(
(

(", BPEy) — (i), EfT By,

(70", B ExR)" 1 Ey) — (i(j1)" ik, By(BeR)™ By E;),

(i7)" i, E;Ey(REL)"E;) — ((ij)"*Yik, E;E(REL)"RE)),

igk(i)" g, BB By (RE;)" Ey) — (ijk(jj)" ik, B EvEj(RE;)" REY),
ijkj(jj)" 3, BiEx B R(E;R)" Ey) — (i5kj(55)" ji, EiExy B R(E; R)" E; E;),
1j(i7)"i, E; Ex(REY)"E;) — (1j(i7)"ik, E;Exy(RE)"RE;),

i)', B BeR)'Ey) — (i(ji)' b, F(BeR)" ELE),

(1jk)™ ij’ (E;EyE;)"E;ExR) — ((ijk)" "4, (E;ExE;)" ' R),

(igk)"ig, (BB E;)" EiR) — ((i7k)"iji, (B By Ey)" Bi B R),
(ijk)"1i (E ELE)" M R) — ((ijk)"* ik, (E;ExE;)" ™ E;R),
(1K) jk, (B By B, RR) — ((ijk)" \jkk, (B EyE,)"™ RELR),
(igk)™t zkk (E;ExE;)"™ E;RR) — ((ijk)" " ikki, (E;ExE;)"" E;RE;R),
(ijk)"ijik, (B ExE;)"EExRR) — ((ijk)"ijikj, (E;EyE;)"E;ExRE;R),
Z(JZ) Jk’J, i(ERR)"EE; E) (u (]i)njk]]7EZ(EkR>nEkEJREJ)7
" j],E"HEkEk) — (i ”+1jjz E"HEkREk),

nHlig BEMYEGE) — (i ik, BT EGELE),
ij(ij)"ikj, BBy (REL)"RE;Ey) — (ij(ij)"ikjk, E;Ey(RE,)"RE; E; Ey),
ijk(jj)"ik, E;EyEj(RE;)"E E;) — (ijk(j))"ikj, EiEyEj(RE;)"E;RE;),
k(jj)"jki, E;EyE;(RE;)"RERE;) —
k(jj)"jkik, E;ExE;(RE;)"RELEE)),
i EMYEGEY) — ("FYig, BT ELREY),
i, EMYE B ES) — (i, EFTVEE;RES),
i"ijk, BN E B E) — (i"tYijk), BT B E;RE)),
ij, B E;) — (igkt, E;Ex B E;),
ijk, BiEyEy) — (ijkij, BiEyE;EE),),
i(ji)" " kkj, E;(ExR)" "' E,E,E;) —
i(ji)" P kkjik, E;(ExR)" T 1 E,E; EL EEj)),
"k, EMTY BB E)) — (" jkik, EMY ELE B EVE))),
i(ji)" " kjk, Bi( B R)" M E B Ey) — (i(§i) " kjkij, B;(ExR)" T\ E; B, EyE; ),
ijk(jj)"jkik, E;EyE;(RE;)"REE,E;) —
ijk(jg)"jkikji, E;EyE;(RE;)"EyE,E,ELE;).

]
]

Furthermore, the factor substitution rules from Theorem 27 and 32 will be re-
minded:

Definition 34. A normalization factor rule is one of the following set of factor
substitution rules:

1.

(ablbg, REZEI) — (CLblebl, REIREJ, where b1 = Ez<b2),
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2. (abiby, E;RR) — (abiboby, E;RE;R), where by = E;(bs),
3. (abiby, E;E;E;) — (abibo B E;(b), B E;ERE;), where E;(by) = Ej(bs),
4. (ablbgbg, EZEJEkEk) — (ablebgble, EZEjEkEZEjEk), where Ez<bl) = E](bg)
= Fy(b3).
Let (A, ©) be any ternary directive bi-sequence. The normalization algorithm of
(A, ©) will be described in the sequel:

1. Find the length [ of the longest prefix of (A, ©) such that A contains only the
letter ¢ and © contains only the antimorphisms R and FE;. Modify the prefix of
O to E!.

2. Check whether some normalization prefix rules of Definition 33 or some nor-
malization factor rules of Definition 34 are applicable. If there are none, (A, ©)
is normalized. If there are any, apply the rule that can be used on the shortest
prefix of (A, ©). Repeat step 2 until (A, ©) is normalized.

The second step of the algorithm does not necessarily end after a final number of
steps, but with every step, a strictly longer normalized prefix of (A, ©) is obtained.
Finally, an example illustrates the algorithm.

Example 35. Let (A,0) be (010221011, RREyEyE1 EsE1 EgEY). The normaliza-
tion algorithm proceeds in the following steps:

e First, changing the prefix of ©: (010221011%, EgyREEyFE1 EyE1EGEY).

e Applying the normalization prefix rule 9:
((012)001, (E0E2E1)0E0R> — ((012)0010, (EoEQEl)OEoEQR)i

(0100221011, EgEyREGEy By Es E1 EQEY).

e Applying the normalization factor rule 3: (210, Ey EyEy) — (2102, E1EyEgEy):
(01002210211, Eo By REEs By Es EgEy EoEY).

e Applying the normalization factor rule 3: (021, EyE1 Ey) — (0210, EgEy E2E)):
(0100221021011%, EgEs REGEq 1 Es Eg By Es EGEY).
None of the rules can be applied further on, therefore

(0100221021011%, EgFEyREGEsEyEyEgE1EsEgEY) is the normalized bi-sequence of
u(A,0).

4. Implementation

Alongside our theoretical work, we implemented and tested the new normalization
algorithm presented in Section 3.5. The documented code and examples are publicly
available at

https://github.com /velkater/tgpc
Comparing the new normalization algorithm to a naive normalization algorithm

helped to obtain the final set of normalization rules.
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4.1. Implementation of the normalization algorithm

In this section, the key aspects of our implementation are presented. We imple-
mented the normalization algorithm as a Python 3 module called tgpc, standing for
“ternary generalized pseudopalindromic closures”, that can be found on the provided
link.

The new normalization algorithm of a ternary directive bi-sequence (A, 0) is im-
plemented in the method normalize of the object Normalizer012. The input is a
string representing A composed of the letters 0, 1, 2, and a string representing ©
composed of the letters R, 0, 1, 2, standing for the involutory antimorphisms R, Ej,
FEq, and Es.

4.2. Preprocessing of the directive bi-sequence

In order to make the algorithm easier to read and write, we decided to work only
with generalized pseudostandard words that have 0 as the first occurring letter, 1 as
the second one, and 2 as the third one. Naturally, we want our algorithm to work
correctly for all directive bi-sequences. That is why, at the beginning of the func-
tion normalize, the function _change letters_order processes the given directive
bi-sequence. The resulting bi-sequence A’ and ©’ generates the same generalized
pseudostandard word, except that the letters 0, 1, and 2 appear first in this order.

It is easily seen that the processing of the bi-sequence described above can be done
without having to compute the generated generalized pseudostandard word. First,
we want to change the first letter to 0: if the first letter appearing in A is not 0
but a € {1,2}, then we have to substitute 0 — a in both A and ©. Now, while the
prefix of (A,0) is (0%, E), the order of letters cannot be decided. Let § and ¥ be
the first letters following the longest prefix of the form (0, E}). If § is 0 and 9 is
E5, the resulting word has the desired letter order. If § is 0 and ¢ is Ej, then we
have to apply the substitution {1 — 2,2 — 1} to both A and ©. If § is 1, then the
resulting word has also the desired letter order. And, finally, if § is 2, the substitution
{1 — 2,2 — 1} has to be applied.

At the end of the algorithm, a reverse substitution is applied to the new normalized
directive bi-sequence to obtain the original order of letters.

4.8. Normalization algorithm

The preprocessed directive bi-sequence (A’, ©') = (0103 . .., 1195 .. .) is represented
as the string 01110295 . ... The normalization algorithm from Section 3.5 can be now
applied to (A’,©'):

1. First, the private function _initial normalization(biseq) finds the longest
prefix of (A", ©') such that A’ contains only the letter 0 and ©’ contains only the
antimorphisms R and Fj using a regular expression, and replaces all occurrences
of R by Ej inside ©'.

2. The private Normalization012 rules_checker object is used to check if some
normalization rule is applicable. If it is, it returns the next normalization rule
to apply. The rule is applied and the newly corrected directive bi-sequence
is presented again to the Normalization012 rules_checker. This process
continues until no normalization rule is applicable.
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Let (A, ©) be the normalized directive bi-sequence of (A, ©). The method normalize
returns the string representing 3, the string representing (:5, and a boolean notchanged,
which is equal to true if the sequence (A, ©) was already normalized, and false other-
wise.

We will now briefly describe the Normalization012 rules checker object. Its
role is to check if a normalization rule can be applied on a given directive bi-sequence
01910295 . . ., to decide what is the next rule to apply, and to return the corresponding
correction and the position where to apply it. This work is done by its public method
find applicable_rule.

The next simple observation explains the logic of this function:

Observation 36. Only one normalization prefix rule can be applied on a directive
bi-sequence (A, ©). Moreover, if a normalization prefiz rule can be applied on (A, ©),
then no normalization factor rule can be applied on (A, ©).

Proof. The statement is a direct corollary of the fact that the left sides of the nor-
malization prefix rules are not normalized, but their prefixes without the last letter
in each directive sequence are normalized. O

Note that the observation does not say that if we apply a normalization prefix rule,
then no other normalization rule can be applied to the modified directive bi-sequence.
This is not true in general.

First, the function find_applicable_rule checks if a normalization prefix rule is
applicable. If it is, it returns the correction and the position to apply it. If not, it
looks through normalization factor rules and finds the next factor normalization rule
to be applied. It also computes the correction of the factor rule. Finally, it returns
the correction and the position to be corrected. If no normalization rule is applicable,
it returns None.

The normalization prefix rules and the normalization factor rules are represented
by regular expressions to be matched on the directive bi-sequence 611916205 .... The
normalization prefix rules given in Definition 33 are written so that the order of the
letters in the resulting word is always ¢, j, and k. Since we have a fixed letter order,
the prefix rules can be obtained by taking the 30 prefix rules, replacing ¢ by 0, 7 by
1, and k£ by 2 inside them, and finding their corresponding regular expressions. Here
are the first regular expressions for the normalization prefix rules as an example:

_bad_prefixes_and_correction = (
(" (00)*02", "0012", 1),
("ooto", "122100", 2),
("00(120R)+10", "1220", 3),
("0012(0R12)*01", "OR21", 4),
("001221(1R11)=*12", "1R22", 5),
("0012211R(111R)*10", "1100", 6),

For example, the first normalization rule is represented as " (00) *02" correspond-
ing to the first prefix rule (0"*!, B} Ey) — (0711, Ef*'E,). The substring (00)x*
means that the factor (0, Ey) can occur 0, 1 or more times and then it has to be
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followed by (0, E5). Each normalization prefix rule is also followed by the correction
to apply on the last two letters of the matched string. Here, 02 is replaced by 0012,
which produces exactly (011, Bt E;).

The left sides of the normalization factor rules are generated inside the private
function _generate_factor_rules that finds all possibilities for each of the four
rules. For example, the first possible forms of the left side of the first factor rule
(able, REZEI) — (ablebl, REIREZ), b1 = El(bg), are as follows:

[’OR0O000’, ’0R2101°, ’0R1202’, °’0R2010’, ’OR1111°,

Or, in a more readable way:
(c’ooo’, °r00’1, [’020°, °R11°], [’010’, °R22°], [’021’, ’ROO’],
[011°>, °R11°], [’001’, °R22°’],

The correction of the normalization factor rules is computed during the normal-

ization process based on the right sides of the normalization factor rules given in
Definition 34.

4.4. Naive normalization algorithm

Besides implementing the new algorithm, we also implemented a naive normaliza-
tion algorithm in order to test and compare their results.

The naive normalization process is implemented in the public method normalize
of the NaiveNormalizer012 object. The naive algorithm normalizes the directive
bi-sequence as anybody would:

First, it finds all prefixes w,, obtained by a (finite) directive bi-sequence (A, ©).
Then it takes the generalized pseudostandard word generated by (A, ©) and looks for
pseudopalindromes among its prefixes. Then it checks whether the prefixes w,, are
all the pseudopalindromic prefixes or not.

While implementing the naive algorithm, several necessary functions were imple-
mented. They can be also easily used independently, their names are self-explanatory:
is pal(seq), is_eipal(seq, i),make pal closure(seq),make eipal closure (seq,
i), make word012(delta, theta). We used those functions to find or test some of
our theoretical results, especially those ones concerning the normalization process.

5. Conclusion

In this paper, we presented several new results. Let us summarize them and
mention some problems that remain open.

1. We described how to recognize whether a directive bi-sequence of a ternary
generalized pseudostandard word is normalized and we provided an algorithm
for normalization.

2. An important part of this work consisted in implementation of the new normal-
ization algorithm. Our implementation is available in a Python module with
several other functions permitting to work with ternary generalized pseudostan-
dard words.
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3. The authors of [7] found a necessary and sufficient condition for the period-
icity of ternary generalized pseudostandard words. Using the normalization
algorithm, we plan to improve the result showing that knowledge of the norma-
lized directive bi-sequence is not necessary to decide whether the generalized
pseudostandard word is periodic or not.

4. Knowledge of the normalized form of any directive bi-sequence and thus of all
pseudopalindromic prefixes of the corresponding ternary generalized pseudo-
standard word can be used, in the future, to derive more combinatorial proper-
ties of ternary generalized pseudostandard words, for instance to obtain some
results on their factor complexity.
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