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Abstract. In this paper we introduce the well distributed occurrences
(WDOQO) combinatorial property for infinite words, which guarantees good
behavior (no lattice structure) in some related pseudorandom number
generators. An infinite word u on a d-ary alphabet has the WDO prop-
erty if, for each factor w of u, positive integer m, and vector v € ZZ,,
there is an occurrence of w such that the Parikh vector of the prefix
of u preceding such occurrence is congruent to v modulo m. We prove
that Sturmian words, and more generally Arnoux-Rauzy words and some
morphic images of them, have the WDO property.

Introduction

The combinatorial problem studied in this paper comes from random number
generation. Pseudorandom number generators aim to produce random numbers
using a deterministic process. No wonder they suffer from many defects. The
most usual ones — linear congruential generators — are known to produce periodic
sequences having a defect called lattice structure. Guimond et al. [2] proved
that when two linear congruential generators are combined using infinite words
coding certain classes of quasicrystals or, equivalently, of cut-and-project sets,
the resulting sequence is aperiodic and has no lattice structure.

We have found a combinatorial condition — well distributed occurrences, or
WDO for short — that guarantees absence of lattice structure if two arbitrary
generators having the same output alphabet are combined using an infinite word
having the WDO property. The WDO property for an infinite word u over an
alphabet A means that for any integer m and any factor w of u, the set of Parikh
vectors modulo m of prefixes of u preceeding the occurrences of w coincides with
{0,1,...,m — 1}141 (see Definition 2.1). In other words, among Parikh vectors
modulo m of such prefixes one has all possible vectors. Besides giving generators
without lattice structure, the WDO property is an interesting combinatorial
property of infinite words itself.
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We have proved first that Sturmian words have well distributed occurrences,
and then we have shown this property for Arnoux-Rauzy words. The proof for
Sturmian words is based on different ideas than the one for Arnoux-Rauzy words,
therefore we will provide in the sequel both of them.

In the next section, we deal with pseudorandom number generation, thus
establishing the motivation for our work. Next, in Section 2, we give the ba-
sic combinatorial definitions needed for our main results, including the WDO
property. Finally, in the last two sections, we prove that the property holds for
Sturmian and Arnoux-Rauzy words, respectively.

1 DMotivation in Pseudorandom Number Generation

For the sake of our discussion, any infinite sequence of integers can be understood
as a pseudorandom number generator (PRNG); see also [2].

Let X = (2n)neny and Y = (Yn)nen be two PRNGs with the same output
M C N and the same period m € N, and let u = uguius ... be a binary infinite
word, i.e., an infinite sequence over {0, 1}.

The PRNG

Z = (zn)nen (1)

based on u is obtained by the following algorithm:

1. Read step by step the letters of u.

2. When you read 0 for the i-th time, copy the i-th symbol from X to the end
of the constructed sequence Z.

3. When you read 1 for the i-th time, copy the ¢-th symbol from Y to the end
of the constructed sequence Z.

Of course, it is possible to generalize this construction — using infinite words over
a multiliteral alphabet, one can combine more than two PRNGs.

1.1 Lattice Structure

Let X = (25,)neny be a PRNG whose output is a finite set M C N. We say that
X has the lattice structure if there exists t € N such that

{(.Z‘i,l‘i_H, . 7xi+t—1) ’ 1€ N}

is covered by a family of parallel equidistant hyperplanes and at the same time,
this family does not cover the whole lattice

M" = {(a1,a2,...,a;) | a; € M for all i € {1,...,t}}.

It is known that all linear congruential generators have the lattice structure.
Recall that a linear congruential generator (z,)nen is given by a,m,c € N and
defined by the recurrence relation z,,1 = ax, + ¢ mod m. Let us mention
a famous example of a PRNG with a striking lattice structure. For ¢ = 3, the
set of triples of RANDU, i.e., {(z;,Zit1,Tit2) | i € N} is covered by only 15
equidistant hyperplanes, see Figure 1.



Infinite Words with Well Distributed Occurrences 3

Fig. 1. The triples of RANDU — the linear congruential generator with a = (216 +
3),m = 23! ¢ = 0 — are covered by as few as 15 parallel equidistant planes.

1.2 Combinatorial Condition on Absence of the Lattice Structure

Guimond et al. in [2] have shown that PRNGs based on infinite words coding
a certain class of cut-and-project sets have no lattice structure. A crucial part
of their proof is the following lemma.

Lemma 1.1. Let Z be the PRNG from (1) based on an aperiodic infinite word.
If there exist for any a,b € M and for any £ € N an (-tuple z such that both
za and zb are (¢ + 1)-tuples of the sequence Z, then Z does not have the lattice
structure.

We have found the following combinatorial condition on binary infinite words
guaranteeing that the assumptions of the previous lemma are met: we say that
a binary aperiodic infinite word u over the alphabet {0, 1} has well distributed
occurrences (or has the WDO property) if u satisfies for any m € N and any
factor w of u the following condition. If we denote ig,1,... the occurrences of
w in u, then

{(|UOU1 N ~ui_7.,1|07 ‘Uoul c ’Ui_7'71|1) mod m ‘ j € N} = Zgn?

where modm is applied elementwise.

See the next section for the definition of aperiodicity, factor occurrences, and
the WDO property for general alphabets.

The WDO property for binary words thus ensures no lattice structure for
PRNGs defined in (1).

Theorem 1.2. Let Z be the PRNG from (1) based on a binary aperiodic infinite
word having the WDO property. Then Z has no lattice structure.
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We omit the proof of this theorem for the sake of brevity.
Moreover, we have shown that the class of infinite words satisfying the WDO
property for binary words is larger than the class described in [2] (see Section 3).

2 Combinatorics on Words and the WDO Property

By A we denote a finite set of symbols called letters; the set A is therefore
called an alphabet. A finite string w = wiws ... w, of letters from A is said to
be a finite word, its length is denoted by |w| = n and |w|, denotes the number
of occurrences of a € A contained in w. The empty word, a neutral element for
concatenation of finite words, is denoted ¢ and it is of zero length.

Under an infinite word we understand an infinite sequence v = uguius ... of
letters from A. A finite word w is a factor of a word v (finite or infinite) if there
exist words p and s such that v = pws. If p = ¢, then w is said to be a prefix
of v; if s = ¢, then w is a suffix of v. The set of factors and prefixes of v are
denoted by Fact(v) and Pref(v), respectively. If v = ps for finite words v, p, s,
then we write p = vs~! and s = p~lw.

An infinite word u over the alphabet A is called eventually periodic if it is of
the form u = vw*, where v, w are finite words over A and w denotes an infinite
repetition. An infinite word is called aperiodic if it is not eventually periodic.

For any factor w of an infinite word u, every index i such that w is a prefix
of the infinite word w;u;1u;42 ... is called an occurrence of w in w.

The factor complexity of an infinite word u is a map C, : N — N defined
by C,(n) := the number of factors of length n contained in u. The factor com-
plexity of eventually periodic words is bounded, while the factor complexity of
an aperiodic word u satisfies C,,(n) > n + 1 for all n € N. A right extension of
a factor w of u over the alphabet A is any letter a € A such that wa is a factor
u. Of course, any factor of u has at least one right extension. A factor w is called
right special if w has at least two right extensions. Similarly, one can define a left
extension and a left special factor. A factor is bispecial if it is both right and left
special. An aperiodic word contains right special factors of any length.

The Parikh vector of a finite word w over an alphabet {0,1,...,d — 1} is
defined as (Jwlg, |wl1,...,|w|q—1). For a finite or infinite word v = ugujus ...,
we denote by Pref,, u the prefix of length n of u, i.e., Pref, u = uouy ... up_1.

Let us generalize the combinatorial condition on infinite words that guaran-
tees no lattice structure for pseudorandom number generators from binary to
multiliteral alphabets.

Definition 2.1 (The WDO property). We say that an aperiodic infinite
word u over the alphabet {0,1,...,d — 1} has well distributed occurrences (or
has the WDO property) if u satisfies for any m € N and any factor w of u the
following condition. If we denote ig,i1,... the occurrences of w in u, then

{(|U;0U1 i 'Uij_l‘o, ey |U0U,1 . "Uij—1|d—1) mod m | j e N} = an;

that is, the Parikh vectors of Pref;,(u) for j € N, when reduced modulo m, give
the whole Z4,.
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We define the WDO property for aperiodic words since it clearly never holds
for periodic ones.

With the above notation, it is easy to see that if a recurrent infinite word «
has the WDO property, then for every vector v € Z%, there are infinitely many
values of j such that the Parikh vector of Pref;; (u) is congruent to v modulo m.

Ezample 2.2. The Thue-Morse word ¢t = 0110100110010110 - - -, which is a fixed
point of the morphism 0 — 01, 1 — 10, does not satisfy the WDO property.
Indeed, take m = 2 and w = 00, then w occurs only in odd positions i; so that
(‘to . 'fij,1|0+|t0 tee tij71|1) = ij is odd. Thus, e.g., (lto tee tij,1|0, |t0 s 'tij71|1>
mod 2 # (0,0), and hence {(|to - - - ti,—1|o, |to - ti,—1/1) mod 2 | j € N} # Z3.

Ezample 2.3. We say that an infinite word u over an alphabet A, |A] = d, is
universal if it contains all finite words over A as its factors. It is easy to see that
any universal word satisfies the WDO property. Indeed, for any word w € A*
and any m there exists a finite word v such that if we denote ig,i1,...,7; the
occurrences of w in v, then

{(|Pref;;vlo, ..., [Pref;,v[q—1) mod m | j € {0,1,...,k}} = ze, .

Since w is universal, v is a factor of u. Denoting by ¢ an occurrence of v in u,
one gets that the positions ¢ + i; are occurrences of w in u. Hence

{(|Prefi+iju\o, ey |Prefi+iju|d_1) mod m | ] S {0, 1, ey /{J}} =
= (|Pref,ulo, ..., |Prefulqg—1) +
+{(|Pref;,vlo, . .., |Pref;, v|g—1) mod m | j € {0,1,...,k}} = Z¢, .

Therefore, u satisfies the WDO property.

3 Sturmian Words

In this section, we show that Sturmian words have well distributed occurrences.

Definition 3.1. An aperiodic infinite word u is called Sturmian if its factor
complezity satisfies C,(n) =n+1 for all n € N.

So, Sturmian words are by definition binary and they have the lowest possible
factor complexity among aperiodic infinite words. Sturmian words admit various
types of characterizations of geometric and combinatorial nature. One of such
characterizations is via irrational rotations on the unit circle. In [4] Hedlund and
Morse showed that each Sturmian word may be realized measure-theoretically
by an irrational rotation on the circle. That is, every Sturmian word is obtained
by coding the symbolic orbit of a point on the circle of circumference one under a
rotation R, by an irrational angle® o, 0 < o < 1, where the circle is partitioned
into two complementary intervals, one of length « and the other of length 1 — «.
And conversely each such coding gives rise to a Sturmian word.

® Measured by arc length (thus equivalent to 27a radians).
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Definition 3.2. The rotation by angle o is the mapping Ry, from [0,1) (identi-
fied with the unit circle) to itself defined by Ry (z) = {x+a}, where {z} = v —|z]
is the fractional part of x. Considering a partition of [0,1) into In = [0,1 — ),
I =[1-a,1), define a word
0, if RG(p) ={p+na} € I,
So‘vf’(n) = : n _
1, if R2(p) ={p+na}el.

One can also define I = (0,1 — o], I} = (1 — o, 1], the corresponding word is
denoted by s, ,.

For more information on Sturmian words we refer to [3, Chapter 2.
Theorem 3.3. Let u be a Sturmian word on {0,1}. Then u has Property WDO.

Proof. In the proof we use the definition of Sturmian word via rotation. The
main idea is controlling the number of 1’s modulo m by taking circle of length
m, and controlling the length taking the rotation by ma.

For the proof we will use an equivalent reformulation of the theorem:

Let u be a Sturmian word on {0, 1}, for any natural number m and any factor
w of u let us denote ig, i1,... the occurrences of w in u. Then

{(ij, |UOU1 .- -uij_1|1) mod m ‘ j e N} = {0,1,...,m — 1}2.

That is, we will control the number of 1’s and the length instead the number
of 0’s.

Since a Sturmian word can be defined via rotations by an irrational angle
on a unit circle, without loss of generality we may assume that u = s, , for
some 0 < a < 1, 0 < p < 1, « irrational (see Definition 3.2). Equivalently, we
can consider m copies of the circle connected into one circle of length m with
m intervals I! = [i — a, i) of length o corresponding to 1. The Sturmian word is
obtained by rotation by « on this circle of length m (see Fig. 2).

Namely, we define the rotation R, ,, as the mapping from [0, m) (identified
with the circle of length m) to itself defined by Ra m(z) = {z + a}, where
{z}, = 2 — |x/m|m and for m = 1 coincides with the fractional part of z. A
partition of [0,m) into 2m intervals I¢ = [i,i+1—«a), I} = [i +1 — a,i + 1),
it =20,...,m — 1 defines the Sturmian word u = s, ,:

(n) 0, if R?,.(p)={p+na}e I for some i=0,...,m—1,
Sa.p(n) = : )
” 1, if Ry ,.(p) = {p+na} € I] for some i =0,...,m— 1.

It is well known that any factor w = wqg---wg_1 of uw corresponds to an
interval I, in [0, 1), so that whenever you start rotating from the interval I,,,, you
obtain w. Namely, z € I, if and only if x € I, Ro(z) € Iy, - - .,R‘(xwlfl(x) €
I

Wiw|—1"
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0

4—a
2—a

I;‘: 3—«a

Fig. 2. Illustration to the proof of Theorem 3.3: the example for m = 5.

Similarly, we can define m intervals corresponding to w in [0,m) (circle of
length m), so that if I, = [x1,22), then I} = [x1 + 4,22 +4),i=0,...,m — 1.

Fix a factor w of u, take arbitrary (j,4) € {0,1,...,m — 1}2. Now we will
organize (j,7) among the occurrences of w, i.e., find [ such that u; ... uqj—1 =
w, I mod m = j and |Pref,uly mod m =i.

Consider rotation Ry,q.m(x) by ma instead of rotation by «, and start m-
rotating from jo + p. Formally, Rya.m(z) = {x + ma}l.,,, where, as above,
{x}m = x — [z/m]m. This rotation will put us to positions mk + j, k¥ € N in
the Sturmian word: for a € {0,1} one has so,,(mk + j) = a if RE,, .. (ja+p) =
{ja+ p+ kmaly, € Ii for some i =0,...,m — 1.

Remark that the points in the orbit of an m-rotation of a point on the m-
circle are dense, and hence the rotation comes infinitely often to each interval.
So pick k when ja+mka+p € It C [i,i+1) (and actually there exist infinitely
many such k). Then the length [ of the corresponding prefix is equal to km + j,
and the number of 1’s in it is ¢ + mp, where p is the number of complete circles
you made, i.e., p = [(ja + mka + p)/m]. O

Remark 3.4. In the next section we will show that Arnoux-Rauzy words [1],
which are natural extensions of Sturmian words to larger alphabets, also satisfy
the WDO property. Note that the proof above cannot be generalized to Arnoux-
Rauzy words, because it is based on the geometric interpretation of Sturmian
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words via rotations, while this interpretation does not extend to Arnoux-Rauzy
words.

4 Arnoux-Rauzy Words

4.1 Basic Definitions

Definition 4.1. Let A be a finite alphabet. The reversal operator is the operator
~: A* — A* defined by recurrence in the following way:

E=¢, va=av

for all v € A* and a € A. The fized points of the reversal operator are called
palindromes.

Definition 4.2. Let u € A* be a finite word over the alphabet A. We define
the right palindromic closure of u, and we denote it by u'*) as the shortest
palindrome that has w as a prefix. It is readily verified that if p is the longest
palindromic suffix of u = vp, then u(*) = vpd.

Definition 4.3. We call the iterated (right) palindromic closure operator the
operator v recurrently defined by the following rules:

d(E)=¢, W(va) = (Pv)a)

for all v € A* and a € A. The definition of ¥ may be extended to infinite
words u over A as ¥(u) = lim,, ¥(Pref,, u), i.e., ¥(u) is the infinite word having
(Pref,, u) as its prefix for every n € N.

Definition 4.4. Let A be an infinite word on the alphabet A such that every
letter occurs infinitely often in A. The word ¢ = (A) is then called a charac-
teristic (or standard) Arnoux-Rauzy word and A is called the directive sequence
of c. An infinite word u is called an Arnoux-Rauzy word if it has the same set
of factors as a (unique) characteristic Arnouz-Rauzy word, which is called the
characteristic word of u. The directive sequence of an Arnouz-Rauzy word is the
directive sequence of its characteristic word.

Let us also recall the following well-known characterization:

Theorem 4.5. Let u be an aperiodic infinite word over the alphabet A. Then u
18 a standard Arnouz-Rauzy word if and only if the following hold:

1. Fact(u) is closed under reversal (that is, if v is a factor of u so is V).
2. Every left special factor of u is also a prefix.
3. If v is a right special factor of u then va is a factor of u for every a € A.
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From the preceding theorem, it can be easily verified that the bispecial factors
of a standard Arnoux-Rauzy correspond to its palindromic prefixes (including
the empty word), and hence to the iterated palindromic closure of the prefixes
of its directive sequence. That is, if

Ezbo,bl,bg,...

is the sequence, ordered by length, of bispecial factors of the standard Arnoux-
Rauzy word u, A = AgA; --- its directive sequence (with A; € A for every i),
we have by = (b;A;)().

A direct consequence of this, together with the preceding definitions, is the
following statement, which will be used in the sequel.

Lemma 4.6. Letu be a characteristic Arnouz-Rauzy word and let A and (b;)i>0
be defined as above. If A; does not occur in b;, then b;y1 = b; A;b;. Otherwise let
J < be the largest integer such that A; = A;. Then bip1 = bibjflbi.

4.2 Parikh Vectors and Arnoux-Rauzy Factors

Where no confusion arises, given an Arnoux-Rauzy word u, we will denote by
€=by,b1,...,bpn,...

the sequence of bispecial factors of u ordered by length and we will set for any
1 € N, B; as the Parikh vector of b;.

Remark 4.7. By the pigeonhole principle, it is clear that for every m € N there
exists an integer N € N such that, for every ¢ > N, the set {j > i | B; =,,, B;}
is infinite. Where no confusion arises and with a slight abuse of notation, fixed
m, we will always denote by N the smallest of such integers.

Lemma 4.8. Let u be a characteristic Arnoux-Rauzy word and let m € N. Let
a1Bj, + -+ + B, = v € Z,

be a linear combination of Parikh vectors such that Ele a; =0, with j; > N
and o; € Z for all i € {1,...k}. Then, for any ¢ € N, there exists a prefix v of
u such that the Parikh vector of v is congruent to v modulo m and vb, is also a

prefix of u.
Proof. Without loss of generality, we can assume a7 > as > -+ > ay, hence
there exists k' such that

ay > ag 202> apry1 > ag.

We will prove the result by induction on 5 = Zf;l aj. If 8 =0, trivially, we can
take v = ¢ and the statement is clearly verified. Let us assume the statement
true for all 0 < 8 < M and let us prove it for 8 = M. By the remark preceding
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this lemma, for every ¢ we can choose i’ > j' > ¢ such that B;, =,, By and
Bj, =m Bj. Since every bispecial factor is a prefix and suffix of all the bigger
ones, in particular we have that b;, is a suffix of by, and b, is a prefix of b;/;
this implies that bi/b;lbg is actually a prefix of b;. By assumption, the Parikh
vector of bi/bj_,l is clearly By — Bj: =y, Bj, — Bj, . Since oy > 1 implies oy, < —1,
we have, by induction hypothesis, that there exists a prefix v of u such that the
Parikh vector of v is congruent modulo m to

(. = 1)Bj, + -+ + (ax + 1)By,

and vb; is a prefix of u. Hence ’Ubi/bj_/lbg is also a prefix of v and, by simple
computation, the Parikh vector of vbi/b;l is congruent modulo m to v. a

Definition 4.9. Let n € Z. We will say that an integer linear combination of
integer vectors is a m-combination if the sum of all the coefficients equals n.

Lemma 4.10. Let u be a characteristic Arnoux-Rauzy word and let n € N.
Every n-combination of Parikh vectors of bispecial factors can be expressed as a
n-combination of Parikh vectors of arbitrarily large bispecials. In particular, for
every K, M € N, it is possible to find a finite number of integers aq, ...,y such
that Bx = o1 By, + -+ + o Bj, with j; > M for every i and oy + -+ - + oy, = 1.

Proof. A direct consequence of Lemma 4.6 is that for every ¢ such that A;
appears in b;, we have B;11 = 2B; — B, where j < i is the largest such that
Aj; = A;. This in turn (since every letter in A appears infinitely many times
from the definition of Arnoux-Rauzy word) implies that for every non-negative
integer j, there exists a positive k such that B; = 2B;; — Bjtk+1, that is, we
can substitute each Parikh vector of a bispecial with a 1-combination of Parikh
vectors of strictly larger bispecials. Simply iterating the process, we obtain the
statement. O

In the following we will assume the set A to be a finite alphabet of cardinality
d. For every set X C A* of finite words, we will denote by PV(X) C Z¢ the set
of Parikh vectors of elements of X and for every m € N we will denote by
PV,.(X) C Z4, the set of elements of PV(X) reduced modulo m.

Let u be an infinite word over A and let v be a factor of u. We denote by

Sy (u) the set of all prefixes of u followed by an occurrence of v. In other words,
Sy(u) = {p € Pref(u) | pv € Pref(u)}.

Definition 4.11. For any set of finite words X C A*, we will say that u has
the property Px (or, for short, that u has Px ) if, for every m € N and for every
v € X we have that

PV (Su(w)) = Zi,.

That is to say, for every vector v € Z&, there exists a word w € S,(u) such that
the Parikh vector of w is congruent to v modulo m.
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With this notation, an infinite word u has the WDO property if and only if it
has property Pract(u)-

Proposition 4.12. Let u be a characteristic Arnouz-Rauzy word over the d-
letter alphabet A. Then u has the property Ppret(u)-

Proof. Let us fix an arbitrary m € N. We want to show that, for every v €
Pref(u), PV,,(S,(u)) = Z%,. Let then v € Z% and ¢ be the smallest number
such that v is a prefix of by. Let iy < iy < --- < ig be such that A;, does not
appear in b;;, where A is the directive word of u. Without loss of generality,
we can rearrange the letters so that each 4;; is lexicographically smaller than
Ai;,- With this assumption if, for every j, we set v; as the Parikh vector
of b;; 11, which, by the first part of Lemma 4.6, equals b;; A; b;,, we can find
j — 1 positive integers p1,. .., ftj—1 such that v; = (g1, 2, ..., j—1,1,0,...,0).
It is easy to show, then, that the set V = {¥i,...,v4} generates Z?, hence
there exists an integer n such that v can be expressed as an n-combination of
elements of V' (which are Parikh vectors of bispecial factors of w). Trivially, then,
v = v —n0 = v — nBy; thus, it is possible to express v as a 0-combination of
Parikh vectors of (by the previous Lemma 4.10) arbitrarily large bispecial factors
of u. By Lemma 4.8, then there exists a prefix p of u with Parikh vector p such
that p =, v and pby is a prefix of u. Since we picked ¢ such that v is a prefix of
be, we have that p € S, (u). From the arbitrariness of v, v and m, we obtain the
statement. a

As a corollary of Proposition 4.12, we obtain the main result of this section.

Theorem 4.13. Let u be an Arnouz-Rauzy word over the d-letter alphabet A.
Then u has the property Pract(u)-

Proof. Let m be a positive integer and let ¢ be the characteristic word of u. Let
v be a factor of v and zvy be the smallest bispecial containing v. By Proposition
4.12, we have that PV,,(S,,(c)) = Z%, and, since the set is finite, we can find a
prefix p of ¢ such that PV,,, (S, (p)) = Z%, . Let w be a prefix of u such that wp

is a prefix of u. If X and w are the Parikh vectors of, respectively, x and w, it is
easy to see that

W+ X + PV(S,(p)) €W + PV (S,(p)) C PV(Sy(u))

Since we have chosen p such that PV,,(S.,(p)) = Z%,, we clearly obtain that
PV, (S,(u)) = Z%, and hence, by the arbitrariness of v and m, the statement.

O
Remark 4.14. Actually, Theorem 4.13 implies Theorem 3.3.

Remark 4.15. Note the following simple method of obtaining words satisfying
the WDO property. Take a word u with the WDO property over an alphabet
{0,1,...,d—1},d > 2, apply amorphism ¢ : d—1 + 0,i — i fori =0,...,d—2,1.
e., ¢ joins two letters into one. It is straightforward that ¢(u) has WDO property.
So, taking Arnoux-Rauzy words and joining some letters, we obtain other words
than Sturmian and Arnoux-Rauzy satisfying the WDO property.
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