
1. cvičeńı - Soustavy lineárńıch algebraických rovnic

Z teorie je třeba znát pojmy: soustava m lineárńıch rovnic o n neznámých, (rozš́ı̌rená) matice
soustavy, homogenńı soustava, ekvivalentńı úpravy, hodnost matice, partikulárńı řešeńı a předevš́ım
je třeba znát Frobeniovu větu

1. Nalezněte množinu všech řešeńı následuj́ıćı homogenńı soustavy lineárńıch rovnic.

7x + 14y + 11t = 0
13x + 36y − 10z + 19t = 0
3x + 25y − 19z + 2t = 0
3x + 4y + 2z + 5t = 0

2. Nalezněte množinu všech řešeńı následuj́ıćı soustavy lineárńıch rovnic s nenulovou pravou
stranou.

2x + 7y + 3z + t = 6
3x + 5y + 2z + 2t = 4
9x + 4y + z + 7t = 2

3. Nalezněte množinu všech řešeńı následuj́ıćı lineárńı rovnice.

2x + y − z + t − 3u = 1

4. Nalezněte množinu všech řešeńı následuj́ıćı soustavy lineárńıch algebraických rovnic.

2x + y − z + t − 3u = 1
−11x + 2y − t + 3u = −1

5. Zjistěte, jakou podmı́nku muśı splňovat parametry α, β, aby následuj́ıćı soustava lineárńıch
rovnic měla netriviálńı řešeńı, a určete dimenzi vektorového prostoru všech řešeńı této sous-
tavy.

2x + 3y − z = 0
αx + βy − 2z = 0

− y + z = 0

6. Nalezněte množinu všech řešeńı následuj́ıćıch soustav lineárńıch rovnic v závislosti na parametru λ.

(a)
λx + y + z = 1
x + λy + z = 1
x + y + λz = 1

(b)
2x − y + 3z + 4u = 5
4x − 2y + 5z + 6u = 7
6x − 3y + 7z − λu = 9
λx − 4y + 9z + 10u = 11

7. Najděte množinu všech řešeńı následuj́ıćı homogenńı soustavy LAR v závislosti na parame-
trech α, β.

αx + y + z = 0
x + βy + z = 0
x + y + γz = 0

8. V závislosti na parametru β ∈ R nalezněte množinu všech řešeńı v R4 následuj́ıćı soustavy.

β · x − (β2 − 1) · y + 0 · z + u = β
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9. V závislosti na parametru β ∈ R nalezněte množinu řešeńı následuj́ıćı soustavy.

βx + y + z = β
βx + βy + z = β
βx + βy + βz = β

10. V závislosti na parametrech α, β, γ ∈ R nalezněte množinu všech řešeńı následuj́ıćı rovnice.

αx + βy + γz = 1

11. Najděte množinu všech řešeńı následuj́ıćı soustavy LAR v závislosti na parametrech α, β.

(2α− 1)x − y = 2β − 3
(α+ 2)x + 2z = β

−x − 2y + z = 3

12. Dokažte, že má-li následuj́ıćı soustava LAR právě jedno řešeńı, pak αβγ 6= 0. Nalezněte toto
řešeńı.

βx + αy = γ
γx + αz = β

γy + βz = α

13. Najděte všechna řešeńı následuj́ıćı soustavy lineárńıch algebraických rovnic v závislosti na
parametrech α, β ∈ R.

αx + αy + z = α
βx + y + αz = β

14. Najděte α, β, γ tak, aby

 α
β
γ

 bylo řešeńım následuj́ıćı soustavy LAR.

4x − 2y + 2z = α
2x + 2z = β
−x + y + z = γ

15. V závislosti na parametru α ∈ R nalezněte množinu všech řešeńı následuj́ıćı soustavy

αx + α2y = α3

x + αy + αz = α
−x + y − αz = 1

.

16. V závislosti na parametrech α, β ∈ R nalezněte množinu všech řešeńı následuj́ıćı rovnice

αx + βy + αz + βu = α .

17. Nalezněte množinu všech řešeńı následuj́ıćıch soustav lineárńıch rovnic v závislosti na parame-
trech α, β.

(a)
(α+ 1)x + (β + 1)y + (α2 + β2 + α+ β)z = β
(β + 1)x + (α+ 1)y + (α2 + β2 + α+ β)z = −α

x + y + (α+ β)z = 0
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(b)
αx + αz = 1
α2x + y + αβz = −1
αβx + y = β

(c)
αx + y + αz = β
βx + 2y − z = α (β ∈ R)
αx + αy + α2z = 1

(d)
(α2 + α)x + (α2 − α)y + αz = αβ

(α+ 2αβ)x + (α2 − 2α− 1)y + αz = αβ − β2 (β ∈ R)
(α2 − 2αβ)x + (2α+ 2β + 1)y = β2 + αβ + 2

18. Nalezněte množinu všech řešeńı následuj́ıćı soustavy lineárńıch rovnic v závislosti na parame-
trech α, β, γ.

5x − y − 4z = α+ β
4x + 6y + (γ − 1)z = 9− β
2x + 3y + (γ + 4)z = 9− α− β

19. Nalezněte množinu všech řešeńı následuj́ıćı soustavy lineárńıch rovnic v závislosti na parame-
trech α, β, γ, λ.

λx + y + z = α
x + λy + z = β
x + y + λz = γ

20. Najděte množinu všech řešeńı následuj́ıćı soustavy LAR v závislosti na parametru λ.

λx + 2λy + z = 1
2x + λ2y + (λ+ 1)z = λ

21. V závislosti na parametrech α, β ∈ R nalezněte množinu všech řešeńı následuj́ıćı soustavy.

αx − y − z = 1
−x − y − z = 1
x + αy + βz = −α

22. Najděte množinu všech řešeńı následuj́ıćı soustavy LAR v závislosti na parametrech α, β, kde
α ∈ R.

αx + βy + z = α
βx + y + 2z = 1
αx + y + z = β

23. V závislosti na parametru β ∈ R nalezněte množinu všech řešeńı následuj́ıćı soustavy.

2x − 2βy + (2 + β)z − u = 2
βx − β2y + u = β

24. V závislosti na parametru α ∈ R nalezněte množinu všech řešeńı následuj́ıćı soustavy.

−αx + y + αz = 1
α2x + y + αz = α
−α3x + αy + αz = α2

(α2 − α)x + 2y + 2αz = α+ 1
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Výsledky: Soustavy lineárńıch rovnic

1. např. S0 = [


−13

1
0
7

 ,


−2

1
1
0

]λ

2. např. S =


−1

1
0
1

 + [


−9

1
0

11

 ,


1
−5
11
0

]λ

3. např. S =


2
0
0
0
1

 + [


3
0
0
0
2

 ,


−1

0
0
2
0

 ,


1
0
2
0
0

 ,


−1

2
0
0
0

]λ

4. např. S =


0
0
0
1
0

 + [


3
9
0
0
5

 ,


−1
−3

0
5
0

 ,


2

11
15
0
0

]λ

5. právě, když α− β = −2, dimS0 = 1, S0 = [

 −1
1
1

]λ

6. (a) (i) λ 6= 1 ∧ λ 6= 2 právě jedno řešeńı

 1
λ+2
1

λ+2
1

λ+2


(ii) λ = 1 např. S =

 1
0
0

 + [

 −1
0
1

 ,

 −1
1
0

]λ

(iii) λ = 2 NŘ

(b) (i) λ 6= 8 ∧ λ 6= −8 právě jedno řešeńı


0
4
3
0


(ii) λ = −8 např. S =


0
2
1
1

 + [


0
−2
−2

1

]λ

(iii) λ = 8 např. S =


−2

0
3
0

 + [


1
2
0
0

]λ

7. netriviálńı řešeńı, právě když α+ β + γ = αβγ + 2 např. S = [

 1− βγ
γ − 1
β − 1

]λ
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8. nezávisle na β řešeńı např. S =


0
0
0
β

 + [


1
0
0
−β

 ,


0
1
0

β2 − 1

 ,


0
0
1
0

]λ

9. (i) β 6= 0 ∧ β 6= 1 právě jedno řešeńı

 1
0
0


(ii) β = 1 např. S =

 1
0
0

 + [

 −1
0
1

 ,

 −1
1
0

]λ

(iii) β = 0 např. S0 = [

 1
0
0

]λ

10. (i) α = β = γ = 0 NŘ

(ii) α 6= 0 např. S =

 1
α
0
0

 +[

 −γ
0
α

 ,

 −β
α
0

]λ

(iii) β 6= 0 např. S =

 0
1
β

0

 +[

 0
−γ
β

 ,

 β
−α

0

]λ

(iv) γ 6= 0 např. S =

 0
0
1
γ

 +[

 γ
0
−α

 ,

 0
γ
−β

]λ

11. (i) α 6= 0 právě jedno řešeńı

 β−2
α

−α−β+2
α

α−β+2
α


(ii) α = 0 ∧ β = 2 např. S =

 1
−2

0

 + [

 −1
1
1

]λ

(iii) v ostatńıch př́ıpadech NŘ

12. řešeńı pro αβγ 6= 0


β2+γ2−α2

2βγ
α2+γ2−β2

2αγ
α2+β2−γ2

2αβ



13. (i) pro β 6= α2 např. S =

 1
0
0

 +[

 α2 − 1
β − α2

α− αβ

]λ

(ii) pro α = β = 1 např. S =

 0
1
0

 +[

 −1
1
0

 ,

 −1
0
1

]λ

(iii) pro α = −1 ∧ β = 1 např. S =

 0
1
0

 +[

 0
1
1

 ,

 1
0
1

]λ

(iv) v ostatńıch př́ıpadech NŘ

14. vyhovuje uspořádaná trojice

 α
β
γ

 =

 −2t
−2t
t

], kde t ∈ C
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15. (i) α 6= 0 ∧ α 6= −1 právě jedno řešeńı

 α2 − 1
1

1− α


(ii) α = 0 např. S =

 0
1
0

 + [

 0
0
1

]λ

(iii) α = −1 např. S =

 1
0
2

 + [

 1
1
0

]λ

16. (i) α 6= 0 ∧ β 6= 0 např. S =


0
0
1
0

 + [


−β

0
0
α



−1

0
1
0



−β
α
0
0

]λ

(ii) α = 0 ∧ β 6= 0 např. S = [


0
−1

0
1




0
0
1
0




1
0
0
0

]λ

(iii) α 6= 0 ∧ β = 0 např. S =


1
0
0
0

 + [


−1

0
0
α



−1

0
1
0



−1
α
0
0

]λ

(iv) α = β = 0 S = R

17. (a) (i) α 6= β právě jedno řešeńı

 α+β
α−β

0
1

β−α


(ii) α = β = 0 např. S = [

 0
0
1

 ,

 −1
1
0

]λ

(iii) v ostatńıch př́ıpadech NŘ

(b) (i) α 6= 0 ∧ α 6= 2β právě jedno řešeńı


2β+1

α(2β−α)
αβ+β
α−2β
α+1

α(α−2β)


(ii) α = −1 ∧ β = − 1

2 např. S =

 −1
0
0

 + [

 −2
1
2

]λ

(iii) v ostatńıch př́ıpadech NŘ

(c) (i) α 6= 0 ∧ α 6= 1 ∧ α 6= − 1
2 právě jedno řešeńı


1−αβ
α−α2

α3−α2−αβ2+1
(α−1)(2α+1)

β+α3−α2−2α−αβ2+2αβ
(α−α2)(2α+1)


(ii) α = β = 1 např. S =

 −2
2
1

 + [

 3
−2
−1

]λ

(iii) v ostatńıch př́ıpadech NŘ

(d) (i) α 6= 0∧α 6= 2β∧α 6= −2β právě jedno řešeńı


−β2(α+2β)+(α+1)(αβ+2)

α(4β2−α2)
αβ+2
α+2β

αβ(4β2−α2)+(α+1)β2(α+2β)+(α−α2)(αβ+2)
4β2−α2


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(ii) α = 0 ∧ β = 1 např. S =

 0
1
0

 + [

 1
0
0

 ,

 0
0
1

]λ

(iii) α = −2 ∧ β = −1 např. S =

 0
−1
−4

 + [

 1
0
1

]λ

(iv) α = −2 ∧ β = 1 např. S =

 0
−1
−2

 + [

 1
8

25

]λ

(v) α = 2 ∧ β = −1 např. S =

 −1
3
−1

 + [

 −3
8
1

]λ

(vi) v ostatńıch př́ıpadech NŘ

18. (i) γ 6= −9 právě jedno řešeńı


γ(4α+3β)+2α+10β+153

17(γ+9)
γ(3α−2β)−7α−35β+153

17(γ+9)
9−2α−β

γ+9


(ii) γ = −9 ∧ 2α+ β = 9 např. S =

 54−4α
34

7α−18
17
0

 + [

 1
1
1

]λ

(iii) v ostatńıch př́ıpadech NŘ

19. (i) λ 6= 1 ∧ λ 6= −2 právě jedno řešeńı


α(λ+1)−β−γ
(λ+2)(λ−1)
β(λ+1)−α−γ
(λ+2)(λ−1)
γ(λ+1)−α−β
(λ+2)(λ−1)


(ii) λ = 1 ∧ α = β = γ např. S =

 0
0
γ

 + [

 −1
0
1

 ,

 −1
1
0

]λ

(iii) λ = −2 ∧ α+ β + γ = 0 např. S =

 −α
3

−β
3−γ
3

 + [

 1
1
1

]λ

(iv) v ostatńıch př́ıpadech NŘ

20. (i) λ 6= 0 ∧ λ 6= 2 ∧ λ 6= −2 např. S =

 2
λ2−4

1
4−λ2

1

 + [

 1
λ−2
λ−1

2λ−λ2

1


(ii) λ = 0 např. S =

 − 1
2
0
1

 + [

 0
1
0

]λ

(iii) λ = 2 např. S =

 1
4
0
1
2

 + [

 −2
1
0

]λ

(iv) λ = −2 NŘ

21. (i) α 6== −1 ∧ α 6= β právě jedno řešeńı

 0
−1

0


(ii) β = α např. S =

 0
−1

0

 + [

 0
−1

1

]λ
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(iii) α = −1 např. S =

 0
−1

0

 + [

 −β − 1
β − 1

2

]λ

(iv) v ostatńıch př́ıpadech NŘ

22. (i) β 6= 1 ∧ β 6= 2α právě jedno řešeńı


1−α−2β+2β2

(1−β)(β−2α)
β−α
1−β

β3+α2+α−3αβ
(1−β)(2α−β


(ii) β = 1 ∧ α = 1 např. S = [

 0
1
0

 ,

 −1
1
0

]λ

(iii) v ostatńıch př́ıpadech NŘ

23. (i) β 6= −2 např. S =


1
0
0
0

 + [


−1

0
1
β

 ,


β
1
0
0

]λ

(ii) β = −2 např. S =


1
0
0
0

 + [


1
0
0
2

 ,


0
0
1
0

 ,


−2

1
0
0

]λ

24. (i) α 6== 0 ∧ α 6= 1 ∧ α 6= −1 právě jedno řešeńı

 α−1
α2+α

2α
−2α
α+1


(ii) α = 1 např. S =

 0
0
1

 + [

 0
1
−1

]λ

(iii) v ostatńıch př́ıpadech NŘ
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