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Zopakováńı značeńı

λ > 1 - algebraické č́ıslo

xd − ad−1x
d−1 − ad−2x

d−2 − . . .− a1x − a0 - minimálńı polynom

A =



ad−1 ad−2 . . . a2 a1 a0

1 0 . . . 0 0 0
0 1 . . . 0 0 0
...

...
0 0 . . . 1 0 0
0 0 . . . 0 1 0


− matice společnice

Es := Rd ∩ lineárńı obal vlastńıch vektor̊u k vlastńım č́ısl̊um |µ| < 1
Eu := Rd ∩ lineárńı obal vlastńıch vektor̊u k vlastńım č́ısl̊um |µ| = 1
Eb := Rd ∩ lineárńı obal vlastńıch vektor̊u k vlastńım č́ısl̊um |µ| > 1

Rd = Es ⊕ Eu ⊕ Eb.
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Kwapiszova lemmata

Lemma 1.

Necht’ A ∈ Qd×d má ireducibilńı charakteristický polynom a necht’ existuj́ı
vektory v0 ∈ Rd \ Es a k0 ∈ Zd \ {0} takové, že (Anv0)>k0 7→ 0 mod 1.
Pak vlastńı č́ısla matice A jsou algebraická celá.

Lemma 2.

Necht’ A ∈ Zd×d má ireducibilńı charakteristický polynom a necht’ existuj́ı
vektory v0 ∈ Rd \ Es a k0 ∈ Zd \ {0} takové, že (Anv0)>k0 7→ 0 mod 1.
Pak v0 ∈ Qd + Es .
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Matice s racionálńımi prvky

Lemma 0.

Necht’ A ∈ Qd×d . Pak matice A má NEtriviálńı invariantńı podprostor
P ⊂ Qd právě tehdy, když charakteristický polynom matice A je reducibilńı
nad Q.

Důsledek

Necht’ A ∈ Qd×d je ireducibilońı nad Q. Pak pro každý v ∈ Qd \ {0}
soubor

v ,Av ,A2v , . . . ,Ad−1v je LN nad Q
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Mř́ıžky v Rd

v1, v2, . . . , vd ∈ Rd jsou LN

L = {z1v1 + z2v2 + . . .+ zdvd : zk ∈ Z}

se nazývá mř́ıžka (grid, lattice) generovaná v1, v2, . . . , vd .

L∗ = {u ∈ Rd : u>v ∈ Z pro každý v ∈ L}

se nazývá duálńı mř́ıžka k L.

Př́ıklad: Zd a jej́ı duálńı mř́ıžka (Zd)∗ = Zd

L∗ = {u ∈ Rd : u>v = 0 mod 1 pro každý v ∈ L}
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L∗ = {u ∈ Rd : u>v = 0 mod 1 pro každý v ∈ L}
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L∗ = {u ∈ Rd : u>v = 0 mod 1 pro každý v ∈ L}
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(FJFI) Pisotova a komplexńı Pisotova č́ısla - pokračováńı TIGR, 17. dubna 2012 5 / 12



Mř́ıžky v Rd

Nebojme se mř́ıžek!!!

L generovaný v1, v2, . . . , vd

Označme B matici (v1|v2| . . . |vd). Pak

L = BZd a L∗ = (B−1)>Zd

Využijeme mř́ıžku

A ∈ Rd×d a L mř́ıžka v Rd

AL ⊂ L =⇒ A ∼ C ∈ Zd×d

speciálně, vlastńı č́ısla matice A jsou algebraická celá.
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Označme B matici (v1|v2| . . . |vd).

Pak

L = BZd a L∗ = (B−1)>Zd
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AL ⊂ L =⇒ A ∼ C ∈ Zd×d
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Důkaz Kwapiszových lemmat

Předpoklad: existuje k0 ∈ Zd \ {0} a v0 ∈ Rd tak, že (Anv0)> → 0
mod 1.

Položme
K := {k ∈ Qd : (Anv0)>k → 0 mod 1}

K je uzav̌reno na + a −
A>K ⊂ K

Položme k0, k1 = A>k0, . . . , kd−1 = (A>)d−1k0 a

Γ := mř́ıžka generovaná vektory k0, k1, . . . , kd−1

V́ıme: (Anv0)>ki → 0 mod 1 pro každé ki

dist (Anv0, Γ
∗)→ 0
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Položme k0, k1 = A>k0, . . . , kd−1 = (A>)d−1k0 a
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Důkaz Kwapiszových lemmat

Existuje a ∈ N tak, že

A>Γ ⊂ 1
a Γ ,

a tedy AΓ∗ ⊂ 1
a Γ∗ , a tedy AΓ∗∪Γ∗ ⊂ 1

a Γ∗ .

Existuje ε > 0 tak, že pro každé x , y ∈ AΓ∗ ∪ Γ∗ plat́ı

dist (x , y) < ε =⇒ x = y
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Důkaz Kwapiszových lemmat

dist (Anv0, Γ
∗)→ 0

Odtud: pro každé n ∈ N existuje un ∈ Γ∗ tak, že

dist (Anv0, Γ
∗) = dist (Anv0, un) = ||Anv0 − un|| → 0

Odhadněme

dist (Aun︸︷︷︸
∈AΓ∗

, un+1︸︷︷︸
∈Γ∗

) ≤ dist (An+1v0, un+1) + dist (Aun,A
n+1v0)

existuje n0 ∈ N tak, že

Aun = un+1 pro každé n ≥ n0
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Důkaz Kwapiszových lemmat

Aun = un+1 pro každé n ≥ n0

Položme
L := {z ∈ Γ∗ : A`z ∈ Γ∗ pro každé ` ≥ 0}

un0 ∈ L a všechny obrazy A`un0 taky

L je uzav̌reno na ±
AL ⊂ L

Podle A je podobná celoč́ıselné matici, λ je algebraické celé.

Dokázno Lemma 1.
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un0 ∈ L a všechny obrazy A`un0 taky

L je uzav̌reno na ±
AL ⊂ L
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Důkaz Kwapiszových lemmat

V́ıme
dist (Anv0, Γ

∗) = dist (Anv0, un) = ||Anv0 − un|| → 0

Existuj́ı posloupnosti (xn), (yn) a (zn) tak, že

Anv0 − un

= xn︸︷︷︸
∈Es

+ yn︸︷︷︸
∈Eu

+ zn︸︷︷︸
∈Eb

a taky ||xn|| → 0 , ||yn|| → 0 , ||zn|| → 0 .
Máme

An+1v0 − un+1 = xn+1 + yn+1 + zn+1

An+1v0 − Aun = Axn + Ayn + Azn

Protože Aun = un+1 pro každé n ≥ n0, dostaneme

xn+1 = Axn yn+1 = Ayn zn+1 = Azn
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Důkaz Kwapiszových lemmat

Pro každé n ≥ n0

xn+1 = Axn yn+1 = Ayn zn+1 = Azn

Protože

||Anyn0 || → 0 a ||Anzn0 || → 0

=⇒ yn0 = zn0 = 0

a tedy
An0v0 = un0︸︷︷︸

∈Γ∗⊂Qd

+ xn0︸︷︷︸
∈Es

Aplikaćı (A−1)n0 dostaneme

v0 ∈ Qd + Es

Dokázno Lemma 2.
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