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Numeration systems

Numeration system is a system of representations of (some) real
numbers.
We consider:
@ real case;
@ base 5 € R with || > 1;
@ real numbers from some finite interval.
Definition
String a = eajapasz ... represents x € R in the base (3, if

a

— D BB 5B
g prop

Terminology: representation (any string) vs. expansion (algorithm).

X
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Numeration systems — classical approach for the base b

Give:

@ an interval Z;

@ a transformation T :Z — 7.
Compute:

e the digit function D(x) := Bx — T(x);

e the alphabet of digits A := D(Z)
Restriction: The alphabet is finite.
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Numeration systems — classical approach for the base b

Give:

@ an interval Z;

@ a transformation T :Z — 7.
Compute:

e the digit function D(x) := Bx — T(x);

e the alphabet of digits A := D(Z)
Restriction: The alphabet is finite.

Let
Bi=2, 7:=[0,1), T(x) = {2x}
Then

D(x) =2x — {2x} = |2x] and A ={0,1}.
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Numeration systems — classical approach for the base b

Give:

@ an interval Z;

@ a transformation T :Z — 7.
Compute:

e the digit function D(x) := Bx — T(x);

e the alphabet of digits A := D(Z)
Restriction: The alphabet is finite.

Let

B = o= 1+2\/§7 1= [07 1)7 T(X) = {¢X}
Then

D(x) = ¢x — {¢x} = |¢x| and A={0,1}.
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Numeration systems — classical approach for the base b

Give:

@ an interval Z;

@ a transformation T :7Z — Z.
Compute:

e the digit function D(x) := x — T(x);

e the alphabet of digits A := D(Z)
Restriction: The alphabet is finite.

Let
/8:= _¢7 1:= [_%7;}5)7 T(X) = {_¢X+%¢}_%
Then
D(x) = |—¢x + %J and A={0,1}.
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Numeration systems — our approach

Give:

@ a base  with || > 1,

@ an alphabet A C R (not necessarily integer);

@ some condition C on the representations.
Compute:

o the maximal interval Z = {Z?zl a;ﬂ_i{ai € A};

e the algorithm to obtain the representation (x)g 4,c = ®a1a»as ..
let us call it “iterating a transformation”

Restriction:
@ condition C is “nice”;

@ the iteration of the “transformation” stays in Z.
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Extremal representations

Definition (Lexicographical ordering)

Let a = eajaraz... and b = eby by b3 be representations. Then a <, b if

ay < by for k=min{i > 1la; # b;}.
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Extremal representations

Definition (Lexicographical ordering)

Let a = eajaraz... and b = eby by b3 be representations. Then a <, b if
ag < bx for k=min{i > 1|a; # b;}.
Definition (Alternate ordering)
Let a = eajazaz... and b = eb; by b3 be representations. Then a <,; b if
(—1)kap < (—=1)kby for k= min{i > 1|a; # b;}.

Idea for the condition C: Let us take extremal representations.
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Extremal representations

Idea for the condition C: Let us take extremal representations.

Definition (Lazy and greedy representations)

Let b > +1 be a positive base. The maximal representation with respect to
the lexicographical order is called the greedy representation, the minimal
one is the lazy represetation.
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Extremal representations

Idea for the condition C: Let us take extremal representations.

Definition (Lazy and greedy representations)

Let b > +1 be a positive base. The maximal representation with respect to
the lexicographical order is called the greedy representation, the minimal
one is the lazy represetation.

Let b < —1 be a negative base. The maximal representation with respect
to the alternate order is called the greedy representation, the minimal
one is the lazy represetation.
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|dea for condition C — positive base

Consider the base 5 = +¢ and the alphabet A = {0,1}. Then Z =0, ¢].
The number % € 7 has representations:

Representation condition C representation of %

Rényi take maximal digit (%)r = 0(100)* = ¢0100100100. ..
in IR = [07 1)

Greedy take lex. maximal  (3)g = ¢0(100)* = ¢0100100100. ..

)L = 0(011)* = «0011011011 ...

N

Lazy taky lex. minimal  (

Minimal polynomial of ¢ is x> = x + 1, hence 100 « 011.
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|dea for condition C — negative base

Consider the base b = —¢ and the alphabet A = {0,1}. Then
7=[-1, é] The number 1 € T has representations:

Representation condition C representation of %

e take maximal digit (1)is = #(100) = #100100100...
Sadahiro in Zjs = [fé, é)

Greedy take alt. maximal  (3)g = ¢100(111000)~ = ¢100111000...

Lazy taky alt. minimal (1)L = ¢(111000)~ = 111000111. ..

Minimal polynomial of ¢ is x> — x =1, hence 110 < 001.
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Extremal representations in a positive base

Greedy (Rényi) Lazy (Erdds, Jod, Komornik)

¢ ¢
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Representations in a negative base |

Ito-Sadahiro Linesy = —¢x — A
(/)71
& ¢ |
| = §—<b’2 0 ¢!
-1
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Representations in a negative base Il

Transformation Ty Transformation T3
prefers digit 0 prefers digit 1
o ¢
-1 ot -1 —¢t 0 ¢t
1 0 1 R
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Representations in a negative base |ll

Greedy “transformation”:
@ use T on odd positions

@ use T1 on even positions
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Representations in a negative base |ll

Greedy “transformation”:
@ use T on odd positions

@ use T7 on even positions
¢—1

10 11 00 01

o
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Representations in a negative base |ll

Greedy “transformation”: Lazy “transformation”:
@ use T on odd positions @ use T; on odd positions
@ use T7 on even positions @ use Tg on even positions
¢—l
-1 ¢—l -1 d)—l
p—
10 11 00 01 10 11 00 01
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Properties of —¢ representations

Ito-Sadahiro:
e the attractor Zjs = [—¢ !, ¢—?) satisfies }¢I,5 C Ijs;
@ not lazy nor greedy for any x € Zs;
o (0);5 = 0 = 60000000000 - - -
Greedy representations:
e the attractor Zg = [—1,0) is whole negative and 0 ¢ Zg;
@ which means that the representations are not continuous in 0;
o (0)g = 01(10)* = 0110101010 - -
Lazy representations:
e the attractor Z; = (—¢~2, "] contains 0 as an interior point;
@ but _%bIL ¢ I;
o (0), = ¢11(01)* = 1101010101 - - -
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Connection between bases —¢ and ¢? |

Besides a base —¢ and an alphabet A := {0,1},
consider a base ¢? and an alphabet B := {—¢, —¢ + 1,0, 1}.

Let us define a substituion ¢ : BY — (A x A)N as

Y(—¢) =10, Y(—¢+1) =11, (0)=00, 1(1)=01.
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Connection between bases —¢ and ¢? |

Besides a base —¢ and an alphabet A := {0,1},
consider a base ¢? and an alphabet B := {—¢, —¢ + 1,0, 1}.

Let us define a substituion ¢ : BY — (A x A)N as
We see that

1 1
L I ) N GO CO
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Connection between bases —¢ and ¢? |

Besides a base —¢ and an alphabet A := {0,1},
consider a base ¢? and an alphabet B := {—¢, —¢ + 1,0, 1}.

Let us define a substituion ¢ : BY — (A x A)N as

Y(—¢) =10, Y(—¢+1) =11, (0)=00, 1(1)=01.

We see that
- _ 1 N 0 -p+1 1 n 1 etc
(o) (—¢)* (=) (—0)?
Proposition

Let b = b1 bobs be a representation of x € R in the base ¢? with the
alphabet B. Then

W(b) = (b )e(ba)i(bs) - -

is a representation of the same x in the base —¢ with the alphabet A.
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Connection between bases —¢ and ¢ Il

-1 —¢! —¢? 0
<> 0
o) 7{"/,*2
1
— & —1
—¢ —p+1 0 1 —¢ —¢+1 0
Ito-Sadahiro Greedy

uses all digits from B 0 is a boundary point
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Conclusions and remarks

@ We show how to obtain lazy and greedy representations in negative
bases.

© The results can be generalized for any negative base 5 < —1.

© The negative bases can be studied through positive bases using
non-integer alphabets.

Q This is true as well for complex bases 3 with |3] > 1 as far as

arg 0 € Q.
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