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Definition

Daný základ β > 1 a m ∈ N. Označme

Xm(β) =
{
ε0 + ε1β + . . .+ εnβ

n | n ∈ N, εi ∈ {0, 1, 2, . . . ,m}
}

Poznámka: Erdős a spol. uvažovali β ∈ (1, 2) a m = 1.
Hare a spol. množině Xm(β) ř́ıká spectrum of β

Ukázat obrázek pro β = τ !!!!

(xn) posloupnost taková, že

0 = x0 < x1 < x2 < . . . a {xn | n ∈ N} = Xm(β)

Úkol: popsat vlastnosti množiny Xm(β) a speciálně

Lm(β) := lim sup
n→∞

(xn+1 − xn) a `m(β) := lim inf
n→∞

(xn+1 − xn)
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Ukázat obrázek pro β = τ !!!!

(xn) posloupnost taková, že
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Lemma (EK, 1998)

Necht’ β > 1 a m ∈ N,m ≥ 1.

m ≥ β − 1, pak xk+1 − xk ≤ 1,

m < β − 1, pak Lm(β) =∞.

Dk. na tabuli

Lemma

Necht’ β > 1 a m ∈ N.
Když m ≥ β − 1 a β neńı algebraické č́ıslo, pak `m(β) = 0.

Dk. na tabuli
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Edita Pelantová (Dept. of Mathematics, FNSPE, Czech Technical University, Prague, Czech Republic)Rozvoje v neceloč́ıselných soustavách September 19, 2011 4 / 8



Theorem (EK, 1998)

Necht’ `m(β) = 0. Pak pro každé 0 < δ < ∆ existuj́ı indexy n < N tak, že

xN − xn > ∆ a xk+1 − xk < δ pro každé k mezi n a N

Theorem (B, 1996)

`m(β) 6= 0 pro každé m ∈ N tehdy a jen tehdy, když β je Pisot
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Přesné hodnoty `m(β)

EJJ, 1992 pro βr = βr−1 + . . .+ β + 1 a m = 1

`m(β) =
1

β

KLP, 2000 pro β3 = β2 + 1 a m = 1

`m(β) = β2 − 1

KLP, 2000 pro β2 = β + 1 a βn−2 < m ≤ βn−1

`m(β) = |Fnβ − Fn+1|
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Theorem (FW, 2002)

Necht’ β je Pisotovo č́ıslo a m ≥ β − 1. Pak množina {xk+1 − xk | k ∈ N}
je konečná a posloupnost mezer je substitutivńı.

Dk. na tabuli
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Popis mezer a jejich hustot

FW, 2002 pro β3 − β2 − 1 = 0 a 1 ≤ m ≤ 10

FW, 2002 pro m = 1 a báze β jedno z prvńıch 10-ti minimáńıch
Pisotových č́ısel

GH, 2006 pro βd = aβd−1 + aβd−2 + . . .+ aβ + b, kde b ≤ a a
m = bβc.

GH, 2006 pro β2 = aβ − b, kde b + 2 ≤ a a m = bβc
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